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Post-Newtonian (PN) theory
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Sophisticated models (EOB, IMRPhenom and NR calibrated models) are 
constructed by extension of the PN theory.

PN tidal phase has been derived up to 2.5PN (relative 5+2.5PN) order 
[Flanagan&Hinderer08; Damour, Nagar, Villain2012]. (PNTidal) 
Recently, the complete and correct tidal phase up to 2.5PN has been derived 
[Henry, Faye, Blanchet 2020; Narikawa, Uchikata, Tanaka 2021]. 
However, the correct PNTidal model has not been used in BNS analyses yet. 
In this work, we first use it in BNS analyses.

PN tidal theory

PN approximation: solve the Einstein eqs. by a series in v/c. 
PN theory is theoretically rigid and can efficiently describe the GW emission 
in the inspiral regime. (valid for slow motion v<<1 and weak field M/R<<1)

The energy balance The GW phase

·Ebind = − FGW
dΨSPA( f )

df
− 2πt( f ) = 0

C41



PN formalism review [Blanchet2014; Poisson&Will2014; Isoyama, Nakano, Sturani 2020] 
TF2 (3.5PN) [Dhurandhar+1994; Buonanno+2009] Spin summarized in [Khan+2016] 
PNTidal [Flanagan&Hinderer08; Damour, Nagar, Villain 2012; Henry+2020; Narikawa+2021]

∼ ℳ−5/3f −5/3 [1 + a1PN(η)x2 + a1.5PN(η, χeff)x3

x = (πMf )2/3 = v2
v: orbital velocity 

Post-Newtonian phase

ΨBNS( f ) = ΨBBH( f ) + ΨTidal( f )

+a2PN(η, χ2
i , κs)x4 + . . . + a5PN(Λ̃)x10 + . . . ]

:chirp mass 
Measurable very well

ℳ

η: symmetric mass ratio 
Difficult to measure well

χeff: spin 
Difficult to measure well

κ: spin-induced QM 
NS EOSs
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TaylorF2_PNTidal

Λ: tidal deformability 
NS EOSs

modeling has advanced in recent years.

Interpreting Binary Neutron Star Mergers 7

Fig. 3 Cartoon depicting the definition of tidal deformability. The tidal field E due to the
spacetime curvature of the companion causes the NS to deform as the matter adjusts to a
new equilibrium configuration. The relevant quantity influencing the GWs is the induced
change in the multipole structure of the NS’s exterior spacetime Q. The multipoles are also
impacted by spin effects, and dynamical tidal effects.

the presence of a companion is small, with a description of the interaction
zone where the NSs behave almost as point masses with small corrections due
to their finite size [213,442], see also [184,513,281,303,302,535]. For weakly
self-gravitating bodies described by PN gravity see also the seminal series of
papers by Damour, Soffel, Xu [164]. As will be discussed in detail in Sec. 4, the
multipole moments defined for the spacetime in the vicinity of the NSs play
a key role for communicating information about NS matter between these
descriptions. The multipole structure is affected by a variety of tidal effects,
spins, and more complicated spin-tidal interactions. In addition to affecting
the dynamics, the NS’ multipole moments also give rise to additional imprints
on the asymptotic gravitational radiation. The radiation can be described by
double perturbation expansion around flat spacetime and an infinite series of
radiative multipole moments, as explained in detail in the review article [86].
The radiative moments are related in a complicated way, i.e., nonlinearly and
non-locally in retarded time, to the total multipole moments of the binary
system, which comprise contributions from the orbital motion and the NSs’
multipoles. Problems such as the relativistic two-body problem that involve
different scales can also efficiently be treated with effective-field-theory meth-
ods, see [335,436,466,219] for comprehensive reviews and references.

2.2.1 Dominant tidal effects

In Newtonian gravity, tidal effects arise from the response of the NS to the
gradient of the companion’s gravitational field across its matter distribution.
From the perspective of the NS, the companion is orbiting and produces a time-
varying tidal field that slowly sweeps up in frequency. This quasi-periodic tidal
forcing can excite characteristic oscillation modes in the NS that depend on
the properties of matter in its interior. These concepts carry over to a General
Relativistic description, where the modes are the NS’s quasi-normal modes. A
NS has a broad spectrum of modes [300], several of which have sufficiently low
frequencies to be relevant for the inspiral. The tidal excitation can either be a

[Dietrich+2020]

When binary orbital separations are small, 
each star is tidally distorted by its 
companion.

The tidal deformability of NS matter affects the GW signals  
and characterizes NS EOS models.

Tidal deformability λ

4

Λ̃ = 16
13

(1 + 12q)Λ1 + (12 + q)q4Λ2
(1 + q)5

PNTidal [Flanagan&Hinderer08; Damour, Nagar, Villain 2012; 
Henry, Faye, Blanchet 2020; Narikawa, Uchikata, Tanaka 2021]

Λ̃ = 16
13 [(1 + 11X2)X4

1Λ1 + (1 ↔ 2)]Binary tidal deformability

: individual onesΛ1,2 = λ1,2/m5
1,2 X1,2 = m1,2/(m1 + m2) : mass ratio

λ := −
Qij

Eij
Qij: tidally induced quadrupole moment
Eij: companion's tidal field

λ [Hinderer08; Damour&Nagar2009; 
Postnikov+2010]
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Neutron-star tidal deformability and equation-of-state… Page 13 of 49   109 

Fig. 2 Scaled gravitational-wave signal from the late inspiral of two equal-mass, non spinning neutron stars
for different values of Λ̃ using the IMRPhenomD_NRTidalv2 [95,96] waveformmodel. We plot the plus
polarization in the time domain in the top panel, and the real part of the plus polarization in the frequency
domain in the bottom panel. Since we employ an analytic model, waveforms have been terminated at the
peak of the time domain waveform amplitude, sometimes used to approximately signify the merger

in the binary dynamics and tidal deformability [100], a reasonable assumption unless
the magnetic field is extremely large, B ∼ 1016 − 1017 G [101–103].

Besides tidal interactions in the binary, the equation of state also affects the
quadrupole-monopole, or self-spin, term which is a 2PN phase correction. This effect
is caused by the fact that the shape of the neutron star is deformed under its own spin,
resulting in a spin-induced quadrupole moment. The degree of deformation depends
on the equation of state of the star; the leading order effect and its first correction have
been computed in [104,105]. Despite being formally a lower order term, the self-spin
contribution to the gravitational-wave phase is smaller than the tidal deformability
contribution, and can be neglected unless the neutron star is rotating significantly
[106]. The spin-induced quadrupole (and the resulting self-spin term) can be approxi-
mately calculated given the tidal deformability of the star in away that is approximately
agnostic about the underlying equation of state, through the Love-Q relation [107,108].
Waveform models can, therefore, include the self-spin term directly without the need
of additional binary parameters [109,110].

Finally, it is worth remembering that Eq. (7) does not include a number of point-
particle terms that are represented by the ellipsis. Those terms are of lower or the
same post-Newtonian order as the tidal terms of interest here and they have fully been
computed up to the term proportional to u7 [21]. Though smaller inmagnitude than the
tidal terms, their absence could lead to biases when measuring the tidal effects from
a gravitational-wave signal [91,111]. However, as already mentioned most waveform
models in use are constructed from a baseline binary black hole model on top of which
tidal effects have been added. The binary black hole baseline models are typically
compared against numerical relativity simulations which are used to calibrate free

123

[Chatziioannou, 2006.03168]
Evolution depends on NS EOS.

Less Compact NS -> fast evolution (large Λ) 
More Compact NS -> slow evolution (small Λ) 
BBH -> slowest evolution (Λ=0)

Imprint of EOS on inspiral waveform

In a binary system, the tides raised on each star 
depend on the deformability of that star: 
Because the tides are larger for large radii

a stiff NS EOS will yield higher tides.

Imprint of EOS on inspiral waveform

In a binary system, the tides raised on each star 
depend on the deformability of that star: 
Because the tides are larger for large radii

a stiff NS EOS will yield higher tides.

Imprint of EOS on inspiral waveform

In a binary system, the tides raised on each star 
depend on the deformability of that star: 
Because the tides are larger for large radii

a stiff NS EOS will yield higher tides.
・                     ・

Tidal effects on waveform

GW inference on GW170817 [LVC 2017, 2018]

From M and q, we obtain a measure of the component
masses m1 ∈ ð1.36; 2.26ÞM⊙ and m2 ∈ ð0.86; 1.36ÞM⊙,
shown in Fig. 4. As discussed in Sec. I, these values are
within the range of known neutron-star masses and below
those of known black holes. In combination with electro-
magnetic observations, we regard this as evidence of the
BNS nature of GW170817.
The fastest-spinning known neutron star has a dimension-

less spin≲0.4 [153], and the possible BNS J1807-2500B has
spin≲0.2 [154], after allowing for a broad range of equations
of state. However, among BNS that will merge within a
Hubble time, PSR J0737-3039A [155] has the most extreme
spin, less than ∼0.04 after spin-down is extrapolated to
merger. If we restrict the spin magnitude in our analysis to
jχj ≤ 0.05, consistent with the observed population, we
recover the mass ratio q ∈ ð0.7; 1.0Þ and component masses
m1 ∈ ð1.36;1.60ÞM⊙ andm2 ∈ ð1.17; 1.36ÞM⊙ (see Fig. 4).
We also recover χeff ∈ ð−0.01; 0.02Þ, where the upper limit
is consistent with the low-spin prior.
Our first analysis allows the tidal deformabilities of the

high-mass and low-mass component, Λ1 and Λ2, to vary
independently. Figure 5 shows the resulting 90% and
50% contours on the posterior distribution with the
post-Newtonian waveform model for the high-spin and

low-spin priors. As a comparison, we show predictions
coming from a set of candidate equations of state for
neutron-star matter [156–160], generated using fits from
[161]. All EOS support masses of 2.01# 0.04M⊙.
Assuming that both components are neutron stars described
by the same equation of state, a single function ΛðmÞ is
computed from the static l ¼ 2 perturbation of a Tolman-
Oppenheimer-Volkoff solution [103]. The shaded regions in
Fig. 5 represent the values of the tidal deformabilitiesΛ1 and
Λ2 generated using an equation of state from the 90% most
probable fraction of the values ofm1 andm2, consistent with
the posterior shown in Fig. 4. We find that our constraints on
Λ1 and Λ2 disfavor equations of state that predict less
compact stars, since the mass range we recover generates
Λ values outside the 90% probability region. This is con-
sistent with radius constraints from x-ray observations of
neutron stars [162–166]. Analysis methods, in development,
that a priori assume the same EOS governs both stars should
improve our constraints [167].
To leading order in Λ1 and Λ2, the gravitational-wave

phase is determined by the parameter

~Λ ¼ 16

13

ðm1 þ 12m2Þm4
1Λ1 þ ðm2 þ 12m1Þm4

2Λ2

ðm1 þm2Þ5
ð1Þ

[101,117]. Assuming a uniform prior on ~Λ, we place a 90%
upper limit of ~Λ ≤ 800 in the low-spin case and ~Λ ≤ 700 in
the high-spin case. We can also constrain the functionΛðmÞ
more directly by expanding ΛðmÞ linearly about m ¼
1.4M⊙ (as in [112,115]), which gives Λð1.4M⊙Þ ≤ 1400
for the high-spin prior and Λð1.4M⊙Þ ≤ 800 for the low-
spin prior. A 95% upper bound inferred with the low-spin
prior, Λð1.4M⊙Þ ≤ 970, begins to compete with the 95%
upper bound of 1000 derived from x-ray observations
in [168].
Since the energy emitted in gravitational waves depends

critically on the EOS of neutron-star matter, with a wide
range consistent with constraints above, we are only able to
place a lower bound on the energy emitted before the onset
of strong tidal effects at fGW∼600Hz asErad > 0.025M⊙c2.
This is consistent with Erad obtained from numerical
simulations and fits for BNS systems consistent with
GW170817 [114,169–171].
We estimate systematic errors from waveform modeling

by comparing the post-Newtonian results with parameters
recovered using an effective-one-body model [124] aug-
mented with tidal effects extracted from numerical relativity
with hydrodynamics [172]. This does not change the
90% credible intervals for component masses and effective
spin under low-spin priors, but in the case of high-spin priors,
we obtain the more restrictive m1 ∈ ð1.36; 1.93ÞM⊙, m2 ∈
ð0.99; 1.36ÞM⊙, and χeff ∈ ð0.0; 0.09Þ. Recovered tidal
deformabilities indicate shifts in the posterior distributions
towards smaller values, with upper bounds for ~Λ and
Λð1.4M⊙Þ reduced by a factor of roughly (0.8, 0.8) in the

FIG. 4. Two-dimensional posterior distribution for the compo-
nent massesm1 andm2 in the rest frame of the source for the low-
spin scenario (jχj < 0.05, blue) and the high-spin scenario
(jχj < 0.89, red). The colored contours enclose 90% of the
probability from the joint posterior probability density function
for m1 and m2. The shape of the two dimensional posterior is
determined by a line of constant M and its width is determined
by the uncertainty inM. The widths of the marginal distributions
(shown on axes, dashed lines enclose 90% probability away from
equal mass of 1.36M⊙) is strongly affected by the choice of spin
priors. The result using the low-spin prior (blue) is consistent with
the masses of all known binary neutron star systems.

PRL 119, 161101 (2017) P HY S I CA L R EV I EW LE T T ER S week ending
20 OCTOBER 2017

161101-6

Spin priors
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For reference, we also show Λ1–Λ2 contours for a repre-
sentative subset of theoretical EOSmodels that span the range
of plausible tidal parameters using piecewise-polytrope
fits from Refs. [136,137]. The values of Λ1 and Λ2 are
calculated using the samples for the source-frame masses
m1 and m2 contained in the 90% credible region for
PhenomPNRT. The widths of these bands are determined
by the small uncertainty in chirp mass. The lengths of these
bands are determined by the uncertainty in mass ratio. Most
of their support is near the Λ1 ¼ Λ2 line corresponding to
the equal-mass case and ends at the 90% lower limit for the
mass ratio. The predicted values of the tidal parameters for
the EOSs MS1, MS1b, and H4 lie well outside of the 90%
credible region for both the low-spin and high-spin priors,
and for all waveform models. This can be compared to
Fig. 5 of Ref. [3], where H4 was still marginally consistent
with the 90% credible region.
The leading tidal contribution to the GW phase evolution

is a mass-weighted linear combination of the two tidal
parameters Λ̃ [138]. It first appears at 5PN order and is
defined such that Λ̃ ¼ Λ1 ¼ Λ2 when m1 ¼ m2:

Λ̃ ¼ 16

13

ðm1 þ 12m2Þm4
1Λ1 þ ðm2 þ 12m1Þm4

2Λ2

ðm1 þm2Þ5
: ð5Þ

In Fig. 11, we show marginalized posteriors of Λ̃ for the
two spin priors and four waveformmodels. Because there is
only one combination of the component tidal deformabil-
ities that gives Λ̃ ¼ 0, namely, Λ1 ¼ Λ2 ¼ 0, when using
flat priors in Λ1 and Λ2, the prior distribution for Λ̃ falls to
zero as Λ̃ → 0. This means that the posterior for Λ̃ must
also fall to zero as Λ̃ → 0. To avoid the misinterpretation
that there is no evidence for Λ̃ ¼ 0, we reweight the
posterior for Λ̃ by dividing by the prior used, effectively
imposing a flat prior in Λ̃. In practice, this is done by
dividing a histogram of the posterior by a histogram of the
prior. The resulting histogram is then resampled and
smoothed with kernel density estimation. We have verified
the validity of the reweighting procedure by comparing the
results to runs where we fixΛ2 ¼ 0 and use a flat prior in Λ̃.
This differs from the reweighting procedure only in the
small, next-to-leading-order tidal effect.
After reweighting, there is still some support at Λ̃ ¼ 0.

For the high-spin prior, we can only place a 90% upper
limit on the tidal parameter, shown in Fig. 11 and listed in
Tables II and IV. For the TaylorF2 model, this 90% upper
limit can be directly compared to the value reported in
Ref. [3]. We note, however, that due to a bookkeeping error,
the value reported in Ref. [3] should have been 800 instead
of 700. Our improved value of 730 is about 10% less than
this corrected value. As with the Λ1–Λ2 posterior (Fig. 10),
the three models with the NRTidal prescription predict 90%
upper limits that are consistent with each other and less than
the TaylorF2 results by about 10%. For the low-spin prior,

we can now place a two-sided 90% HPD credible interval
on Λ̃ that does not contain Λ̃ ¼ 0. This 90% HPD interval
is the smallest interval that contains 90% of the probability.
The PDFs for the NRTidal waveform models are

bimodal. The secondary peak’s origin is the subject of
further investigation, but it may result from a specific noise
realization, as similar results have been seen with injected
waveforms with simulated Gaussian noise (see Fig. 4 of
Ref. [138]).
In Fig. 11, we also show posteriors of Λ̃ (gray PDFs)

predicted by the same (EOSs) as in Fig. 10, evaluated using
the masses m1 and m2 sampled from the posterior. The
sharp cutoff to the right of each EOS posterior corresponds
to the equal-mass-ratio boundary. Again, as in Fig. 10, the

FIG. 11. PDFs of the combined tidal parameter Λ̃ for the high-
spin (top panel) and low-spin (bottom panel) priors. Unlike in
Fig. 6, the PDFs have been reweighted by dividing by the original
prior for Λ̃ (also shown). The 90% HPD credible intervals are
represented by vertical lines for each of the four wave-
form models: TaylorF2, PhenomDNRT, SEOBNRT, and
PhenomPNRT. For the high-spin prior, the lower limit on the
credible interval is Λ̃ ¼ 0. The seven gray PDFs are those for the
seven representative EOSs using the masses estimated with
the PhenomPNRT model. Their normalization constants have
been rescaled to fit in the figure. For these EOSs, a 1.36 M⊙ NS
has a radius of 10.4 km (WFF1), 11.3 km (APR4), 11.7 km (SLy),
12.4 km (MPA1), 14.0 km (H4), 14.5 km (MS1b), and
14.9 km (MS1).

B. P. ABBOTT et al. PHYS. REV. X 9, 011001 (2019)
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the EOSs MS1, MS1b, and H4 lie well outside of the 90%
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and for all waveform models. This can be compared to
Fig. 5 of Ref. [3], where H4 was still marginally consistent
with the 90% credible region.
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2Λ2

ðm1 þm2Þ5
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In Fig. 11, we show marginalized posteriors of Λ̃ for the
two spin priors and four waveformmodels. Because there is
only one combination of the component tidal deformabil-
ities that gives Λ̃ ¼ 0, namely, Λ1 ¼ Λ2 ¼ 0, when using
flat priors in Λ1 and Λ2, the prior distribution for Λ̃ falls to
zero as Λ̃ → 0. This means that the posterior for Λ̃ must
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that there is no evidence for Λ̃ ¼ 0, we reweight the
posterior for Λ̃ by dividing by the prior used, effectively
imposing a flat prior in Λ̃. In practice, this is done by
dividing a histogram of the posterior by a histogram of the
prior. The resulting histogram is then resampled and
smoothed with kernel density estimation. We have verified
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results to runs where we fixΛ2 ¼ 0 and use a flat prior in Λ̃.
This differs from the reweighting procedure only in the
small, next-to-leading-order tidal effect.
After reweighting, there is still some support at Λ̃ ¼ 0.

For the high-spin prior, we can only place a 90% upper
limit on the tidal parameter, shown in Fig. 11 and listed in
Tables II and IV. For the TaylorF2 model, this 90% upper
limit can be directly compared to the value reported in
Ref. [3]. We note, however, that due to a bookkeeping error,
the value reported in Ref. [3] should have been 800 instead
of 700. Our improved value of 730 is about 10% less than
this corrected value. As with the Λ1–Λ2 posterior (Fig. 10),
the three models with the NRTidal prescription predict 90%
upper limits that are consistent with each other and less than
the TaylorF2 results by about 10%. For the low-spin prior,
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is the smallest interval that contains 90% of the probability.
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further investigation, but it may result from a specific noise
realization, as similar results have been seen with injected
waveforms with simulated Gaussian noise (see Fig. 4 of
Ref. [138]).
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FIG. 11. PDFs of the combined tidal parameter Λ̃ for the high-
spin (top panel) and low-spin (bottom panel) priors. Unlike in
Fig. 6, the PDFs have been reweighted by dividing by the original
prior for Λ̃ (also shown). The 90% HPD credible intervals are
represented by vertical lines for each of the four wave-
form models: TaylorF2, PhenomDNRT, SEOBNRT, and
PhenomPNRT. For the high-spin prior, the lower limit on the
credible interval is Λ̃ ¼ 0. The seven gray PDFs are those for the
seven representative EOSs using the masses estimated with
the PhenomPNRT model. Their normalization constants have
been rescaled to fit in the figure. For these EOSs, a 1.36 M⊙ NS
has a radius of 10.4 km (WFF1), 11.3 km (APR4), 11.7 km (SLy),
12.4 km (MPA1), 14.0 km (H4), 14.5 km (MS1b), and
14.9 km (MS1).
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[De+2018; Dai+2018; LVC2019; 
Narikawa+2018,2019; Chatziioannou2020]

NRTidal [Dietrich+2017]

: measured, less compact EOS 
models are disfavored.
Λ̃

NRTidal might bias  smaller.Λ̃

Δℳ

: measured well.ℳ

Δq

q: not measured well.
q-χeff correlation



- Post-Newtonian (PN) inspiral waveform model: 
BBH (PP+Spin) + Tidal

Our analysis setup - parameter estimation

Ψ( f ) = ΨBBH + Ψtidal

Spin terms at other PN orders help to break 
degeneracies, e.g., q − χeff

Adding higher-order PN terms 
prevent  biasingΛ̃

- Phase

We have implemented the correct PNTidal model.

- Bayesian inference library: Nested sampling in LALSUITE (LALInferenceNest)
- fhigh=1000 Hz to restrict to the inspiral regime

7

- Priors: low-spin prior: |χ1z,2z|<0.05; uniform in [0, 3000] on Λ̃
- Amplitude up to 3PN for BBH (PP+spin), up to 5+1PN for Tidal

astrophysically motivated

- Point-particle: 
- Aligned-spin, Spin-Orbit: 1.5-3.5 PN, Spin-Spin: 2-3 PN, 
- Tidal effects: 5-5+2.5PN.

TaylorF2+ (up to 6PN)

Tidal phasing

demonstrated for un-equal mass 
binary, 1.68+1.13 M◉

different PN orders, from 5PN through 5+2.5PN, in PNTidal

PNTidal (old): [Agathos+, 2015]. 
PNTidal (corrected): [Henry+, 2020; 
Narikawa+, 2020].

The terms at 5+1PN and 5+2PN give larger phase shift. This is related to the 
half-PN orders at 5+1.5PN and 5+2.5PN being repulsive.

An increase of PN order does not lead to a monotonic change in the phase shift.

5+2PN
5+1PN

5+2.5PN

5+1.5PN

larger shift
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Tidal phasing
different PN orders in PNTidal and NR calibrated models

demonstrated for un-equal mass 
binary, 1.68+1.13 M◉ and Λ̃ = 292

NR calibrated models: KyotoTidal, NRTidalv2, and NRTidal give larger phase 
shift (more attractive) than PNTidal.
The terms at 5+1PN and 5+2PN give closer to NR calibrated models than the 
half-PN orders at 5+1.5PN and 5+2.5PN due to being repulsive.

NRTidal

NRTidalv2
KyotoTidal 
[Kawaguchi+]

NR calibrated models}
larger shift5+2PN

5+1PN

5+2.5PN

5+1.5PN

PNTidal}
9

❶ Comparison among the estimates of tidal deformability  
with different PN orders in PNTidal

Λ̃

BBH baseline: TF2+,  
low-spin prior, fhigh=1000 Hz

GW170817

The terms up to 5+1PN and 
5+2PN give smaller estimates 
on . This is related to the half-
PN orders at 5+1.5PN and 
5+2.5PN being repulsive.

Λ̃

Estimates of  are consistent 
with the phase shift.

Λ̃

An increase of PN order does 
not lead to a monotonic 
change in the estimates of .Λ̃

10



❷ Comparison between estimates of  for PNTidal and NR 
calibrated models

Λ̃

BBH baseline: TF2+,  
low-spin prior, fhigh=1000 Hz

11

The terms up to 5+1PN and 
5+2PN give closer estimates of 
 with NR calibrated models, 
which is related to the half-PN 
orders at 5+1.5PN and 
5+2.5PN being repulsive.

Λ̃

Estimates of  are consistent 
with the phase shift.

Λ̃

NR calibrated models give 
smaller estimates of  than 
PNTidal.

Λ̃}

GW170817

❸ Waveform model comparison among PNTidal and 
NR calibrated models

log BFPNTidal/NR calibrated models

The log Bayes factor

12

BBH baseline: TF2+,  
low-spin prior, fhigh=1000 Hz

No preference among NR calibrated models over PNTidal. 
However, PNTidal is mildly preferred compared to NR 
calibrated models.

This is consistent with [Gamba+, 2021].

The log Bayes factors are less than 1, but positive values.

536 GW170817 (left panel) and GW190425 (right panel)
537 estimated with the different PN orders, from 5PN through
538 5þ 2.5PN, in the PNTidal model. Here the point-particle
539 baseline is the TF2þmodel in common. The estimates of Λ̃
540 slightly depend on the PN orders in the tidal phase. For both
541 events, we find that the results are consistent with the phase
542 shift as shown in Fig. 2 and an increase of the PN order
543 does not lead to a monotonic change of estimates of Λ̃.
544 Since the leading-order terms at 5PN do not model the tidal
545 effects efficiently at high frequency, the posterior distribu-
546 tion of Λ̃ is the widest. The inferred median values with
547 90% symmetric and HPD credible regions of the margin-
548 alized posterior information of Λ̃ for GW170817 and
549 GW190425 are summarized in Table IV. As shown in
550 Table IV, the terms up to 5þ 1PN and 5þ 2PN give slightly
551 smaller values of median for Λ̃ than the terms at 5þ 1.5PN
552 and 5þ 2.5PN. These are related to the half-PN orders at
553 5þ1.5PN and 5þ2.5PN being repulsive effect. This PN
554 order dependence is consistent with the GW170817-
555 like signal injection studies in Ref. [35]. In Table V, we
556 show the log Bayes factor of the terms at 5þ 2.5PN relative
557 to the other PN orders, log BF5þ2.5 PN=different PN. The values
558 indicate no preference among the different PN orders over
559 the 5þ 2.5PN terms by relying on the GW170817 and
560 GW190425.
561 For comparison, we also present the posterior PDFs of Λ̃
562 estimated by the NR calibrated models, the KyotoTidal,

563NRTidalv2, and NRTidal in Fig. 5 and Table VI. These
564results are obtained by reanalyses with the same setting as
565the ones for the TF2þ_PNTidal model (we set the TF2þ
566model as a point-particle part, the spin amplitude formula up
567to 3PN order, jχ1z;2zj ≤ 0.05, and fhigh ¼ 1000 Hz as an
568upper frequency cutoff). Figure 5 shows that posterior
569uncertainties of Λ̃ for the NR calibratedmodels are narrower
570than the PNTidal models. It means that NR information
571improves inference of the tidal deformability. The estimated
572values of Λ̃ reported in Table VI quantitatively supports the
573fact. The posterior PDFs of Λ̃ estimated by the terms at
5745þ 1PN and 5þ 2PN are closer to the KyotoTidal model
575than the half-PN orders: 5þ 1.5PN and 5þ 2.5PN. The
576NRTidalv2 andNRTidal models give slightly smaller Λ̃ than
577theKyotoTidal. These results are expected by the tidal phase
578shift shown in Fig. 2. In Table VII, we show the log Bayes
579factor of the PNTidal model relative to the NR calibrated
580models, logBFPNTidal=NR calibrated model, for GW170817 and
581GW190425.We also show the results for the TF2þmodel as
582a BBH (nontidal) hypothesis in the last row. The values
583indicate no strong preference among the NR calibrated
584models over the PNTidal by relying on the GW170817 and

TABLE IV. The inferred marginalized posterior information of
Λ̃ for GW170817 and GW190425 with different PN orders for
PNTidal. Here, the BBH baseline is the TF2þ model. The
medians with both 90% symmetric and the HPD credible regions
are reported.

GW170817 GW190425

Waveform Symmetric HPD Symmetric HPD

5PN 790þ664
−590 790þ607

−632 390þ743
−348 390þ548

−389
5þ 1PN 536þ436

−390 536þ401
−419 269þ545

−241 269þ390
−269

5þ 1.5PN 622þ529
−465 622þ483

−499 321þ639
−288 321þ460

−321
5þ 2PN 529þ447

−385 529þ402
−424 266þ567

−239 266þ393
−266

5þ 2.5PN 574þ485
−425 574þ433

−467 295þ578
−265 295þ423

−295

TABLE V. The log Bayes factor and the associated standard
deviation of the terms at 5þ 2.5PN relative to the other PN
orders, log BF5þ2.5 PN=different PN, for GW170817 and GW190425.

PN order GW170817 GW190425

5PN −0.17þ0.16
−0.16 −0.40þ0.15

−0.15
5þ 1PN 0.20þ0.16

−0.16 0.14þ0.15
−0.15

5þ 1.5PN −0.04þ0.16
−0.16 −0.03þ0.15

−0.15
5þ 2PN 0.09þ0.16

−0.16 0.02þ0.15
−0.15

TABLE VI. The inferred marginalized posterior information of
Λ̃ for GW170817 and GW190425 with various waveform
models. Here, the BBH baseline is the TF2þ model and the Λ̃
form defined as Eq. (5) is used to take into account the prior
volume reduction. The medians with both 90% symmetric and
the HPD credible regions are reported.

GW170817 GW190425

Waveform Symmetric HPD Symmetric HPD

PNTidal 576þ480
−429 576þ424

−468 294þ599
−264 294þ424

−294
KyotoTidal 490þ417

−364 490þ366
−403 247þ567

−219 247þ386
−247

NRTidalv2 446þ391
−322 446þ349

−359 223þ527
−199 223þ351

−223
NRTidal 413þ376

−306 413þ330
−340 202þ527

−180 202þ328
−202

TABLE VII. The log Bayes factor and the associated
standard deviation of PNTidal relative to the NR calibrated
models: the KyotoTidal, NRTidalv2, and NRTidal models,
log BFPNTidal=NR calibrated model, for GW170817 and GW190425.
Here, the Λ̃ form defined as Eq. (5) is used for the PNTidal
model to take into account the prior volume reduction. In the last
row, we show the values for the TF2þmodel as a BBH (nontidal)
for comparison. The values indicate no preference model on
GW170817.

Waveform GW170817 GW190425

KyotoTidal 0.25þ0.14
−0.14 0.22þ0.14

−0.14
NRTidalv2 0.23þ0.14

−0.14 0.32þ0.14
−0.14

NRTidal 0.46þ0.14
−0.14 0.37þ0.14

−0.14
BBH (nontidal) 0.79þ0.13

−0.13 −1.58þ0.14
−0.14
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Summary

Follow-up analyses of GW170817 and GW190425 with PNTidal focusing on 
the inspiral regime (fhigh=1000 Hz).

Post-Newtonian (PN) approximation is theoretically rigid and can 
efficiently describe the inspiral regime.

13

Results
Waveform systematics & Waveform model comparison:  
❶ Different PN orders in PNTidal: An increase of PN order does not lead 
to a monotonic change in the estimates of . 
❷ PNTidal vs NR calibrated models: NR calibrated models give smaller  
than PNTidal. No preference among NR calibrated models over 
PNTidal. However, PNTidal is mildly preferred compared to NR 
calibrated models.

Λ̃
Λ̃

Since KAGRA has recently joined the international GW network [O3GK 2020] and 
the Adv. LIGO and Adv. Virgo detectors are improving their sensitivities now, they 
will detect BNS signals with high SNR and provide more information on the 
sources in coming observation runs.



Collaboration with　Abe(Nagoya U.), Tada(IAR, KEK, Nagoya U.), and Yokoyama(KMI, Nagoya U.)

Induced stochastic gravitational waves 
associated with primordial black holes as 
dark matter in the exponential-tailed case

1

2022 /10/25　Ryoto Inui        C42

arXiv: 2209.13891v1

Primordial black hole (PBH)

2

Candidate of DM

Induced GWs

∼ O(1)

At the radiation dominated Universe
Primordial density perturbation

Primordial black hole
(PBH) Hubble scale∼

Gravitational collapse

C42



Observational quantity of PBH

3

If PBH accounts for 100% of DM… 

The indirect evidence

The induced GWs

10−15M⊙ ≤ MPBH ≤ 10−11M⊙

This work

M.Green and J.Kavanagh ’20  
N.Bartolo et al. '19 
R.Saito et al. ’11

Exponential tail perturbation

4

Exponential tail ζ = − 1
β

ln(1 − βζg)

 : Parameterβ

 : Gaussian field ζg

Atal, Cid, Escriv`a and Garriga ’19

Exponential tail

Gauss

0.0 0.5 1.0 1.5 2.0

ζ

P
(ζ
) ∝ e−βζ

∝ e− ζ2
2σ2



The GWs induced by the exponential tail perturbation

5

The induced GWs can be detected by LISA?

Down

Ag = 1.32 × 10−3

Pg(k) =
2π2Ag

k3 δ(ln k − ln k*)f tot
PBH = 1, MPBH = 10−11M⊙

∼ 1/5

Ag

Kitajima et al.2021 

PBH abundance (β = 3) Induced GWs (β = 3)

1.×10-4 5.×10-4 0.001 0.005
10-16

10-14

10-12

10-10

10-8

f [Hz]

Ω
G
W
h2

?

Gaussian

LISA

DECIGO

Down amplitude

Scalar induced GWs

6

Equation of motion for tensor perturbation
□ hλ(τ, k) = 4Sλ(τ, k) ∝ ζζ

Source(λ = + , × )

The solution： hλ(τ, k) ∝ ζζ

The power spectrum of tensor perturbation
(2π)3Pλ(τ, k)δ(3)(k + k′ ) = ⟨hλ(τ, k)hλ(τ, k′ )⟩ ⟨ζ(q1)ζ(k − q1)ζ(q2)ζ(k − q2)⟩∝

⟨ζg(q1)ζg(k − q1)ζg(q2)ζg(k − q2)⟩ ∼ O(A2
g)

ex)： （Gaussian case）ζ = ζg

R.Saito et al. 2011
N.Bartolo et al. 2019

Pg(k) =
2π2Ag

k3 δ(ln k − ln k*)
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O(A3
g), g2

NLA4
g , ⋅ ⋅ ⋅

Crossing term ∝ f 2
NLgNLA4

g , fNLhNLA4
g

Other non-considered terms

Adshead et al 2105.01659
 contributionsgNL

Yuan and Hung 2007.10686
 contributionsfNLζ = ζg + fNLζ2

g + gNLζ3
g + ⋅ ⋅ ⋅

Perturbative expansion

Exponential tail : ζ = − 1
3 ln(1 − 3ζg) = ζg + 3

2 ζ2
g + 3ζ3

g + 27
4 ζ4

g + 81
5 ζ5

g + ⋅ ⋅ ⋅

In the case of non-Gaussian perturbation

Scalar induced GWs

 with  and fNL gNL

However, they are remaining another terms with same order  
up to O(A4

g)

parametrize the non-Gaussianity

The tool for the calculation

8

Diagrammatic approach…Corresponding a diagram and formula 

q1

ζ

ζg

q1 + q2

ζgq2

= fNL

q1

ζ

ζg

q1 + q2 + q3

ζgq2

q3
ζg = gNL

q1

= Pg(q1) ∼ O(Ag)

q1

ζ ζg

= 1

Adshead et al 2105.01659

Representation of ⟨hλ(τ, k)hλ′ (τ, k′ )⟩
Building blocks
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The leading contribution

R.Saito et al. 2011

Pg(k) =
2π2Ag

k3 δ(ln k − ln k*)

k* = 1.56 × 1012 Mpc−1

f tot
PBH = 1, MPBH = 10−11M⊙

⟨ζg(q1)ζg(k − q1)ζg(q2)ζg(k − q2)⟩ ∼ O(A2
g)

hλ′ 

k′ 

q1 − k

k

q1

q1 − k
q1 − k

hλ

q1 q1

O(A2
g)

Ag = 1.32 × 10−3

Gauss

LISA

1.×10-4 5.×10-4 0.001 0.005
10-15

10-13

10-11

10-9

f [Hz]
Ω
G
W
h2

Vanilla

10

Adshead et al 2105.01659O(A3
g)

Higher order contributions

1-convolution Z

C 1 loop
Abe, Inui, Tada, Yokoyama
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O(A4
g)

2-conv

X Box

(1,1)-conv

Adshead et al 2105.01659

Yuan and Huang, 2007.10686

1-conv. C 1 1-conv. Z 1

CZ

∝ f 2
NLgNL Abe, Inui, Tada, Yokoyama

New

Higher order contributions

1-conv. C 2 1-conv. Z 2

∝ g2
NL

12

O(A4
g) Abe, Inui, Tada, Yokoyama

New

Higher order contributions

∝ f 2
NLgNL

∝ fNLhNL

∝ g2
NL ∝ INL



Result

13

Detect the footprint of the non-G：difficult in LISA
GWs can be detected by LISA

Pg(k) =
2π2Ag

k3 δ(ln k − ln k*)

k* = 1.56 × 1012 Mpc−1

f tot
PBH = 1, MPBH = 10−11M⊙

Ag = 1.32 × 10−3

Pure Gaussian

! "!"

! "!#

! "!$ LISA

DECIGO

The total of the exponential tail 

1.×10-4 5.×10-4 0.001 0.005
10-16

10-14

10-12

10-10

10-8

f [Hz]

Ω
G
W
h2 The characteristics of non-G

GWs spectrum is well converged

Conclusion

GWs would be detectable
Detect the footprint of the non-G is difficult

Exponential tail-type in LISA

We calculated the GWs induced by the exponential tail
We computed up to  contributions perturbatively O(A4

g)

Can GWs investigate the scenario where PBH = 100% DM?

14

Pure Gaussian

! "!"

! "!#

! "!$ LISA

DECIGO

The total of the exponential tail 

1.×10-4 5.×10-4 0.001 0.005
10-16

10-14

10-12

10-10

10-8

f [Hz]

Ω
G
W
h2

The characteristics of non-G



Appendix
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USR (Ultra slow-roll models)
PBH can be realized in USR

16

ϵ ≡
Mpl

2 (
Vϕ

V )
2

High peak spectrum

Pζg
(k) ∝ H2

M2
plϵk3

ϕ

V

Flat region Vϕ ≃ 0

Primordial density perturbation 

k*

Large amplitude at k*

PBHsCollapse
Pass through

Produced
Scalar field



PBH abundance

17

Primordial perturbation：ζ = 1
β

ln(1 − βζg)

Spacial distribution
Maximum mean compaction > threshold
Determination of PBH formation

PBH

ζ

x

Peak theory

18

Around peak：spherical symmetricPeak number density
npk(μ, k̃)dμdk̃

Peak theory

x

 : Gaussian field ζg(x)

0.5 1.0 1.5 2.0

-0.2

0.2

0.4

0.6

0.8

1.0  :height,  :widthμ k̃

k̃−1

μ

r

ψ (r) = ∫ dk
k

sin kr
kr

,g(k)

2point function

̂ζg(r) = ̂ζg(ψ(r), μ, k̃) = μ
sin k*r

k*r

,g(k) = AζGδ(ln k − ln k*)

Yoo, Harada, Garriga,  and Kohri ’ 18

PBH abundance



Compaction function

19

C =
MMS − Mbg

4πM2
plR

= 1
V(R) ∫

R

0
δ4πR2dR

R=H−1

= 2
3 [1 − (1 + rζ′ )2]

Spacial mean valueOverdensity Conserved at super horizon

> Cth
?

MMS

Mbg
R = aeζr

r

Shibata & Sasaki ’99 
Harada, Yoo, Nakama, Koga ’15 

Kopp, Hofmann, Weller ’11

Type II :  monotonic  R ≠
Type I :  monotonicR =

Mean compaction function

20

1
5 ≤ Cth ≤ 1

3 Changed by the peak profile

Mean compaction function

Atal, Cid, Escrivà, Garriga ’19 
Escriv`a, Germani,  Sheth ’19

Threshold value of the compaction function

C̄m > C̄th ≃ 2
5

Almost universal

C̄ = 1
V(R) ∫

R

0
C(R) × 4πR2dR



Diagrammatic rules

21

Diagrammatic approach

arXiv: 2209.13891v1

k − q

q

λ

k

Ik( |k − q | , q, k)Q(k, q)

1.

q1 + q2

q1

n

∑
i=2

qi

q3

 n n!F(n−1)
NL

2.

q

Pg(q)

3.

4. Integrate over each undetermined momentum  

∫ d3q
(2π)3

5. Divide by the symmetric factor

Loop structures

22

Diagrammatic approach

arXiv: 2209.13891v1

 lines n

q1 q1

q1 + q2

q1

n−2m

∑
i=2

qi

l1

lm

lj

Symmetric factor n! Symmetric factor 2mm!
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Diagrammatic approach
Renormalized propagator

Renormalized vertex

q1 + q2

q1

n

∑
i=2

qi

q3

= + + ⋅ ⋅ ⋅

q1 + q2

q1

n

∑
i=2

qi

q3 l1
q1 + q2

q1

n

∑
i=2

qi

q3

+

l1

l2

q1 + q2

q1

n

∑
i=2

qi

q3

arXiv: 2209.13891v1
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Diagrammatic approach
Prohibited structure

q1

q1 − k

λ

k

q1 − k
∫ d3q

(2π)3 Qλ(k, q) I( |k − q | , q, τ) Pg(q)

= ∫
2π

0
dϕ {cos 2ϕ (λ = + )

sin 2ϕ (λ = × ) × ℱ(k, q, θ, τ)

= 0
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Diagrammatic approach
Vanilla term

λ

k k

q1 − k

q1 − k

q1 q1

q1

q1 − k

k

λ

k

λ λ  

k k  

q1

q1 − k

q1 − k

q1 − k

q1

q1

Twisted

They give the same contribution
Ω(2)

GW(k) = 2 × 1
48 ( k

aH )
2

∑
λ=+, ×

PVanilla
λλ (τ → ∞, k)

26

λ

k k

q1 − k

q1 − k

q1 q1

q1

q1 − k

k

λ

k

λ

k

λ

k
q1 q2

q2

q2 − k

q1 − q2

q2 − k

q1 − k

λ

k

q1

q1

q1 − k q2

q2

q2 − k

q1 + q2 − k

k

λ

k

q3

λ

k

λ

k
q1 − q3

q3 − k

q2 − q3

q1 q2

q2 − kq1 − k

λ

k

λ

k
q2 − q3

q1 − k + q2 − q3

q1 − q3

q2

q2 − k

q2

q1

q1 − k

q1 − k + q2 − q3

q3

q2 − q3
λ

k
q1 − q3

q2

q2 − k

q1

q1 − k

λ

k

q3

q2 + q3 + q4

λ λ

k
q2

q2 − k

q1 + q2 + q4

k
q1 + q4

q1

q1 − k

q1 − q3 − k

q1 + q3 + q5

q2 − q3
λ

k
q2

q2 − k

q1 + q2 + q4 − k

q3 + q4

q4 − q5

q1 + q5

q1

q1 − k

k

λ

k

q2 − q3

q3
λ

k
q2

q2 − k

q1 + q3 + q4 − k

q1 − q2 + q3 + q4q4

q1

q1 − k

λ

k



Naritaka Oshita

Thermal ringdown and  
the excitation of Kerr overtones

JGRG31 
October 25, 2022 @ RESCEU, University of Tokyo
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Strain Peak
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suppressed) 

Beginning of Ringdown

(Destructive Interference)

Exponential Damping

(Fundamental Mode) 
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(5, 5)

Destructive Interference of Overtones
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µ ' m⌦H

Ringdown for a near-extremal BH

→ Fermi gas??

(Thermal Excitation of Overtones)

Ringdown for an extreme-mass-ratio merger

Do overtones dominate the signal? How are they excited?

C43



Black Hole Ringing
relaxation process of a BH 
=ringdown phase 
= superposition of quasi-normal modes

B. P. Abbott et al. (2016)

hringdown ⇠
X

n

Ane
�t/⌧n cos[fn(t� r⇤ � t0) + �n]

<latexit sha1_base64="yv/d8/Na7ezIzu32kdYAqeY7joY="></latexit><latexit sha1_base64="yv/d8/Na7ezIzu32kdYAqeY7joY="></latexit><latexit sha1_base64="yv/d8/Na7ezIzu32kdYAqeY7joY="></latexit><latexit sha1_base64="yv/d8/Na7ezIzu32kdYAqeY7joY="></latexit>

determined only by mass and angular momentum (no-hair theorem)
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damping rate

frequency

j ⌘ a/M = 0.8
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!q = Re[!q] + iIm[!q]
(frequency) (damping rate)

Quasi-Normal Modes (QNMs)
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j = J/M2 = 0.8

fundamental

mode

(l,m)=(2,2) (3,3) (4,4) (5,5)

overtones



Why is a BH ringing important?

→Measurement of the remnant mass and spin

→Test of GR in strong gravity regime
(Test of the BH no-hair theorem)

Fundamental mode Higher overtones
Giesler, Isi, Scheel, Teukolsky (2019)

Binary Black Hole with the comparable mass ratio

strain peak

strain peak

m
ism

at
ch

Do multiple overtones highly excited at the early stage of ringdown (or merger phase)? 
To answer this question is one of the current challenges in gravitational physics



Are BH overtones well excited 

for an extreme-mass-ratio merger?

Binary black hole mergers: large mass ratio
dominant modes

large mass ratio

Xian Li et al. (2022)

am
pl

itu
de

Larger Mass Ratio  
→Excitation of Higher Harmonics 

Data analysis of numerical relativity waveforms 

(SXS collaboration)
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Fitting analysis in frequency domain
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(l,m) = (2, 2)

<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8

Mourier et al. (2020)

QNM fitting in time-domain waveform

Giesler, et al. (2019)

Ma, et al. (2021)

see e.g. QNM fitting in frequency domain

Fourier

 transform
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h̃QNM,lm(!)

c.f. Finch, et al. (2021)

Solving the Sasaki-Nakamura equation

Fitting in Frequency vs Time Domain
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t

<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+
<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+
<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+

<latexit sha1_base64="pWbghRCLcRMsS/JctIiJVIJGPM8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunHZgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+oVCwWd3qSUD/CQ8FCRrA2UkP3iyXH9q6qzkUVLUi5siIecm1njhIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/mhU3RmlAEKY2lKaDRXv09kOFJqEgWmM8J6pH57M/Evr5vqsOpnTCSppoIsFoUpRzpGs6/RgElKNJ8Ygolk5lZERlhiok02BRPC6lP0P2l5tntpe41yqXa9jCMPJ3AK5+BCBWpwC3VoAgEKj/AML9a99WS9Wm+L1py1nDmGH7DevwBdvI1U</latexit>

t
<latexit sha1_base64="pWbghRCLcRMsS/JctIiJVIJGPM8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunHZgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+oVCwWd3qSUD/CQ8FCRrA2UkP3iyXH9q6qzkUVLUi5siIecm1njhIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/mhU3RmlAEKY2lKaDRXv09kOFJqEgWmM8J6pH57M/Evr5vqsOpnTCSppoIsFoUpRzpGs6/RgElKNJ8Ygolk5lZERlhiok02BRPC6lP0P2l5tntpe41yqXa9jCMPJ3AK5+BCBWpwC3VoAgEKj/AML9a99WS9Wm+L1py1nDmGH7DevwBdvI1U</latexit>

t
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<latexit sha1_base64="qo1lhAOimK2PCRPhjYn28CRhEvw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjBPOAZAmzk9lkyMzsOjMbDEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7K4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDG+nfnNElWaRfDDjmPoC9yULGcHGSr7sph0lkMBPk+vzbrHklt0Z0DLxMlKCDLVu8avTi0giqDSEY63bnhsbP8XKMMLppNBJNI0xGeI+bVsqsaDaT2dHT9CJVXoojJQtadBM/T2RYqH1WAS2U2Az0IveVPzPaycmvPJTJuPEUEnmi8KEIxOhaQKoxxQlho8twUQxeysiA6wwMTangg3BW3x5mTQqZe+iXLk/K1VvsjjycATHcAoeXEIV7qAGdSDwCM/wCm/OyHlx3p2PeWvOyWYO4Q+czx9klJHb</latexit>

nmax = 5
<latexit sha1_base64="apdvuhYjjN+Sc5BGWTXG6wJ+ytU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK9gPaNeSTbNtaJJdkqxalv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6nfuuBKs0ieWfGMfUFHkgWMoKNle5lL+0qgQR+mlx6bq9YcsvuDGiZeBkpQYZ6r/jV7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezqyfoxCp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE174KZNxYqgk80VhwpGJ0DQC1GeKEsPHlmCimL0VkSFWmBgbVMGG4C2+vEyalbJXLVduz0q1qyyOPBzBMZyCB+dQgxuoQwMIKHiGV3hzHp0X5935mLfmnGzmEP7A+fwB0RSSEQ==</latexit>

nmax = 10
<latexit sha1_base64="NTFNCPrMTTn705P7FIyrcpk0p68=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjBPOAZA2zk9lkyMzsMjOrhiX/4cWDIl79F2/+jZNkD5pY0FBUddPdFcScaeO6305uaXlldS2/XtjY3NreKe7uNXSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtcTv/lAlWaRvDOjmPoC9yULGcHGSveym3aUQAI/jS+9026x5JbdKdAi8TJSggy1bvGr04tIIqg0hGOt254bGz/FyjDC6bjQSTSNMRniPm1bKrGg2k+nV4/RkVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrzwUybjxFBJZovChCMToUkEqMcUJYaPLMFEMXsrIgOsMDE2qIINwZt/eZE0KmXvrFy5PSlVr7I48nAAh3AMHpxDFW6gBnUgoOAZXuHNeXRenHfnY9aac7KZffgD5/MH2KiSFg==</latexit>

nmax = 15

<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+
<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+
<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+

<latexit sha1_base64="pWbghRCLcRMsS/JctIiJVIJGPM8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunHZgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+oVCwWd3qSUD/CQ8FCRrA2UkP3iyXH9q6qzkUVLUi5siIecm1njhIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/mhU3RmlAEKY2lKaDRXv09kOFJqEgWmM8J6pH57M/Evr5vqsOpnTCSppoIsFoUpRzpGs6/RgElKNJ8Ygolk5lZERlhiok02BRPC6lP0P2l5tntpe41yqXa9jCMPJ3AK5+BCBWpwC3VoAgEKj/AML9a99WS9Wm+L1py1nDmGH7DevwBdvI1U</latexit>

t
<latexit sha1_base64="pWbghRCLcRMsS/JctIiJVIJGPM8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunHZgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+oVCwWd3qSUD/CQ8FCRrA2UkP3iyXH9q6qzkUVLUi5siIecm1njhIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/mhU3RmlAEKY2lKaDRXv09kOFJqEgWmM8J6pH57M/Evr5vqsOpnTCSppoIsFoUpRzpGs6/RgElKNJ8Ygolk5lZERlhiok02BRPC6lP0P2l5tntpe41yqXa9jCMPJ3AK5+BCBWpwC3VoAgEKj/AML9a99WS9Wm+L1py1nDmGH7DevwBdvI1U</latexit>

t
<latexit sha1_base64="pWbghRCLcRMsS/JctIiJVIJGPM8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunHZgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+oVCwWd3qSUD/CQ8FCRrA2UkP3iyXH9q6qzkUVLUi5siIecm1njhIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/mhU3RmlAEKY2lKaDRXv09kOFJqEgWmM8J6pH57M/Evr5vqsOpnTCSppoIsFoUpRzpGs6/RgElKNJ8Ygolk5lZERlhiok02BRPC6lP0P2l5tntpe41yqXa9jCMPJ3AK5+BCBWpwC3VoAgEKj/AML9a99WS9Wm+L1py1nDmGH7DevwBdvI1U</latexit>

t

Frequency Domain Frequency Domain Frequency Domain

Time Domain Time Domain Time Domain

<latexit sha1_base64="Dnbf8Y6Kc2/xwIuhngBbXxhtR3Q=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VooYSk9LkQim5cVrAPaEOZTCft0MkkzkwKJfQ73LhQxK0f486/cdpGUNEDFw7n3Mu997gho1JZ1oeR2tjc2t5J72b29g8Oj7LHJx0ZRAKTNg5YIHoukoRRTtqKKkZ6oSDIdxnputPrpd+dESFpwO/UPCSOj8acehQjpSUnz4p+AV7CfKVYKQyzOctsWHajUoNrUi8npNqAtmmtkAMJWsPs+2AU4MgnXGGGpOzbVqicGAlFMSOLzCCSJER4isakrylHPpFOvDp6AS+0MoJeIHRxBVfq94kY+VLOfVd3+khN5G9vKf7l9SPl1Z2Y8jBShOP1Ii9iUAVwmQAcUUGwYnNNEBZU3wrxBAmElc4po0P4+hT+Tzol066apdtyrnmVxJEGZ+Ac5IENaqAJbkALtAEG9+ABPIFnY2Y8Gi/G67o1ZSQzp+AHjLdPrOqQHQ==</latexit>

(l,m) = (5, 5)

Each overtone has an exponentially large amplitude in the early ringdown

→Difficult to control such modes in time domain

Best Fit

signal

N. O. arXiv:2208.02923
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<latexit sha1_base64="KLG5s14JtB2sxkKCU9gs4VnUt+Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD0WvXisYNpCW8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2niqHPYhGrdkA1Ci7RN9wIbCcKaRQIbAXju5nfekKleSwfzSTBXkSHkoecUWMlf9TPLqb9csWtunOQVeLlpAI5Gv3yV3cQszRCaZigWnc8NzG9jCrDmcBpqZtqTCgb0yF2LJU0Qt3L5sdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eJzXhTS/jMkkNSrZYFKaCmJjMPicDrpAZMbGEMsXtrYSNqKLM2HxKNgRv+eVV0qxVvatq7eGyUr/N4yjCCZzCOXhwDXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AbDyjp0=</latexit>

h+

<latexit sha1_base64="9EMyv1fJ/Jx6qrylsoL0OwZsOzY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx1E/66GIuJn2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVRRu8XP5hdPyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJq1b1Lqu1+4tK/SaPowgncArn4MEV1OEOGtAEBgqe4RXeHOO8OO/Ox6K14OQzx/AHzucP/l2RIg==</latexit>

h⇥

<latexit sha1_base64="fSezggBl+9oxRih2TXVD/HIfbRQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0UEoSRL0IRS8eK9gPaEPZbDft0t0k7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trW9sbm3ndvK7e/sHh4Wj46aKEklog0Q8km0fK8pZSBuaaU7bsaRY+Jy2/NHdzG+NqVQsCh/1JKaewIOQBYxgbSSvxCuijG5Qya245V6haFftOdAqcTJShAz1XuGr249IImioCcdKdRw71l6KpWaE02m+mygaYzLCA9oxNMSCKi+dHz1F50bpoyCSpkKN5urviRQLpSbCN50C66Fa9mbif14n0cG1l7IwTjQNyWJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5JQ3ITjLL6+Splt1Lqvuw0WxdpvFkYNTOIMSOHAFNbiHOjSAwBM8wyu8WWPrxXq3Phata1Y2cwJ/YH3+ABkIj7c=</latexit>

(l,m) = (2, 2)

<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8

<latexit sha1_base64="rCrPbsQAZGNBJl5ofcufQMyM4Oc=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiSl9rErunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/jtI2gogcuHM65l3vv8WPOlHacDyu3tr6xuZXfLuzs7u0fFA+POipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p1cLv3tPpWKRuNOzmHohHgsWMIK1kW4naFgsOXbDcRsXNbQi9UpGqg3k2s4SJcjQGhbfB6OIJCEVmnCsVN91Yu2lWGpGOJ0XBomiMSZTPKZ9QwUOqfLS5aVzdGaUEQoiaUpotFS/T6Q4VGoW+qYzxHqifnsL8S+vn+ig7qVMxImmgqwWBQlHOkKLt9GISUo0nxmCiWTmVkQmWGKiTTgFE8LXp+h/0inbbtUu31RKzcssjjycwCmcgws1aMI1tKANBAJ4gCd4tqbWo/Viva5ac1Y2cww/YL19ArDcjX0=</latexit>

h
<latexit sha1_base64="TfPgJbG6BxJRVUxDSkcu5WqfUdg=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaTUPnZFNy5btA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984bSOo6IELh3Pu5d57/JgzpR3nw1pb39jc2s7t5Hf39g8OC0fHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe360+uF372nUrFI3OlZTL0QjwULGMHaSLeTYWtYKDp23XHrl1W0IrVyRip15NrOEkXI0BwW3gejiCQhFZpwrFTfdWLtpVhqRjid5weJojEmUzymfUMFDqny0uWpc3RulBEKImlKaLRUv0+kOFRqFvqmM8R6on57C/Evr5/ooOalTMSJpoKsFgUJRzpCi7/RiElKNJ8Zgolk5lZEJlhiok06eRPC16fof9Ip2W7FLrXKxcZVFkcOTuEMLsCFKjTgBprQBgJjeIAneLa49Wi9WK+r1jUrmzmBH7DePgGw2I4X</latexit>

hQ

: original

: QNM model
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<latexit sha1_base64="dulJs2hYPVDYIBXYRKU5+N0HaBs=">AAAB73icdVDLSsNAFJ3UV62vqks3g0VwFZJYbN0V3bisYB/QxjKZTtqhk0mcuRFK6E+4caGIW3/HnX/j9AUqeuDC4Zx7ufeeIBFcg+N8WrmV1bX1jfxmYWt7Z3evuH/Q1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBWMrqZ+64EpzWN5C+OE+REZSB5ySsBIbbjLukTDpFcsObZ3UXXOqnhOypUl8bBrOzOU0AL1XvGj249pGjEJVBCtO66TgJ8RBZwKNil0U80SQkdkwDqGShIx7Wezeyf4xCh9HMbKlAQ8U79PZCTSehwFpjMiMNS/van4l9dJIaz6GZdJCkzS+aIwFRhiPH0e97liFMTYEEIVN7diOiSKUDARFUwIy0/x/6Tp2e657d2US7XLRRx5dISO0SlyUQXV0DWqowaiSKBH9IxerHvryXq13uatOWsxc4h+wHr/Au8JkJQ=</latexit>

t⇤

<latexit sha1_base64="2tWnA9Qu3JTtw6MA7A0Rn3STcs4=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunEjVLAPaEOZTCft0MkkzkyEEvoTblwo4tbfceffOH2Bih64cDjnXu69J0g4U9pxPq3cyura+kZ+s7C1vbO7V9w/aKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF1N/dYDlYrF4k6PE+pHeCBYyAjWRmpnXYI5upn0iiXH9i6qzlkVzUm5siQecm1nhhIsUO8VP7r9mKQRFZpwrFTHdRLtZ1hqRjidFLqpogkmIzygHUMFjqjys9m9E3RilD4KY2lKaDRTv09kOFJqHAWmM8J6qH57U/Evr5PqsOpnTCSppoLMF4UpRzpG0+dRn0lKNB8bgolk5lZEhlhiok1EBRPC8lP0P2l6tntue7flUu1yEUcejuAYTsGFCtTgGurQAAIcHuEZXqx768l6td7mrTlrMXMIP2C9fwEwqpAX</latexit>

M
Out[�]=
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<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)
<latexit sha1_base64="ImcI5GXWCUndbGOV/nj8RycR4Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkFfVY9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtJK9Sv6if9+2yU3XmQKvEzUkZcjT79ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfjY/dorOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDm/8jIkk1VSQxaIw5UjHaPY5GjBJieYTQzCRzNyKyAhLTLTJp2RCcJdfXiWtWtW9qtYeLsuN2zyOIpzAKVTAhWtowD00wQMCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8gLY2W</latexit>

(3, 3)
<latexit sha1_base64="78819YgGSTc/ezDQoxgL+ewI1AM=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNktRT0WvXis4LaFdinZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjON1pb39jc2i7sFHf39g8OS0fHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxklepX9Yv+qWyU3XmwKvEzUkZcjT7pa/eIKZpxKShgmjddZ3E+BlRhlPBpsVeqllC6JgMWddSSSKm/Wx+7BSfW2WAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT9GG4C6/vEpatap7Va091MuN2zyOApzCGVTAhWtowD00wQMKHJ7hFd6QRC/oHX0sWtdQPnMCf4A+fwAjOY2Y</latexit>

(4, 4)
<latexit sha1_base64="g2aOjtWNTWO3qHaMkmoa6b2QlI0=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkWPVY9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtJK9Sv6if9+2yU3XmQKvEzUkZcjT79ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfjY/dorOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDm/8jIkk1VSQxaIw5UjHaPY5GjBJieYTQzCRzNyKyAhLTLTJp2RCcJdfXiWtWtW9qtYeLsuN2zyOIpzAKVTAhWtowD00wQMCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8mRY2a</latexit>

(5, 5)

Start time of ringdown
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<latexit sha1_base64="TgolrcI34U4ZaHDteUN6GNEfY+U=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxDiJczEYOIt6MVjFLNAEkJPp5I06VnorhHjEPwVLx4U8ep/ePNv7Gygog8KHu9VUVXPDaXQaNuf1sLi0vLKamItub6xubWd2tmt6iBSHCo8kIGqu0yDFD5UUKCEeqiAea6Emju4GPu1W1BaBP4NDkNoeazni67gDI3UTu03Ee4wvoZRpolCdiDuj47bqbSdzZ0V7ZMinZJ8YU5y1MnaE6TJDOV26qPZCXjkgY9cMq0bjh1iK2YKBZcwSjYjDSHjA9aDhqE+80C34sn1I3pklA7tBsqUj3Sifp+Imaf10HNNp8ewr397Y/EvrxFht9iKhR9GCD6fLupGkmJAx1HQjlDAUQ4NYVwJcyvlfaYYRxNY0oQw/5T+T6q5rHOazV3l06XzWRwJckAOSYY4pEBK5JKUSYVwck8eyTN5sR6sJ+vVepu2LlizmT3yA9b7Fziwlb4=</latexit> R
e(
h̃
)

<latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>!

<latexit sha1_base64="TgolrcI34U4ZaHDteUN6GNEfY+U=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxDiJczEYOIt6MVjFLNAEkJPp5I06VnorhHjEPwVLx4U8ep/ePNv7Gygog8KHu9VUVXPDaXQaNuf1sLi0vLKamItub6xubWd2tmt6iBSHCo8kIGqu0yDFD5UUKCEeqiAea6Emju4GPu1W1BaBP4NDkNoeazni67gDI3UTu03Ee4wvoZRpolCdiDuj47bqbSdzZ0V7ZMinZJ8YU5y1MnaE6TJDOV26qPZCXjkgY9cMq0bjh1iK2YKBZcwSjYjDSHjA9aDhqE+80C34sn1I3pklA7tBsqUj3Sifp+Imaf10HNNp8ewr397Y/EvrxFht9iKhR9GCD6fLupGkmJAx1HQjlDAUQ4NYVwJcyvlfaYYRxNY0oQw/5T+T6q5rHOazV3l06XzWRwJckAOSYY4pEBK5JKUSYVwck8eyTN5sR6sJ+vVepu2LlizmT3yA9b7Fziwlb4=</latexit> R
e(
h̃
)

<latexit sha1_base64="TgolrcI34U4ZaHDteUN6GNEfY+U=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxDiJczEYOIt6MVjFLNAEkJPp5I06VnorhHjEPwVLx4U8ep/ePNv7Gygog8KHu9VUVXPDaXQaNuf1sLi0vLKamItub6xubWd2tmt6iBSHCo8kIGqu0yDFD5UUKCEeqiAea6Emju4GPu1W1BaBP4NDkNoeazni67gDI3UTu03Ee4wvoZRpolCdiDuj47bqbSdzZ0V7ZMinZJ8YU5y1MnaE6TJDOV26qPZCXjkgY9cMq0bjh1iK2YKBZcwSjYjDSHjA9aDhqE+80C34sn1I3pklA7tBsqUj3Sifp+Imaf10HNNp8ewr397Y/EvrxFht9iKhR9GCD6fLupGkmJAx1HQjlDAUQ4NYVwJcyvlfaYYRxNY0oQw/5T+T6q5rHOazV3l06XzWRwJckAOSYY4pEBK5JKUSYVwck8eyTN5sR6sJ+vVepu2LlizmT3yA9b7Fziwlb4=</latexit> R
e(
h̃
)

<latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>! <latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>!

<latexit sha1_base64="J3eBScBBLujkrdXJGILQMt2hK/U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGUS9C0IvHCOYByRpmJ7PJkNmHM72BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7vFgKjbb9beVWVtfWN/Kbha3tnd294v5BQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veDv1myOutIjCBxzH3A1oPxS+YBSN5OJj2qEaJ+SanNndYsku2zOQZeJkpAQZat3iV6cXsSTgITJJtW47doxuShUKJvmk0Ek0jykb0j5vGxrSgGs3nR09ISdG6RE/UqZCJDP190RKA63HgWc6A4oDvehNxf+8doL+lZuKME6Qh2y+yE8kwYhMEyA9oThDOTaEMiXMrYQNqKIMTU4FE4Kz+PIyaVTKzkW5cn9eqt5kceThCI7hFBy4hCrcQQ3qwOAJnuEV3qyR9WK9Wx/z1pyVzRzCH1ifP5MLkVE=</latexit>

t⇤ = 30
<latexit sha1_base64="25e5RnnvfYXASn1plQIY3SxCTeM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o0YsQ9OIxgnlAsobZyWwyZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3vJ36zRFXWkThA45j7ga0HwpfMIpGcvEx7VCNE3JNzivdQtEu2TOQZeJkpAgZat3CV6cXsSTgITJJtW47doxuShUKJvkk30k0jykb0j5vGxrSgGs3nR09IadG6RE/UqZCJDP190RKA63HgWc6A4oDvehNxf+8doL+lZuKME6Qh2y+yE8kwYhMEyA9oThDOTaEMiXMrYQNqKIMTU55E4Kz+PIyaZRLTqVUvr8oVm+yOHJwDCdwBg5cQhXuoAZ1YPAEz/AKb9bIerHerY9564qVzRzBH1ifP5wjkVc=</latexit>

t⇤ = 36
<latexit sha1_base64="a8jSEtlcuY0UQAx0FAhqnRuX/qU=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSbE5SIEvXiMYBZIxtDT6Uma9Cx21wTCkO/w4kERr36MN//GTjIHTXxQ8Hiviqp6XiyFRtv+tlZW19Y3NnNb+e2d3b39wsFhQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veDv1myOutIjCBxzH3A1oPxS+YBSN5OJj2qEaJ+SaVM67haJdsmcgy8TJSBEy1LqFr04vYknAQ2SSat127BjdlCoUTPJJvpNoHlM2pH3eNjSkAdduOjt6Qk6N0iN+pEyFSGbq74mUBlqPA890BhQHetGbiv957QT9KzcVYZwgD9l8kZ9IghGZJkB6QnGGcmwIZUqYWwkbUEUZmpzyJgRn8eVl0iiXnItS+b5SrN5kceTgGE7gDBy4hCrcQQ3qwOAJnuEV3qyR9WK9Wx/z1hUrmzmCP7A+fwCcJJFX</latexit>

t⇤ = 45

<latexit sha1_base64="RR2mVBMYfHFgxXK/lIy5coEQiHo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZJYbN0V3bisYB/QxjKZTNqhM5MwM1FKyH+4caGIW//FnX/j9AUqeuDC4Zx7ufeeIGFUacf5tAorq2vrG8XN0tb2zu5eef+greJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wvpr6nXsiFY3FrZ4kxOdoKGhEMdJGuutrykKSjfJBxng+KFcc27uoO2d1OCfV2pJ40LWdGSpggeag/NEPY5xyIjRmSKme6yTaz5DUFDOSl/qpIgnCYzQkPUMF4kT52ezqHJ4YJYRRLE0JDWfq94kMcaUmPDCdHOmR+u1Nxb+8Xqqjup9RkaSaCDxfFKUM6hhOI4AhlQRrNjEEYUnNrRCPkERYm6BKJoTlp/B/0vZs99z2bqqVxuUijiI4AsfgFLigBhrgGjRBC2AgwSN4Bi/Wg/VkvVpv89aCtZg5BD9gvX8ByZ2TYA==</latexit>

h̃lm
<latexit sha1_base64="YUWSSfLNtf/P3wwS/t13FGm08Cg=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCCwlpLLbuim7cKC3YBzShTKaTduhMEmYmQglx46+4caGIW//CnX/j9AUqeuDC4Zx7ufceP2ZUKtv+NBYWl5ZXVnNr+fWNza1tc2e3KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eDn2W3dESBqFt2oUE4+jfkgDipHSUtfcdxVlPZIOsm6auoLD+s11dsJ41jULtuWcV+zTCpySUnlOHFi07AkKYIZa1/xwexFOOAkVZkjKTtGOlZcioShmJMu7iSQxwkPUJx1NQ8SJ9NLJBxk80koPBpHQFSo4Ub9PpIhLOeK+7uRIDeRvbyz+5XUSFVS8lIZxokiIp4uChEEVwXEcsEcFwYqNNEFYUH0rxAMkEFY6tLwOYf4p/J80Hat4Zjn1UqF6MYsjBw7AITgGRVAGVXAFaqABMLgHj+AZvBgPxpPxarxNWxeM2cwe+AHj/Qss6Jdg</latexit>

h̃QNM,lm

<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)
<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)
<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)

<latexit sha1_base64="qImf1Zmq4jabnYU8BFVFRWU+hKo=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNcyUPhdC0Y3LCtYW2mHIpJk2NMkMSaZYhv6JGxeKuPVP3Pk3pg9BRQ9cOJxzL/feEyaMKu26H1ZubX1jcyu/XdjZ3ds/sA+P7lScSkzaOGax7IZIEUYFaWuqGekmkiAeMtIJx1dzvzMhUtFY3OppQnyOhoJGFCNtpMC2RZD1JYcc3c/gBfQqgV10nYbrNSo1uCT18opUG9Bz3AWKYIVWYL/3BzFOOREaM6RUz3MT7WdIaooZmRX6qSIJwmM0JD1DBeJE+dni8hk8M8oARrE0JTRcqN8nMsSVmvLQdHKkR+q3Nxf/8nqpjup+RkWSaiLwclGUMqhjOI8BDqgkWLOpIQhLam6FeIQkwtqEVTAhfH0K/yd3JcerOqWbcrF5uYojD07AKTgHHqiBJrgGLdAGGEzAA3gCz1ZmPVov1uuyNWetZo7BD1hvn5Afkvs=</latexit>

nmax = 15
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<latexit sha1_base64="fSezggBl+9oxRih2TXVD/HIfbRQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0UEoSRL0IRS8eK9gPaEPZbDft0t0k7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trW9sbm3ndvK7e/sHh4Wj46aKEklog0Q8km0fK8pZSBuaaU7bsaRY+Jy2/NHdzG+NqVQsCh/1JKaewIOQBYxgbSSvxCuijG5Qya245V6haFftOdAqcTJShAz1XuGr249IImioCcdKdRw71l6KpWaE02m+mygaYzLCA9oxNMSCKi+dHz1F50bpoyCSpkKN5urviRQLpSbCN50C66Fa9mbif14n0cG1l7IwTjQNyWJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5JQ3ITjLL6+Splt1Lqvuw0WxdpvFkYNTOIMSOHAFNbiHOjSAwBM8wyu8WWPrxXq3Phata1Y2cwJ/YH3+ABkIj7c=</latexit>

(l,m) = (2, 2)
<latexit sha1_base64="ImcI5GXWCUndbGOV/nj8RycR4Fc=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkFfVY9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtJK9Sv6if9+2yU3XmQKvEzUkZcjT79ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfjY/dorOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDm/8jIkk1VSQxaIw5UjHaPY5GjBJieYTQzCRzNyKyAhLTLTJp2RCcJdfXiWtWtW9qtYeLsuN2zyOIpzAKVTAhWtowD00wQMCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8gLY2W</latexit>

(3, 3)

<latexit sha1_base64="78819YgGSTc/ezDQoxgL+ewI1AM=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBEqSNktRT0WvXis4LaFdinZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjON1pb39jc2i7sFHf39g8OS0fHLR2nijKPxiJWnYBoJrhknuFGsE6iGIkCwdrB+G7mt5+Y0jyWj2aSMD8iQ8lDTomxklepX9Yv+qWyU3XmwKvEzUkZcjT7pa/eIKZpxKShgmjddZ3E+BlRhlPBpsVeqllC6JgMWddSSSKm/Wx+7BSfW2WAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE974GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT9GG4C6/vEpatap7Va091MuN2zyOApzCGVTAhWtowD00wQMKHJ7hFd6QRC/oHX0sWtdQPnMCf4A+fwAjOY2Y</latexit>

(4, 4)
<latexit sha1_base64="g2aOjtWNTWO3qHaMkmoa6b2QlI0=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkWPVY9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtJK9Sv6if9+2yU3XmQKvEzUkZcjT79ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfjY/dorOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDm/8jIkk1VSQxaIw5UjHaPY5GjBJieYTQzCRzNyKyAhLTLTJp2RCcJdfXiWtWtW9qtYeLsuN2zyOIpzAKVTAhWtowD00wQMCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8mRY2a</latexit>

(5, 5)

start time (best fit)

Ringdown starts before the strain peak.

→Overtones are excited.

<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8



Do overtones dominate the signal?

<latexit sha1_base64="6dIf4zvH9hkzJ53KQVcsKPvnbd8=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07KJQZNb0EtuRjAPyIZldtJJhszsrjOzQlhy8OKvePGgiFc/wpt/4+QFKlrQUFR1093lR5wp7TifVmpldW19I72Z2dre2d3L7h80VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6nPqtO5CKhcGNHkfQFWQQsD6jRBvJy+ZcEWNXMQG3WGD3SsCAeIkrBa5NvGzesZ1K2Tmt4DkpFZfEwQXbmSGPFqh72Q+3F9JYQKApJ0p1Ck6kuwmRmlEOk4wbK4gIHZEBdAwNiADVTWZPTPCxUXq4H0pTgcYz9ftEQoRSY+GbTkH0UP32puJfXifW/XI3YUEUawjofFE/5liHeJoI7jEJVPOxIYRKZm7FdEgkodrkljEhLD/F/5Nm0S6c2cXrUr56sYgjjXLoCJ2gAjpHVVRDddRAFN2jR/SMXqwH68l6td7mrSlrMXOIfsB6/wIl8JfO</latexit>

µ ' m⌦H

Ringdown for a near-extremal BH

→ Fermi gas??
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<latexit sha1_base64="g2aOjtWNTWO3qHaMkmoa6b2QlI0=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkWPVY9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtJK9Sv6if9+2yU3XmQKvEzUkZcjT79ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfjY/dorOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDm/8jIkk1VSQxaIw5UjHaPY5GjBJieYTQzCRzNyKyAhLTLTJp2RCcJdfXiWtWtW9qtYeLsuN2zyOIpzAKVTAhWtowD00wQMCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8mRY2a</latexit>

(5, 5)

Destructive Interference of Overtones
(Thermal Excitation of Overtones)

How are they excited?

Fermi-Dirac statistics and Kerr Ringdown

<latexit sha1_base64="8ISI18FVA+hL4QW7PbYa2JFn8mw=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VooYQk1D4WQtGNywq2FtpQJtNJO3QyiTOTQgn9DjcuFHHrx7jzb5y2EVT0wIXDOfdy7z1exKhUlvVhZNbWNza3stu5nd29/YP84VFHhrHApI1DFoquhyRhlJO2ooqRbiQICjxG7rzJ1cK/mxIhachv1SwiboBGnPoUI6Ult8jKQQlewKJTdkqDfMEyG5bdOK/BFalXUlJtQNu0liiAFK1B/r0/DHEcEK4wQ1L2bCtSboKEopiRea4fSxIhPEEj0tOUo4BIN1kePYdnWhlCPxS6uIJL9ftEggIpZ4GnOwOkxvK3txD/8nqx8utuQnkUK8LxapEfM6hCuEgADqkgWLGZJggLqm+FeIwEwkrnlNMhfH0K/ycdx7SrpnNTKTQv0ziy4AScgiKwQQ00wTVogTbA4B48gCfwbEyNR+PFeF21Zox05hj8gPH2CaPGkBc=</latexit>

(l,m) = (2, 2)N. O. arXiv:2208.02923

<latexit sha1_base64="PQgMwZHNewTQDoI6brTY9FVCfiM=">AAACEnicdZDLSgMxFIYz9VbrrerSTbAIuikzpfayEIpuurOCbYVOKZn0tA1NZsYkI5Shz+DGV3HjQhG3rtz5NqY3UNEfAh//OYeT83shZ0rb9qeVWFpeWV1Lrqc2Nre2d9K7ew0VRJJCnQY8kDceUcCZD3XNNIebUAIRHoemN7yY1Jt3IBUL/Gs9CqEtSN9nPUaJNlYnfeKKCLuKCbjFBjuxKwWujvEZFti9FNAnC6uTztjZsu2UT4t4BqX8HApl7GTtqTJorlon/eF2AxoJ8DXlRKmWY4e6HROpGeUwTrmRgpDQIelDy6BPBKh2PD1pjI+M08W9QJrnazx1v0/ERCg1Ep7pFEQP1O/axPyr1op0r9SOmR9GGnw6W9SLONYBnuSDu0wC1XxkgFDJzF8xHRBJqDYppkwIi0vx/9DIZZ1CNneVz1TO53Ek0QE6RMfIQUVUQVVUQ3VE0T16RM/oxXqwnqxX623WmrDmM/voh6z3LxlfnSY=</latexit>

µ ' µH = m⌦H

<latexit sha1_base64="F7tXvjajXpGe1z05cxZhfIVX9M0="></latexit>

µ ' µ0 = Re(!lm0)

superradiant frequency
chemical potential

fundamental QN frequency

<latexit sha1_base64="ERAhE3653b0qkvq5yMSPqBoNu1c=">AAACC3icdVDLSgNBEJz1bXxFPXoZEoSIGHdDTMxN9OJRIS/IxjA76Y2DM7vLzKwQlr178Ve8eFDEqz/gzb9x8hBUtKChqOqmu8uLOFPatj+smdm5+YXFpeXMyura+kZ2c6upwlhSaNCQh7LtEQWcBdDQTHNoRxKI8Di0vJuzkd+6BalYGNT1MIKuIIOA+YwSbaReNuf6ktDESRO4SgpuKGBA8AF2Rbx3WE/xPnbSXjZvF2u2Uzuq4gk5Lk9JpYadoj1GHk1x0cu+u/2QxgICTTlRquPYke4mRGpGOaQZN1YQEXpDBtAxNCACVDcZ/5LiXaP0sR9KU4HGY/X7REKEUkPhmU5B9LX67Y3Ev7xOrP3jbsKCKNYQ0MkiP+ZYh3gUDO4zCVTzoSGESmZuxfSamHC0iS9jQvj6FP9PmqWiUymWLsv5k9NpHEtoB+VQATmoik7QObpADUTRHXpAT+jZurcerRfrddI6Y01nttEPWG+f9dqZug==</latexit>

1

e(!�µ)/T + 1
Fermi-Dirac distribution

“temperature (frequency)” 
<latexit sha1_base64="uLcKk/HENv/qCK6iISWxK4wSvCI=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkNMY9b0IvHBPKCZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmygooWNBRV3XR3+RFnSjvOh5XZ2Nza3snu5vb2Dw6P8scnHRXGkkKbhjyUPZ8o4ExAWzPNoRdJIIHPoevPbpZ+9x6kYqFo6XkEXkAmgo0ZJdpIzdYwX3DsmuPWrip4TaqllJRr2LWdFQooRWOYfx+MQhoHIDTlRKm+60TaS4jUjHJY5AaxgojQGZlA31BBAlBesjp0gS+MMsLjUJoSGq/U7xMJCZSaB77pDIieqt/eUvzL68d6XPUSJqJYg6DrReOYYx3i5dd4xCRQzeeGECqZuRXTKZGEapNNzoTw9Sn+n3SKtlu2i81SoX6dxpFFZ+gcXSIXVVAd3aIGaiOKAD2gJ/Rs3VmP1ov1um7NWOnMKfoB6+0TPMCNPw==</latexit>

T
→obtained by fitting analysis



Relative Error

temperature defined by the fundamental QN damping

Hawking “frequency”

Fitting the Boltzmann factor to GW data
<latexit sha1_base64="zxTWV13wtWl773nHfynxx6ZhggU="></latexit>

1

e(!�µ)/T + 1
⇠ e�(!�µ)/T

at higher frequencies

N. O. arXiv:2208.02923

Fermi surface

Fermi degeneracy

Therm
al excitation

Fermi degeneracy of Kerr ringdown
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<latexit sha1_base64="6dIf4zvH9hkzJ53KQVcsKPvnbd8=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07KJQZNb0EtuRjAPyIZldtJJhszsrjOzQlhy8OKvePGgiFc/wpt/4+QFKlrQUFR1093lR5wp7TifVmpldW19I72Z2dre2d3L7h80VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6nPqtO5CKhcGNHkfQFWQQsD6jRBvJy+ZcEWNXMQG3WGD3SsCAeIkrBa5NvGzesZ1K2Tmt4DkpFZfEwQXbmSGPFqh72Q+3F9JYQKApJ0p1Ck6kuwmRmlEOk4wbK4gIHZEBdAwNiADVTWZPTPCxUXq4H0pTgcYz9ftEQoRSY+GbTkH0UP32puJfXifW/XI3YUEUawjofFE/5liHeJoI7jEJVPOxIYRKZm7FdEgkodrkljEhLD/F/5Nm0S6c2cXrUr56sYgjjXLoCJ2gAjpHVVRDddRAFN2jR/SMXqwH68l6td7mrSlrMXOIfsB6/wIl8JfO</latexit>

µ ' m⌦HRingdown of a near-extremal BH

→ Thermal Fermi system??

Fermi surface

j=0.99 (low Hawking temperature)
<latexit sha1_base64="X91af1D9DY6Tsvpsfcs3H4+fueU="></latexit>

TH =

p
1� j2

4⇡r+

<latexit sha1_base64="684z0z1ZkubWI945yd9OzIPEhgc=">AAACCHicdVDLSsNAFJ34rPUVdenCwSIIQklK7WMhFN10ZwX7gKaEyXTSjp1JwsxEKCFLN/6KGxeKuPUT3Pk3Th+Cih64cDjnXu69x4sYlcqyPoyFxaXlldXMWnZ9Y3Nr29zZbckwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG11M/PYtEZKGwbUaR6TH0SCgPsVIack1D5xLTgbITRzBYT2FZ9DxBcLJTZoUhHuSumbOylctu3pahjNSKc5JqQrtvDVFDszRcM13px/imJNAYYak7NpWpHoJEopiRtKsE0sSITxCA9LVNECcyF4yfSSFR1rpQz8UugIFp+r3iQRxKcfc050cqaH87U3Ev7xurPxKL6FBFCsS4NkiP2ZQhXCSCuxTQbBiY00QFlTfCvEQ6SCUzi6rQ/j6FP5PWoW8XcoXroq52vk8jgzYB4fgGNigDGqgDhqgCTC4Aw/gCTwb98aj8WK8zloXjPnMHvgB4+0TPS6ZhA==</latexit>

⌦H =
j

2r+



The suggestive frequency cutoff 

for an extreme-mass-ratio merger is NOT surprising 

once we admit the excitation of multiple overtones.

Green’s function of BH perturbations has infinite poles (i.e. QN modes).

Fermi-Dirac distribution also has infinite poles (i.e. Matsubara modes).

Can ringdown be thermal?

QN modes
Matsubara modes

Matsubara modes

<latexit sha1_base64="2LXPj2Rw29WEljKwkcOCH+bLCmA=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiBEkKEnBk1uQS8eI2SDzDD0dHqSJj0LvQhhyG948aCIV3/Gm39jZwMVfVDweK+KqnpByplUCH1aubX1jc2t/HZhZ3dv/6B4eNSRiRaEtknCE9ELsKScxbStmOK0lwqKo4DTbjC+nfndByokS+KWmqTUi/AwZiEjWBnJLbuR9tEFbPno3C+WkI3qNXRZhwtSrawIgo6N5iiBJZp+8cMdJERHNFaEYyn7DkqVl2GhGOF0WnC1pCkmYzykfUNjHFHpZfObp/DMKAMYJsJUrOBc/T6R4UjKSRSYzgirkfztzcS/vL5WYc3LWJxqRWOyWBRqDlUCZwHAAROUKD4xBBPBzK2QjLDARJmYCiaE1afwf9Kp2M6VXbmvlho3yzjy4AScgjJwwDVogDvQBG1AQAoewTN4sbT1ZL1ab4vWnLWcOQY/YL1/AUe9kI8=</latexit>

(µ0, T0)

<latexit sha1_base64="6mi3r230HS/JTEuHb4EtIi6oeHY=">AAACAXicdZDLSsNAFIYn9VbrLepGcDNYhApSklq03RXddFmhN2hCmEwn7dCZJMxMhBLqxldx40IRt76FO9/G6Q1U9IeBj/+cw5nz+zGjUlnWp5FZWV1b38hu5ra2d3b3zP2DtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80c203rkjQtIobKpxTFyOBiENKEZKW555VHB44qWO4LA+OYfNJZ55Zt4qWtWKdVGFcyiXlmBBu2jNlAcLNTzzw+lHOOEkVJghKXu2FSs3RUJRzMgk5ySSxAiP0ID0NIaIE+mmswsm8FQ7fRhEQr9QwZn7fSJFXMox93UnR2oof9em5l+1XqKCipvSME4UCfF8UZAwqCI4jQP2qSBYsbEGhAXVf4V4iATCSoeW0yEsL4X/Q7tUtC+Lpdtyvna9iCMLjsEJKAAbXIEaqIMGaAEM7sEjeAYvxoPxZLwab/PWjLGYOQQ/ZLx/AR4Clg4=</latexit>

(µH, TH)

<latexit sha1_base64="IGolBLCNw+5IzELQ7yJRe3WrbHg="></latexit>

! ' µH � i

✓
1

2
+ n

◆
2⇡TH

Kerr QN frequencies 
for j~1
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Summary
Ringdown of an extreme-mass-ratio merger

Destructive Interference of overtones

Strain Peak

(Constructive Interference) 

Beginning of Ringdown

(Destructive Interference)

Exponential Damping

(Fundamental Mode) 

Close values of real parts of QN frequencies may lead to the destructive and constructive interference.

Exponential Cutoff in the Ringdown Spectrum → Fermi-Dirac Distribution?

QN modes ~ Matsubara modes 

in the near-extremal limit

Another supporting evidence 

of the excitation of multiple overtones

near-extremal BH -> Fermi surface at 
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Background
Infla%on theory 
succeeded to explain some problems of big bang theory, and simultaneously, it explain the origin of the CMB 
fluctua,on and LSS in the context of the quantum field theory in curved space,me.
It argues that the quantum fluctua,on at the early infla,onary epoch is stretched to the cosmological scale and 
form the cosmological structure. 

Cosmic expansion

quantum fluctua1on

+ 1me evolu1on

©2dF Galaxy Redshift Survey Team /(CC0)©ESA and the Planck Collaboration

CMB fluctua1on Large scale structure

©NASA Science team

relic graviton

1/15

Ini,al condi,on of the density fluctua,on 
= Quantum fluctua,on

The quantum fluctua,on of the space,me would 
produce primordial GW (relic graviton).

C44
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It is important to explore quantum nature of the primordial gravita%onal wave.

The state of the relic graviton is wriSen as some squeezed state during infla,on.

However, decoherence of the gravitons during cosmic history may change the degree of squeezing. 

Cosmic expansion

quantum fluctua1on

+ 1me evolu1on

©2dF Galaxy Redshift Survey Team /(CC0)©ESA and the Planck Collaboration

CMB fluctua1on Large scale structure

©NASA Science team

relic graviton

Ini,al condi,on of the density fluctua,on 
= Quantum fluctua,on

The quantum fluctua,on of the space,me would 
produce primordial GW (relic graviton).

Besides the expansion of the universe, the existence of the cosmic magne6c field seems to have a 
big influence.

In the presence of the magne,c field, graviton is converted to the photon and verse versa.

Graviton

Background magne,c field

PhotonGraviton

Graviton photon conversion

L. Maiani, R. Petronzio, and E. Zava4ni, Phys. Le8. B 175, 359 (1986). 
G. Raffelt and L. Stodolsky, Phys. Rev. D 37, 1237 (1988).

E. Masaki, J. Soda, PRD98, 023540 (2018)

As the first step of the analysis of decoherence of the quantum state of the relic graviton, we consider the 
influence of the background magne,c field during infla,on, since the existence of the ,ny background 
magne,c field is not excluded by the observa,on. And the existence of the background magne,c field induces  
the graviton to photon conversion and vice versa.
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Introduc5on and mo5va5on

Whether the squeezing of the gravitons survives or not during inflation ?
Under the presence of the background magnetic field.

3/15

Procedure of analysis
1. Make a setup and derive the field equation of photon and graviton
2. Solve perturbatively with Green’s func%on
3. Bogoliubov transformation
4. Define vacuum state and derive squeezing parameter
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Setup
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Graviton part Photon part 

Interac,on part

Constant sizable background magne,c field that we 
assumed the presence at the beginning of infla,on.

We can decompose the ac,on with the degree of freedom of the graviton and photons and their mixing,

1. Make a setup and derive the field equation of photon and graviton
2. Solve perturbatively with Green’s func%on
3. Bogoliubov transformation
4. Define vacuum state and derive squeezing parameter
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Decomposi5on of the solu5ons

Gravita,onal wave

Electromagne,c wave

Polariza,on tensor

Polariza,on vector

mode func,on

mode func,on

We defined the polariza,on tensor represen,ng the tensor component of the gravita,onal wave

We defined the polariza,on tensor represen,ng the vector component of the electromagne,c wave

1. Make a setup and derive the field equation of photon and graviton
2. Solve perturbatively with Green’s func%on
3. Bogoliubov transformation
4. Define vacuum state and derive squeezing parameter
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Coupling constant
A"er the conformal 
transforma0on,
we obtain the simplified field 
equa0on

Analysis
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Procedure of analysis
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1. Make a setup and derive the field equation of photon and graviton
2. Solve perturbatively with Green’s func%on
3. Bogoliubov transformation
4. Define vacuum state and derive squeezing parameter

At ini,al ,me, only 0th order of the solu,on appear.

The constant operator can be wriCen by the crea%on and annihila%on 
operator at the ini%al %me of the infla%on.
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1. Make a setup and derive the field equation of photon and graviton
2. Solve perturbatively with Green’s func%on
3. Bogoliubov transformation
4. Define vacuum state and derive squeezing parameter

Operators at ini,al ,meOperators at arbitrary ,me at infla,on
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Procedure of analysis
1. Make a setup and derive the field equation of photon and graviton
2. Solve perturbatively with Green’s func%on
3. Bogoliubov transformation
4. Define vacuum state and derive squeezing parameter
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Defini,on of Bunch Davies vacuum for graviton Defini,on of Bunch Davies vacuum for photon

Since the photon and graviton behaves independently, their operator commutes,

Solving above simultaneous equa,ons, we obtain each squeezing operators as 
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†
A(⌘,�k) +

⌦

2
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Numerical result

The squeezing operator for graviton reduces 1 acer the horizon exit.

The amplitude of the oscilla,on before the horizon exit is weakened by the conversion.
i.e. some part of the graviton is converted to the photon.
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The mixing state go down acer the horizon exit.
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†
A(⌘,�k) +

⌦

2
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The photon originated by the graviton is generated at early %me of the infla%on.
It is consistent with other results.

<latexit sha1_base64="4C8GbwH5WjRJzlYrR3W2OefoKuo="></latexit>

⌦ = ie
2ik⌘i

5�2
H

2
⌘
3
i

32k3

<latexit sha1_base64="C1jK0x7ORlZz7007TrMV1cUa/cw="></latexit>

|BDi =
1Y

k=�1
exp


⇤

2
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†
A(⌘,�k) +

⌦

2
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†
A(⌘,�k)

�
|0i

<latexit sha1_base64="26II1yGZVTGCHekAHW1GG49Yyvg="></latexit>

� = 5⇥ 10�13 GeV2

<latexit sha1_base64="O/dlmUpkOTfxhE0QV6MkGMpUMOE="></latexit>

k = 102 GeV
<latexit sha1_base64="cE/Xad/PGA2RGoAsYiqk244+pH0="></latexit>

H = 1014 GeV
<latexit sha1_base64="WYRElTcj8q72ESqA5kw2W4wPlhA="></latexit>

⌘i = �2GeV�1

<latexit sha1_base64="Zhuw444pWXti3E+C7njWZIc/fw4="></latexit>

a(⌘i) = (2⇥ 1014)�1

<latexit sha1_base64="WKjZfN9yj5YSd30onXGQ1Zn8D/8="></latexit>

⌦ ' B
2

a
4
iM

2
plH

2

1

k⌘i
<latexit sha1_base64="wlF8xWY09ky17QRe+VJXDQQSOdc="></latexit>

B
2
/a

4
i ⌧ M

2
plH

2

<latexit sha1_base64="yeAwwmy2wO1Tqv1VrZpSH9bINns="></latexit>

1/k ⌧ ⌘i

Numerical result 14/15



Summary・Future work

Future work
□ How to include the small anisotropy of the space,me background ?
□ Are there some model which the squeezing of the graviton broken at the infla,on end ?
□ How about

・other space,me background, background magne,c field, or systems to consider.
・acer the infla,on era, (radia,on, maSer, cosmological constant dominant era)

A. The gravitons are robust against the decoherence by the cosmological magnetic fields.

Will the squeezing of the gravitons survives or not during inflation ?
Under the presence of the background magnetic field.

15/15

✔ Derived the field equa,on of the graviton field and that of photon field under the 
influence of the background magne,c field.
✔ Obtain solu,ons by using perturba,ve approach and Green’s func,on.
✔ Performed the Bogoliubov transforma,on to follow the ,me evolu,on of squeezing parameter.
✔ PloSed the squeezing parameter of GG, GP, and PP state during infla,on.

E N D
Thank you for your listening!
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Analysis

Solve itera6vely with Green’s func6on
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We adopted the perturba,ve approach to solve field equa,on of graviton and photon
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Constant operator of the integra,on of graviton
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ĉ =

✓
1 +

i

2k⌘i

◆
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Since only the 0th order solu,on contributes solu,ons at ini,al ,me, we can derive the 
explicit form of the annihila,on operator at the ini,al ,me.

We can easily solve inversely to obtain

Acer plugging these operators  into equa,ons in previous slide, we obtain the ,me 
evolu,on of the annihila,on opeartors.
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Time development of  the operators are described by the Bogoliubov transforma,on
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The Bunch Davies vacuum is defined by the ground state at the ini,al ,me,

The inverse matrix of the ,me evolu,on
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ây(⌘,k)|0i = âA(⌘,k)|0i = 0

We assume the Bunch Davies vacuum as

<latexit sha1_base64="zHWjussoydwtafFLWRyLJ68yLF0="></latexit>

=
Y

k

1X

p ,q ,r=0

⇤p ⌅q ⌦r

2p+rp! q! r!
|p+ qiy,k ⌦ |piy,�k ⌦ |riA,k ⌦ |q + riA,�k

<latexit sha1_base64="S19/Kr+WoZzpNwthqLwSEbSPpeg="></latexit>

Hy,k ⌦Hy,�k ⌦HA,k ⌦HA,�k

Since the quantum state of the current system is consisted by the photon and graviton,

Instant vacuum state

Bunch Davies vacuum state

Commuta,on rela,ons of operators

Polariza,on tensor
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Configura,on of the momentum, polariza,on vectors, background magne,c field, and direc,on of 
propaga,on is illustrated as
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Analysis

Conjugate momentum of the graviton

Acer the deriva,on of solu,ons, we define the conjugate momentum of each modes,
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Acer simplify  the coefficient func,on of the operators, we obtain

where we defined coefficient func,ons as

Thus, the ,me evolu,on of the annihila,on operators of graviton and 
photon is expressed with the constant operators of the integra,on.
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Analysis

The ,me evolu,on of each annihila,on operator for graviton

The ,me evolu,on of each annihila,on operator for photon
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â†y(⌘,k)â
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Since the quantum state of the current system is consisted by the photon and graviton,

Instant vacuum state

Bunch Davies vacuum state

Commuta,on rela,ons of operators
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contents 
☑Superposition of Newtonian potential  
and a paradox 
☑Resolution of the paradox 
☑Analysis of paradox based on QFT 
☑Conclusions

The unification of gravity and quantum mechanics is one 
of  the most important problems in modern physics

However, we do not know even whether gravitational 
interaction obeys the framework of quantum mechanics

Introduction
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Superposition state of a particle A

|L⟩A |R⟩A

Introduction

Dose superposition state of Newtonian potential realize?

What happens, if massive particle is in a superposition state

Introduction

Superposition state of a particle A

|L⟩A |R⟩A

Quantum superposition state of  
Newtonian potential due to a particle A?

Dose superposition state of Newtonian potential realize?

What happens, if massive particle is in a superposition state



How is the quantum superposition of Newtonian potential 
consistent with the QFT of gravity and graviton?

Introduction

Does a massive quantum particle generate the quantum  
superposition of Newtonian potential?

Gedanken experiment

Alice’s particle is in a superposition of 
two states and starts to recombine at 

.t = 0

Mari et al. (2016)
Belenchia et al.(2018)

(A) Alice’s system

At , an interference experiment is 
performed and judges whether it is 
success or not.

t = TA

Considering two systems (Alice and Bob) interact through Newtonian potential

t = 0



Gedanken experiment

When he releases his particle, he 
measures the position of his particle.

Mari et al. (2016)
Belenchia et al.(2018)

(B) Bob’s system
Bob chooses whether he releases his 
particle or not at .t = 0

(Alice’s particle and Bob’s particle 
interact with each other through 
Newtonian potential.)

Considering two systems (Alice and Bob) interact through Newtonian potential

We can judge which-path Alice’s 
particle took by using Bob’s particle

t = 0

Gedanken experiment Mari et al. (2016)
Belenchia et al.(2018)

(Complementarity: properties of QM)

Here, complementarity means Alice's 
interference experiments fail due to 
Bob's measurement

(Causality: properties of GR)

If causality holds, Alice’s interference 
experiments succeed no matter what 
Bob measures

In this system, we consider causality and complementarity

t = 0



Gedanken experiment Mari et al. (2016)
Belenchia et al.(2018)

(Complementarity: properties of QM)

Here, complementarity means Alice's 
interference experiments fail due to 
Bob's measurement

(Causality: properties of GR)

If causality holds, Alice’s interference 
experiments succeed no matter what 
Bob measures

In this system, we consider causality and complementarity

t = 0

Gedanken experiment

(Complementarity: properties of QM)

Mari et al. (2016)
Belenchia et al.(2018)

Causality and Complementarity contradict！？

 and ,D > TA D > TB

If causality holds, Alice’s interference 
experiments succeed no matter what 
Bob measures

Here, complementarity means Alice's 
interference experiments fail due to 
Bob's measurement

(Causality: properties of GR)

Newtonian potential only, 

In this system, we consider causality and complementarity

t = 0

？

？



Resolution for paradox Belenchia et al.(2018)
Danielson et al. (2022)

(A i) vacuum fluctuation 

(A ii) quantum radiation

Thanks to the quantum gravitational  
field, the paradox does not appear

Paradox is solved by order estimation

Alice’s experiments are failure 
due to decoherence

Quantized gravitational  
field is necessary！

(Through superposition  
of Newtonian potential)

t = 0

Bob’s measurement of Alice’s  
which-path information is limited

Our motivation

YS, Matsumura, Yamamoto, PRD 106, 045009 (2022)

We want to understand causality and complementarity are 
consistent based on QFT

GravityEM
MassCharge
GWsEM wave

Use a model of QED: gauge field
interacting with two charged particles

, arXiv: 2206.02506



particle particle

|Ψ(T)⟩ = e−i(Ĥ0+ ̂V)T |Ψ(0)⟩

Setup

|Ψ(0)⟩ = 1
2 ( |R⟩A + |L⟩A)( |R⟩B + |L⟩B) |0⟩ph

• initial state

Û(T) = e−i(Ĥ0+ ̂V)T

≈ 1
2

|R⟩A |ΦBR⟩ + 1
2

|L⟩A |ΦBL⟩

• Particle B performs interference experiment  
during time  and measures which path A tookTB

• Particle A combines during time TA

, ̂V = ∫ d3x( ̂Jμ
A(x) + ̂Jμ

B(x)) ̂Aμ(x)

Causality

• Alice’s density matrix
ρA = TrB,ph[ |Ψ(T)⟩⟨Ψ(T) | ]

= 1
2 ( 1 1

2 e−ΓA+iΦA(e−i ∫ d4x(Jμ
AR−Jμ

AL)ABRμ + e−i ∫ d4x(Jμ
AR−Jμ

AL)ABLμ)
* 1 )

retarded Green’s function from Bob

AB(R/L)μ(x) = ∫ d4yGr
μν(x, y)Jν

B(R/L)(y)

If causality holds, Bob should not affect Alice’s experiments…



Causality

ρA = TrB,ph[ |Ψ(T)⟩⟨Ψ(T) | ]

= 1
2 ( 1 1

2 e−ΓA+iΦA(e−i ∫ d4x(Jμ
AR−Jμ

AL)ABRμ + e−i ∫ d4x(Jμ
AR−Jμ

AL)ABLμ)
* 1 )

AB(R/L)μ(x) = ∫ d4yGr
μν(x, y)Jν

B(R/L)(y)
 & D > TA D > TB

If causality holds, Bob should not affect Alice’s experiments…

• Alice’s density matrix
retarded Green’s function from Bob

Gr
μν(x, y) = 0

particle particle

particle particle

Causality

Bob does not affect Alice’s density matrix！

: decoherence induced by vacuum fluctuationΓA > 0

: cause phase shift in Alice’s experimentsΦA

ρA = TrB,ph[ |Ψ(T)⟩⟨Ψ(T) | ]

= 1
2 ( 1 e−ΓA+iΦA

e−ΓA−iΦA 1 )
Photon radiation

Hidaka, Iso, Shimada (2022)

If causality holds, Bob should not affect Alice’s experiments…

• Alice’s density matrix



荷電粒子A

荷電粒子B
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|LiA
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|RiB
|ΦBR⟩

|ΦBL⟩

Interference
Failureparticle A

particle B

Complementarity Jaeger et al. (1995)
Englert PRL (1996)

V2
A + D2

B ≤ 1
Complementarity is evaluated by

e.g.)

We can judge which-path A took
But the coherence of particle A is lost

Distinguishability  : how Bob’s state can 　　　　
　　　　　　　　distinguish the trajectory of A  

DB

Visibility  : coherence of particle AVA

VA = 0If , DB = 1

荷電粒子A

荷電粒子B
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|RiB
|ΦBR⟩

|ΦBL⟩

Interference
particle A

particle B

We cannot judge which-path A took

 and  are complementaryVA DB

The experiment of particle A can be success

Success

V2
A + D2

B ≤ 1

e.g.)

Complementarity Jaeger et al. (1995)
Englert PRL (1996)

Complementarity is evaluated by

VA ≤ 1If , DB = 0

Visibility  : coherence of particle AVA

Distinguishability  : how Bob’s state can 　　　　
　　　　　　　　distinguish the trajectory of A  

DB
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|RiBρBR

ρBL

particle A particle B
• Visibility

• Distinguishability

• Result

= 1
2 ∑

i
|λi |DB = 1

2 TrB |ρBR − ρBL |

ρBP = Trph[ |ΦBP⟩⟨ΦBP | ]

interference term of Alice’s density matrix

V2
A + D2

B = e−2ΓA cos2 ( ΦAB

2 ) + e−2ΓB sin2 ( ΦBA

2 ) ≤ 1

ΦAB = ∫ d4x(Jμ
AR − Jμ

AL)(ABRμ − ABLμ) ΦBA = ∫ d4x(Jμ
BR − Jμ

BL)(AARμ − AALμ)

VA = 2 |A ⟨Lf |ρA |Rf⟩A |

Complementarity Jaeger et al. (1995)
Englert PRL (1996)
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|RiBρBR

ρBL

particle A particle B
VA = 2 |A ⟨Lf |ρA |Rf⟩A |

= 1
2 ∑

i
|λi |DB = 1

2 TrB |ρBR − ρBL |

• Visibility

• Distinguishability

ρBP = Trph[ |ΦBP⟩⟨ΦBP | ]

ΦBA = ∫ d4x(Jμ
BR − Jμ

BL)(AARμ − AALμ)ΦAB = ∫ d4x(Jμ
AR − Jμ

AL)(ABRμ − ABLμ)

• Result

interference term of Alice’s density matrix

V2
A + D2

B = e−2ΓA cos2 ( ΦAB

2 ) + e−2ΓB sin2 ( ΦBA

2 ) ≤ 1
When A and B are space-like,

Complementarity Jaeger et al. (1995)
Englert PRL (1996)
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|RiBρBR

ρBL

particle A particle B
VA = 2 |A ⟨Lf |ρA |Rf⟩A |

= 1
2 ∑

i
|λi |DB = 1

2 TrB |ρBR − ρBL |

• Visibility

• Distinguishability

ρBP = Trph[ |ΦBP⟩⟨ΦBP | ]

V2
A + D2

B = e−2ΓA + e−2ΓB sin2 ( ΦBA

2 ) ≤ 1

ΦBA = ∫ d4x(Jμ
BR − Jμ

BL)(AARμ − AALμ)ΦAB = ∫ d4x(Jμ
AR − Jμ

AL)(ABRμ − ABLμ)

• Result

interference term of Alice’s density matrix

When A and B are space-like,

Complementarity Jaeger et al. (1995)
Englert PRL (1996)

荷電粒子A 荷電粒子B
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|RiBρBR

ρBL

particle A particle B
VA = 2 |A ⟨Lf |ρA |Rf⟩A |

= 1
2 ∑

i
|λi |DB = 1

2 TrB |ρBR − ρBL |

• Visibility

• Distinguishability

ρBP = Trph[ |ΦBP⟩⟨ΦBP | ]

• Result

interference term of Alice’s density matrix

This inequality violates if ΓA = ΓB = 0

V2
A + D2

B = e−2ΓA + e−2ΓB sin2 ( ΦBA

2 ) ≤ 1

When A and B are space-like,

Complementarity Jaeger et al. (1995)
Englert PRL (1996)



ΓAΓB ≥ 1
16 Φ2

BA ⟹ e−2ΓA + e−2ΓB sin2 ( ΦBA

2 ) ≤ 1

Robertson inequality

(Δ ̂A)2(ΔB̂)2 ≥ 1
4 ⟨[ ̂A, B̂]⟩

2

Complementarity is guaranteed by Robertson inequality！

• Robertson inequality
For arbitrary observables , ,̂A B̂

ΓAΓB ≥ 1
16 Φ2

BA

,  are fluctuationΔ ̂A ΔB̂

• Result

• Relation to complementarity

⟨0 |ei ̂ϕi |0⟩ = e− 1
2 ⟨0| ̂ϕ2

i |0⟩ = e−Γi

̂ϕi = ∫ d4x(Jμ
iR(x) − Jμ

iL(x)) ̂Aμ(x)

Formulas

(phase shift due to vacuum fluctuation of )̂Aμ(x)

(sufficient condition)

 and  cannot be  at the same time, if  !ΓA ΓB 0 ΦBA ≠ 0

ΦBA ≠ 0 ← Gr
μν(x, y) ∼ [ ̂Aμ(x), ̂Aν(y)]θ(x0 − y0) ≠ 0

(non-commutative property of )̂Aμ(x)

Conclusion

Γg
AΓg

B ≥ 1
16 (Φg

BA)2 ⟹ e−2Γg
A + e−2Γg

B sin2 ( Φg
BA

2 ) ≤ 1

• Similar result is expected for the gravitational field:

• We investigated the paradox based on QED
Bob’s operations do not affect Alice’s interference experiments due to causality
We derived an inequality representing complementarity

Complementarity is guaranteed by Robertson inequality
Causality and complementarity are consistent！

the non-commutative property of the 
 gravitational field is expected to be necessary

For the paradox not to appear, not only Newtonian potential, but also



Thank you for listening!

I’d like to say the message from Yamamoto-san.

Congratulations on your 60’s birthday,  
Prof. Jun’ichi Yokoyama!!

Backup



Backup : Larmor radiation formula

Energy radiation W using Larmor formula

W ∼ e2 ( L
T2 )

2

The number of emitted photon N during time T

N = WT
ν

∼ e2 ( L
T )

2
∼ ⟨0 | ̂ϕ2

i |0⟩

Energy of one photon

Vacuum fluctuation of photon

Backup : Formulas
ΓA = 1

4 ∫ d4xd4y(Jμ
AR(x) − Jμ

AL(x))(Jμ
AR(y) − Jμ

AL(y))⟨{ ̂AI
μ(x), ̂AI

μ(y)}⟩

ΦA = ∫ d4x(Jμ
AR(x) − Jμ

AL(x))Aμ(x) − 1
2 ∫ d4xd4y(Jμ

AR(x) − Jμ
AL(x))(Jν

AR(y) + Jν
AL(y))Gr

μν(x, y)

VA = e−ΓA cos( ΦAB

2 ) DB = e−ΓB sin( ΦBA

2 )

|Ψ(T)⟩ = exp[ − iĤT] |Ψ(0)⟩

= e−iĤ0TT exp[ − i∫
T

0
dt ̂VI(t)] |Ψ(0)⟩

≈ e−iĤ0T
1
2 ∑

P,Q=R,L
|P⟩A |Q⟩BÛPQ |α⟩ph

= 1
2 ∑

P,Q=R,L
|Pf⟩A |Qf⟩B e−iĤphTÛPQ |α⟩ph ÛPQ = T exp [−i∫

T

0
dt∫ d3x (Jμ

AP + Jμ
BQ) ̂AI

μ(x)]

Ĥ = H0 + ̂V

̂V = ∫ d3x( ̂Jμ
A(x) + ̂Jμ

B(x)) ̂Aμ(x)
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Conclusion
⚫ The topology of universe is 3D torus.

The spacetime is flat.

⚫ Accelerating expansion of universe is
caused by Porcupinefish spacetime.

The late time observables are
explained from the early time ones (CMB).

⚫ Hamiltonian for the evolution of Universe

1- b

2

b. From the birth of universes to the Big Bang

= − 𝑔
𝑛=4

∞


𝑘=1

𝑛−3

𝜙𝑘
†𝜙𝑛−𝑘−2

† 𝑛𝜙𝑛

Creation of Universes

Expansion 
of Universes

+ 𝜇𝜙1 − 2𝑔𝜙2 − 𝑔𝜙1𝜙1 −
𝜇𝜇
4𝑔

Knitting 
Mechanism

𝐻𝑊 = −
𝑔
3


𝑘+𝑙+𝑚=−2

Tr ∶ 𝛼𝑘𝛼𝑙𝛼𝑚:

+
1
2𝑔 𝛿𝑛,3

−
𝜇
2𝑔 𝛿𝑛,1

𝛼0 = 1

𝛼𝑛 = 𝜙𝑛
†

𝜙𝑚,𝜙𝑛
† = 𝛿𝑚,𝑛

𝛼−𝑛 = 𝑛𝜙𝑛
− 𝑔

𝑛=4

∞


𝑘=max(3−𝑛,1)

∞

𝜙𝑛+𝑘−2
† 𝑘𝜙𝑘𝑛𝜙𝑛

− 
𝑛=1

∞

𝜙𝑛+1
† 𝑛𝜙𝑛 + 𝜇

𝑛=2

∞

𝜙𝑛−1
† 𝑛𝜙𝑛 − 2𝑔

𝑛=3

∞

𝜙𝑛−2
† 𝑛𝜙𝑛

−
1
4𝑔

𝜙4
† −

𝜇
2𝑔

𝜙2
† + 𝜙1

†
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 Knitting mechanism (Dimension Enhancement)

High-dimensional space is formed after the birth of space.

1- b

3

𝑥𝑖 𝑦𝑗 𝑥𝑖, 𝑦𝑗

(The set of tiny wormholes gives a topology.)

Contributions by tiny wormholes are dominant. 𝐺 𝐿, 𝐿; 𝑇 ~
1
4𝜋𝐿𝑇

𝑇 𝑇

( A wormhole with Length 𝐿 is shown by purple line. )

𝐿
𝐿

[𝑇 ∼ 0]

2. Modified Friedmann Equation

⚫ The classical Hamiltonian from 

is

then, we obtain

a. The derivation of Modified Friedmann equation

2- a

4

ℋc = − 𝐿 Π2 − 𝜇 +
2𝑔
Π 𝐿 ,Π = 1

−𝜙𝑛+1
† 𝑛𝜙𝑛 + 𝜇𝜙𝑛−1

† 𝑛𝜙𝑛 − 2𝑔𝜙𝑛−2
† 𝑛𝜙𝑛

ሶ𝐿/𝐿 2 = 4𝜇 +
𝐵
ሶ𝐿/𝐿

1 + 3𝐹(𝑥)
𝐹(𝑥) 2

𝑥 ≝
𝐵
ሶ𝐿/𝐿 3𝐹(𝑥) 3 − 𝐹(𝑥) 2 + 𝑥 = 0

4𝜇 →
𝜅𝜌
3

μ is replaced by Matter Energy 
at the end of inflation.

B ≝ −8𝑔



⚫ The geometrical meaning of  −2𝑔𝛼0 σ𝜙𝑛−2† 𝑛𝜙𝑛

This term comes from the leading term of disk amplitude 𝐹(𝐿)

2- b

5

b. The origin of accelerating expansion of Universe

𝐹 𝐿 = 𝛿 𝑉 +⋯

Creation of  baby universe

𝑔 = −
𝐵
8 < 0

𝑔

Porcupinefish diagram

𝐹 𝐿 = 𝛿 𝑉

Negative 𝒈 gives accelerating 
expansion of Universe.

𝑇
𝑇

3. Cosmic Tensions caused by
Accelerating Expansion of Universe

3- a

6

⚫ Boundary Condition (CDM is assumed)

Data from Planck satellite

𝑡LS
(CMB) and  𝛬 CMB are determined.

𝑡0
CMB = 13.8 × 109 [year]

𝐻0
CMB = 67.3 ± 0.6 [km/sec/Mpc]

𝑧LS
CMB = 1089.95

𝐿
𝜦 CMB 𝑡0

CMB

𝐿𝜦 CMB 𝑡LS
(CMB) = 1 + 𝑧LS

CMB 𝐻𝜦 CMB 𝑡0
CMB = 𝐻0

CMB



⚫ Boundary Condition (CDM is assumed)
Data from Standard candles

We also use 𝑡LS
(CMB) and  𝑧LS

CMB .

𝑡0
SC , 𝛬 SC , 𝑡0

B , 𝐵 are determined.

3- b
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𝐻0
SC = 73.0 ±1.0 [km/sec/Mpc]

𝐿
𝜦 SC 𝒕𝟎

SC

𝐿𝜦 SC 𝑡LS
(CMB) = 1 + 𝑧LS

CMB 𝐻𝜦 SC 𝒕𝟎
SC = 𝐻0

SC

𝐿𝑩 𝒕𝟎
B

𝐿𝑩 𝑡LS
(CMB) = 1 + 𝑧LS

CMB 𝐻𝑩 𝒕𝟎
B = 𝐻0

SC

5𝜎 from Planck Satellite

No difference between 
ΛCDM model and our 
model before 𝑡LS

(CMB)

(ArXiv:2112.04510)

=13.3 =13.9


𝑯(𝒛)
𝟏+𝒛

3- b

8

𝜒red
B 2 = 1.32 𝜒red

SC 2 = 1.92 𝜒red
CMB 2 = 2.32

𝜒red2 ≝
１

𝑁

𝑖=1

𝑁
𝑥𝑖 − 𝑥 2

𝜎2

𝐻0 tension
(5𝜎 difference)

Blue is our model using Standard Candle data.
Orange is ΛCDM model using Standard Candle data.
Green is ΛCDM model by Planck satellite data only.




𝑫𝑽(𝒛)
𝒓𝐬

3- b
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𝜒red
B 2 = 1.02 𝜒red

SC 2 = 2.12 𝜒red
CMB 2 = 1.32

𝑟S
B ∽ 𝑟S

SC ∼ 𝑟S
CMB = 147.05 ± 0.30 [Mpc]

𝑟s is the sound horizon at 𝑧 = 𝑧drag

Data from Planck satellite

(BAO)

 𝒇𝐦 𝒛 𝝈𝟖 𝒛

 𝑺𝟖 ≝ 𝑆8 0 ,   S8(z) ≝ 𝜎8 𝑧 Ωm(𝑧)/0.3

3- b
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𝜒red
B 2 = 0.702 𝜒red

SC 2 = 0.512 𝜒red
CMB 2 = 0.542

𝜒red
B 2 = 0.752 𝜒red

SC 2 = 0.752 𝜒red
CMB 2 = 3.352

𝜎8
B 𝑧0 ∼ 𝜎8

SC (𝑧0) ∼ 𝜎8
CMB (𝑧0) = 0.8120 ± 0.0073

Data from Planck satellite

𝜎8 problem



4. Conclusions

⚫ High-dimensional space is formed 
by the direct product of several 1D loop spaces 𝑺𝟏.

⚫ The topology of our universe is 3D torus.
Therefore, the spacetime is flat.

a. Emergence of space

4

11

b. Identity of Dark energy
⚫ Accelerating expansion of Universe is explained

by Porcupinefish spacetime.
⚫ No tensions appear in (𝑯𝟎, BAO, 𝒇σ𝟖, 𝑺𝟖).
⚫ Dark energy does not exist.
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What is the Bounce Universe Model?

2

bounce

The universe transitions from contraction to expansion. 
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Bounce and Null Energy Condition

• Requirements for bouncing:.

• ሶ𝐻 = − 1
2𝑀𝑃

2 𝜌 + 𝑝 + 𝑘
𝑎2
> 0, when 𝐻 = 0.

• Null Energy Condition (NEC):.

• Condition on energy positivity

• 𝑁𝐸𝐶 ⇔ 𝜌 + 𝑝 ≥ 0

The bounce universe requires a violation of null 

energy condition.

3

M. Novello and S. E. Perez Bergliaffa. Bouncing Cosmologies. Phys. Rept., 463

Previous Studies
Conventional Study (𝑘 = 0):

• Bounce has achieved by violation of the null energy condition. 

• The violation of null energy condition means that ”ghosts” exist. 

Cosmological solutions without singularity are unstable for 
linear perturbations.

Latest Study (𝑘 > 0):
• A classical model that does not require violation of the null 

energy condition has proposed.

Stable bounce without instability due to violation of the 

condition can be realized.

4

Tsutomu Kobayashi, Phys.Rev.D, 94 (2016) 4

Özenç Güngör and Glenn D. Starkman JCAP 04 (2021) 003．

Yi-Fu Cai, Damien A. Easson, and Robert Brandenberger.  JCAP, 08:020, 2012.



Contents of this work

For the non-singular bouncing universe under the null 

energy condition, we solve the next equations 

numerically:

• Equation of motion for a scalar field

• Friedmann equations

Also, we analyze the evolution of the universe before 

and after the bounce. 

5

Bounce Universe Model under the NEC

To build a model that satisfies the null energy condition…

We consider a scalar field (Jordan frame action) with a 

canonical kinetic energy term coupled with a scalar curvature 𝑅 .

The coupling of the scalar field and the scalar curvature 

facilitates the bounce that occurs when dominating the kinematics 

of the scale factor and plays an important role in the evolution of 

the universe.

6

Özenç Güngör and Glenn D. Starkman JCAP 04 (2021) 003



Bounce Universe Model under the NEC

• Jordan frame action：

An action that couples general relativity with real scalar field. 

𝑆 = න −𝑔𝑑4𝑥
1
2
𝑀𝑃
2𝑅 −

1
2
𝑔𝜇𝜈∇𝜇𝜑∇𝜈𝜑 −

𝛼
2
𝑅𝜑2 + ത𝑉 𝜑

7

Özenç Güngör and Glenn D. Starkman JCAP 04 (2021) 003

𝑀𝑃 ：Plank mass
𝛼 ：Parameter
𝑅 ：Scalar curvature
ത𝑉(𝜑)：Scalar field potential

Bounce Universe Model under the NEC

Scalar field potential : ത𝑉 𝜑 = 𝑉0 +
𝑚2

2
𝜑2 + 𝛽

3
𝜑3 + 𝜆

4
𝜑4

8

Scalar potential : 𝑉 𝜑 = ത𝑉 𝜑 + 𝛼
2
𝑅𝜑2 (𝑉0, 𝛼, 𝛽, 𝜆 ∶ constant，𝑚 = 10−8𝑀𝑃)

Özenç Güngör and Glenn D. Starkman JCAP 04 (2021) 003



Bounce Universe Model under the NEC

𝑇𝜇𝜈 ≡
−2
−𝑔

𝛿𝑆
𝛿𝑔𝜇𝜈

= 1 − 2𝛼 ∇𝜇𝜑∇𝜈𝜑 −
1
2
1 − 4𝛼 𝑔𝜇𝜈𝑔𝛼𝛽∇𝛼𝜑∇𝛽𝜑

−𝑔𝜇𝜈𝑉 𝜑 + 𝛼𝑅𝜇𝜈𝜑2 − 2𝛼𝜑∇𝜇∇𝜈𝜑 + 2𝑔𝜇𝜈𝛼𝜑𝜑

𝜌 =
1
2

ሶ𝜑2 + 𝑉 𝜑 − 3𝛼
ሷ𝑎
𝑎
𝜑2

𝑝 =
1
2 1 − 4𝛼 ሶ𝜑2 − 𝑉 𝜑 + 𝛼

ሷ𝑎
𝑎 + 2𝐻2 + 2

𝑘
𝑎2 𝜑2 − 2𝛼𝜑 ሷ𝜑

𝑅 = 6 ሶ𝐻 + 2𝐻2 +
𝑘
𝑎2

9
Özenç Güngör and Glenn D. Starkman JCAP 04 (2021) 003

Numerical Simulation 

・Equation of motion for a scalar field : ሷ𝜑 + 3𝐻 ሶ𝜑 + 𝜕𝑉 𝜑
𝜕𝜑

= 0

・Friedmann equations : ሶ𝐻 = − 1
2𝑀𝑃

2 𝜌 + 𝑝 + 𝑘
𝑎2

ሷ𝑎
𝑎
= − 1

6𝑀𝑃
2 (𝜌 + 3𝑝)

・Initial conditions : 

𝑉0 = 1.0 × 10−4𝑚4, 𝜑0 =
−𝛽+ 𝛽2−4𝑚2𝜆

2𝜆
, ሶ𝜑0 = 1.0 × 10−4, 𝐻0 = −

ഥ𝑉 𝜑0
3 𝑀𝑃

2−𝛼𝜑02
,

𝑎0 = 1016, ሶ𝑎0 = 𝑎0𝐻0, 𝑀𝑃 = 1, 𝑚 = 10−8𝑀𝑃, 𝛼 = 1
6
, 𝛽 = 2.1𝑚, 𝜆 = 1, 𝑘 = 1.0𝑚2

10



Result and discussion

11

𝜑

𝐻

𝑅

𝑐𝑜𝑠𝑚𝑖𝑐 𝑡𝑖𝑚𝑒
Numerical plots of a scalar field 𝜑, scalar curvature 𝑅, 

and Hubble parameter 𝐻. 

Result and discussion

12

𝜑

𝐻

𝑅

𝑐𝑜𝑠𝑚𝑖𝑐 𝑡𝑖𝑚𝑒

• Scalar curvature 𝑅 eventually diverged.

• The behavior of 𝐻 was also affected and did not bounce. 



Result and discussion

13

Numerical plots of 𝜌 − 𝑝. 
cosmic time

𝜌
−
𝑝

This implies that as the universe contracts, the BKL instability also grows.

Conclusion
• We have solved the equation of motion and Friedmann equations for 

a scalar field numerically in non-singular bouncing universe model 

under the null energy condition, and analyzed their evolution. 

• Numerical results showed that the scalar curvature diverged just 

before the bounce. 

It is difficult to achieve stable bounce with a classical model   

that does not violate the null energy condition. 

• For a detailed analysis, an evaluation of the stability of the model for 

linear perturbation is required.

14



DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

DeWitt boundary condition is consistent

in Hǒrava-Lifshitz quantum gravity

Hiroki Matsui (YITP, Kyoto U.)

with Shinji Mukohyama, Atsushi Naruko, Paul Martens

Based on: Phys.Lett.B 833 (2022) 137340,
arXiv:2205.11746 (JACP)

1 / 18

DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Overview
In this talk, I will discuss the DeWitt boundary condition, a
hypothesis of quantum cosmology.
In the first half, I will show that the DeWitt boundary condition is
inconsistent when tensor perturbations are considered in general
relativity. In the second half, I will discuss how the perturbative
instability can be solved in Hǒrava-Lifshitz gravity.

Talk plans

What is DeWitt boundary condition

Perturbative Instability of DeWitt Wave-function (GR)

Introduction to Hǒrava-Lifshitz Gravity

DeWitt boundary condition and Hǒrava-Lifshitz Cosmology

2 / 18
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Quantum Cosmology

Quantum cosmology tries to describe how the universe was created and
evolve within the framework of quantum gravity.

1 Wheeler-DeWitt equation (canonical quantization)

HΨ =

[
−16πGN Gijkl

∂2

∂gij∂gkl
+

√
g

16πGN
(−R+ 2Λ)

]
Ψ = 0

2 Path integral of quantum gravity (path integral quantization)

Ψ(gµν,φ) =

∫ (gµν,φ)

DgµνDφ eiS[gµν,φ]/h̄

Ψ(gµν,φ) is the wave function of the universe
3 / 18

DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Einstein Gravity in ADM formalism

1 Arnowitt-Deser-Misner (ADM) formalism

ds2 = −N2dt2 + gij(dx
i +Nidt)(dxj +Njdt)

Lapse function : N = N(t,!x), Shift vector : Ni = Ni(t,!x), 3D metric : gij = gij(t,!x)

2 Einstein-Hilbert action in ADM formalism

SGR =
M2

Pl

2

∫
dtd3xN

√
g
(
KijKij − K2 + R− 2Λ

)

Extrinsic curvature : Kij =
1

2N
(∂tgij − gjk∇iN

k − gik∇jN
k) ,

3 A homogenous and isotropic universe with tensor perturbations (closed universe K = +1)

Ni = 0 , gij = a2(t) [Ωij(x) + hij(t , x)] , hij(t , x) =
∑

snlm

hs
nlm(t)Qsnlm

ij ,

4 / 18



DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Wheeler-DeWitt equation in Einstein Gravity
B. S. DeWitt, Phys. Rev. 160, 1113-1148 (1967)

1 Expand Einstein-Hilbert action to the second-order perturbation

SGR = V

∫
dt

{(
3N

a

)[
−
( a

N
ȧ
)2

+ a2 −
Λa4

3

]

+
∑

snlm

(Na)

[
1

8

( a

N
ḣs
nlm

)2

−
1

8

[
(n2 − 3) + 6

]
(hs

nlm)2
]}

⇒ HGR2 Canonical
Quantization

Πa #→ −i
∂

∂a
, Πh #→ −i

∂

∂h
, =⇒ Π2

a = −
1

ap

∂

∂a

(
ap ∂

∂a

)
, Π2

h = −
∂2

∂h2
,

3 Wheeler-DeWitt equation
{
1

2

(
∂2

∂a2
+

p

a

∂

∂a

)
+
(
−3g1a

2 + g0a
4
)
−

1

2V2a2

∂2

∂h2
+

h2

2

(
f1a

2
)}

Ψ(a, h) = 0 ,

h =
h

2
√
γ
, γ = 6V2 , g1 = γ , g0 = γΛ , f1 = γ2

[
(n2 − 3) + 6

]
,
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

What is the DeWitt boundary condition?

DeWitt Boundary Condition

Ψ(a= 0,h) = 0
B. S. DeWitt, Phys. Rev. 160, 1113-1148 (1967) 55 years ago
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

DeWitt boundary condition: Ψ(0) = 0,
[
1
2

(
∂2

∂a2 + p
a

∂
∂a

)
+
(
−3g1a

2 + g0a
4
)]

Ψ(a) = 0

��� ��� ��� ��� ��� ��� ��� ���

���

���

���

���

���
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Tensor perturbations around Big Bang singularity

1 Wheeler-DeWitt equation (background+tensor perturbations)

{
1

2

(
∂2

∂a2
+

p

a

∂

∂a

)
+
(
−3g1a

2 + g0a
4
)
−

1

2V2a2

∂2

∂h2
+

h2

2

(
f1a

2
)}

Ψ(a, h) = 0 ,

2 DeWitt wave function satisfying Ψ(a = 0, h) = 0 around Big Bang singularity takes

Ψ(a, h) = ac
∞∑

i=0

Fi(h)a
i $ acF0(h) +O(ac+1) ,

lim
h→±∞

Fi(h) = 0 , (i = 0, 1, · · · ) .

3 Around the singularity, the wave equation for the tensor fields and the solutions are

∂2hF0 − V2 [(c+ p− 1)c] F0 = 0 ,

F0(h) = b1e
−h

√
V2[(c+p−1)c] + b2e

+h
√

V2[(c+p−1)c] → ∞ (h → ±∞)
8 / 18



DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

NO-GO？
DeWitt Boundary Condition

Ψ(a = 0,h) = 0

⇒ limh→±∞Ψ(a,h)→∞
H. Matsui, S. Mukohyama and A. Naruko, Phys. Lett. B 833 (2022) 137340
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Hǒrava-Lifshitz Gravity
P. Hǒrav, JHEP 03 (2009) 020, Phys.Rev.D 79 (2009) 084008

A candidate of quantum gravity theories, higher-order derivative gravity theory satisfying
renormalizability and unitarity (proposed by P. Hǒrav in 2009)

Anisotropic scaling between space and time:
{

t → bzt
!x → b!x

=⇒ Lorentz-invariance is broken at UV (for z %= 1)

Power-counting renormalizability at UV (z = 3)

1

2

∫
dtd3x

[
ḣ2 − h (−∆)z h

]
=⇒ h → b

z−3
2 h, (z = 3)

Projectable-version, Non-projectable-version, U(1) extension, etc.

Cosmological consequences like gravitational dark matter, scale-invariant
perturbations through anisotropic scaling (z = 3)
(see e.g. S. Mukohyama, Class.Quant.Grav. 27 (2010) 223101)
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Hǒrava-Lifshitz Gravity in 3+ 1 Dimensions
P. Hǒrav, JHEP 03 (2009) 020, Phys.Rev.D 79 (2009) 084008

Hǒrava-Lifshitz gravitational action

SHL =
M2

HL

2

∫
dtd3!xN

√
g (KijKij − λK2 + c2gR− 2Λ+Oz>1) ,

Oz>1

2
= (c1∇iRjk∇iRjk + c2∇iR∇iR+ c3R

j
iR

k
j R

i
k

+ c4RR
j
iR

i
j + c5R

3) + (c6R
j
iR

i
j + c7R

2) ,

UV action with z=3

Kinetic terms (2nd-time derivative)
∫
dtd3!xN

√
g (KijKij − λK2)

Potential terms (6th spatial derivative)
∫
dtd3!xN

√
g (c1∇iRjk∇iRjk + c2∇iR∇iR+ c3R

j
iR

k
j R

i
k + c4RR

j
iR

i
j + c5R

3)
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Wheeler-DeWitt equation in Hǒrava-Lifshitz gravity

Wheeler-DeWitt equation for scale factor a and tensor perturbations h
{
1

2

(
∂2

∂a2
+

p

a

∂

∂a

)
+
(
Ca−

g3
a2

− 3g2 − 3g1a
2 + g0a

4
)

−
1

2V2a2

∂2

∂h2
+

h2

2

(
f1a

2 + f2 +
f3
a2

)}
Ψ(a, h) = 0 ,

h =
h

2
√
γ
, C = γC , g3 = 24γ(c3 + 3c4 + 9c5) , g2 = 4γ(c6 + 3c7) , g1 = γc2g , g0 = γΛ ,

f1 = γ2
[
(n2 − 3) + 6

]
, f2 = −8γ2

[
18(2c6 − c7) + 6(2c6 + 3c7)(n

2 − 3) + c6(n
2 − 3)2

]
,

f3 = −8γ2
[
18(12c3 + 11c4 − 9c5) + 18(2c1 + 4c3 + 5c4 + 9c5)(n

2 − 3)

+ 6(c3 + c4)(n
2 − 3)2 − c1(n

2 − 3)3
]
,
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Hǒrava-Lifshitz DeWitt wave function (z = 3)

Anisotropic scaling z = 3 (a → 0)

Wheeler-DeWitt equation

{
1

2

(
∂2

∂a2
+

p

a

∂

∂a

)
+
(
−
g3
a2

)
−

1

2V2a2

∂2

∂h2
+

h2

2

(
f3
a2

)}
Ψ(a, h) = 0 .

DeWitt wave function

Ψ(a, h) =

{
Aac
√
h
WN+1/4,1/4(w) , (h > 0)

− Aac
√
−h

WN+1/4,1/4(w) , (h < 0)

w = V
√

f3h
2, c2 + (p− 1)c+

[√
f3
V

(4N+ 1)− 2g3

]
= 0 , (N = 0, 1, · · · ) ,

Wµ,ν(w) is Whittaker function

13 / 18

DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Scale-invariant tensor perturbations

DeWitt wave function

Ψ(a, h) =

{
Aac
√
h
WN+1/4,1/4(w) , (h > 0)

− Aac
√
−h

WN+1/4,1/4(w) , (h < 0)

w = V
√

f3h
2, c2 + (p− 1)c+

[√
f3
V

(4N+ 1)− 2g3

]
= 0 , (N = 0, 1, · · · ) ,

DeWitt wave function for ground state (N = 0)

Ψ(a, h) = A(V
√

f3)
1/4ace−

V
√

f3h
2

2

Correlation Functions

〈h2〉 =
∫
dh h2 |Ψ(a, h)|2
∫
dh |Ψ(a, h)|2

∝ M2n−3 f3 ∝ n6,
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Hǒrava-Lifshitz DeWitt wave function

DeWitt wave function is written in power series,

Ψ(a, h) = acF0(h) + ac+1F1(h) + ac+2F2(h) + · · ·

w = V
√

f3h
2, c2 + (p − 1)c +

[√
f3
V

(4N + 1) − 2g3

]
= 0 , (N = 0, 1, · · · ) ,

∂2hF0 − V2
[
f3h

2 + (c + p − 1)c − 2g3
]
F0 = 0, F0(h) =

{
A√
h
WN+1/4,1/4(w) , (h > 0)

− A√
−h

WN+1/4,1/4(w) , (h < 0)
,

∂2hF1 − V2
[
f3h

2 + (c + p)(c + 1) − 2g3
]
F1 = 0, F1(h) = 0 ,

∂2hF2 − V2
[
f3h

2 + (c + p + 1)(c + 2) − 2g3
]
F2 = V2(f2h

2 − 6g2)F0

F0(h) =






A0 exp
(
− 1

2
w
)
, (N = 0)

(1 − 2w)A1 exp
(
− 1

2
w
)
, (N = 1)

(
1 − 4w + 4

3
w2

)
A2 exp

(
− 1

2
w
)
, (N = 2)

F2(h) =
N+1∑

Ñ=0

aN,ÑwÑAN exp

(
−
1

2
w

)
,
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Numerical simulation: p = 1, g3 = 2, f3 = 1, g2 = g1 = f1 = f0 = 0
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Numerical simulation: p = 1, g3 = 2, f3 = 1, g2 = g1 = f1 = f0 = 0
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DeWitt Boundary Condition
Hǒrava-Lifshitz Quantum Cosmology

Summary and Future issues

DeWitt boundary condition is a hypothesis of quantum cosmology to solve
the initial singularity problem

In many theories of gravity, including general relativity DeWitt wave function
predicts instability of tensor perturbations (NO-GO!)

DeWitt boundary condition is consistent in Hǒrava-Lifshitz gravity

Hǒrava-Lifshitz DeWitt wave function predicts the quantum creation with
perturbatively stable from the initial singularity, scale-invariant fluctuations
through anisotropic scaling, and then a universe dominated by gravitational
dark matter

Renormalization in Wheeler-DeWitt equation, Inner-product, Path integral
formulation of the DeWitt wave function, etc.
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Fumio UCHIDA (RESCEU, U-Tokyo)

The magneto-hydrodynamic evolution 
of the cosmological magnetic fields 

Fujiwara–Kamada–FU–Yokoyama, in preparation

Everywhere in the present universe 

The intergalactic magnetic field in voids 

Primordial magnetic field as the origin 

Interplay with the physics in the early universe

Cosmological magnetic fields as a probe into the early universe

2/13

Neronov–Vovk 2010

C49



Cosmological evolution
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Cosmic expansion 

(energy density)  (scale factor) ,    (length)  (scale factor) 

Magneto-hydrodynamics 

Cosmological: homogeneous and isotropic 

Astrophysical: absent at large scales in voids
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Outline
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Introduction 

Description of the magnetic field decay 

Reconnection-driven turbulence 

Discussion

Parametrization of homogeneous and isotropic magnetic field

5/13

Assumption: 

Homogeneity and isotropy in a stochastic sense 

Typical strength  , 

Coherence length  .

B := ⟨B2(x)⟩

ξ := 1
B2 ∫ dk

2π
k

∂B2

∂k

B

ξ

H−1
0



comoving coherence lengthcomoving strength

Description of the decay law

Initial conditions of the plot: 

non-helical magnetic field 
kinetically-driven turbulence, 

assuming magnetogenesis during the 
first-order electroweak phase transition.

Fujiwara–Kamada–FU–Yokoyama, in prep.

Conserved quantity 

Time scale of the decay 

→  decay law,  and , is determined.B(T) ξ(T)
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assuming magnetogenesis during the 
first-order electroweak phase transition. 
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reconnection-driven turbulence
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→  decay law,  and , is determined.B(T) ξ(T)
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Outline
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Description of the magnetic field decay 

Reconnection-driven turbulence 

Discussion



Conserved quantity: Saffman helicity invariant

8/13

Variance of magnetic helicity distribution 

, 

  :  magnetic helicity density 

is approximately conserved.

I := ∫ d3r⟨h(x)h(x + r)⟩ ∼ ξ3⟨h2⟩ ∼ B4ξ5

h(x) = A(x) ⋅ B(x)

A ⋅ B > 0

A ⋅ B > 0

A ⋅ B > 0

A ⋅ B < 0

A ⋅ B < 0

ξ

H−1
0

Hosking–Schekochihin 2021, Zhou+ 2022

Fast magnetic reconnection timescale

9/13

Magnetic field lines reconnect, 
and the released energy accelerates the plasma. 

When magnetic energy is decaying through magnetic 
reconnection, 

  (Hubble time)τ (≃ 102 1 + ση
ξ

B/ ρ + p ) =

Hosking–Schekochihin 2021, 2022

reconnection

B

v



Reconnection-driven turbulence

10/13

Fujiwara–Kamada–FU–Yokoyama, in prep.

comoving strength comoving coherence length

B ∝ T 10
9

ξ ∝ T− 8
9

Outline
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Introduction 

Description of the magnetic field decay 

Reconnection-driven turbulence 

Discussion



Comparison with the previous analysis 

12/13

Banerjee–Jedamzik 2004, 
Fujiwara–Kamada–FU–Yokoyama, in prep.

comoving strength comoving coherence length

kinetically-driven turbulence

reconnection-driven turbulence

viscous frozen

Summary

13/13

The evolution of the cosmological magnetic field is determined by 

conserved quantities and time scales for the decay, 

which are different according to the regimes. 

The comprehensive description becomes possible, by employing the 

Saffman helicity invariant and reconnection time scale.



Hemispherical asymmetry of primordial power spectra

K. Sravan Kumar

Department of Physics, Tokyo Institute of Technology, Tokyo, Japan

Based on arXiv:2209.03928 [gr-qc] in collaboration with João Marto

October 26, 2022
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Hemispherical power asymmetry (HPA)

Figure: HPA breaks the isotropy of primordial fluctuations and CMB appears to
be asymmetric with slightly higher temperatures in the north and slightly lower
temperatures in the south.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 2 / 16
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HPA is observed to be significant at low multipoles ¸ ≥ 2 ≠ 64 or
large angular scales or k . 0.0045Mpc≠1.
HPA can be parameterized as

PR (k, n̂) ƒ PR iso(k) (1 + 2A(k)p̂ · n̂) ,

which implies

A(k) = PR (k, n̂) ≠ PR (k, ≠n̂)
4PR iso

.

p̂ is the direction of maximal symmetry and n̂ = x
xls

is the line of sight
from earth and xls = 14, 000Mpc≠1 is the co-moving distance to the
surface of last scattering.
The constraint on HPA is |A| = 0.066 ± 0.021 (3.3‡) for ¸ < 64 and
the Planck data reports the existence of asymmetry even up to
¸ ≥ 600 (Planck 2013, 2015 and 2019 and Y. Akrami et al (2014)).
From the latest Planck data 2019 HPA suspected to be present even
in the 3-point correlations.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 3 / 16

Attempts to explain HPA

HPA is most often seen as a signature of Non-Gaussianity at large
scales.
Most explanations for HPA invoked existence of an additional scalar field
whose amplitude is modulated on super-horizon scales at the onset of
inflation. See A. L. Erickcek et al 2008

Another explanation for HPA came from introducing asymmetric
space-dependent initial conditions for the quantum fluctuations A.
Ashoorioon and T. Koivisto (2015)

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 4 / 16



A best theoretical explanation is which introduces less new
parameters and explain more data points.

Can we explain HPA within the context of standard single-field
slow-roll inflation? Can the answer lies somewhere in the our

understanding of inflationary "quantum fluctuations"?

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 5 / 16

Standard formulation of inflationary quantum fluctuations

Finding background solutions corresponding to quasi-de Sitter.
We perturb metric and matter degrees of freedom around the given
background

gµ‹ = ḡµ‹ + ĥµ‹ , „ = „̄(t) + ”̂„ .

We quantize the e�ective gravitational degrees of freedom

”Ĝµ‹ = ”T̂µ‹

Through inflationary quantum fluctuations we witness the linearized
"quantum gravity" J. Martin (2004).

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 6 / 16



Open questions

Understanding inflationary quantum fluctuations require a robust
formulation of QFT in curved space-time.

Standard QFT: Particles that propagate forward and backward in
time (anti- particle). What happens to particles and anti-particle
states in a curved spacetime? What is time reversal operation in
curved spacetime?
What happens to (C)PT in curved spacetime?
In GR time is a coordinate and in quantum theory time is a
parameter. What is the consistent way to quantize gravitational
degrees of freedom?
(Quantum) gravity is special and surprising: Wheeler-De Witt
equation is timeless: H� = 0. The problem of time in quantum
cosmology (C. Keifer, 2nd ed. 2007, Carlo Rovelli 2004.)

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 7 / 16

Formulating new set of rules for quantization (in the
context of inflation)

Separate completely classical and quantum mechanical notion of time
Expansion of Universe: Shrinking Horizon rH = |

1

aH
| when

|H| ¥ const (classical arrow of time).
Quantum theory requires understanding of discrete symmetries.
Notion of observers, regions of spacetime, Penrose diagrams are
classical concepts J. F. Donogue, G. Menezes 2021. and they must be
important only we after we quantize fields respecting discrete
symmetries.
In a quantum theory an arrow of time only emerges only after we
specify initial and final states otherwise quantum theory is time
symmetric (J. Hartle 2013).

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 8 / 16



Doubling the number of quantum states: PT

transformations in gravitational context

Respecting discrete symmetries PT we propose quantum fields are
always created as PT pairs.

We represent the total vacuum as direct sum of two di�erent vacua related
by PT transformations.

|0Í = 1
Ô

2

A

|0ÍI ü |0ÍII

B

.

In the vacuum |0ÍI we create quantum fields at the position x that evolve
forward in time and in the vacuum |0ÍII we create quantum fields at ≠x
which evolve backward in time.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 9 / 16

Quantization in de Sitter spacetime

ds
2 = ≠dt

2 + a(t)2
dx2 = 1

H2·2

1
≠d·2 + dx2

2
.

where d· = dt

a
,

a(t) = e
Ht , R = 12H

2 =
31

a

da

dt

42

= const .

The metric is PT symmetric.

t : ≠Œ æ Œ, H > 0 =∆ · < 0, t : Œ æ ≠Œ, H < 0 =∆ · > 0.

Expanding Universe means · : ±Œ æ 0.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 10 / 16



Quantization in de Sitter space-time

For a state evolving forward in time · < 0 and for a state that is
evolving backward in time · > 0.
Let us take a massless field in de Sitter space. We split the field
operator into two parts

„̂ (·, x) = 1
Ô

2
Ï̂I (·, x) ü

1
Ô

2
Ï̂II (≠·, ≠x) ,

corresponding to two vacua

ak|0ÍI = 0, bk|0ÍII = 0, [Ï̂I (·, x) , Ï̂II (≠·, ≠x)] = 0 .

Quantum mechanically Ï̂I (·, x) |0ÍI is the postive energy state that
propagate forward in time at x while Ï̂II (≠·, ≠x) |0ÍII is the postive
energy state that propagate backward in time at -x.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 11 / 16

PT symmetry in dS spacetime

Since dS spacetime is perfectly PT symmetric we have that the quantum
fields Ï̂I (·, x) |0ÍI and Ï̂II (≠·, ≠x) |0ÍII behave identically, which can be
seen from the fact that their equal time correlations are the same

1
a2 IÈ0|Ï̂I (·, x) Ï̂I

!
·, xÕ"

|0ÍI =

1
a2 IIÈ0|Ï̂II (≠·, ≠x) Ï̂II

!
≠·, ≠xÕ"

|0ÍII = H
2

4fi2k3
.

For more details about QFT in dS spacetime KSK, Joao Marto (arXiv:
2211.XXXX)

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 12 / 16



Quantization in quasi-de Sitter space-time: Single field
inflation case

Inflationary space-time is not PT symmetric like dS. Expectation is
PT symmetry must be spontaneously broken at the quantum level.

v̂ (·, x) = 1
Ô

2
v̂I (·, x) ü

1
Ô

2
v̂II (≠·, ≠x) .

corresponding to |0ÍqdS = |0ÍqdSI ü |0ÍqdSII .
v̂II (≠·, ≠x) is the fluctuation that goes backward in time. Logically,
if the fluctuation propagates forward in time in a slow-roll
background, the fluctuation that goes backward in time experience
space-time as a "slow-climb". Therefore "quantum mechanically" we
solve for vII, k (·) following the time reversal operation

t æ ≠t =∆ H æ ≠H, ‘ æ ≠‘, ÷ æ ≠÷ .

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 13 / 16

Hemispherical asymmetry of scalar power spectra

A(k) = P’1 ≠ P’2

4P’
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Figure: Here kú = aúHú = 0.05Mpc≠1 and we are within |A| = 0.066 ± 0.021 for
k . 10≠1

kú.
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Hemispherical asymmetry for tensor power spectra
Similarly, double vacuum scheme of quantization predicts the power asymmetry of
the tensor-power spectrum

T (k) = Ph1 ≠ Ph2

4Ph

0 1 2 3 4
0.0000

0.0001

0.0002

0.0003

0.0004

k/k*

T(k)

Figure: This plot is obtained for the case of Starobinsky and Higgs inflation.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 15 / 16

Conclusions

Based on several open theoretical questions about QFT in curved
space-time and the surprising anomalies we proposed a new vacua
structure for inflationary quantum fluctuations.
Our scheme of quantization naturally produces HPA for both scalar
and tensor power spectra. If detected we greatly learn about nature of
QFT in curved space-time

——————————————————————————————–

Thank you very much for your attention.

K. Sravan Kumar JGRG31, University of Tokyo October 26, 2022 16 / 16
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Weak lensing of gravitational waves in wave optics:
Beyond the Born approximation

Morifumi Mizuno
Tokyo Institute of Technology

Collaborator: Teruaki Suyama
Physical Review D in review [arXiv:2210.02062]

Gravitational lensing (GL) of gravitational waves (GWs)

We can probe the dark matter distribution by GL of GWs!

Dark matter inhomogeneity→lensed waveform

2

BBHBBH

Unlensed GWs Lensed GWs

C51



Gravitational lensing (GL) of gravitational waves (GWs)

• Information about phase

• Frequency dependency

GL of EM waves and GWs 

3

Unlensed
Lensed

Low frequency High frequency

GL of GWs has…

Wave equation

∇2 + 𝜔2 ෨𝜙(𝜔, 𝒓) = 4𝜔2Φ ෨𝜙 (𝜔, 𝒓)
Frequency

Amplitude Potential 

Amplification factor: 𝐹 𝜔 ≡
෩𝜙(𝜔)
෩𝜙0(𝜔)

Lensing effect is encoded in the amplification factor
4

Unlensed

Lensed

T.Nakamura, S.Deguchi (1999)



5

Weak lensing

⚫ Lensing effect is small

⚫ Dark matter distribution is random

We need to take the average ⋯ over 
many GW events

Born approximation in wave optics

phase modulation 𝑺𝐁𝐨𝐫𝐧 ∼ 𝒪(Φ)

𝐹(𝜔) =
෨𝜙(𝜔)
෨𝜙0(𝜔)

∼ 1 + 𝐾Born + 𝑖𝑆Born ∼ 1 + 𝐾Born 𝑒𝑖𝑆Born

6

magnification 𝑲𝐁𝐨𝐫𝐧 ∼ 𝒪(Φ)

First order approximation

Matter power spectrum

R. Takahashi, [astro-ph/0511517]

𝑆Born = 𝐾Born = 0

𝑆Born2 = 4𝜔2 3𝐻02Ω𝑚
2

2

න
0

𝜒𝑠
𝑑𝜒න

𝑑2𝒌⊥
2𝜋 2 1 − cos

𝜒𝑠 − 𝜒 𝜒
2𝜒𝑠𝜔

𝑘⊥2
2 1
𝑘4 𝑃𝛿 𝑘⊥, 𝜒1

𝐾Born2 = 4𝜔2 3𝐻02Ω𝑚
2

2

න
0

𝜒𝑠
𝑑𝜒

1
𝑎2(𝜒)න

𝑑2𝒌⊥
2𝜋 2 sin

2 𝜒𝑠 − 𝜒 𝜒
2𝜒𝑠𝜔

𝑘⊥2
1
𝑘4 𝑃𝛿 𝑘⊥, 𝜒1

𝑆Born = −2𝜔න
0

𝜒𝑠
𝑑𝜒 cos

𝜒𝑠 − 𝜒
2𝜔𝜒𝑠𝜒

∇𝜃2 − 1 Φ

𝐾Born = 2𝜔න
0

𝜒𝑠
𝑑𝜒 sin

𝜒𝑠 − 𝜒
2𝜔𝜒𝑠𝜒

∇𝜃2 Φ

We can determine matter power spectrum by 𝑆Born2 , 𝐾Born2



7

Why beyond Born approximation?

Accuracy of the Born approximation?

Missing phenomena?

Beyond the Born approximation

new variable 𝐽: 

𝐽(𝜒𝑠, 𝜽, 𝜔) = න
0

𝜒𝑠
𝑑𝜒 exp 𝑖

𝜒𝑠 − 𝜒
2𝜔𝜒𝑠𝜒

∇𝜃2 −2Φ 𝜒, 𝜽 −
1
2𝜒2

∇𝜃𝐽 2

The Born approximation The post-Born approximation

𝑆 = 𝑆Born + 𝑆(2) + 𝑆(3) + ⋯

𝐾 = 𝐾Born + 𝐾(2) + 𝐾(3) + ⋯

Higher order terms…

𝜔𝐽 = 𝑆 − 𝑖𝐾
𝑆Born, 𝐾Born ∼ 𝒪 Φ

𝑆(2), 𝐾(2) ∼ 𝒪 Φ2

𝑆(3), 𝐾(3) ∼ 𝒪 Φ3

෨𝜙(𝜔)
෨𝜙0(𝜔)

= 𝑒𝑖𝜔𝐽(𝜔) = 𝑒𝐾(𝜔)𝑒𝑖𝑆(𝜔)

∇2 + 𝜔2 ෨𝜙 = 4𝜔2Φ ෨𝜙 becomes…

Post-Born approximation (Our work!)

8



𝑆(2) = −2𝜔න
0

𝜒𝑠 𝑑𝜒
𝜒2 න0

𝜒
𝑑𝜒1 න

0

𝜒
𝑑𝜒2 cos

𝑊∇ (2)

2𝜔 − 1 ∇𝜃1Φ1 ⋅ ∇𝜃2Φ2

𝐾(2) = 2𝜔න
0

𝜒𝑠 𝑑𝜒
𝜒2 න0

𝜒
𝑑𝜒1 න

0

𝜒
𝑑𝜒2 sin

𝑊∇ (2)

2𝜔 ∇𝜃1Φ1 ⋅ ∇𝜃2Φ2

𝑆Born = −2𝜔න
0

𝜒𝑠
𝑑𝜒 cos

𝜒𝑠 − 𝜒
2𝜔𝜒𝑠𝜒

∇𝜃2 − 1 Φ

𝐾Born = 2𝜔න
0

𝜒𝑠
𝑑𝜒 sin

𝜒𝑠 − 𝜒
2𝜔𝜒𝑠𝜒

∇𝜃2 Φ

𝑊∇ (2) = 𝑊 𝜒, 𝜒𝑠 ∇𝜃122 +𝑊 𝜒1, 𝜒 ∇𝜃12 +𝑊 𝜒2, 𝜒 ∇𝜃22

𝑊∇ (3) = 𝑊 𝜒, 𝜒𝑠 ∇𝜃1232 +𝑊 𝜒3, 𝜒 ∇𝜃32 +𝑊 𝜒′, 𝜒 ∇𝜃122 +𝑊 𝜒1, 𝜒′ ∇𝜃12 +𝑊 𝜒2, 𝜒′ ∇𝜃22

𝑆(3) = −4𝜔න
0

𝜒𝑠 𝑑𝜒
𝜒2 න0

𝜒
𝑑𝜒3න

0

𝜒 𝑑𝜒′
𝜒′2 න0

𝜒′
𝑑𝜒1 න

0

𝜒′
𝑑𝜒2 cos

𝑊∇ (3)

2𝜔 − 1 ∇𝜃12(∇𝜃1Φ1 ⋅ ∇𝜃2Φ2) ⋅ ∇𝜃3Φ3

𝐾(3) = 4𝜔න
0

𝜒𝑠 𝑑𝜒
𝜒2 න0

𝜒
𝑑𝜒3 න

0

𝜒 𝑑𝜒′
𝜒′2 න0

𝜒′
𝑑𝜒1 න

0

𝜒′
𝑑𝜒2 sin

𝑊∇ (3)

2𝜔 ∇𝜃12(∇𝜃1Φ1 ⋅ ∇𝜃2Φ2) ⋅ ∇𝜃3Φ3

1st order in Φ

2nd order in Φ

3rd order in Φ

The post-Born approximation 

New results!

The Born approximation
R. Takahashi, [astro-ph/0511517]

Post-Born approximation

𝑊 𝜒, 𝜒𝑠 =
1
𝜒 −

1
𝜒𝑠

9

𝑆Born = 𝐾Born = 0

𝑆Born2 = 4𝜔2 3𝐻02Ω𝑚
2

2

න
0

𝜒𝑠
𝑑𝜒න

𝑑2𝒌⊥
2𝜋 2 1 − cos

𝜒𝑠 − 𝜒 𝜒
2𝜒𝑠𝜔

𝑘⊥2
2 1
𝑘⊥4

𝑃𝛿 𝑘⊥, 𝜒1

𝐾Born2 = 4𝜔2 3𝐻02Ω𝑚
2

2

න
0

𝜒𝑠
𝑑𝜒

1
𝑎2(𝜒)

න
𝑑2𝒌⊥
2𝜋 2 sin

2 𝜒𝑠 − 𝜒 𝜒
2𝜒𝑠𝜔

𝑘⊥2
1
𝑘⊥4

𝑃𝛿 𝑘⊥, 𝜒1

Average and Variance

𝑆 = 2𝜔
3𝐻02Ω𝑚

2

2

න
0

𝜒𝑠 𝑑𝜒
𝜒2 න0

𝜒
𝑑𝜒1 𝜒12

1
𝑎2(𝜒1)

න
𝑑2𝒌⊥
2𝜋 2 1 − cos

𝜒 − 𝜒1 𝜒1
𝜒𝜔 𝑘⊥2

1
𝑘⊥2

𝑃Φ 𝑘⊥, 𝜒1

𝐾 = −2𝜔
3𝐻02Ω𝑚

2

2

න
0

𝜒𝑠 𝑑𝜒
𝜒2 න0

𝜒
𝑑𝜒1 𝜒12

1
𝑎2(𝜒1)

න
𝑑2𝒌⊥
2𝜋 2 sin

𝜒 − 𝜒1 𝜒1
𝜒𝜔 𝑘⊥2

1
𝑘⊥2

𝑃Φ 𝑘⊥, 𝜒1

Variance (the Born approximation)

Nonzero Average (the post-Born approximation)

New results!

10

The Born approximation
R. Takahashi, [astro-ph/0511517]



4%

0.2%6%

Average

Magnification 𝐾 and 𝐾Born2 1/2 Phase modulation 𝑆 and 𝑆Born2 1/2

11

Nonzero Average 𝐾 , 𝑆 ≠ 0,  𝐾Born , 𝑆Born = 0

We can use 𝑲 , 𝑺 as a new probe for the matter power spectrum

𝑓 ≤ 10−2 Hz 10−2 ≤ 𝑓 ≤ 101 Hz 101 ≤ 𝑓 ≤ 103 Hz

𝐾 / 𝐾Born2 1/2 ≤ 2.4 6 % ≤ 2.4 6 %

𝑆 / 𝑆Born2 1/2 ≤ 1.5 4 % ≤ 1 3 % ≤ 8 25 %

Post Born variance 𝐾 ≤ 0.035 0.25 % ≤ 0.035 0.25 %

Post Born variance S ≤ 0.05 0.4 % ≤ 0.02 0.2 % ≤ 2 14 %

Validity of the Born approximation

The shot noise (point mass) effect

Source redshift: 𝑧𝑠 = 1 3 , 𝑓: frequency of GWs

small

Detectable!

12



Summary

Born approximation is good!

𝑺 and 𝑲 can be used as an additional probe!

Weak lensing of gravitational waves
↓

probing dark matter distribution

𝑺 and 𝑲 up to 3rd order in Φ

We found that… 

13

We derived… 



Gravitationally Lensed  Cosmic Birefringence 

Fumihiro Naokawa
T. Namikawa (IPMU), E. Komatsu (Max Planck Institute for Astrophysics)

K. Kamada ,  J. Yokoyama（the University of Tokyo）

The University of Tokyo, J.Yokoyama lab. M2
RESearch Center for Early Universe,

~ for the precise prediction ~

(Weak) Gravitational Lensing (重力レンズ)
Crucial factor for precise CMB observations
Especially important for ground-based observation     →

ex) Simons Observatory (under development)

measurement error Shift by Lensing ~ more than 10 %＜
(As for  in high  )CEE

l l

Motivation

Cosmic Birefringence (宇宙複屈折)

Violating Parity Symmetry：beyond Standard Model ?
Origin：Axion ?

Next generation CMB experiments → It requires precise theoretical predictions
Carroll et al. (1990), Harari & Sikivie (1992), Carroll (1998) 

2022/10/26 JGRG

A new signal from CMB Minami & Komatsu (2020) photon

axion

CMB = Cosmic Microwave Background 1/12

C52



Today’s Contents

Introduction to CMB

Cosmic Birefringence Gravitational Lensing

Gravitationally Lensed Cosmic Birefringence (←My work)
2022/10/26 JGRG

2/12

Data

Polarization

Temperature

 modeE  modeB

Observables

Cosmological Model

Comparison

Power Spectra

Θ CΘΘ
l CΘE

l CΘB
l

CEE
l CBB

l CEB
l

CΘΘ
l CΘE

l CΘB
l

CEE
l CBB

l CEB
l

CMB (Cosmic Microwave Background)

Power Spectra

2022/10/26 JGRG

4/12



Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

What is Cosmic Birefringence ?

2022/10/26 JGRG

6/12

photon

Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

What is Cosmic Birefringence ?

2022/10/26 JGRG
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Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

What is Cosmic Birefringence ?

2022/10/26 JGRG
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photon

≠

Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

What is Cosmic Birefringence ?

2022/10/26 JGRG



≠

Cosmic Birefringence

✔ Parity Violation

✔    CΘB
l CEB

l

✔   deg 0.34 ± 0.09
Eskilt & Komatsu (2022)

≠ 0

Lue et al. (1999)

Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

What is Cosmic Birefringence ?

2022/10/26 JGRG

Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

: dark matter

Gravitational Lensing

2022/10/26 JGRG
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: dark matter

CMB photons are deflected

Gravitational Lensing
Challinor & Lewis (2005)

Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

Gravitational Lensing

2022/10/26 JGRG
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Cosmic Age [yr]

0.37 million

13.8 billion

Last Scattering Surface

Satellite

Gravitational Lensing

2022/10/26 JGRG

9/12



Cosmic Age [yr]

0.37 million

13.8 billion

Satellite

Gravitational Lensing

2022/10/26 JGRG

9/12

CLASS
(public code for CMB)

CTT
l CTE

l CTB
lCEE

l CBB
l CEB

l

Lensing

CTT
l CTE

l CEE
l CBB

l

modify  +CLASS
Axion

(including cosmic birefringence)

CTT
l CTE

l CEE
l CBB

l

Nakatsuka et al. (2022)

CTT
l CTE

l CEE
l CBB

l CTB
l CEB

l

Lesgourgues (2011)

Lensing Lensing

This work

Gravitationally Lensed Cosmic Birefringence : Method 10/12



Summary & Prospects

Summary
Cosmic Birefringence can be a clue to new physics.
Now, precise theoretical predictions are needed.

I’ve developed a lensing correction tool,  
which will becomes important in the near future.

Prospects (about lensing correction)

Doing forecasts for future observations using my developing code. 
Seeking unique behaviors of lensed  or CEB

l CTB
l

2022/10/26 JGRG

12/12



Hubble tension and local environment 
of SNe Ia host galaxies

Shao-Jiang Wang

/111

2022-10-26 16:25-16:40 (JST) 
JGRG31@ Tokyo University 
Based on arXiv:2209.14732

Li Li Shao-Jiang WangWang-Wei Yu

“First detection of the Hubble variation correlation and its scale dependence”

Hubble tension

/112
Modified early/&late Universe Unknown local systematics

67 73 67 73

Riess et al. 2112.04510

New physics?

C53



Hubble variation

/113

1. External photometric calibration 

2. Intrinsic scatter in SN brightness 

Riess et al. 2112.04510

3. Cosmic and sample variance

e.g. Parallax, Cepheid

e.g. Host mass correction

e.g. local void

Hubble variation

/114

r0 ri

Di

0

cz̃cos
i ≡ (czi − cz̃pec

i ) = Hbac
0 Di + Δvi ⋅ D̂i

⇒ Hloc
0 = Hbac

0 + Δvi ⋅ D̂i

Di
≠ Hbac

0

δH(r0; {ri}) ≡ Hloc
0 − Hbac

0
Hbac

0
= vi ⋅ (ri − r0)

Hbac
0 |ri − r0 |2

δ̄H(r0; B3
R(r0)) = 1

Hbac
0 ∫ d3r v(r) ⋅ (r − r0)

|r − r0 |2 WR(r − r0)

WR(D ≡ r − r0) = Θ(R − D)/( 4
3 πR3)

r0 r
D

0

Continuous sample

Hubble variation

Window function

Local 
H0 
Measurement

Hloc
0 = czi /Di



Hubble variation

/115

r0 r
D

0

δ̄H(r0; B3
R(r0)) = f(Ωm)∫ d3D δm(r0 + D)WR(D)ln D

R
Local position 0 < D < R → 0 : δm(r0 + D) → δm(r0)

δ̄H(r0; B3
R→0(r0)) = f(Ωm)δm(r0)∫

R

0

4πD2dD
4
3 πR3

ln D
R

= − f(Ωm)
3 δm(r0)

Local ball

Turner, Cen, Ostriker (TCO 1992) 
Xiang-Dong Shi et al 1996 Shi & Turner 9707101 

Yun Wang, Spergel, Turner 9708014

local void δm(r0) < 0 ⇒ δ̄H(r0; B3
R→0(r0)) > 0

1805.09900

Hubble-flow SNe Ia Implications

Sample selection R > 70 Mpc/h ⇔ z > 0.023

Observational tests

/116

Klocal = δ̄H(r0; B3
R(r0))

δ̄Rm(r0)
= f(Ωm)

∫ d3D δm(r0 + D)WR(D)ln D/R
∫ d3D δm(r0 + D)WR(D)

⟨Klocal⟩ = f(Ωm)
∫ d3D ∫ dδm δm p(δm, R)WR(D)ln D/R

∫ d3D ∫ dδm δm p(δm, R)WR(D)
= − 1

3 f(Ωm)

p(δm, R) = 1

2πσ2
R

e
− δ2m

2σ2
R σ2

R = ∫ k2dk
2π2 P(k)[ 3j1(kR)

kR ]
2

the probability p(δm, R) for the density contrast field δm(r0 + D) to take a given value δm within R

Hubble variation at r0 from a local ball at r0 leads to a local slope

One can define a statistical local slope

There is only one point (δ̄R
m(r0), δ̄H(r0; B3

R(r0))) for a given R,  not enough to fit this local slope

averaging over (δ̄R
m(ri), δ̄H(ri; B3

R(ri)))



Observational test

/117 Hao-Yi Wu & Dragan Huterer 1706.09723

δ̄H(0; {ri |ri ≫ R}) ≡ 1
N

N

∑
i=1

v(ri) ⋅ ri

Hbac
0 r2

i
≈ 1

N

N

∑
i=1 [δ̄H(0; S2

R(ri)) + f(Ωm)
3 δ̄lin

m (ri)
R2

r2
i ]

≈ 1
N

N

∑
i=1 [− f(Ωm)

3 δ̄R
m(ri)

R2

r2
i

+ f(Ωm)
3 δ̄lin

m (ri)
R2

r2
i ]

≡ − f
3 ⟨[δ̄R

m(ri) − δ̄lin
m (ri)] R2

r2
i ⟩

i

Hubble variation from distant discrete sample

/118

r1

R

r0 ≡ 0

rN R

r2
R

r3
R

r4

R
⋯



Hubble variation correlation

/119

δ̄H(0; {ri | δ̄R
m(ri) = δR

m}) ≈ − f(Ωm)
3 ⟨ R2

r2
i ⟩

i

δR
m ≡ − f

3 Q

Hubble variation from an arbitrary discrete sample of distant SNe Ia (firstly derived)

δ̄H(0; {ri |ri ≫ R}) ≈ − f
3 ⟨[δ̄R

m(ri) − δ̄lin
m (ri)] R2

r2
i ⟩

i

Selecting distant SNe Ia with the same ambient density contrast at a scale R

There are enough data points to fit this non-local slope by selecting different discrete 
samples of distant SNe Ia with different ambient density contrasts at the same scale R  

Knon−local ≡ δ̄H(0; {ri | δ̄R
m(ri) = δR

m})
δRm

= − f
3 ⟨ R2

r2
i ⟩

i

≡ − f
3 Q

Observational tests

/1110

δI
m(ri) ≡ ρI

m(ri) − ρ̄m
ρ̄m

, I = 1,⋯, NDensity field of 
I-th ensemble

δ̄I
m(di) = 1

mi

mi

∑
j=1

δI
m(rj(di))

Ambient density contrast from I-th ensemble

|rj(di) − di |
2 < R2

δ̄I
m(dPI

1
) ≤ δ̄I

m(dPI
2
) ≤ ⋯ ≤ δ̄I

m(dPIn
)

Put all SNe in an ascending order

⟨δ̄I
m⟩k ≡ 1

100
100

∑
j=1

δ̄I
m(dPI

j+(k−1)s
)

Ambient density contrast of k-th group

H0 (⟨δ̄m⟩k ≡ 1
N

N

∑
I=1

⟨δ̄I
m⟩k) ≡ 1

N

N

∑
I=1

H0(⟨δ̄I
m⟩k)

δ̄H ≡ H0(⟨δ̄m⟩k) − Hbase
0

Hbase
0

= K⟨δ̄m⟩k

Ensemble averaged H0 from k-th group

Slope
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Conclusions and discussions

/1111

1. We have derived for the first time a theoretical estimation for our local 
Hubble variation from an arbitrary discrete sample of distant SNe Ia

2. We have found a residual linear correlation between our local Hubble 
constants fitted from different groups of SNe and their corresponding 

ambient density contrast of SN-host galaxies at a given scale

3. This residual linear trend becomes more and more positively correlated 
with the ambient density contrasts of SN-host galaxies estimated at larger 
and larger scales, on the contrary to but still marginally consistent with the 

theoretical expectation from the LCDM model

4. This might indicate some unknown corrections to the peculiar velocity of 
the SN-host galaxy from the density contrasts at larger scales or the 

smoking gun for the new physics



Lorenzo Valbusa Dall’Armi 
Third-year PhD Student in Padova, Italy 

 

Cosmology with cross-correlation of 
Gravitational Waves

JGRG31 Workshop
October 27, 2022 

Astrophysical OriginCosmological Origin

Boltzmann 
Approach

Imprint of relativistic and 
decoupled particle species on 
the angular power spectrum

Stochastic Gravitational-Wave Background 
Anisotropies 

 

[LVDA et al., PRD (2021)]

Large correlation with the CMB 
at large angular scales

[Ricciardone, LVDA et al., PRL (2021)]

Cosmic Rulers 
Formalism

Multi-frequency analysis and 
estimate of the kinetic dipole

[LVDA et al., Accepted by JCAP (2022)]

Shot Noise 
Computation

C54



Cosmological Background

η0 − ηrec

η0 − ηi

 Aμ

 hij

Large scales:

 
(CORRELATION)

1/k ≫ ηrec − ηi

Small scales:

 

(UNCORRELATION)

1/k ≪ ηrec − ηi

T [MeV]101110−6
(Neutrino 

decoupled)
Imprint of 

BSM particles

η [Mpc]10−1728014000

10−10

 Φ, Ψ

2π
q

•  GEOMETRIC OPTICS. 

• Boltzmann equation. 

• Solution in perturbation theory. 

• Zero-order solution: 
homogeneous and isotropic.  
Gravitons diluted by the 
expansion of the Universe. 

• First-order anisotropies 
imprinted: 

• At the production (model 
dependent). 

• By the propagation through 
the perturbed Universe 
(model independent).

q ≫ k →

[Alba, Maldacena, 2015] 
[Contaldi, 2016] 
[Bartolo et al., 2019] 



CGWB Angular Power Spectrum 
• The angular power spectrum is the sum of three contributions: 

•  

•  

•

CCGWB
ℓ,I (η0) = ∫

+∞

0

dk
k

P(k)[∫
η0

ηi

dηjℓ[k(η0 − η)]TΓ(ηi, k)]
2

CCGWB
ℓ,S (η0) = ∫

+∞

0

dk
k

P(k){∫
η0

ηi

dηjℓ[k(η0 − η)][TΦ(η, k)δ(η − ηi) + T′ Φ(η, k) + T′ Ψ(η, k)]}
2

CCGWB
ℓ,T (η0) = ∫

+∞

0

dk
k

P(k) ∫
η0

ηi

dη
1
4

(ℓ + 2)!
(ℓ − 2)! jℓ[k(η0 − η)]T′ h(η, k)

2

SW

ISW

IMPRINT OF BEYOND STANDARD MODEL PARTICLES

• At large angular scales, the angular power 
spectrum is sensitive to the number of relativistic 
and decoupled particle species

 

• Observations of the CGWB anisotropies at 
different frequencies (i.e. at different initial times 
of propagation) could allow to reconstruct the 
timeline of the particle content of the Universe.

CSW
ℓ ∼ T2

ϕ(ηi, k) ∼ (1 + 4
15 fdec(ηi))

−2
.

[LVDA et al., 2021]



CGWB x CMB 

CSW×SW
ℓ ∼ ( η0 − η*

η0 − ηi )
ℓ RESONANCE BETWEEN THE SW 

OF THE CMB AND THE ISW OF 
THE CGWB

LARGE CORRELATION!

[Ricciardone, LVDA et al., 2021]



CONSTRAINED REALIZATIONS

• The CGWB map at large angular scales is univocally determined by the CMB one. 

• The constrained realizations can be used to test foreground or systematic contamination in the data. 

[Ricciardone, LVDA et al., 2021]

Astrophysical Background



A BACKGROUND FROM UNRESOLVED SOURCES
• The energy density of the AGWB is obtained by summing all the contributions from GW unresolved sources 

along the past GW-cone, 

• The capability of the detector to resolve the sources has been taken into account in the window function , 
 
 
 
 
 
where the signal-to-noise ratio has been computed by using

w

Ω̄AGWB( f ) = f2

ρcritc2 ∫ dz
(1 + z)H(z) ∫ d ⃗θ p( ⃗θ) w( ⃗θ, z) R(z) dE

dfedΩe
( ⃗θ, fe)

fe=(1+z)f
.

w( ⃗θ, z) =
dNGW

d ⃗θ
( ⃗θ, z, SNR < SNRthr)

dNGW

d ⃗θ
( ⃗θ, z)

,

SNR = 4∫ df
|h( f ) |2

N( f ) .

Population of BBH

dNGW

dtdd ⃗θdz ( ⃗θ, z, td) = RGW(z = 0)
R⋆(z = 0) R⋆ (zform(z, td)) p(td) p ( ⃗θ, z)

UNIVERSE MACHINE
POPULATION  

SYNTHESIS CODE
LVK DETECTIONS

[Behroozi et al., 2018] 
[Bellomo et al., 2021]

[Mapelli et al., 2017] 
[Mapelli et al., 2019]

[LVK 2020, 2022] R⋆(zform) = ∫ dMh
dn

dMh
(Mh, zd)⟨SFRSF(Mh, zform) ⟩

p(td) ∼ 1
td

⃗θ = (M1 M2 χ1 χ2 ι){ { {

POWER LAW  
PLUS 
 PEAK

GAUSSIAN,  
μ = 0
σ = 0.1

UNIFORM



Contributions to the anisotropies
• There are three contributions to the AGWB anisotropies: the intrinsic, the kinetic and the shot 

noise fluctuations. 

• The intrinsic anisotropies are due to clustering, to the relative velocity of the sources and to the 
metric perturbations. 

• The kinematic dipole is induced by the observer motion w.r.t. the rest frame of the sources. 

• The AGWB is generated by discrete sources, which are distributed according to a Poisson PDF, 
therefore shot noise fluctuations in the sky are expected.

[Jenkins, Romano, Sakellariadou, 2019] 
[Jenkins, Sakellariadou, 2019] 
[Alonso et al., 2020] 
[Bellomo et al. 2021] 

[Cusin et al., 2018] 
[Bertacca et al., 2019]

[Cusin, Tasinato, 2022] 
[LVDA et al., 2022] 
[Chung et al., 2022]

Kinetic Dipole

[Planck, 2013] 
[Gibelyou, Huterer, 2012] 
[Rubart, Schwartz, 2013] 
[Secrest, 2020]

Many estimates of our peculiar velocity 
from many independent probes

Tensions between the estimates from 
different surveys (plus CMB anomalies)

⃗vLSS ≠ ⃗vCMB ?

Add the AGWB as another, independent, observable, with: 
• Sky coverage almost equal to one; 
• Many frequencies accessible, thus we can measure the 

signals produced by different kind of sources; 
• Better component separation from shot noise and the 

intrinsic anisotropies.



The dipole at different frequencies

• The SN dominates the angular power spectrum of orders of magnitude. 
• At small frequencies, the contributions to the anisotropies do not depend on the frequencies, but 

at larger frequencies (accessible by ET or CE) they exhibit different frequency shapes. 

INSPIRAL

Ω̄AGWB( f ) = f 2/3 ∫ dz…

Frequency independent kernels!

INSPIRAL+MERGER+RINGDOWN

Ω̄( f ) = ∫ dz F( f, z)

Frequency dependent kernels!

[LVDA et al., 2021]

Component Separation (without instrumental noise)

⃗dobs(30 Hz) ⃗dKD(30 Hz)

‘’Hidden Contribution’’

Component Separation 
 with ILC

The reconstruction of the KD 
 agrees with the input one  

( )SNR ≈ 10

⃗dKD(30 Hz)
[LVDA et al., 2021]



Component Separation (with instrumental noise)

• We define an estimator by multiplying the signals by some weights and by adding it a bias 

• We find  by imposing that the estimator is unbiased and by minimizing the covariance which comes not only from 
instrumental noise, but also from the contaminations of the other contributions to the signal (SN + intrinsic noise). 

• The covariance we have found for our estimator of the dipole is  
 

                   

E , b

covij = cov(vo,i, vo,j) = Tobs ∑
ϑ

ΔΩ2 ̂ni
ϑ ̂nj

ϑ ( 1
Ω̄AGWB( fpiv)

4π2f3

3H2
0 )

2

covϑϑ′ 
,

covϑϑ′ 
= 2δϑϑ′ 

∑f Tr (S−1
f BKD

f,ϑ S−1
f BKD

f,ϑ )
+ δϑϑ′ ∑

f, f′ ,ϑ′ ′ 

Tr (S−1
f BKD

f,ϑ′ ′ 
S−1

f BKD
f,ϑ′ ) Tr (S−1

f′ 
BKD

f′ ϑ′ 
S−1

f′ 
BKD

f′ ,ϑ′ ′ )
[∑f Tr (S−1

f BKD
f,ϑ S−1

f BKD
f,ϑ )]

2
CSN+int

ff′ 

ℰKD
f ℰKD

f′ 

.

ĨKD
piv,ϑ = ∑

A,B, f, f′ 

df,AEff′ 

ϑ,ABdf′ ,B − bϑ .

Contribution canceled by 
the different shapes in 

 frequency between the 
dipole and the SN

The detection of the 
dipole depends just on 
the instrumental noise [LVDA et al., 2021]

Improvements w.r.t. the standard approach

• Plot of the SNR of the kinematic dipole with the old (auto+cross) and the new technique (auto). 
• With a multi-frequency analysis, we are able to increase, in the limit of low instrumental noise, the 

precision of the detection by an order of magnitude.



Summary

• The angular power spectrum of the cosmological background can constrain the fraction of 
relativistic and decoupled particle species at a different epochs (before BBN). 

• The cross correlation between the CMB and the CGWB at large angular scales is almost one; 
this fact could be exploited in a future analysis of the anisotropies. 

• By exploiting the frequency dependence of the anisotropies of the AGWB, we are able to 
separate the components that contribute to the total signal. An example is the cleaning of 
the kinematic dipole map w.r.t. the shot noise contamination. 

• By using this new multi-frequency analysis, we are able to constrain the observer’s motion 
with  with the detector network ET+CE for a BBH signal consistent with the upper 
bounds of LVK.

SNR ≈ 3
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Primordial Gravitational-waves (PGWs)
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?

Cosmic Microwave Background 
(CMB)

General prediction of inflation 
Observed as one kind of SGWB

Stochastic Gravitational-wave Background 
(SGWB)

Rich information about the early universe 
 & 

 Directly verify inflation

Difficulties in directly measuring the inflationary SGWB 

[Abbott, B. P. et al. Physical Review Letter (2017)]

easily covered 
by an 

astrophysical 
background 

(e.g. Binary 
Black-holes and 
Binary Neutron 

Stars)

predicted energy density 
is weak



Many studies on distinguishing SGWB
Spectral separation 

Ungarelli & Vecchio, 04; Adams & Cornish, 14; Parida+, 16, 
Boileau+, 21; Poletli, 21, … 

Spectral subtraction 
Regimbau+, 17; Pan & Yang, 20; Martinovic+, 21; Sachdev+, 20; … 

Anisotropies 
 Adshead+, 21; Bartolo+, 22; Malhotra+, 21; … 

PGW polarizations 
Seto, 06; Seto, 09; Smith & Caldwell, 17; Domcke+, 19;… 

and more…

Is there any unique feature of the inflationary SGWB  
without  an a priori assumption on the exact model?

This work asks:

These 
methods cannot 

guarantee that the 
remaining component is 

from inflation without 
assuming an exact 

inflation model.

Results

Yes, there is an unique angular correlation, 
the antipodal angular correlation 
(AAC) in the inflationary SGWB, 
resulting from the standing-wave nature 
after horizon re-entry. 
AAC is not expected in the 
astrophysical SGWB because the GWs 
are in the sub-horizon region all the 
time.

Good news
AAC is not measurable in direct GW 
observations under the standard 
assumptions (statistically isotropic or 
Gaussian). 

Strain correlation 
Intensity correlation 
Time-domain analysis 

but intensity AAC is an indicator of 
statistical anisotropic inflation.

Bad news



Antipodal Angular Correlation 
(AAC)

Characterizing the SGWB

hij(t, x) = ∑
P=+,−

∫
∞

−∞
df∫S2

d2n̂ hP( f, n̂) eP
ij (n̂) e−i 2π f (t−n̂⋅x)

Plane wave expansion random variables

strain polarization 
tensors

Correlation Functions

⟨h*P ( f, n̂1) hP′ 
( f′ , n̂2)⟩

higher orders…
 for the inflationary SGWB= ?



Evolution of PGWs in the expanding universe
Conformal time

η ∼ 0η < 0 η = η0η ∼ ηRD

hij(η, x) = ∑
P

∫ d3k
(2π)3 )prim

P (k) h(η, k) eP
ij (n̂) ei k⋅x

⟨ĥ†(ηin, k) ĥ(ηin, k)⟩ = 8πGH2

k3

Primordial power spectrum

h′ ′ (η, k) + 2 a′ 

a
h′ (η, k) + k2h(η, k) = 0

Evolution equation

 h(k) = const .
h′ (η, k) = 0

h(η, k) = A1
sin(kη)

kη
+ A2

cos(kη)
kη h(η, k) = eikη − e−ikη

2ikη

Standing-waves after 
horizon re-entry!

Comoving 
horizon 
1/(aH)

Horizon re-entry

AAC of the inflationary SGWB

n̂

h( f, n̂)
h(−f, n̂)

−n̂

h( f, − n̂)

h(−f, − n̂)

h( f, n̂) h(−f, − n̂)
hij(t, x) = ∑

P=+,−
∫

∞

−∞
df∫S2

d2n̂ hP( f, n̂) eP
ij (n̂) e−i 2π f (t−n̂⋅x)

η → t : η ≃ η0 + 1
a0

(t − t0)
The age of the universe

h(η, k) = eikη − e−ikη

2ikη +

k̂

+

hP( f, n̂) = − h−P(−f, − n̂) e−4πifη0

The Antipodal Angular Correlation (AAC)

Plane-wave expansion



AAC of the inflationary SGWB
⟨hP( f, n̂1) h*P′ 

( f′ , n̂2)⟩

= δ( f − f′ ) δPP′ 
δ2(n̂1, n̂2)

1
2 Sh( f ) + δ( f + f′ ) δP(−P′ ) δ2(n̂1, − n̂2)

1
2 Ah( f )

2-point 
Correlation 
Function

Ah( f ) = − Sh( f ) e−4πifη0

Normal contribution 
in SGWB

The antipodal contribution 
only results from PGWs

 |Ah( f ) | ∼ |Sh( f ) |

Δf ∼ 1/η0 ∼ 1/Tage ∼ 10−18 Hz

hP( f, n̂) = − h−P(−f, − n̂) e−4πifη0

AAC

The measurability of AAC



Strain Correlation
Cross Correlation for detecting an SGWB

⟨S⟩ = ∫
−T/2

T/2
dt ⟨s1(t) s2(t)⟩ = ∫

−T/2

T/2
dt ⟨h2(t) + h(t) s2(t) + h(t) s1(t) + s1(t) s2(t)⟩ = ∫

−T/2

T/2
dt ⟨h2(t)⟩

[Allen & Romano 99]

The observable quantity for the strain

hP( f, n̂)
×

hP;T( f, n̂) = ∫
∞

−∞
df′ hP( f′ , n̂) WT( f − f′ ) Frequency resolution is 

limited! | f′ − f | ≃ 1/Tobs

[Allen+ 00; Bartolo+ 19]

⟨hP;T( f, n̂) h*−P;T(−f, − n̂)⟩ = ∫
∞

−∞
df′ 

1
2 Sh( f′ ) |WT( f − f′ ) |2 e−4πif′ η0

The AAC in the strain correlation

≃ 0
“Problematic” phase factor

Intensity Correlation (This work)

Undesired phase factor e−4πifη0  phase-incoherent methods 
e.g., intensity map 

[Mitra+, 08; Renzini & Contaldi, 18]

Antipodal correlation in intensity

 IP ≡ |hP( f, n̂) |2  IP( f, n̂) = I−P(−f, − n̂)

Phase-decoherence effect during 
propagation [Margalit+, 20]

&



Intensity Correlation
Observable intensity

IP

the phase factor remains in 
observable quantityIP;T( f, n̂) = |hP;T( f, n̂) |2

= ∫
∞

−∞
df′ ∫

∞

−∞
df′ ′ 

)pri
P ( f′ , n̂) )*pri

P ( f′ ′ , n̂)
16π2 η2

0 f′ f′ ′ 

e−2πi( f′ −f′ ′ )η0 WT( f − f′ ) W*T ( f − f′ ′ )

ΔIT
(n̂, − n̂) ≡ ⟨δIT(n̂) δI*T (−n̂)⟩ ≃ 0

primordial modes  are Gaussian:hP( f, n̂)

where δIP;T( f, n̂) ≡ IP;T( f, n̂) − ⟨IP;T( f, n̂)⟩

Variance of antipodal 
contribution

Ensemble average?
 ℐP;T ≡ ⟨IP;T( f, n̂)⟩

IP;T( f, n̂) = ∫
∞

−∞
df′ ∫

∞

−∞
df′ ′ 

)pri
P ( f′ , n̂) )*pri

P ( f′ ′ , n̂)
16π2 η2

0 f′ f′ ′ 

e−2πi( f′ −f′ ′ )η0 WT( f − f′ ) W*T ( f − f′ ′ )⟨ ⟩ ⟨ ⟩
∝ δ( f′ − f′ ′ )

The ensemble average can eliminate the undesired phase factor, however,  
it will erase the directional-dependent information under the statistical 

isotropy.

 ⟨IP;T( f, n̂)⟩ = π
2 ∫

∞

−∞
df′ 

Ph,in( f′ )
η2

0 ( f′ )2 |WT( f − f′ ) |2 = ℐP;T( f ) (n̂) ×



Indicator of anisotropic inflation

IP;T( f, n̂) = ∫
∞

−∞
df′ ∫

∞

−∞
df′ ′ 

)pri
P ( f′ , n̂) )*pri

P ( f′ ′ , n̂)
16π2 η2

0 f′ f′ ′ 

e−2πi( f′ −f′ ′ )η0 WT( f − f′ ) W*T ( f − f′ ′ )⟨ ⟩ ⟨ ⟩
∝ δ( f′ − f′ ′ )Ph,in(2πfn̂)

 ⟨IP;T( f, n̂)⟩ = π
2 ∫

∞

−∞
df′ 

Ph,in( f′ n̂)
η2

0 ( f′ )2 |WT( f − f′ ) |2 = ℐP;T( f, n̂)

Statistical anisotropy

ΔIT
(n̂, − n̂)/ΔIT

(n̂, n̂) = 1Variance of antipodal 
contribution

Antipodal correlation as an 
indicator of anisotropic 

inflation
ΔIT

(n̂, n̂) ≡ ⟨δIT(n̂) δI*T (n̂)⟩
δIP;T( f, n̂) ≡ IP;T( f, n̂) − ⟨IP;T( f, n̂)⟩

Classification of the (un)measurable angular correlations in SGWB  

Perturbed background induced 

Fossil field induced (Scalar-tensor-tensor primordial non-Gaussianity) 

… 

The replacement/explanation of the ensemble average in practice.

Future works

Antipodal angular correlation (AAC) as a distinguishable feature b/t inflationary 
and astrophysical SGWB. 

It is unfortunately unmeasurable in the direct GW observations  

under some standard assumptions (Gaussian or statistical isotropy) on PGWs. 

The intensity AAC as an indicator of statistical anisotropic inflation.

Summary

[Malhotra+, 21; Adshead+, 21;…]



Thank you for your attention!

Material supply



Time-domain analysis

C(t0, τ, n̂1, n̂2) ≡ ⟨hP(t0 − τ/2,n̂1) hP′ 
(t0 + τ/2,n̂2)⟩

Correlation function

 -the starting time of one obs. 

 -the duration

t0
τ

CS(τ) ≡ C(t0, τ, n̂, n̂) = 1
2 ∫

∞

−∞
df Sh( f ) e2πifτ

CA(t0) ≡ C(t0, τ, n̂, − n̂) = 1
2 ∫

∞

−∞
df Ah( f ) e−4πift

= − 1
2 ∫

∞

−∞
df Sh( f ) e−4πif(η0+t0)

Sh( f ) ∝ f −3

1. The normal contribution

2. The AAC contribution  CA ≪ CS ,

(CA/CS ≃ 2(10−10))



���������������	������������������ �����������
	����	���������
��

@JG�)(U9��5!5�<4TMUJ4R�.�AP.;GTU.9>�4H�@4M>4

�0"��2 ��	"�������

-������#�DC� �#�� �AP.;
�4H�@4M>4%�!3?13A�
0)��GDD:�G-:/BG)�2B/A

1:-&��B) (:-.A��7)BN��G"��!D.B)&B��7)BN��G"��M..!P 
:-�BN		����
�()

�������������� 	������������������ �����������
	����	���������
��

@JG�)(U9��5!5�<4TMUJ4R�.�AP.;GTU.9>�4H�@4M>4

�0"��2 ��	"�������

-������#�DC� �#�� �AP.;
�4H�@4M>4%�!3?13A�
0)��GDD:�G-:/BG)�2B/A

1:-&��B) (:-.A��7)BN��G"��!D.B)&B��7)BN��G"��M..!P 
:-�BN		����
�()

#�AC������ �BB�"!� �
��

C56



��������
Ø#�"6 ��!!��5� �� �������6�� 
655!�!" 6�5!

Ø�� "6������6!!6���� ���!" 6�5���"%� �

Ø& �A6"�"6�����%�A������5 �#���� �������!

Ø�#��� C����6!�#!!6��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

� ������������������� ��������������������

• ������!�����B� "����

b94R4N4I.ECNN>�U9CDNG�@U9T.PIC�FGHGE9
B 9GPU.4P,�!" ∼ 10!" &/10#"GeV $

üU.ORNGU9�TGCN.?C9.4P 4H�E4UO.E�U9T.PIU
b NCTIG&UECNG�NC99.EG�U.OWNC9.4PU�4H�9JG�AGNF�9JG4T>

� ��

 7FB,OBK���8,BOBK�
.+,�

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

L = �1

4
Fµ⌫F

µ⌫ + |Dµ�|2 � V (�)
<latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit><latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit><latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit><latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit>

V (�) =
1

4
�
�
|�|2 � ⌘2

�
<latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit><latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit><latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit><latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit>

�����	�� �
����	�� �

���1��
�0��(� ���� 

0BRFO��(&&,



� ������������������� ��������������������

• ������!�����B� "����

b94R4N4I.ECNN>�U9CDNG�@U9T.PIC�FGHGE9
B 9GPU.4P,�!" ∼ 10!" &/10#"GeV $

üU.ORNGU9�TGCN.?C9.4P 4H�E4UO.E�U9T.PIU
b NCTIG&UECNG�NC99.EG�U.OWNC9.4PU�4H�9JG�AGNF�9JG4T>
B N44RU�TCR.FN>�G;CR4TC9GU�D>����BB�����,����A����C�"!
B �4�4DUGT;CDNG�5B�


�-

� ��

 7FB,OBK���8,BOBK�
.+,�

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

L = �1

4
Fµ⌫F

µ⌫ + |Dµ�|2 � V (�)
<latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit><latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit><latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit><latexit sha1_base64="52+rTgkaPo77SjGkf0N6ufy8cYo="></latexit>

V (�) =
1

4
�
�
|�|2 � ⌘2

�
<latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit><latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit><latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit><latexit sha1_base64="puNkPbyv8zafmeBYvvclhcW/inU="></latexit>

�����	�� �
����	�� �

���1��
�0��(� ���� 

0BRFO��(&&,

� ������������������� ��������������������

• -���!C�B� D��C�"!�"���!��E��D����""#B
�4T�N44RU�ETGC9GF�<.9J�C�URGE.CN�.P.9.CN�E4PF.9.4P%
ENCUU.ECN�TCF.C9.4P�ECP�DG�UWRRTGUUGF�WP9.N�+%&'(

bNCTIG�N44RU�TCF.C9G�ITC;.9C9.4PCN�<C;GU��
�≃ .��#�
�"� �%�.��0! 

� ��

 6!PO4K!-F��(&
.��3FKA-!NO(��(&(
��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

!!"#$

Φ

D�C�� �BB�!��A .P;GU9.IC9.4P�4H����U9T.PIU�-



� ������������������� ��������������������

• -���!C�B� D��C�"!�"���!��E��D����""#B
�4T�N44RU�ETGC9GF�<.9J�C�URGE.CN�.P.9.CN�E4PF.9.4P%
ENCUU.ECN�TCF.C9.4P�ECP�DG�UWRRTGUUGF�WP9.N�+%&'(

bNCTIG�N44RU�TCF.C9G�ITC;.9C9.4PCN�<C;GU��
�≃ .��#�
�"� �%�.��0! 

B  T4FWE9.4P�TC9G�4H�UWEJ�N44RU�.U�SW.9G�WPEGT9C.P



5B��HT4O����N44RU�PGGFU�94�DG�SWCP9.AGF


� ��

 6!PO4K!-F��(&
.��3FKA-!NO(��(&(
��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

!!"#$

Φ

D�C�� �BB�!��A .P;GU9.IC9.4P�4H����U9T.PIU�-

� ������������������� ��������������������

Φ

��   �

������   �

#�AC������ �BB�"!
� ���"�2��2"$� 7


�B � ���.�02 ".���
� .0"������ �. �2�����!

� ���
�������	
�

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

� ��



� ������������������� ��������������������

Φ

��   �

������   �

#�AC������ �BB�"!
� ���"�2��2"$� 7


�B � ���.�02 ".���
� .0"������ �. �2�����!

� ���
�������	
�

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

� ����

⋅⋅⋅Φ "

� ��

,)*$
? FOFSH<�-OKFDU-PO

-OUP�W-T-CMF�TFDUPS

 6LP! ��3FKA-!NO(�(&
��

3FSN-��.! //:

P

R
P
R

� ������������������� ��������������������

Φ

��   �

������   �

#�AC������ �BB�"!
� ���"�2��2"$� 7


�B � ���.�02 ".���
� .0"������ �. �2�����!

� ���
�������	
�

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

� ����

⋅⋅⋅Φ "

� ��

SFDFOU��!.���-

,)*$

-+,

? FOFSH<�-OKFDU-PO
-OUP�W-T-CMF�TFDUPS

 6LP! ��3FKA-!NO(�(&
��

3FSN-��.! //:

P

R
P
R

 3FKA-!NO(��(&(
��

? �A/�PCTFSWBU-PO



��������
Ø#�"6 ��!!��5� �� �������6�� 
655!�!" 6�5!

Ø�� "6������6!!6���� ���!" 6�5���"%� �

Ø& �A6"�"6�����%�A������5 �#���� �������!

Ø�#��� C����6!�#!!6��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

�����-���������������������������"���

• ���A��C�A�H�!��#�AC������ �BB�"!
�P9T4FWE.PI�,)*$ CU�C�HTCE9.4P�4H�GPGTI>�9TCPUHGT

�PLGE9GF�GPGTI>�FGPU.9>�WP9.N�.

/-,�GS
�4H�U9C9G�RCTCOG9GT�4H�U9T.PIU
0-,�GPGTI>�FGPU.9>�4H�U9T.PI�PG9<4TM�

� ��

 6LP! ��3FKA-!NO(�(&
��

+�UPUBM�4P;FS&VO-U�WPMVNF

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

=��
4MBTNB

.!



�����-���������������������������"���

• ���A��C�A�H�!��#�AC������ �BB�"!
�P9T4FWE.PI�,)*$ CU�C�HTCE9.4P�4H�GPGTI>�9TCPUHGT

�PLGE9GF�GPGTI>�FGPU.9>�WP9.N�.

/-,�GS
�4H�U9C9G�RCTCOG9GT�4H�U9T.PIU
0-,�GPGTI>�FGPU.9>�4H�U9T.PI�PG9<4TM�

� ��

 0BRFO��(&&,��3FKA-!NO(��(&&-�������

 6LP! ��3FKA-!NO(�(&
��

+�UPUBM�4P;FS&VO-U�WPMVNF

���������������"�������� ��"��!��� 

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

=��
4MBTNB

.!

�����-���������������������������"���

• �"BB���������G����!!���"��BCA�!�B
 4T9CN�E4WRN.PI�94�?:��.IIU�ECP�DG�.P9T4FWEGF,�

U9T.PI�b �U9T.PI�AGNF�Φ��b ?:��.IIU�2
�!�#���G) !).:/!�G"�! S �M.H�:))BABD:/BG) �

?J4<GT�4H�GPGTIG9.E�?:��.IIU�O.IJ9�CN9GT



a�.I��CPI��WENG4U>P9JGU.U��� ��� ��.��0��!" .��" 
a�.dWUG�c&TC>�DCEMIT4WPF���."2�"��2�0��!" .��" 

	 ��

  !#(!OM!PF (&&.��
Φ #

�-HHT�DPOEFOTBUF

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

 6LP! ��3FKA-!NO(�(&
��



�����-���������������������������"���

• �"!BCA��!C��A" �C�����B������!�A�G���!B�CG
�PLGE9.4P�9JC9�GPFU�WR�.P�9JG�3:�ECUECFG,

 T.OCNN>�EJ
,��.IIU�b 343 b⋅⋅⋅
OCP>�RJ494PU�;.C�R.4P�FGEC>�b-/0 ≃ 1

�T4O�9JG��5!��OGCUWTGOGP9�D>��GTO.&9�@�


 ��

 6��3FKA-!NO(��
( (&((��

@����3��"#!17�#�253��5"�#65�"1�5��!45!�
&?44FS�CPVOE�PO�Δ2!/4 BU 5""# UP�BWP-E�E-TTPD-BU-PO

!" ≲ 4 × 10!#$ ,)*!$
 0BNB8FKOHT��(&
+�

V7����

⋅⋅⋅

5 ∼ 5$

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

 0(!PP!#(!NGBB��(&&&�

��������
Ø#�"6 ��!!��5� �� �������6�� 
655!�!" 6�5!

Ø�� "6������6!!6���� ���!" 6�5���"%� �

Ø& �A6"�"6�����%�A������5 �#���� �������!

Ø�#��� C����6!�#!!6��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �



���!����������"�!����-���� �������������

• 
��� �BB�"!��A" �+� �D�
"C"�������""#B
HTCE9.4P�4H�N44RU 4DG>.PI��5�F>PCO.EU,�-+,�≲ 0.1�
b?5B��HT4O�-+, ⋅ n +, . N44RU

� ��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

 �-OENBSTI��)
))�

MPP4�E-TU��OPU�5VBOU-G-FE�-O�.��T-NVMBU-PO����

���!����������"�!����-���� �������������

• 
��� �BB�"!��A" �+� �D�
"C"�������""#B
HTCE9.4P�4H�N44RU 4DG>.PI��5�F>PCO.EU,�-+,�≲ 0.1�
b?5B��HT4O�-+, ⋅ n +, . N44RU

�4T�n +, . %�<G�CF4R9���?�O4FGN�
DCUGF�4P��5&U.OWNC9.4P


� ��

EPTA(2015)

NANOGrav(2018)

PPTA(2015)

Gμ=1e-10, fNG=1

Gμ=1e-7, fNG=0.05

1.×10-10 5.×10-10 1.×10-9 5.×10-9 1.×10-8 5.×10-8 1.×10-7
5.×10-11

1.×10-10

5.×10-10

1.×10-9

5.×10-9

f[Hz]

h2
Ω
gw

!" = 10!"#, '$% = 1

78 = 10%&, ='( = 0.05

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

&(�!"2.���),-����2��
0.��.�!� �2 .���"2��.!�.� 2�2 2�02�

 �-OENBSTI��)
))�

 0,!K#L�9F,,!AL��(&
,��

MPP4�E-TU��OPU�5VBOU->FE�-O�.��T-NVMBU-PO����

 �PSFOU=��)
(
��

⌦(AH)
gw (f) = fNG⌦

(BOS)
gw (f)

<latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="QzZze3BmXNiy3AZGR7XoGzy7jfE="></latexit><latexit sha1_base64="QzZze3BmXNiy3AZGR7XoGzy7jfE="></latexit><latexit sha1_base64="vntTQfviACEpOTE37dK0niaKI48="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="QzZze3BmXNiy3AZGR7XoGzy7jfE="></latexit><latexit sha1_base64="QzZze3BmXNiy3AZGR7XoGzy7jfE="></latexit><latexit sha1_base64="vntTQfviACEpOTE37dK0niaKI48="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="QzZze3BmXNiy3AZGR7XoGzy7jfE="></latexit><latexit sha1_base64="QzZze3BmXNiy3AZGR7XoGzy7jfE="></latexit><latexit sha1_base64="vntTQfviACEpOTE37dK0niaKI48="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit><latexit sha1_base64="leOJufqK0FhyY76wYTmW5Z99W3w="></latexit>



���!����������"�!����-���� �������������

• -���!C�����A�BD�CB��!��BCA�!��
��
@E4OO4P�U94EJCU9.E�RT4EGUUC�<CU�4DUGT;GF� B�BDL�PG��1�DPSSFMBU-PO ,�NB<�OPU��A/�

b R4<GT&NC<�UGCTEJ�4H�5B�

� ��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

 �(B�7�782N!R #L,,!"LN!PFLK�(&(&��

�O�UFSNT�PG� 78��='(�-

���!����������"�!����-���� �������������

• -���!C�����A�BD�CB��!��BCA�!��
��
@E4OO4P�U94EJCU9.E�RT4EGUUC�<CU�4DUGT;GF� B�BDL�PG��1�DPSSFMBU-PO ,�NB<�OPU��A/�

b R4<GT&NC<�UGCTEJ�4H�5B�

:4FGN.PI�N.MGN.J44F�94�OCR,�!"%�-+,�b�=%�>��

bRT4LGE9�E4P94WTU�D>�WU.PI�OCRRGF�R4.P9U�

� ��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

 �P;M-OH��)
))�

varying Gμ
varying fNG

4.2 4.4 4.6 4.8 5.0 5.2
-15.4

-15.2

-15.0

-14.8

-14.6

-14.4

-14.2

γ

A



��������

��������

!SM2 = 2.5×10−2

!SM2 = 6.0×10−%

���!����������"�!����-���� �������������

• �" ��!�!������A�BD�C�)�C���
-���"!BCA��!C
 @��E4PU9TC.P9U�.P��!"%�-+,��RNCPG,

@4�CEE4WP9�H4T�����5TC; TGUWN9%�
-+, ≳ 10!$

B O49.;C9GU�HWT9JGT�N44R�U.OWNC9.4PU
,)*$ ≲ 10!@

B .ORN.EC9.4P�94�O4FGN�DW.NF.PI

 ��

 6��3FKA-!NO(��
( (&((��

='( ≥ 0.1

1B

2B

@78 ≲ 10%& C<�0�/� �MBODL�)
(����='( ≲ 0.1

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

��������
Ø#�"6 ��!!��5� �� �������6�� 
655!�!" 6�5!

Ø�� "6������6!!6���� ���!" 6�5���"%� �

Ø& �A6"�"6�����%�A������5 �#���� �������!

Ø�#��� C����6!�#!!6��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �



� ����#

ü���U9T.PI�PG9<4TM�OC>�TCF.C9G�D49J�#�AC����B���
��
bOWN9.&OGUUGPIGT�E4PU9TC.P9U�D>�EJCTCE9GT.?.PI�9<4�U.IPCNU

ü�UUWO.PI�9JC9�U9T.PIU�F4O.PCP9N>�FGEC>�.P94�?:��.IIU%�
!" ≲ 4×10!#$,EF!$ HT4O��5!��!�����E4PU9TC.P9


ü����5TC; TGUWN9�TGSW.TGU�!"-GH$." ≳ 3.2×10!#@ C9�+ 

b -+, ≳ 10!$ !�,EF$ ≲ 10!@ CTG�HC;4TGF�94�C;4.F�49JGT�E4PU9TC.P9U


�� ��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

���- �����

• �49�E4PENWU.;G�E4PU9TC.P9U�DW9�"���A�!�� D�C�� �BB�!��A�BCD�G
R/GG�!:-D4�/G��D:B(�.8,� !/!�/BG)��4��6��
R�-!:/BG)�G"�2.�DB&!�DGGH.�B)����(G !D�B.�IMB/!�M)�!-/:B)���

• �ORN.EC9.4PU�94�9JG�O4FGN�DW.NF.PI
R-:-&�1://!-���: B:/BG) ��:)�:D.G��!�H-G M�! �"()* + "+)* + "+,* ≃ 1
R"+)* �:)��!�/B#A/D4��G)./-:B)! ��M/�"+,* B.�)G/�

• 3=9GPU.4P�94�49JGT�O4FGNU%�G
I
�B 1 I!J DTGCM.PI


-�

�� ��

 TFF�F�H���-OENBSTI �)
(�

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �



	��� ����� ����������� ����

• �)"���-�A�!C�A�BD�CB
5TC;.9C9.4PCN�DCEMTGCE9.4P�CTG�F.dGTGP9N>�9TGC9GF,�

 0,!K#L�9F,,!AL��(&
)���LNBKP8��(&
&��

�.0���459 �/0���459

 �#��)
)(�

AFMM�BHSFF�;-UI�BOBM<U-DBM�
B44SPBDI� #�=�NPEFM� 2OFSH<�CBMBODF�CU;�

MPOH�TUS-OH���TNBMM�MPP4T���-

!PP�T-N4M->FE���-

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

�����������
�������

• 
���B#��CAD ��A" �+
�B� D��C�"!
aE4P9T.DW9.4P�HT4O�4UE.NNC9.PI�N44R�F.U9T.DW9.4P,�C +, . = .!Kn(+/.)

14P9.PW4WUN>�IGPGTC9GF�<.9J�+/. ∼ 0.1
9JT4WIJ�4W9�9JG�J.U94T>�4H�WP.;GTUG


 0,!K#L�9F,,!AL��(&
,�� O#!,FK'

 1LN�!�AF:BNBKP�,LLM�AFOPNF"4PFLK� ����-LAB,���OBB��LNBKP8��(&
&��

MLSBN�OMB#PN4-
L&�K�P( -LAB

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �



���������������������	-����
�����������

• &����C�"��#�AC������ �BB�"!�C"�C����""#��A��C�"!
944RU�.P����O4FGN�F4O.PCP9N>�GO.9�5BU�WP9.N�+%&'( b J.IJ�HTGS
�EW94HH

 �4#,!FN��(&
.��

4��7�1#54�2B�87�8" 4��7�1#54�2B�3$" "

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �

��	�-���������������-�#���������!�������-��

• ����C���� �!C���D!��!��

	(���)���(�(���1�2  4!S!O!HF��(&
,�

TUS-OH�A Φ A M A NON

2GGFDU-WFM<��B�T4FD-F�P

$ ∼ &!

 6��0��3FKA-!NO(��
( (&((��

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �



 �������������������

• +� �D�
"C" �����A���B�������CC����B� D��C�"!�
9>R.ECNN>%�9TGC9GF�CU�.PAP.9GN>�9J.P�(F&4DLGE9,��5�CE9.4P

TGNC9.;.U9.ECNN> 4UE.NNC9.PI�N44RU�b �
��
��TG&E4PPGE9.4P�TWNGU�b UECN.PI�DGJC;.4T

�4<G;GT%�.P�9JG�NC99.EG�U.OWNC9.4P%
N44RU�TCR.FN>�G;CR4TC9G�D>�9JG�#�AC������ �BB�"!�

0BRFO��(&&,

%)"�!����  ��������� !����! ����!�����������	��� ��� ���� !����������C 
"�A#� ("�� �-,��#�������- �



The prospect of distinguishing stellar-mass compact objects in extreme
mass ratio inspiral system with LISA

Mostafizur Rahman

Dept. of Physics
Indian Institute of Technology, Gandhinagar

Gujarat-382355, India

[2112.13869] with Arpan Bhattacharyya

31st Workshop on General Relativity and Gravitation in Japan (JGRG31)

Mostafizur Rahman (IIT, Gandhinagar) EMRI October 27, 2022 1 / 15

Table of Contents

1 Motivation

2 Model for the EMRI system

3 Results

4 Conclusion and Future Directions

Mostafizur Rahman (IIT, Gandhinagar) EMRI October 27, 2022 2 / 15

C57



Extreme Mass Ratio Inspiral (EMRI)

⌅ EMRI:

System: Super Massive Compact object :
the primary,
Stellar- Mass compact Object: the
secondary
q ⇡ 10�4

� 10�7

The system emit gravitational waves in
millihertz frequencies.

-10 -5 5 10

-10

-5

5

10

⌅ Goal: Whether we identify the nature of secondary with LISA observation?
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Modeling the EMRI system and MPD equations

⌅ Model:

The primary: Super massive Kerr BH
The secondary: Spinning extended object subject to
quadrupolar deformation

[Image
Source: google]

The SET of secondary object allows for a multipolar expansion.
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⌅ Spin Induced Quadrupolar Tensor (SIQT)

J
↵��� = �

3
m2 p

[↵
Q

�][�
p
�]

Q
↵� = CQS

↵
µS

�µ/m : Mass quadrupole
tensor

Secondary CQ

Black hole 1
Neutron star 3 � 20
Boson star 10 � 150
White Dwarf 103

� 105

Brown Dwarf ⇠ 106

[Phys. Rev. D 104, 084056 (2021)]

⌅ An order of magnitude analysis:
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↵

d⌧ 2 = q f
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SIQT
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↵
(2) +...

E ⇠ m, Ė ⇠ (qh
(1))2, Ti =

E
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M

q
� 1

Over the inspiral period f
↵
(2) produces a shift

z
↵
⇠ q

2
f
↵
(2)T

2
i ⇠ q

0

We can not neglect the effect of second order force terms
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Dynamics of EMRI sytem and adiabatic approximation

Dynamics of the secondary governed by Mathisson-Papapetrou-Dixon (MPD) equation
Assumptions: The secondary moves on the equatorial plane of the primary and their spin
is aligned

From MPD equation, we get ṙ
2 = V , from which we get the energy and angular

momentum of stable circular obrits and the position of ISCO

⌅ Adiabatic Approximation:

Inspiral time scale Te(⇠ M/q) � Orbital
time scale To(⇠ M)

✓
dE

dt

◆orbit

= �

⌧
dE

dt

�

GW

Inspiral ⌘ Flow through a sequence of
circular orbit.
The flow determined by the rate of change
of energy E. [Image Credit: Adam Pound]
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Teukolsky Equation

GW flux at specific radius r0 (dE/dt) / h(ḣ+)
2 + (ḣ⇥)

2
i

✓
dE

dt

◆1,H

GW
=

1X

`=2

X̀

m=�`

|A
H,1
`m! |

2

2⇡(m⌦)2 ,

where,

A
H,1
`m! = Const.

h
A0 � A1@r + A2@

2
r � A3@

3
r + A4@

4
r

i
R

in,up
`m!

����
r0,⇡/2

Total flux, F = (Ė)1 + (Ė)H

Adiabatic evolution of orbital radius r(t) and phase �(t)

dr

dt
= �F(r)
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dr

◆�1

,
d�
dt

= ⌦(r(t))

GW phase �GW = 2�
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GW phase

Throughout the inspiral, the phase can be written as

�GW(t) = �(0)(t) + ��(1)(t) + q�2��(2)(t) +O(�3)

��(2)(t) = �(2)
� (t) + CQ�

(2)
Q

(t)
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Total accumulated GW phase

�GW(tend) = �0(tend) + ��(1)(tend) + q�2
⇣
�(2)

� (tend) + CQ�
(2)
Q

(tend)
⌘

Deviation in the orbital phase caused by quadrupolar deformation

��(tend) = CQq�2�(2)
Q

(tend), �(2)(tend) ⇡ O(1 � 25)

Mostafizur Rahman (IIT, Gandhinagar) EMRI October 27, 2022 9 / 15

Possible values of Spin

a �(2)
Q

(tend)

0 1.63344
0.3 3.17133
0.6 6.65017
0.9 14.8259

0.99 24.5308

Secondary �max

Black hole 1
Neutron star 0.7 1

Boson star & 1 2

Gravastar ⇠ 1.2 3

Superspinar > 1 4

[[1]Astrophys. J. 424 (Apr., 1994) 823]
[[2]arXiv:2203.07442 [gr-qc].]

[[3]Phys. Rev. D 78 (Oct, 2008) 084011. ]
[[4] Phys. Lett. B 672 (2009) 299–302 ]

n=1.5

n=2.5

0.2 0.4 0.6 0.8 1.0 1.2 1.4
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ms (M⊙)

χ
m
a
x

[Phys. Rev. D 67 ( 2003) 024005]
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Prospect of Detection

The systematic errors due to the inaccuracy in modeling should be less than the statistical errors
due to detector noise

The phase shift is resolvable if

��(tend) = CQq�2�(2)(tend) �
p

D � 1/⇢ = 0.1 rad

[PRL 123,101103 (2019)]
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Case Study

Case-I Neutron Star:

��NS = 0.0216
⇣

q

10�4

⌘✓
CQ

20

◆⇣ �
0.7

⌘2
 
�(2)

Q,end(a)

24.5308

!

(qref,C
ref
Q ,�ref) = (10�4, 20, 0.7)

Case-II Boson Star:

��ECO = 0.4411
⇣

q

10�4

⌘✓
CQ

50

◆⇣�
2

⌘2
 
�(2)

Q,end(a)

24.5308

!

(qref,C
ref
Q ,�ref) =(10�4, 50, 2)
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Case Study:

Case III: White dwarf

��WD = 0.882
⇣

q

10�6

⌘✓
CQ

104

◆⇣�
2

⌘2
 
�(2)

Q,end(a)

24.5308

!

(qref,C
ref
Q ,�ref) = (10�6, 104, 2),

Case IV: Brown dwarf

��BD = 4.5
⇣

q

10�10

⌘✓
CQ

2 ⇥ 105

◆⇣ �
80

⌘2
 
�(2)

Q,end(a)

3.17

!

(qref,C
ref
Q ,�ref) = (10�10, 2 ⇥ 105, 80, 0.3),
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Conclusion and Future Directions

⌅ Take away massage:

The effect of quadrupolar deformation can be quite significant of some ECOs like boson
star, white dwarfs, brown dwarfs and superspinors etc.
LISA can detect (if they exist!) these objects
The parameter space for detection increaases with primary’s spin

⌅ Future Directions:

Relaxing equatorial, circular orbit assumption
Consider of the effect of tidal field
Considering the effect of self-force
Whether we can do the same for equal mass binary system

Mostafizur Rahman (IIT, Gandhinagar) EMRI October 27, 2022 14 / 15
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Time evolution and quasinormal modes of odd parity perturbations  
of stealth black holes in DHOST theory 

Keisuke Nakashi (Kochi KOSEN・Rikkyo U.) 

with M. Kimura (Daiichi Tech.) 
　　　H. Motohashi (Kogakuin U.) 

　　　　K. Takahashi (YITP, Kyoto U.) 

in progress 
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  Introduction
・(Schwarzschild) Black hole perturbation in GR 
　■ Master equation : 2-dimensional wave equation 

( ∂2

∂x2 − ∂2

∂t2 − Veff (x)) Ψ(t, x) = 0

Ψ(t, x) = e−iωtψ(x)

( d2

dx2 + ω2 − Veff) ψ = 0

　■ Characteristic modes : quasinormal modes (QNMs)

x

 
horizon
x → − ∞  

infinity
x → ∞

ingoing outgoing

C58
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  Introduction
・Why are the QNMs important in GR ? 
　■ QNMs dominate the late time behavior of perturbations.

20 30 40 50 60

10-9

10-7

10-5

0.001

0.100

Ψ

Time

Ae−iωQNMt

　■ Ringdown phase can be fitted by the superposition of QNMs.  
　    [Giesler, Isi, Scheel, & Teukolsky (2019)]  

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　[Sago, Isoyama, & Nakano (2021)], etc.　　

[Vishveshwara (1970)], [Leaver (1986)]

2022/ 10/ 27Keisuke Nakashi JGRG31

  Introduction
・How about in modified gravity ? 
　■ Do QNMs always dominate the late time behavior ? 
　    For some solutions in a scalar-tensor theory, the monopole  
        perturbations do not exhibit a damping oscillation. 

-30-25-20-15-10-50

1

10-2

10-4

10-6

Time

Ψ
[KN, Kimura, Motohashi, & Takahashi (2022)]

It is important examine not only QNM frequencies  
but also time evolution
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  Gravity theory
・Degenerate Higher-Order Scalar Tensor (DHOST) theory

[Langlois&Noui, (2015), Crisostomi+, (2016), Ben Achour+, (2016)]

,  

,  ,   ,   ,   

+ degeneracy conditions

ℒ = F0(ϕ, X) + F1(ϕ, X) □ ϕ + F2(ϕ, X)R +
5

∑
I=1

AI(ϕ, X) L(2)
I X ≡ ϕμϕμ

L1 ≡ ϕμνϕμν L2 ≡ (□ϕ)2 L3 ≡ ϕμϕμνϕν □ ϕ L4 ≡ ϕμϕμνϕνλϕλ L5 ≡ (ϕμϕμνϕν)2

　■ 2 tensor DOFs. + 1 scalar DOF. 

　■ No Ostrogradsky ghost instability 

Horndeski
GR

DHOST
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+ degeneracy conditions
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I X ≡ ϕμϕμ
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  Gravity theory
・Degenerate Higher-Order Scalar Tensor (DHOST) theory

[Langlois&Noui, (2015), Crisostomi+, (2016), Ben Achour+, (2016)]

　■ 2 tensor DOFs. + 1 scalar DOF. 

　■ No Ostrogradsky ghost instability 

Horndeski
GR

DHOST
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  Gravity theory
・subclass of DHOST theory

[Langlois&Noui, (2015), Crisostomi+, (2016), Ben Achour+, (2016)]

　■ 2 tensor DOFs. + 1 scalar DOF. 

　■ No Ostrogradsky ghost instability 

　■ Symmetries :  &  ϕ → ϕ + const . ϕ → − ϕ

Horndeski
GR

DHOST

,  

,  ,   ,   ,   

+ degeneracy conditions

ℒ = F0(X) + F2(X)R +
5

∑
I=1

AI(X) L(2)
I X ≡ ϕμϕμ

L1 ≡ ϕμνϕμν L2 ≡ (□ϕ)2 L3 ≡ ϕμϕμνϕν □ ϕ L4 ≡ ϕμϕμνϕνλϕλ L5 ≡ (ϕμϕμνϕν)2
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  Background
・Stealth Schwarzschild black hole 
　■ Metric : Schwarzschild metric

ḡμνdxμdxν = − A(r) dt2 + A(r)−1 dr2 + r2dΩ2, A(r) = 1 − rs
r

　■ Scalar field : nontrivial configuration with X = − q2

ϕ̄ = q t + 2 rsr + rs ln
r − rs

r + rs

　■ Existence conditions of stealth solutions
,    F0(−q2) = 0 ∂XF0(−q2) = 0

[Motohashi & Minamitsuji (2019)] 
[Charmousis+, (2019)] 
[Takahashi & Motohashi (2020)], etc.

※ Perturbations of a stealth solution are strong coupled in general. 
　In the odd parity sector, we ignore the effect of such terms for simplicity. 
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  Odd parity perturbation
・Quadratic Lagrangian

ℒ(2) ∼ b1(∂t χ)2 − b2(∂r χ)2+∂t χ∂r χ−[ℓ(ℓ + 1)b4 + Veff(r)]χ2

ℒ(2) ∼ b̃1(∂t̃ χ)2 − b2(∂r χ)2 − [ℓ(ℓ + 1)b4 + Veff(r)]χ2

　■ Introduce new time coordinate t̃

t̃ = t
rs
rg

+ 2 r
rg

(rs − rg) − 1
rg

r3/2
g ln

r − rg

r + rg
− r3/2

s ln
r − rs

r + rs

 : Killing horizon for gravitonrg = (1 + q2A1
F2 ) rs

　■ Diagonalized quadratic Lagrangian

[Takahashi, Motohashi, & Minamitsuji (2019)]
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  EOM & QNM frequency
・Introduce generalized tortoise coordinate  & new variable x Ψ

∂2Ψ
∂x2 − ∂2Ψ

∂t̃2 − Veff(r)Ψ = 0

x = r + rg ln ( r
rg

− 1) Veff = (1 −
rg

r ) [ ℓ(ℓ + 1)
r2 −

3rg

r3 ]
　→ Regge-Wheeler equation replaced  by  rs rg

・QNM frequency : ωDHOST = rs
rg

ωGR = (1 + q2A1
F2 )

−1

ωGR
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  Initial surface (  case)rs < rg
・Time evolution of  

　 　＋　initial condition 

　■ Initial surface : const. surface

Ψ
∂2Ψ
∂x2 − ∂2Ψ

∂t̃2 − VeffΨ = 0

t̃ =

spacelike region

initial Gaussian 
wave packet
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  Time evolution ( , )rg = 1.5rs ℓ = 2

40 60 80 100 120

10-9

10-7

10-5

0.001

0.100

Ψ

t̃

ωGR
n=0

ωDHOST
n=0 = ωGR

n=0
1.5

・QNM dominates the late time behavior.  

　QNM frequency is  as expected.ωDHOST = rs
rg

ωGR
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  Summary
・We investigate the time evolution of odd parity perturbations 
　in a subclass of DHOST theory. 
　■ EOM becomes Regge-Wheeler equation replaced  by . 

　■ QNM frequency is .  

　■ QNMs dominate the late time behavior of the perturbations.

rs rg

ωDHOST = rs
rg

ωGR
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The Effective Field Theory of 
Vector-Tensor Theories

KA, M. A. Gorji, S, Mukohyama, K. Takahashi, JCAP01(2022)059 [2111.08119]
KA, A. De Felice, M. A. Gorji, T. Hiramatsu, S, Mukohyama, M. C. Pookkillath, K. Takahashi, in progress.

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

Introduction

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

 How do we distinguish various dark energy models?

e.g. Λ, canonical scalar, Brans–Dicke, Galileon, and more…

Non-minimal coupling

Creminelli+ 2006, Cheung+ 2008, Gubitosi+ 2013, Bloomfield+ 2013, …

Canonical scalar Galileon (KGB)
EFT coefficients universally characterize the models.

 Dark energy?
There are a lot of models… 

✓ Concrete models: definite predictions, but model dependent.

✓ EFT approach: try to extract model-independent predictions

C59



EFT of dark energy

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

(≃ Horndeski) (≃ Generalized Proca)
*The formulation itself is applicable to any ST/VT theories for cosmology.

 Scalar dark energy or vector dark energy?

 How do we distinguish these dark energy models?
Or, how do we distinguish the spin of dark energy?

 “The EFT of dark energy” is not “EFT of ALL dark energy”!

Non-minimal coupling Canonical scalar Galileon (KGB)

Extensions are required!
= scalar-tensor theories!

Cosmology = SSB of spacetime sym.

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

Universe is filled with unknown (inflation/dark energy)
= part(s) of spacetime symmetries are spontaneously broken.

Preferred slices
= scalar condensate
(EFT of scalar-tensor)

Preferred direction
= vector condensate
(EFT of vector-tensor)

Preferred coordinates
= fluid/solid

(EFT of continuum)
Creminelli+ 2006, Cheung+ 2008, 
Gubitosi+ 2013, Bloomfield+ 2013, …

Dubovsky+ 2006, Endlich+ 2013, 
KA+ 2204.06672.

KA+ 2111.08119



Cosmology = SSB of spacetime sym.

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

ST: Preferred spacelike slices VT: Preferred timelike direction

A clock field

 The difference is clarified by the use of internal symmetry.

✓ General scalar-tensor theory: no symmetry associated with 

✓ Shift-symmetric theory: invariant under 

✓ Localized shift symmetry: invariant under 

Covariant derivative of the clock field: Gauge field
Gauge coupling

*The vector may be massive because of SSB.

 In this talk, we focus on scalar-tensor theories and vector-tensor theories.

Web of EFTs

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

Therefore, STEFT and VTEFT are distinguished by
1. the existence of shift symmetry and
2. global shift symmetry (𝑔𝑀 = 0) or local shift symmetry (𝑔𝑀 ≠ 0).



Scalar and tensor perturbations

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

 Let’s make the Lagrangian user-friendly.
Easy to understand existence/absence of shift sym. and gauge coupling.

 Symmetry, field contents, and expansion parameters are known
→ We can systematically construct the EFT Lagrangian.

 We finally find the following form in the absence of vorticity.

The action is formally the same as the standard EFTofDE.
All information are embedded in the EFT coefficients with tilde.

= no vector perturbations in cosmology

Scalar and tensor perturbations

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

 𝛼 without tilde and 𝛼 with tilde are

where

is the effective gauge coupling

 STEFT corresponds to 𝛼𝑉 = 0 in which 𝛼𝑋(𝑡, 𝑘) → 𝛼𝑋(𝑡).



Universal predictions

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

Consistency relations Gauge coupling

*Slightly modified in the case of Shift-symmetric ST.

Scalar and tensor perturbations

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

 Using the so-called 𝛼-basis, the EFT action becomes

No tilde in 𝛼𝑇 = the operator relevant for tensor modes (GWs).
GWs cannot distinguish ST&VT (or GWs give universal constraints).

Scalar perturbations can discriminate ST&VT by the gauge coupling 𝛼𝑉.



Modification of Poisson equation

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

Stability conditions: 

 Horndeski/Generalized Proca Class (𝛼𝐻 = 0)

 Effective gravitational coupling in quasi-static approximation:

Gravitational const. of GWs@𝑡 = 𝑡0

The gauge coupling (𝛼𝑉 > 0) generically prevents the enhancement of 𝜇.

“5th force in ST > 5th force in VT”

CMB constraints

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

 We are currently developing Boltzmann solvers.

Computed by T. Hiramatsu.

ST limit

Vector DE



Summary

JGRG31@RESCEU, The University of Tokyo, 27th Oct.

 The Effective Field Theory of Vector-Tensor Theories
= Unified formulation of not only VT but also ST.

 In practice, all you need is replacement of EFT coefficients

 ST&VT are distinguished by consistency relations and gauge coupling

 Boltzmann solver is under development.

Existence/absence of “potential” Scalar field or Vector field

We can understand how the shift sym. and the spin affect observables!



based on Phys. Rev. D 103, 124068  [arXiv:2103.14313/gr-qc]

Yuichi Miyashita

(Tokyo Tech)
Collaboration with Luca Buoninfante (NORDITA)

JGRG31 October 2022

! = ℏ = 1& % = diag(−,+,+,+)
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UV-regime

four-derivative term

infinitely higher derivative term

/ = 0
1!2
1645

−6 7 + 87" + 97#$"
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01!2 −6 7 +

1
2
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!! −□ = %
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Infinite derivative!
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scalar lump

Lump

ϕ
Lump

Three cases for scalar field 2
1. Free massive scalar

2. Polynomial potential with : > 0, > > 0

3. Tachyon potential

? 2 = 0

? 2 = −
:
4
23 +

>
3
24

? 2 = −A5121 log
21

A51E

Equation ∇1 −A1 2 = 0 Lump  2 =
6
7 E

897
(2: constant)

Localized source radius 7 ∼ 1/?

Substituting

! ∇1 ∇1Φ - = 4/0{* 2 - + 2*22[2](-)}

! ∇1 ∇1Ψ - = 4/0 *22[2](-)
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general relativity
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Ψ

nonlocal gravity
4-derivativegravity
general relativity

• Singularity at the origin - = 0 in all theories
(This singularity is not regularized by nonlocality)

• No repulsive behavior of the potential Ψ(-) in higher derivative gravity

Equation F71 +
1
7 F7 2 = >21 − :24 Lump  2 =

1
:

;
7!<=! (regular)

Radius of system > = '
)

*
(

Mass energy G of lump config:

Corresponding Schwarzschild radius:

G = 013H I44 H =
24

36"73

7567 = 25G =
44"5
36"73

Validity for weak field approx.

G ≳ G?@A

I ≲ KL
M
N

O
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• Nonsingular potentials from nonsingular scalar field
• No repulsive behavior of the potential Ψ(-) in nonlocal gravity

Only true for sufficiently small scale P (for large P, monotonicity is lost ) 

Equation F71 +
1
7 F7 2 = −2A512 log

B!
9"!

Lump 2 = E4/1A5E89"7

Mass energy Q of lump config:

Corresponding Schwarzschild radius:

G = 013H I44 H =
L343/"?9
2 2

7567 = 25G =
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2

Validity for weak field approx.
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• Nonsingular potentials from nonsingular scalar field in all theories
• No repulsive behavior of the potential Ψ(-) in nonlocal gravity

Range of monotonicity: P ≤ 2A5 (from analytic solution)

Conditions for weak field regime: 2|Φ|, 2|Ψ| < 1
• For case 2 & 3, conditions are satisfied from - = 0 to - = ∞

In this sense these solution can describe horizonless compact objects

Compactness



u Summary:

• Linearized metric sourced by scalar lump in different theories of gravity

• Nonlocality avoids repulsive contribution for sufficiently small scale P

• Less compactness configuration in nonlocal gravity

u Future Directions:

• Study for some phenomenology of horizonless compact object
• Horizonless compact objects as remnant of binary merger

…introducing higher multipole & non-zero velocity, making stability analysis, …



New black hole solutions with a dynamical
traceless nonmetricity tensor in Metric-Affine

Gravity

Sebastián Bahamonde

JSPS Postdoctoral Researcher at Tokyo Institute of Technology, Japan

JGRG31, 27/Oct/2022
Based on JCAP 09 (2020), 057 and 2210.05998;

Jointly with Jorge Gigante Valcarcel.
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Fundamental variables and characteristic tensors
In the most general metric-affine setting, the fundamental variables
are a metric gµ⌫ (10 comp.) as well as the coefficients �̃⇢µ⌫ (64
comp.) of an affine connection.

The most general connection can be written as

Connection decomposition

�̃� µ⌫ = �� µ⌫+N�
µ⌫ =

Levi-Civitaz }| {
�� µ⌫

+

Torsion partz }| {
1

2
T �

µ⌫ � T(µ
�
⌫)+

Nonmetricity partz }| {
1

2
Q�

µ⌫ �Q(µ
�
⌫) .

Curvature decomposition, torsion and nonmetricity

R̃�
⇢µ⌫ = R�

⇢µ⌫ + 2r[µ|N
�
⇢|⌫] + 2N�

�[µ|N
�
⇢|⌫] ,

T̃µ
⌫⇢ = �̃µ⇢⌫ � �̃µ⌫⇢ ,

Q̃µ⌫⇢ = r̃µg⌫⇢ = @µg⌫⇢ � �̃�⌫µg�⇢ � �̃�⇢µg⌫� .

Tildes=General, nothing=Riemannian ! rµ(Levi-Civita), r̃µ(General)

Sebastian Bahamonde (*) Black Holes in metric-affine 2 / 15
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Decomposition into irreducible parts

Irreducible decomposition of the torsion tensor:

T �
µ⌫ =

1

3

⇣
�� ⌫Tµ � �� µT⌫

⌘
+

1

6
"� ⇢µ⌫S

⇢ + t� µ⌫ ,

vector part Tµ = T�
µ�,

axial vector part Sµ = "µ⌫⇢�T ⌫�⇢,
tensor part t� µ⌫ = T�

µ⌫ � 1
3

�
�� ⌫Tµ � �� µT⌫

�
� 1

6"
�
⇢µ⌫S⇢.

Irreducible decomposition of the nonmetricity tensor:

Q�µ⌫ = Weyl part + Traceless part = gµ⌫W� +%Q�µ⌫ ,

%Q�µ⌫ =
1

2
(g�µ⇤⌫ + g�⌫⇤µ)�

1

4
gµ⌫⇤� +

1

3
"�⇢�(µ⌦⌫)

⇢� + q�µ⌫ .

Weyl vector Wµ = 1
4Qµ⌫

⌫ ,
Second vector part ⇤µ = 4

9 (Q
⌫
µ⌫ �Wµ),

First (pseudo)tensor part ⌦�
µ⌫ = �

⇥
"µ⌫⇢�Q⇢�� + "µ⌫⇢ �

�
3
4⇤⇢ �W⇢

�⇤
,

Second tensor part q�µ⌫ = Q(�µ⌫) � g(µ⌫W�) � 3
4g(µ⌫⇤�).
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Dynamics of metric-affine geometry
Gravitational action with dynamical torsion and nonmetricity:

S =

Z
d4x

p
�g


Lm � 1

16⇡
Lg(R̃, T ,Q)

�
.

Correspondence between geometry and matter:
�Sg

�ea ⌫
= 16⇡✓a

⌫ ,

�Sg

�!a
b⌫

= 16⇡�a
b⌫ .

Here ✓a ⌫ is the energy-momentum tensor (canonical) and �a
b⌫ is

the hypermomentum density tensor.
Three independent contractions of the curvature tensor and only one
independent scalar curvature:

R̃µ⌫ = R̃�
µ�⌫ , R̂µ⌫ = R̃µ

�
⌫� , R̃�

�µ⌫ = 4r[⌫Wµ] ,

R̃ = R̃�⇢
�⇢ .

GL(4, R) group allows the definition of a large number of scalars.
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R̃ = R̃�⇢
�⇢ .

GL(4, R) group allows the definition of a large number of scalars.
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MAG theory with shears

Let us first consider a simple model where torsion is not propagating
and the traceless part of nonmetricity is dynamical:

S =
1

16⇡

Z
d4x

p
�g

h
�R+ 2f1R̃(�⇢)µ⌫R̃

(�⇢)µ⌫

+ 2f2
⇣
R̃(µ⌫) � R̂(µ⌫)

⌘⇣
R̃(µ⌫) � R̂(µ⌫)

⌘i
,

As can be seen, the propagation of the nonmetricity field described in
the action is carried out by the symmetric part of the curvature tensor
and its symmetric contraction:

R̃(�⇢)
µ⌫ = r̃[⌫Qµ]

�⇢ +
1

2
T �

µ⌫Q�
�⇢ ,

R̃(µ⌫) � R̂(µ⌫) = r̃(µQ
�
⌫)� � r̃�Q(µ⌫)

� �Q�⇢
�Q(µ⌫)⇢ +Q�⇢(µQ⌫)

�⇢

+ T�⇢(µQ
�⇢

⌫) ,

which in turn constitute deviations from the third Bianchi of GR.

Sebastian Bahamonde (*) Black Holes in metric-affine 5 / 15

MAG theory with shears

Let us first consider a simple model where torsion is not propagating
and the traceless part of nonmetricity is dynamical:

S =
1

16⇡

Z
d4x

p
�g

h
�R+ 2f1R̃(�⇢)µ⌫R̃

(�⇢)µ⌫

+ 2f2
⇣
R̃(µ⌫) � R̂(µ⌫)

⌘⇣
R̃(µ⌫) � R̂(µ⌫)

⌘i
,

As can be seen, the propagation of the nonmetricity field described in
the action is carried out by the symmetric part of the curvature tensor
and its symmetric contraction:

R̃(�⇢)
µ⌫ = r̃[⌫Qµ]

�⇢ +
1

2
T �

µ⌫Q�
�⇢ ,

R̃(µ⌫) � R̂(µ⌫) = r̃(µQ
�
⌫)� � r̃�Q(µ⌫)

� �Q�⇢
�Q(µ⌫)⇢ +Q�⇢(µQ⌫)

�⇢

+ T�⇢(µQ
�⇢

⌫) ,

which in turn constitute deviations from the third Bianchi of GR.
Sebastian Bahamonde (*) Black Holes in metric-affine 5 / 15



Spherical symmetry in metric-affine geometry

Metric, torsion and nonmetricity tensors in symmetric space-times:

L⇠gµ⌫ = L⇠T
�
µ⌫ = L⇠Q

�
µ⌫ = 0 =) L⇠R̃

�
⇢µ⌫ = 0 .

Killing vectors in static and spherically symmetric space-times:

⌘0 = @t ,

⇠1 = sin'@# + cot# cos'@' ,

⇠2 = � cos'@# + cot# sin'@' ,

⇠3 = � @' .

Metric:

#10 dof ! #2 dof
⇢
ds2 =  1(r) dt

2 � dr2

 2(r)
� r2

�
d#2 + sin#2d'2

�
.

Sebastian Bahamonde (*) Black Holes in metric-affine 6 / 15

Spherical symmetry in metric-affine geometry

Metric, torsion and nonmetricity tensors in symmetric space-times:

L⇠gµ⌫ = L⇠T
�
µ⌫ = L⇠Q

�
µ⌫ = 0 =) L⇠R̃

�
⇢µ⌫ = 0 .

Killing vectors in static and spherically symmetric space-times:

⌘0 = @t ,

⇠1 = sin'@# + cot# cos'@' ,

⇠2 = � cos'@# + cot# sin'@' ,

⇠3 = � @' .

Metric:

#10 dof ! #2 dof
⇢
ds2 =  1(r) dt

2 � dr2

 2(r)
� r2

�
d#2 + sin#2d'2

�
.

Sebastian Bahamonde (*) Black Holes in metric-affine 6 / 15



Spherical symmetry in metric-affine geometry

Metric, torsion and nonmetricity tensors in symmetric space-times:

L⇠gµ⌫ = L⇠T
�
µ⌫ = L⇠Q

�
µ⌫ = 0 =) L⇠R̃

�
⇢µ⌫ = 0 .

Killing vectors in static and spherically symmetric space-times:

⌘0 = @t ,

⇠1 = sin'@# + cot# cos'@' ,

⇠2 = � cos'@# + cot# sin'@' ,

⇠3 = � @' .

Metric:

#10 dof ! #2 dof
⇢
ds2 =  1(r) dt

2 � dr2

 2(r)
� r2

�
d#2 + sin#2d'2

�
.

Sebastian Bahamonde (*) Black Holes in metric-affine 6 / 15

Spherical symmetry in metric-affine geometry

Torsion contains #8 dof:

T t
tr = t1(r) , T r

tr = t2(r) , T#
t# = T'

t' = t3(r) , T#
r# = T'

r' = t4(r) ,

T#
t' = T'

#t sin
2 # = t5(r) sin# , T#

r' = T'
#r sin

2 # = t6(r) sin# ,

T t
#' = t7(r) sin# , T r

#' = t8(r) sin# .

Nonmetricity contains #12 dof:

Qttt = q1(r) , Qtrr = q2(r) , Qttr = q3(r) ,

Qt## = Qt'' csc2 # = q4(r) , Qrtt = q5(r) , Qrrr = q6(r) ,

Qrtr = q7(r) , Qr## = Qr'' csc2 # = q8(r) ,

Q#t# = Q't' csc2 # = q9(r) , Q#r# = Q'r' csc2 # = q10(r) ,

Q#t' = �Q't# = q11(r) sin# , Q#r' = �Q'r# = q12(r) sin# .

This means that not only the field equations are very difficult to treat
but we need to find a solution of a system with
#2(metric) + #8(torsion) + #12(nonmetricity) = 22 dof!
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How to find a solution with all of these dof?

We are only interested in the traceless part of Q↵µ⌫ (containing
shears), so that:

1 We eliminate the Weyl part of nonmetricity Wµ = 1
4 Qµ⌫

⌫ = 0 by setting

q1(r) =
 1(r)

r2
�
r2q2(r) 2(r) + 2q4(r)

�
,

q5(r) =
 1(r)

r2
�
r2q6(r) 2(r) + 2q8(r)

�
.

2 We imposed N[�⇢]µ = 0 which is equivalent to T�µ⌫ = Q[µ⌫]�:
! Shear transformations in the general linear group involves the part of
the anholonomic connection describing a shear current or charge to
take values in the symmetric traceless part of the Lie algebra.

3 We demand the corresponding torsion and nonmetricity scalars of the
solution to be regular.

After following these three steps we end up with 2 dof (metric)+ 5 dof
(torsion/nonmetricity) which is only 7 dof.
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New solution only with shears

By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
branch involves the constants of the theory as

f2 = � 1

4
f1.

The metric behaves as

Solution - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
�

2f12sh
r2

.

Here, sh is interpreted as a new charge, ”shear charge”.
See our paper to see the form of qi and ti. One component of
nonmetricity is arbitrary (problem?).

Sebastian Bahamonde (*) Black Holes in metric-affine 9 / 15



New solution only with shears

By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
branch involves the constants of the theory as

f2 = � 1

4
f1.

The metric behaves as

Solution - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
�

2f12sh
r2

.

Here, sh is interpreted as a new charge, ”shear charge”.

See our paper to see the form of qi and ti. One component of
nonmetricity is arbitrary (problem?).

Sebastian Bahamonde (*) Black Holes in metric-affine 9 / 15

New solution only with shears

By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
branch involves the constants of the theory as

f2 = � 1

4
f1.

The metric behaves as

Solution - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
�

2f12sh
r2

.

Here, sh is interpreted as a new charge, ”shear charge”.

See our paper to see the form of qi and ti. One component of
nonmetricity is arbitrary (problem?).

Sebastian Bahamonde (*) Black Holes in metric-affine 9 / 15



New solution only with shears

By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
branch involves the constants of the theory as

f2 = � 1

4
f1.

The metric behaves as

Solution - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
�

2f12sh
r2

.

Here, sh is interpreted as a new charge, ”shear charge”.

See our paper to see the form of qi and ti. One component of
nonmetricity is arbitrary (problem?).

Sebastian Bahamonde (*) Black Holes in metric-affine 9 / 15

New solution only with shears

By plugging these conditions in the field equations, there are several
branches but only one has solutions with dynamical shears. This
branch involves the constants of the theory as

f2 = � 1

4
f1.

The metric behaves as

Solution - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
�

2f12sh
r2

.

Here, sh is interpreted as a new charge, ”shear charge”.
See our paper to see the form of qi and ti. One component of
nonmetricity is arbitrary (problem?).

Sebastian Bahamonde (*) Black Holes in metric-affine 9 / 15



Reissner-Nordström-like solutions with spin, dilation and shear charges

After finding the shear part alone, we found a theory containing our
previous result JCAP 09 (2020), 057 (with spin+dilation) plus the second
(with only shears).

The action of the full model is

S =
1

64⇡

Z h
� 4R� 6d1R̃�[⇢µ⌫]R̃

�[⇢µ⌫] � 9d1R̃�[⇢µ⌫]R̃
µ[�⌫⇢]

+ 2d1
⇣
R̃[µ⌫] + R̂[µ⌫]

⌘⇣
R̃[µ⌫] + R̂[µ⌫]

⌘
+ 18d1R̃�[⇢µ⌫]R̃

(�⇢)µ⌫

� 3d1R̃(�⇢)µ⌫R̃
(�⇢)µ⌫ + 6d1R̃(�⇢)µ⌫R̃

(�µ)⇢⌫ + 2 (2e1 � f1) R̃
�
�µ⌫R̃

⇢
⇢
µ⌫

+ 8f1R̃(�⇢)µ⌫R̃
(�⇢)µ⌫ � 2f1

⇣
R̃(µ⌫) � R̂(µ⌫)

⌘⇣
R̃(µ⌫) � R̂(µ⌫)

⌘

+ 3 (1� 2a2)T[�µ⌫]T
[�µ⌫]

i
d4x

p
�g .

When traceless part of nonmetricity is zero, the above action
coincides with our previous study.
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Reissner-Nordström-like solutions with spin, dilation and shear charges

Since we already found the solution for each model independently, it
was not so difficult to find the solution for the full model.

In this case, all nonmetricity components are fully set by the field
equations (remember that in the shear case, one component was
free). See our paper to see the form of qi, ti and the field strength
tensors in the irreducible modes.
The solution gives us the following metric

Solution General - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
+

d12s � 4e12d � 2f12sh
r2

,

having the three possible charges of MAG: spin, dilation and shear.
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free). See our paper to see the form of qi, ti and the field strength
tensors in the irreducible modes.
The solution gives us the following metric

Solution General - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
+

d12s � 4e12d � 2f12sh
r2

,

having the three possible charges of MAG: spin, dilation and shear.

Sebastian Bahamonde (*) Black Holes in metric-affine 11 / 15



Reissner-Nordström-like solutions with spin, dilation and shear charges

Since we already found the solution for each model independently, it
was not so difficult to find the solution for the full model.
In this case, all nonmetricity components are fully set by the field
equations (remember that in the shear case, one component was
free). See our paper to see the form of qi, ti and the field strength
tensors in the irreducible modes.
The solution gives us the following metric

Solution General - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
+

d12s � 4e12d � 2f12sh
r2

,

having the three possible charges of MAG: spin, dilation and shear.

Sebastian Bahamonde (*) Black Holes in metric-affine 11 / 15

Reissner-Nordström-like solutions with spin, dilation and shear charges

Since we already found the solution for each model independently, it
was not so difficult to find the solution for the full model.
In this case, all nonmetricity components are fully set by the field
equations (remember that in the shear case, one component was
free). See our paper to see the form of qi, ti and the field strength
tensors in the irreducible modes.
The solution gives us the following metric

Solution General - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
+

d12s � 4e12d � 2f12sh
r2

,

having the three possible charges of MAG: spin, dilation and shear.

Sebastian Bahamonde (*) Black Holes in metric-affine 11 / 15



Reissner-Nordström-like solutions with spin, dilation and shear charges

Since we already found the solution for each model independently, it
was not so difficult to find the solution for the full model.
In this case, all nonmetricity components are fully set by the field
equations (remember that in the shear case, one component was
free). See our paper to see the form of qi, ti and the field strength
tensors in the irreducible modes.
The solution gives us the following metric

Solution General - metric part

ds2 =  1(r) dt
2 � dr2

 2(r)
� r2

�
d✓21 + sin2 ✓1d✓

2
2

�
,

 1(r) =  2(r) = 1� 2m

r
+

d12s � 4e12d � 2f12sh
r2

,

having the three possible charges of MAG: spin, dilation and shear.

Sebastian Bahamonde (*) Black Holes in metric-affine 11 / 15

Solution with the geometrical charges, cosmological constant and electromagnetic field

On the other hand, the solution can also be trivially generalised to
include the cosmological constant and Coulomb electromagnetic fields
with electric and magnetic charges qe and qm, which are decoupled
from torsion under the assumption of the minimal coupling principle.
This natural extension is then described by a Reissner-Nordström-de
Sitter-like geometry

Solution General - metric part

 (r) = 1� 2m

r
+

d12s � 4e12d � 2f12sh + q2e + q2m
r2

+
⇤

3
r2 ,

which turns out to represent the broadest family of static and
spherically symmetric black hole solutions obtained in MAG so
far.
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What do these charges physically represent? - Torsion

Torsion part T �
µ⌫ :

1 Intrinsic spin generates gravitation. This effect does not exist in GR.

2 We know that the spin is a fundamental property of particles. Since
their masses contribute to gravity, why their spin do not in GR?

3 The solution is in vacuum and a charge s appears (spin charge).
Analogue to the case of Schwarzschild where the mass M appears.

4 We expect that the spin charge might be important in certain
astrophysical scenarios such as: highly mangnetized neutron stars;
supermassive black holes with endowed spin.
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What do these charges physically represent? - Nonmetricity

Nonmetricity part - only Weyl Wµ:

1 Intrinsic dilations generates gravitation. This effect does not exist in
GR.

2 dilation: deformation that involves only change of volume (in this case,
intrinsic dilation!)

3 Weyl part of nonmetricity is ”scale invariant”

Nonmetricity part - Traceless part %Q�µ⌫ :

1 Intrinsic shears generates gravitation. This effect does not exist in GR.

2 Shears: Deformations without changing the volume.

Solution: d and sh appear which are the dilation and shear
charges. Analogue to the case of Schwarzschild M .
Do all particles in nature have different dilations and shears? are
these properties important in particle physics?
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Conclusions and what do to next
We found the first solution with the traceless part of nonmetricity
having a dynamical role where the shear charge appears in the
metric.

The general solution contains the three fundamental charges
(spin,dilation and shear) and the mass which constitute the most
general spherically symmetric solution with all the possible intrinsic
geometrical properties of matter.

It is worth studying:

1 Cosmology of the complete model: from inflation to dark energy.

2 Perturbations of this solution: Is it stable? quasinormal modes?

3 What is the role of dilations/shears in particle physics?

Sebastian Bahamonde (*) Black Holes in metric-affine 15 / 15

Conclusions and what do to next
We found the first solution with the traceless part of nonmetricity
having a dynamical role where the shear charge appears in the
metric.

The general solution contains the three fundamental charges
(spin,dilation and shear) and the mass which constitute the most
general spherically symmetric solution with all the possible intrinsic
geometrical properties of matter.

It is worth studying:

1 Cosmology of the complete model: from inflation to dark energy.

2 Perturbations of this solution: Is it stable? quasinormal modes?

3 What is the role of dilations/shears in particle physics?

Sebastian Bahamonde (*) Black Holes in metric-affine 15 / 15



Conclusions and what do to next
We found the first solution with the traceless part of nonmetricity
having a dynamical role where the shear charge appears in the
metric.

The general solution contains the three fundamental charges
(spin,dilation and shear) and the mass which constitute the most
general spherically symmetric solution with all the possible intrinsic
geometrical properties of matter.

It is worth studying:

1 Cosmology of the complete model: from inflation to dark energy.

2 Perturbations of this solution: Is it stable? quasinormal modes?

3 What is the role of dilations/shears in particle physics?

Sebastian Bahamonde (*) Black Holes in metric-affine 15 / 15

Conclusions and what do to next
We found the first solution with the traceless part of nonmetricity
having a dynamical role where the shear charge appears in the
metric.

The general solution contains the three fundamental charges
(spin,dilation and shear) and the mass which constitute the most
general spherically symmetric solution with all the possible intrinsic
geometrical properties of matter.

It is worth studying:

1 Cosmology of the complete model: from inflation to dark energy.

2 Perturbations of this solution: Is it stable? quasinormal modes?

3 What is the role of dilations/shears in particle physics?

Sebastian Bahamonde (*) Black Holes in metric-affine 15 / 15



Conclusions and what do to next
We found the first solution with the traceless part of nonmetricity
having a dynamical role where the shear charge appears in the
metric.

The general solution contains the three fundamental charges
(spin,dilation and shear) and the mass which constitute the most
general spherically symmetric solution with all the possible intrinsic
geometrical properties of matter.

It is worth studying:

1 Cosmology of the complete model: from inflation to dark energy.

2 Perturbations of this solution: Is it stable? quasinormal modes?

3 What is the role of dilations/shears in particle physics?

Sebastian Bahamonde (*) Black Holes in metric-affine 15 / 15

Conclusions and what do to next
We found the first solution with the traceless part of nonmetricity
having a dynamical role where the shear charge appears in the
metric.

The general solution contains the three fundamental charges
(spin,dilation and shear) and the mass which constitute the most
general spherically symmetric solution with all the possible intrinsic
geometrical properties of matter.

It is worth studying:

1 Cosmology of the complete model: from inflation to dark energy.

2 Perturbations of this solution: Is it stable? quasinormal modes?

3 What is the role of dilations/shears in particle physics?

Sebastian Bahamonde (*) Black Holes in metric-affine 15 / 15
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Vector-tensor theories 
in the metric-affine formalism

Tact Ikeda (Rikkyo University)

Based on ongoing work with T. Kobayashi (Rikkyo)

Introduction
Modified gravity is actively studied 

To better understand the nature of gravity 

To understand mysteries in the universe 

Inflation, dark matter, etc. 

How: Add new gravitational d.o.f. 

Scalar-tensor theories:  +  

Vector-tensor theories:  +  

Generalized Proca theory

gab ϕ

gab Aa

[L. Heisenberg (2014)]

C62



Generalized Proca theory
Generalized Proca theory 

In the limit , 
the theory reduces to (shift-symmetric) Horndeski 

This work: 
I would like to consider this in the metric-affine formalism

Aa → ∂aϕ

ℒ2 = G2 (Aa, Fab, F̃ab)
ℒ3 = G3(X )∇a Aa

ℒ4 = G4(X )R + G4,X [(∇a Aa)2 − ∇a Ab ∇b Aa]
ℒ5 = G5(X )Gab ∇a Ab − 1

6 G5,X [(∇ ⋅ A)3 +2∇a Ab ∇c Aa ∇b Ac − 3(∇ ⋅ A)∇a Ab ∇b Aa] − g5(X )F̃acF̃b
c ∇a Ab

ℒ6 = G6(X )ℒabcd ∇a Ab ∇c Ad +
G6,X

2 F̃abF̃cd ∇a Ac ∇b Ad

SGP = ∫ d4x −g ∑
n

ℒn
X = − AaAa /2

Fab = ∂aAb − ∂bAa

F̃ab = ϵabcdFcd

[L. Heisenberg (2014)]

Metric v.s. Metric-affine formalism
Metric formalism (GR, etc.): 

 

Torsionless:  

Metricity:  

Metric-affine formalism: 

 

Geometrical variables: ,   

 and  are independent variables

Γa
bc = { a

bc} := 1
2 gad(∂bgdc + ∂cgbd − ∂dgbc)

Γa
bc = Γa

cb

Dagbc = 0

Γa
bc ≠ { a

bc} = 1
2 gad(∂bgdc + ∂cgbd − ∂dgbc)

Ta
bc = Γa

bc − Γa
cb Qabc = − ∇agbc

gab Γa
bc

DaAb = ∂aAb − { c
ab}Ac

∇a Ab = ∂aAb − Γc
abAc



Theories in the metric-affine formalism:  

We can solve , 
it is algebraic equation in our cases 

We can integrate out : 
  

The metric-affine formalism reduces to 
the metric formalism

L(g, Γ)

δL/δΓ = 0

Γ
L(g, Γ) ⇒ L(g)

Integrating out Γ

To avoid ghost instability
In the metric-affine formalism, 
most theories without imposing any symmetry 
suffer form ghost instability 

One of following 2 ways is useful 
e.g.)  theories, etc. 

Torsionless condition:  

projective symmetry:  

We assumed torsionless condition/projective symmetry 
in our theories

F(gμν, Rμν)

Γa
bc = Γa

cb

Γ̂a
bc = Γa

bc + δa
c Ub

[Jiménez and Delhom (2019)]



This talk
Vector-tensor theories Scalar-tensor theories

Generalized Proca 
in the metric formalism

“Extended vector-tensor theories” 
(Degenerate vector-tensor theories)

Aa → ∂aϕ

Generalized Proca 
in the metric-affine formalism

[this work]

 Horndeski 
in the metric formalism

 Horndeski 
in the metric-affine formalism

[Helpin and Volkov (2019/2020)]
[Aoki and Shimada (2018)]

DHOST 
(Degenerate scalar-tensor theories)

[Heisenberg (2014)]

[Kimura+ (2017)]

[Horndeski (1974)]
[Deffayet+ (2011)]
[Kobayashi+ (2011)]

[Langlois and Noui (2015)]
[Crisostomi+ (2016)]

[TI and Kobayashi (in preparation)]

?
Ghost-free

Theory with torsionless cond.
This theory is extension of [Helpin and Volkov (2019)] 
(all  terms are extended to ) 

We impose torsionless condition:  

We can Integrate out  

The metric-affine formalism reduces to 
the metric formalism

ϕ Aa

Γa
bc = Γa

cb

Γ

L = G2(X) + G3(X)ℒ3 + G4(X)gabRab +
3

∑
i=1

Hi(X)ℒi
4

Rabc
d = 2Γe

[a|c|Γd
b]e − 2∂[aΓd

b]c, Rab = Racb
c

ℒ3 = gab ∇a Ab, ℒ1
4 = (∇a Aa)2, ℒ2

4 = gadgbc ∇a Ab ∇c Ad, ℒ3
4 = gacgbd ∇a Ab ∇c Ad

[TI and Kobayashi (in preparation)]



To avoid ghost instability, 
coefficient functions  must satisfy degeneracy conditions 

Degeneracy requires a certain constraint among  
(but it does not completely fix ) 

This theory is described in the framework of 
degenerate vector-tensor theories, not generalized Proca theory

αi

Hi

Hi

ℒ(g, Γ, A) = G2(X) + G3(X)ℒ3 + G4(X)gabRab + ∑ Hi(X)ℒi
4

ℒ(g, A) = (up to linear in DaAb) + G4(X)
g
R + ∑ αi(X)Li

L1 = ga(cgd)bDaAbDcAd, L2 = gabgcdDaAbDcAd,
L3 = (AaAbgcd + AcAdgab) DaAbDcAd, L4 = (AaA(cgd)b + AbA(cgd)a) DaAbDcAd,
L5 = AaAbAcAdDaAbDcAd, L6 = ga[cgd]bDaAbDcAd, L7 = (AaA[cgd]b − AbA[cgd]a) DaAbDcAd,
L8 = (AaAcgbd − AbAdgac) DaAbDcAd, L9 = ϵabcdDaAbDcAd,

integrating out Γ

Theory with torsionless cond.

[Kimura+ (2017)]

[TI and Kobayashi (in preparation)]

Theory with projective symm.
This theory is extension of [K. Aoki and K. Shimada (2018)] 
(all  terms are extended to ) 

We impose projective symmetry:  

We can also Integrate out  

The theory is always ghost-free and described in the framework 
of degenerate vector-tensor theories

ϕ Aa

Γ̂a
bc = Γa

bc + δa
c Ub

Γ

L = G4(X)gabRab + F(X)GabAaAb

+G2(X) + G3(X)ℒgal
3 + H1(X)ℒgal

4 + H2(X)ℒgal′ 

4

Gbb′ = ϵabcdϵa
b′ c′ d′ Rcdc′ d′ , ℒgal

3 = ϵabcdϵa′ b′ 
cd AaAa′ ∇b Ab′ 

ℒgal
4 = ϵabcdϵa′ b′ c′ 

d AaAa′ ∇b Ab′ ∇c Ac′ , ℒgal′ 

4 = ϵabcdϵa′ b′ c′ 
d AaAa′ ∇b Ab′ ∇c′ Ac

[TI and Kobayashi (in preparation)]



Theory with projective symm.
We can also construct a theory with projective symmetry in a different way 

The theory depends on  
through a projective-invariant combination:  

We can also Integrate out  

Degeneracy requires  

The theory is also described in the framework of 
degenerate vector-tensor theories

DaAb

,a
b

Γ

Q3 = 0

,a
b = (∇a Ab + gbc ∇a Ac)/2, ℒ3 = ,a

a

ℒ1
4 = δb

aδd
c ,a

b,c
d, ℒ2

4 = δb
aδd

c ,a
d,c

b, ℒ3
4 = gacgbd,a

b,c
d

L = G2(X) + G3(X)ℒ3 + G4(X)gabRab +
3

∑
i=1

Qi(X)ℒi
4

DaAb = ∂aAb − { c
ab}Ac

∇a Ab = ∂aAb − Γc
abAc

[TI and Kobayashi (in preparation)]

Summary
We investigated what is the metric-affine version of generalized Proca theories    

The theory with torsionless condition 

Under a certain constraint 
one gets ghost-free degenerate vector-tensor theories 

Constricting the epsilon tensor (with projective symm.) 

Always ghost-free degenerate vector-tensor theories 

Using the projective-invariant combination (with projective symm.) 

Under a certain constraint 
one gets ghost-free degenerate vector-tensor theories 

torsionless condition / projective symm. alone is not perfect!  

Future work 

Adding higher curvature terms to action, etc.

[TI and Kobayashi (in preparation)]
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Long-lived Quasinormal Modes  
of Black hole with Matter Inflow

Hsu-Wen Chiang
based on works in collaboration with

Yu-Hsein Kung, Che-Yu Chen, Jie-Shiun Tsao and Pisin Chen
and acknowledgment to Keisuke Izumi, Feng-Li Lin, Misao Sasaki and Bill Unruh

Leung Center for Cosmology and Particle Astrophysics (LeCosPA)
National Taiwan University (NTU)

1JGRG31, Tokyo 2022

“Modification to the Hawking temperature of a dynamical black hole by a time-dependent
supertranslation,” JHEP 20 (2020) 089 arXiv:2004.05045

“Eikonal quasinormal modes and photon orbits of deformed
Schwarzschild black holes,” PRD 106 (2022) 044068
arXiv:2205.02433

Era of Black Hole Observation

2

• Multi-messenger astronomy?

Image credit (Left) LIGO/Virgo/Georgia Tech/S. Ghonge & K. Jani. (Right) A. Chael etal. ApJ. 918 (2021) 1, 6
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Matter Inflow Toy Model

3

• For simplicity, let’s neglect the spin of
the black hole and the gas stream
orbital angular momentum.

• The system is described exactly by
the dynamical soft hair model.
JHEP 20 (2020) 089 arXiv:2004.05045 (Yu-Hsein Kung, HWC, Pisin Chen)

• The flow stretches the horizon and leads
to grav. lensing, forming an ergosphere.

• No gravitational wave (GW) is emitted though.

Extreme Mass Ratio Inspiral

4

• Let us introduce GW by a small (relative
to the matter inflow) companion BH.



Era of Black Hole Observation

5

• Multi-messenger astronomy?

Image credit (Left) LIGO/Virgo/Georgia Tech/S. Ghonge & K. Jani. (Right) A. Chael etal. ApJ. 918 (2021) 1, 6

Extreme Mass Ratio Inspiral
Ring down

6

• Let us introduce GW by a small (relative
to the matter inflow) companion BH.

• Focus on ring-down GWs and utilize
quasinormal modes (QNM) of minimally
coupled scalar field as the test bed:

𝜕𝜇 −𝑔𝑔𝜇𝜈𝜕𝜈𝜙 = 0

𝜙 = 𝑟−1 σ𝑙𝑚Φlm 𝑟∗ 𝑌𝑙𝑚𝑒𝑖𝜔𝑙𝑚 𝑣−𝑟∗ +Z𝑙𝑚



Deformed Quasinormal Modes

7

• Expand around smallness of flow density 𝜖:

• Consider time scale where the horizon growth and 
the flow variation can be neglected.

• Assume an axisymmetric flow.
• KG eq. can be cast into Schrödinger form

• C.f. PRD 102 (2020) 044047 (Cano etal.), PRD 106 (2022) 044068 (Che-Yu Chen, HWC, 

Jie-Hsiun Tsao) and Che-Yu Chen’s talk later .

𝑔𝜇𝜈 = 𝑔𝜇𝜈
0 + 𝜖𝑔𝜇𝜈

1

Φlm
′′ 𝑟∗ + 𝜔𝑙𝑚2 − 𝑉𝑙𝑚 𝑟∗ Φlm 𝑟∗

ሶ𝜖−1 ≫ 𝑇 ≪ M

Deformed Effective Potential

8

• Anisotropic density: 𝜖𝑌𝑠0
4𝜋𝑟2

, 𝑠 ≥ 2.

• Deform factor is roughly
𝜖 𝑟𝑠2+4M
𝑠4 𝑟−2M

.  Spectrum
is modified. 

• Expansion fails
at 𝑟−2M

2M
≈ 𝜖.

• Divergence is
either physical  Echo.

• Or regularizable.
 Theoretic interest.

𝜖 Radius(2M)

s=5s=3s=2

V at eikonal limit (M𝜔𝑅 ≫ 1)



Near-horizon Expansion

9

• Let us zoom into 𝑟 − 𝑟𝐻 = 𝑜 𝜖 and 𝜖 > 0.

where 𝑛 is the order in 𝜖 and 𝑘 is 𝑟∗ divergence.
𝑘 = −3 𝑘 = −2 𝑘 = −1 𝑘 = 0 𝑘 > 0 𝐹𝑘𝑛

6 −3 1 𝑒−𝜖−1 0 𝑛 = 0

Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 Irrelevant 0 𝑛 = 1

Irrelevant Irrelevant − log 𝑟 − 𝑟𝐻 2 Irrelevant 0 𝑛 = 2

Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 3 0 𝑛 = 3
𝑹egularized by
pushing 𝒓𝑯 outward

𝑉𝑙𝑚 = σ𝑛=0,𝑘 𝑙2 2M 𝑘−2𝜖𝑛 𝑟 − 𝑟𝐻 −𝑘 𝐹𝑘,𝑠𝑙𝑚𝑛 ,

Near-horizon Expansion
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Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 3 0 𝑛 = 3
𝑹egularized by
pushing 𝒓𝑯 outward

𝑉𝑙𝑚 = σ𝑛=0,𝑘 𝑙2 2M 𝑘−2𝜖𝑛 𝑟 − 𝑟𝐻 −𝑘 𝐹𝑘,𝑠𝑙𝑚𝑛 ,



Near-horizon Expansion

11

• Let us zoom into 𝑟 − 𝑟𝐻 = 𝑜 𝜖 and 𝜖 > 0.

where 𝑛 is the order in 𝜖 and 𝑘 is 𝑟∗ divergence.
𝑘 = −3 𝑘 = −2 𝑘 = −1 𝑘 = 0 𝑘 > 0 𝐹𝑘𝑛

6 −3 1 𝑒−𝜖−1 0 𝑛 = 0

Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 Irrelevant 0 𝑛 = 1

Irrelevant Irrelevant − log 𝑟 − 𝑟𝐻 2 Irrelevant 0 𝑛 = 2

Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 3 0 𝑛 = 3

Sch.

𝑹egularized by
pushing 𝒓𝑯 outward

𝑉𝑙𝑚 = σ𝑛=0,𝑘 𝑙2 2M 𝑘−2𝜖𝑛 𝑟 − 𝑟𝐻 −𝑘 𝐹𝑘,𝑠𝑙𝑚𝑛 ,

Decay Time Estimate

13

• 𝑉 𝑟 ∝ 𝐴𝑒−
1
𝜖 + 𝑟−𝑟𝐻

2M
1 + 𝐵𝜖 log 𝑟−𝑟𝐻

2M
.

• Weakly trapped at 𝑟−𝑟𝐻
2M

∼ 𝑒−
1
𝐵𝜖, with Δ𝑉 ∼ 𝑙2𝑒−

1
𝐵𝜖

2𝑀 2 .

𝑘 = −3 𝑘 = −2 𝑘 = −1 𝑘 = 0 𝑘 > 0 𝐹𝑘𝑛

6 −3 1 𝑒−𝜖−1 0 𝑛 = 0

Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 Irrelevant 0 𝑛 = 1

Irrelevant Irrelevant − log 𝑟 − 𝑟𝐻 2 Irrelevant 0 𝑛 = 2

Irrelevant Irrelevant log 𝑟 − 𝑟𝐻 3 0 𝑛 = 3

Sch.

𝑹egularized by
pushing 𝒓𝑯 outward



Decay Time Estimate

14

• 𝑉 𝑟 ∝ 𝐴𝑒−
1
𝜖 + 𝑟−𝑟𝐻

2M
1 + 𝐵𝜖 log 𝑟−𝑟𝐻

2M
.

• Weakly trapped at 𝑟−𝑟𝐻
2M

∼ 𝑒−
1
𝐵𝜖, with Δ𝑉 ∼ 𝑙2𝑒−

1
𝐵𝜖

2𝑀 2 .

• Rough estimate of decay time by WKB Δ𝑟∗

Δ𝑉
𝑒𝑊p 𝑉p .

• These modes correspond          to geodesics trapped 
inside the photon sphere            by gravitational 
lensing.  Ergosphere!

Δ𝑉

𝑉p

𝑊p

Δ𝑟∗ ∼ 2𝑀

Conclusion and Future Work

• Our toy model suggests that QNM potential is 
deformed by transient matter flow.

• Series analysis leads to a diverging potential.
• After careful analysis long-lived modes emerge due 

to small dip of the potential just outside horizon.
• Relate these modes

to trapped
geodesics inside
ergosphere.
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Photon escape probability and 
near-horizon extremal Kerr geometry  
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Black Hole (BH) Observations

・BH observation: receiving signals emitted from its vicinity.

[LVK Collaboration]
maximum likelihood (RML; e.g., Narayan & Nityananda 1986;
Wiaux et al. 2009; Thiébaut 2013). RML is a forward-modeling
approach that searches for an image that is not only consistent with
the observed data but also favors specified image properties (e.g.,
smoothness or compactness). As with CLEAN, RML methods
typically iterate between imaging and self-calibration, although
they can also be used to image directly on robust closure quantities
immune to station-based calibration errors. RMLmethods have been
extensively developed for the EHT (e.g., Honma et al. 2014;
Bouman et al. 2016; Akiyama et al. 2017; Chael et al. 2018b; see
also Paper IV).

Every imaging algorithm has a variety of free parameters
that can significantly affect the final image. We adopted a two-
stage imaging approach to control and evaluate biases in the
reconstructions from our choices of these parameters. In
the first stage, four teams worked independently to reconstruct
the first EHT images of M87* using an early engineering data
release. The teams worked without interaction to minimize
shared bias, yet each produced an image with a similar
prominent feature: a ring of diameter ∼38–44 μas with
enhanced brightness to the south (see Figure 4 in Paper IV).

In the second imaging stage, we developed three imaging
pipelines, each using a different software package and
associated methodology. Each pipeline surveyed a range of
imaging parameters, producing between ∼103 and 104 images
from different parameter combinations. We determined a “Top-
Set” of parameter combinations that both produced images of
M87* that were consistent with the observed data and that
reconstructed accurate images from synthetic data sets
corresponding to four known geometric models (ring, crescent,
filled disk, and asymmetric double source). For all pipelines,
the Top-Set images showed an asymmetric ring with a diameter
of ∼40 μas, with differences arising primarily in the effective
angular resolutions achieved by different methods.

For each pipeline, we determined the single combination of
fiducial imaging parameters out of the Top-Set that performed
best across all the synthetic data sets and for each associated
imaging methodology (see Figure 11 in Paper IV). Because the
angular resolutions of the reconstructed images vary among the
pipelines, we blurred each image with a circular Gaussian to a
common, conservative angular resolution of 20 μas. The top part
of Figure 3 shows an image of M87* on April11 obtained by
averaging the three pipelines’ blurred fiducial images. The image
is dominated by a ring with an asymmetric azimuthal profile that
is oriented at a position angle ∼170° east of north. Although the
measured position angle increases by ∼20° between the first two
days and the last two days, the image features are broadly
consistent across the different imaging methods and across all
four observing days. This is shown in the bottom part of Figure 3,
which reports the images on different days (see also Figure 15 in
Paper IV). These results are also consistent with those obtained
from visibility-domain fitting of geometric and general-relativistic
magnetohydrodynamics (GRMHD) models (Paper VI).

6. Theoretical Modeling

The appearance of M87* has been modeled successfully using
GRMHD simulations, which describe a turbulent, hot, magnetized
disk orbiting a Kerr black hole. They naturally produce a powerful
jet and can explain the broadband spectral energy distribution
observed in LLAGNs. At a wavelength of 1.3 mm, and as
observed here, the simulations also predict a shadow and an
asymmetric emission ring. The latter does not necessarily coincide

with the innermost stable circular orbit, or ISCO, and is instead
related to the lensed photon ring. To explore this scenario in great
detail, we have built a library of synthetic images (Image Library)
describing magnetized accretion flows onto black holes in GR145

(Paper V). The images themselves are produced from a library
of simulations (Simulation Library) collecting the results of
four codes solving the equations of GRMHD (Gammie et al.
2003; Saḑowski et al. 2014; Porth et al. 2017; Liska et al.
2018). The elements of the Simulation Library have been
coupled to three different general-relativistic ray-tracing and
radiative-transfer codes (GRRT, Bronzwaer et al. 2018;
Mościbrodzka & Gammie 2018; Z. Younsi et al. 2019, in
preparation). We limit ourselves to providing here a brief
description of the initial setups and the physical scenarios
explored in the simulations; see Paper V for details on both the
GRMHD and GRRT codes, which have been cross-validated

Figure 3. Top: EHT image of M87* from observations on 2017 April 11 as a
representative example of the images collected in the 2017 campaign. The
image is the average of three different imaging methods after convolving each
with a circular Gaussian kernel to give matched resolutions. The largest of the
three kernels (20 μas FWHM) is shown in the lower right. The image is shown
in units of brightness temperature, T S k2b

2
Bl= W, where S is the flux density,

λ is the observing wavelength, kB is the Boltzmann constant, and Ω is the solid
angle of the resolution element. Bottom: similar images taken over different
days showing the stability of the basic image structure and the equivalence
among different days. North is up and east is to the left.

145 More exotic spacetimes, such as dilaton black holes, boson stars, and
gravastars, have also been considered (Paper V).
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・How visible is the neighborhood of BH?

1/12
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Photon Escape Cone

・As the source approaches BH, the probability of photon 
　escape decreases. → It's hard to see near BH…

Photon sphere
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[Synge (1966), Semerak (1996), Takahashi+(2010)]

Sch. BH
a = 0

0% (r → rH)

Kerr BH
a > 0

BH Spin & Proper Motion of Emitter 3/12

b1ðrHÞ ¼ 2; ð58Þ

where rH ¼ 1.
Using these expressions, we can evaluate the critical

angles ðαi; βiÞ. In Fig. 5, we find sets of critical angles ∂S
for several values of r$. As r$ decreases toward rH ¼ 1, the
size of the escape cone S decreases. However, we should
notice that S still has enough size, even if r$ is close enough
to the horizon [see r$ ¼ 1.001 case]. Now let us evaluate
the escape probability P in Eq. (54a) with the above
expressions. In Fig. 6, the solid black line shows P as a
function of r$. We find that P decreases as r$ decreases
toward rH but is nonzero in the horizon limit. Indeed, the
value of P in the horizon limit takes

lim
r$→1

P ¼ 0.2916…: ð59Þ

This result means that about 30% of photons isotropically
emitted from a light source near the horizon of the extremal
Kerr black hole can escape to infinity.
Here let us confirm that the result of Ref. [12] can be

reproduced. Assuming that photons are emitted isotropi-
cally but confined in the equatorial plane, we can identify

the escape cone with the segment α ∈ ½α2; α1ðaÞ&jq¼0 on the
line β ¼ π=2 in Fig. 5(i). Thus the escape probability in
such a situation is given by

P ¼
ðα1ðaÞ − α2Þjq¼0

2π
; ð60Þ

FIG. 5. Critical angles in α − β plane in the extremal Kerr-Newman black hole. The red, green, blue, and orange lines show
(α1ðaÞ; β1ðaÞ), (α1ðbÞ; β1ðbÞ), (α1ðcÞ; β1ðcÞ), and (α2, β2), respectively. We set r$ ¼ 1.7, 1.3, 1þ 10−3 for class I (the upper three panels) and
r$ ¼ 1.7, 1.3, 1þ 10−2 for class II (the lower three panels) from outside to inside. The inside of each closed solid curve shows the escape
cone S. We can see that, in the near-horizon emission case for class I, the presence of the critical angles in case (a) prevents the escape
cone from disappearing.

FIG. 6. Escape probability in the extremal Kerr-Newman
black hole.
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LNRF emitter

・High spin BH is more visible 
　than non-spining BH.

[KO+(2020)]

29%

・Proper motion of the emitter 
　increases the escape probability.

circular emitter

[Igata+(2020)]



・Proper motion of the emitter 
　increases the escape probability.

Kerr BH
a > 0

BH Spin & Proper Motion of Emitter

a ¼ 0.9. The horizon radius is rh ≃ 1.43…. The area of the
escape cones becomes smaller as the emission point
approaches the ISCO. Figures 4(d)–4(f) show escape cones
in the cases r ¼ 2.98, 2, rIð¼ 1.18…Þ, respectively, for
a ¼ 0.999. The horizon radius is rh ¼ 1.04…. As is the
case for a ¼ 0.9, the area of the escape cones becomes
smaller as r approaches the ISCO radius. Comparing photon
emissions from the ISCO, we can see that the area of the
escape cone in the case of a ¼ 0.999 is smaller than that of
a ¼ 0.9. Figures 4(g)–4(i) show escape cones in the cases
r ¼ 2.98, 2, 1.001, respectively, for a ¼ 1. The area of the
escape cones becomes smaller as r decreases. It must be
noted that, according to Fig. 4(i), even if the radial coordinate
value of an emission point is sufficiently close to the horizon,
r ¼ 1, the escape cone still occupies over half of the unit
sphere, indicating that more than half of the photons
isotropically emitted from a circularly orbiting source can
escape to infinity. In particular, as the entire region for which
0 ≤ α < π is included in the escape cone, all photons
emitted forwardly from the source can escape to infinity.
We now assume that photon emission is isotropic and

then evaluate the escape probability; this is identified with
the solid angle of an escape cone divided by 4π, i.e.,

P ¼ 1

4π

Z

S
dαdβ sin β: ð45Þ

In subextremal cases, in terms of critical angles, the escape
probability P can be written as

P ¼ 1 −
1

2π

Z
r

rc1

dr1
dα1ðbÞ
dr1

cos β1ðbÞ

−
1

2π

Z
3

r
dr1

dα1ðcÞ
dr1

cos β1ðcÞ −
1

2π

Z
rc2

3
dr2

dα2
dr2

cos β2:

ð46Þ

All the integrands in the last three terms coincide with each
other,

dα1ðbÞ
dr1

cos β1ðbÞ

!!!!
r1¼x

¼
dα1ðcÞ
dr1

cos β1ðcÞ

!!!!
r1¼x

¼ dα2
dr2

cos β2

!!!!
r2¼x

≡ gðxÞ: ð47Þ

Hence, we have

P ¼ 1 −
1

2π

Z
rc2

rc1

gðxÞdx: ð48Þ

In the extremal case (i.e., a ¼ 1), we can also write P in
terms of critical angles as follows:

P¼1−
1

2π

Z
rh

0
dr1

dα1ðaÞ
dr1

cosβ1ðaÞ−
1

2π

Z
rc2

rh
dxgðxÞ: ð49Þ

Figure 5 shows the dependence of the photon escape
probability P on the orbital radius r of a circularly orbiting
source. The pink, gray, orange, blue, green, and red lines
show the cases a ¼ 0.9, 0.95, 0.98, 0.999, 0.99999, and 1,
respectively. All P values decrease monotonically as r
decreases toward rI. Furthermore, the value of P evaluated
at r ¼ rI decreases monotonically as a approaches 1. For
example, in the Thorne limit a ¼ 0.998 [30], the value of P
evaluated at the ISCO is

PðrIÞ ¼ 0.5880…; ð50Þ

where rI ¼ 1.236…. These results are consistent with a
naive expectation that P becomes increasingly smaller as r
approaches rh. However, it is worth noting that PðrIÞ does
not approach zero as a approaches 1. Even if a photon is
emitted from the source circularly orbiting a near-extremal
Kerr black hole with the orbital radius r ¼ rI ≃ rh, the
escape probability is about 55%. For the extremal case
a ¼ 1, in the limit as r approaches rI (i.e., the horizon
radius rI ¼ rh ¼ 1), P takes a nonzero value,

lim
r→1þ

P ¼ 0.5464…: ð51Þ

This indicates that more than half of photons emitted in
the vicinity of the horizon escape to infinity without falling
into the black hole.
We now evaluate the frequency shift of photons escaping

from the ISCO to infinity. The redshift factor zmeasured by
a static observer at infinity is given by

1þ z ¼ −kð0Þ: ð52Þ

Figures 6(a)–6(c) show the density contour of z for photons
emitted from the front hemisphere of the source, which
corresponds to the cases in Figs. 4(c), 4(f), and 4(i),
respectively. The gray dashed lines show the contours of
z ¼ 0, and the red/blue regions show the emission angles

FIG. 5. Dependence of the escape probability P on the orbital
radius r of a circularly orbiting source. The pink, gray, orange,
blue, green, and red lines correspond to the cases a ¼ 0.9, 0.95,
0.98, 0.999, 0.99999, and 1, respectively. The left end point on
each line corresponds to ISCO for subextremal cases, and the left
end point for a ¼ 1 is r ¼ 1.001.
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b1ðrHÞ ¼ 2; ð58Þ

where rH ¼ 1.
Using these expressions, we can evaluate the critical

angles ðαi; βiÞ. In Fig. 5, we find sets of critical angles ∂S
for several values of r$. As r$ decreases toward rH ¼ 1, the
size of the escape cone S decreases. However, we should
notice that S still has enough size, even if r$ is close enough
to the horizon [see r$ ¼ 1.001 case]. Now let us evaluate
the escape probability P in Eq. (54a) with the above
expressions. In Fig. 6, the solid black line shows P as a
function of r$. We find that P decreases as r$ decreases
toward rH but is nonzero in the horizon limit. Indeed, the
value of P in the horizon limit takes

lim
r$→1

P ¼ 0.2916…: ð59Þ

This result means that about 30% of photons isotropically
emitted from a light source near the horizon of the extremal
Kerr black hole can escape to infinity.
Here let us confirm that the result of Ref. [12] can be

reproduced. Assuming that photons are emitted isotropi-
cally but confined in the equatorial plane, we can identify

the escape cone with the segment α ∈ ½α2; α1ðaÞ&jq¼0 on the
line β ¼ π=2 in Fig. 5(i). Thus the escape probability in
such a situation is given by

P ¼
ðα1ðaÞ − α2Þjq¼0

2π
; ð60Þ

FIG. 5. Critical angles in α − β plane in the extremal Kerr-Newman black hole. The red, green, blue, and orange lines show
(α1ðaÞ; β1ðaÞ), (α1ðbÞ; β1ðbÞ), (α1ðcÞ; β1ðcÞ), and (α2, β2), respectively. We set r$ ¼ 1.7, 1.3, 1þ 10−3 for class I (the upper three panels) and
r$ ¼ 1.7, 1.3, 1þ 10−2 for class II (the lower three panels) from outside to inside. The inside of each closed solid curve shows the escape
cone S. We can see that, in the near-horizon emission case for class I, the presence of the critical angles in case (a) prevents the escape
cone from disappearing.

FIG. 6. Escape probability in the extremal Kerr-Newman
black hole.
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a ¼ 0.9. The horizon radius is rh ≃ 1.43…. The area of the
escape cones becomes smaller as the emission point
approaches the ISCO. Figures 4(d)–4(f) show escape cones
in the cases r ¼ 2.98, 2, rIð¼ 1.18…Þ, respectively, for
a ¼ 0.999. The horizon radius is rh ¼ 1.04…. As is the
case for a ¼ 0.9, the area of the escape cones becomes
smaller as r approaches the ISCO radius. Comparing photon
emissions from the ISCO, we can see that the area of the
escape cone in the case of a ¼ 0.999 is smaller than that of
a ¼ 0.9. Figures 4(g)–4(i) show escape cones in the cases
r ¼ 2.98, 2, 1.001, respectively, for a ¼ 1. The area of the
escape cones becomes smaller as r decreases. It must be
noted that, according to Fig. 4(i), even if the radial coordinate
value of an emission point is sufficiently close to the horizon,
r ¼ 1, the escape cone still occupies over half of the unit
sphere, indicating that more than half of the photons
isotropically emitted from a circularly orbiting source can
escape to infinity. In particular, as the entire region for which
0 ≤ α < π is included in the escape cone, all photons
emitted forwardly from the source can escape to infinity.
We now assume that photon emission is isotropic and

then evaluate the escape probability; this is identified with
the solid angle of an escape cone divided by 4π, i.e.,

P ¼ 1

4π

Z

S
dαdβ sin β: ð45Þ

In subextremal cases, in terms of critical angles, the escape
probability P can be written as

P ¼ 1 −
1
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All the integrands in the last three terms coincide with each
other,
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≡ gðxÞ: ð47Þ

Hence, we have

P ¼ 1 −
1

2π

Z
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gðxÞdx: ð48Þ

In the extremal case (i.e., a ¼ 1), we can also write P in
terms of critical angles as follows:

P¼1−
1

2π

Z
rh

0
dr1

dα1ðaÞ
dr1

cosβ1ðaÞ−
1

2π

Z
rc2

rh
dxgðxÞ: ð49Þ

Figure 5 shows the dependence of the photon escape
probability P on the orbital radius r of a circularly orbiting
source. The pink, gray, orange, blue, green, and red lines
show the cases a ¼ 0.9, 0.95, 0.98, 0.999, 0.99999, and 1,
respectively. All P values decrease monotonically as r
decreases toward rI. Furthermore, the value of P evaluated
at r ¼ rI decreases monotonically as a approaches 1. For
example, in the Thorne limit a ¼ 0.998 [30], the value of P
evaluated at the ISCO is

PðrIÞ ¼ 0.5880…; ð50Þ

where rI ¼ 1.236…. These results are consistent with a
naive expectation that P becomes increasingly smaller as r
approaches rh. However, it is worth noting that PðrIÞ does
not approach zero as a approaches 1. Even if a photon is
emitted from the source circularly orbiting a near-extremal
Kerr black hole with the orbital radius r ¼ rI ≃ rh, the
escape probability is about 55%. For the extremal case
a ¼ 1, in the limit as r approaches rI (i.e., the horizon
radius rI ¼ rh ¼ 1), P takes a nonzero value,

lim
r→1þ

P ¼ 0.5464…: ð51Þ

This indicates that more than half of photons emitted in
the vicinity of the horizon escape to infinity without falling
into the black hole.
We now evaluate the frequency shift of photons escaping

from the ISCO to infinity. The redshift factor zmeasured by
a static observer at infinity is given by

1þ z ¼ −kð0Þ: ð52Þ

Figures 6(a)–6(c) show the density contour of z for photons
emitted from the front hemisphere of the source, which
corresponds to the cases in Figs. 4(c), 4(f), and 4(i),
respectively. The gray dashed lines show the contours of
z ¼ 0, and the red/blue regions show the emission angles

FIG. 5. Dependence of the escape probability P on the orbital
radius r of a circularly orbiting source. The pink, gray, orange,
blue, green, and red lines correspond to the cases a ¼ 0.9, 0.95,
0.98, 0.999, 0.99999, and 1, respectively. The left end point on
each line corresponds to ISCO for subextremal cases, and the left
end point for a ¼ 1 is r ¼ 1.001.
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a ¼ 0.9. The horizon radius is rh ≃ 1.43…. The area of the
escape cones becomes smaller as the emission point
approaches the ISCO. Figures 4(d)–4(f) show escape cones
in the cases r ¼ 2.98, 2, rIð¼ 1.18…Þ, respectively, for
a ¼ 0.999. The horizon radius is rh ¼ 1.04…. As is the
case for a ¼ 0.9, the area of the escape cones becomes
smaller as r approaches the ISCO radius. Comparing photon
emissions from the ISCO, we can see that the area of the
escape cone in the case of a ¼ 0.999 is smaller than that of
a ¼ 0.9. Figures 4(g)–4(i) show escape cones in the cases
r ¼ 2.98, 2, 1.001, respectively, for a ¼ 1. The area of the
escape cones becomes smaller as r decreases. It must be
noted that, according to Fig. 4(i), even if the radial coordinate
value of an emission point is sufficiently close to the horizon,
r ¼ 1, the escape cone still occupies over half of the unit
sphere, indicating that more than half of the photons
isotropically emitted from a circularly orbiting source can
escape to infinity. In particular, as the entire region for which
0 ≤ α < π is included in the escape cone, all photons
emitted forwardly from the source can escape to infinity.
We now assume that photon emission is isotropic and

then evaluate the escape probability; this is identified with
the solid angle of an escape cone divided by 4π, i.e.,

P ¼ 1

4π

Z

S
dαdβ sin β: ð45Þ

In subextremal cases, in terms of critical angles, the escape
probability P can be written as

P ¼ 1 −
1

2π

Z
r

rc1

dr1
dα1ðbÞ
dr1

cos β1ðbÞ

−
1

2π

Z
3

r
dr1

dα1ðcÞ
dr1

cos β1ðcÞ −
1

2π

Z
rc2

3
dr2

dα2
dr2

cos β2:

ð46Þ

All the integrands in the last three terms coincide with each
other,
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dr1
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!!!!
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cos β2

!!!!
r2¼x

≡ gðxÞ: ð47Þ

Hence, we have

P ¼ 1 −
1

2π

Z
rc2

rc1

gðxÞdx: ð48Þ

In the extremal case (i.e., a ¼ 1), we can also write P in
terms of critical angles as follows:

P¼1−
1

2π

Z
rh

0
dr1

dα1ðaÞ
dr1

cosβ1ðaÞ−
1

2π

Z
rc2

rh
dxgðxÞ: ð49Þ

Figure 5 shows the dependence of the photon escape
probability P on the orbital radius r of a circularly orbiting
source. The pink, gray, orange, blue, green, and red lines
show the cases a ¼ 0.9, 0.95, 0.98, 0.999, 0.99999, and 1,
respectively. All P values decrease monotonically as r
decreases toward rI. Furthermore, the value of P evaluated
at r ¼ rI decreases monotonically as a approaches 1. For
example, in the Thorne limit a ¼ 0.998 [30], the value of P
evaluated at the ISCO is

PðrIÞ ¼ 0.5880…; ð50Þ

where rI ¼ 1.236…. These results are consistent with a
naive expectation that P becomes increasingly smaller as r
approaches rh. However, it is worth noting that PðrIÞ does
not approach zero as a approaches 1. Even if a photon is
emitted from the source circularly orbiting a near-extremal
Kerr black hole with the orbital radius r ¼ rI ≃ rh, the
escape probability is about 55%. For the extremal case
a ¼ 1, in the limit as r approaches rI (i.e., the horizon
radius rI ¼ rh ¼ 1), P takes a nonzero value,

lim
r→1þ

P ¼ 0.5464…: ð51Þ

This indicates that more than half of photons emitted in
the vicinity of the horizon escape to infinity without falling
into the black hole.
We now evaluate the frequency shift of photons escaping

from the ISCO to infinity. The redshift factor zmeasured by
a static observer at infinity is given by

1þ z ¼ −kð0Þ: ð52Þ

Figures 6(a)–6(c) show the density contour of z for photons
emitted from the front hemisphere of the source, which
corresponds to the cases in Figs. 4(c), 4(f), and 4(i),
respectively. The gray dashed lines show the contours of
z ¼ 0, and the red/blue regions show the emission angles

FIG. 5. Dependence of the escape probability P on the orbital
radius r of a circularly orbiting source. The pink, gray, orange,
blue, green, and red lines correspond to the cases a ¼ 0.9, 0.95,
0.98, 0.999, 0.99999, and 1, respectively. The left end point on
each line corresponds to ISCO for subextremal cases, and the left
end point for a ¼ 1 is r ¼ 1.001.
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b1ðrHÞ ¼ 2; ð58Þ

where rH ¼ 1.
Using these expressions, we can evaluate the critical

angles ðαi; βiÞ. In Fig. 5, we find sets of critical angles ∂S
for several values of r$. As r$ decreases toward rH ¼ 1, the
size of the escape cone S decreases. However, we should
notice that S still has enough size, even if r$ is close enough
to the horizon [see r$ ¼ 1.001 case]. Now let us evaluate
the escape probability P in Eq. (54a) with the above
expressions. In Fig. 6, the solid black line shows P as a
function of r$. We find that P decreases as r$ decreases
toward rH but is nonzero in the horizon limit. Indeed, the
value of P in the horizon limit takes

lim
r$→1

P ¼ 0.2916…: ð59Þ

This result means that about 30% of photons isotropically
emitted from a light source near the horizon of the extremal
Kerr black hole can escape to infinity.
Here let us confirm that the result of Ref. [12] can be

reproduced. Assuming that photons are emitted isotropi-
cally but confined in the equatorial plane, we can identify

the escape cone with the segment α ∈ ½α2; α1ðaÞ&jq¼0 on the
line β ¼ π=2 in Fig. 5(i). Thus the escape probability in
such a situation is given by

P ¼
ðα1ðaÞ − α2Þjq¼0

2π
; ð60Þ

FIG. 5. Critical angles in α − β plane in the extremal Kerr-Newman black hole. The red, green, blue, and orange lines show
(α1ðaÞ; β1ðaÞ), (α1ðbÞ; β1ðbÞ), (α1ðcÞ; β1ðcÞ), and (α2, β2), respectively. We set r$ ¼ 1.7, 1.3, 1þ 10−3 for class I (the upper three panels) and
r$ ¼ 1.7, 1.3, 1þ 10−2 for class II (the lower three panels) from outside to inside. The inside of each closed solid curve shows the escape
cone S. We can see that, in the near-horizon emission case for class I, the presence of the critical angles in case (a) prevents the escape
cone from disappearing.

FIG. 6. Escape probability in the extremal Kerr-Newman
black hole.
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a ¼ 0.9. The horizon radius is rh ≃ 1.43…. The area of the
escape cones becomes smaller as the emission point
approaches the ISCO. Figures 4(d)–4(f) show escape cones
in the cases r ¼ 2.98, 2, rIð¼ 1.18…Þ, respectively, for
a ¼ 0.999. The horizon radius is rh ¼ 1.04…. As is the
case for a ¼ 0.9, the area of the escape cones becomes
smaller as r approaches the ISCO radius. Comparing photon
emissions from the ISCO, we can see that the area of the
escape cone in the case of a ¼ 0.999 is smaller than that of
a ¼ 0.9. Figures 4(g)–4(i) show escape cones in the cases
r ¼ 2.98, 2, 1.001, respectively, for a ¼ 1. The area of the
escape cones becomes smaller as r decreases. It must be
noted that, according to Fig. 4(i), even if the radial coordinate
value of an emission point is sufficiently close to the horizon,
r ¼ 1, the escape cone still occupies over half of the unit
sphere, indicating that more than half of the photons
isotropically emitted from a circularly orbiting source can
escape to infinity. In particular, as the entire region for which
0 ≤ α < π is included in the escape cone, all photons
emitted forwardly from the source can escape to infinity.
We now assume that photon emission is isotropic and

then evaluate the escape probability; this is identified with
the solid angle of an escape cone divided by 4π, i.e.,

P ¼ 1

4π

Z

S
dαdβ sin β: ð45Þ

In subextremal cases, in terms of critical angles, the escape
probability P can be written as

P ¼ 1 −
1

2π

Z
r

rc1

dr1
dα1ðbÞ
dr1

cos β1ðbÞ

−
1

2π

Z
3

r
dr1

dα1ðcÞ
dr1

cos β1ðcÞ −
1

2π

Z
rc2

3
dr2

dα2
dr2

cos β2:

ð46Þ

All the integrands in the last three terms coincide with each
other,

dα1ðbÞ
dr1

cos β1ðbÞ

!!!!
r1¼x

¼
dα1ðcÞ
dr1

cos β1ðcÞ

!!!!
r1¼x

¼ dα2
dr2

cos β2

!!!!
r2¼x

≡ gðxÞ: ð47Þ

Hence, we have

P ¼ 1 −
1

2π

Z
rc2

rc1

gðxÞdx: ð48Þ

In the extremal case (i.e., a ¼ 1), we can also write P in
terms of critical angles as follows:

P¼1−
1

2π

Z
rh

0
dr1

dα1ðaÞ
dr1

cosβ1ðaÞ−
1

2π

Z
rc2

rh
dxgðxÞ: ð49Þ

Figure 5 shows the dependence of the photon escape
probability P on the orbital radius r of a circularly orbiting
source. The pink, gray, orange, blue, green, and red lines
show the cases a ¼ 0.9, 0.95, 0.98, 0.999, 0.99999, and 1,
respectively. All P values decrease monotonically as r
decreases toward rI. Furthermore, the value of P evaluated
at r ¼ rI decreases monotonically as a approaches 1. For
example, in the Thorne limit a ¼ 0.998 [30], the value of P
evaluated at the ISCO is

PðrIÞ ¼ 0.5880…; ð50Þ

where rI ¼ 1.236…. These results are consistent with a
naive expectation that P becomes increasingly smaller as r
approaches rh. However, it is worth noting that PðrIÞ does
not approach zero as a approaches 1. Even if a photon is
emitted from the source circularly orbiting a near-extremal
Kerr black hole with the orbital radius r ¼ rI ≃ rh, the
escape probability is about 55%. For the extremal case
a ¼ 1, in the limit as r approaches rI (i.e., the horizon
radius rI ¼ rh ¼ 1), P takes a nonzero value,

lim
r→1þ

P ¼ 0.5464…: ð51Þ

This indicates that more than half of photons emitted in
the vicinity of the horizon escape to infinity without falling
into the black hole.
We now evaluate the frequency shift of photons escaping

from the ISCO to infinity. The redshift factor zmeasured by
a static observer at infinity is given by

1þ z ¼ −kð0Þ: ð52Þ

Figures 6(a)–6(c) show the density contour of z for photons
emitted from the front hemisphere of the source, which
corresponds to the cases in Figs. 4(c), 4(f), and 4(i),
respectively. The gray dashed lines show the contours of
z ¼ 0, and the red/blue regions show the emission angles

FIG. 5. Dependence of the escape probability P on the orbital
radius r of a circularly orbiting source. The pink, gray, orange,
blue, green, and red lines correspond to the cases a ¼ 0.9, 0.95,
0.98, 0.999, 0.99999, and 1, respectively. The left end point on
each line corresponds to ISCO for subextremal cases, and the left
end point for a ¼ 1 is r ¼ 1.001.
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Typical Radii around a Kerr BH 4/12

[Bardeen+(1972)]
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Near-Horizon Extremal Kerr Geometry 5/12

・B.L.  → Bardeen‒Horowitz (t, r, ϕ) (T, R, Φ)

・symmetry：Kerr exterior R×U(1) → Kerr throat SL(2,R)×U(1)
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g ¼ 1ffiffiffi
3

p þ 2ffiffiffi
3

p cos Ψ̃ ð65Þ

in the κ → 0 limit, with cos Ψ̃ given by Eq. (64), while

ξsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MΔðrsÞ

p →

ffiffiffi
3

p

2
: ð66Þ

In the next sections, we will use the shape of the critical
curve in the sky of an isotropically emitting orbiter to
compute properties of its emission, such as the photon
escape probability and total flux radiated to infinity.

IV. ESCAPE PROBABILITY

From now on, we consider circular equatorial orbiters that
emit photons isotropically in their rest frame. In this section,
we use the shape of the critical curve in the orbiter sky that we
derived in Sec. III to compute thephoton escape probability as
a function ofBHspin and orbital radius. The probability that a
photon escapes to infinity (rather than being captured by the
BH) is given by the fraction of solid angle in the emitter sky
corresponding to directions of escape,

Pe ¼ 1 −
A
4π

; ð67Þ

where A is the area of the BH capture region in the sky.
To compute this escape probability, we first define an

area-preserving projection of the emitter sky to the plane.
Such a projection requires the area element on the plane dA
and the area element on the sphere dΩ to be equal:

dA ¼ ρdρ ∧ dφ ¼ sinΨdΨ ∧ dϒ ¼ dΩ: ð68Þ

We choose to employ a backside projection

ρdρ ¼ − sinΨdΨ; dφ ¼ −dϒ; ð69Þ

with ρjΨ¼π ¼ 0 and φjϒ¼0 ¼ π=2, so that

ρ ¼ 2 cos
"
Ψ
2

#
; φ ¼ π

2
−ϒ: ð70Þ

This amounts to looking at the sphere of the emitter sky in
Fig. 2 from the outside, projecting it from the left (−ϕ
direction) onto the plane separating its forward and back-
ward hemispheres. This area-preserving backside projec-
tion is illustrated in Fig. 3. Its center ρ ¼ 0 is the −ϕ
direction on the sphere and its vertical axis is aligned with

FIG. 3. Critical curve in the backside projection (70) of the circular equatorial orbiter sky. The projection is area-preserving, so each of the
eight octants has the same area (and solid angle) π=2. The outer circle is a point (the þϕ direction). We show near-extremal BH spin
a=M ¼ 99% (left) and extremal spin a ¼ M (right). The orbital radii rs are 20M (purple), 10M (blue), r̃þ ≈ 4M (outermost photon shell,
green), 2M (ergosphere, orange), and rþms (red) for prograde orbiters, and 20M (gray) and r−ms (light gray) for retrograde orbiters. The colored
dots indicate the corresponding “direction to theBHcenter” [Eq. (26)].As rs → ∞, the critical curve shrinks to that point (the−r direction). It
touches the vertical axis at rs ¼ r̃þ, when the orbiter enters the photon shell. For nonextremal BH spins, the critical curve is parametrized by
photon shell radius r̃ [Eq. (71)]. At extremality, this parametrization only covers the part of the photon shell that remains outside the throat
(solid curves), but in order to close, the full critical curve also requires contributions from photon shell radii R̃ inside of it (dotted curves)
[Eqs. (74)]. If the orbiter itself lies in the NHEK geometry, then the entire curve corresponds to photon shell radii in the throat [Eq. (78)].
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a ¼ 0.9. The horizon radius is rh ≃ 1.43…. The area of the
escape cones becomes smaller as the emission point
approaches the ISCO. Figures 4(d)–4(f) show escape cones
in the cases r ¼ 2.98, 2, rIð¼ 1.18…Þ, respectively, for
a ¼ 0.999. The horizon radius is rh ¼ 1.04…. As is the
case for a ¼ 0.9, the area of the escape cones becomes
smaller as r approaches the ISCO radius. Comparing photon
emissions from the ISCO, we can see that the area of the
escape cone in the case of a ¼ 0.999 is smaller than that of
a ¼ 0.9. Figures 4(g)–4(i) show escape cones in the cases
r ¼ 2.98, 2, 1.001, respectively, for a ¼ 1. The area of the
escape cones becomes smaller as r decreases. It must be
noted that, according to Fig. 4(i), even if the radial coordinate
value of an emission point is sufficiently close to the horizon,
r ¼ 1, the escape cone still occupies over half of the unit
sphere, indicating that more than half of the photons
isotropically emitted from a circularly orbiting source can
escape to infinity. In particular, as the entire region for which
0 ≤ α < π is included in the escape cone, all photons
emitted forwardly from the source can escape to infinity.
We now assume that photon emission is isotropic and

then evaluate the escape probability; this is identified with
the solid angle of an escape cone divided by 4π, i.e.,

P ¼ 1

4π

Z

S
dαdβ sin β: ð45Þ

In subextremal cases, in terms of critical angles, the escape
probability P can be written as

P ¼ 1 −
1

2π

Z
r

rc1

dr1
dα1ðbÞ
dr1

cos β1ðbÞ

−
1

2π

Z
3

r
dr1

dα1ðcÞ
dr1

cos β1ðcÞ −
1

2π

Z
rc2

3
dr2

dα2
dr2

cos β2:

ð46Þ

All the integrands in the last three terms coincide with each
other,

dα1ðbÞ
dr1

cos β1ðbÞ

!!!!
r1¼x

¼
dα1ðcÞ
dr1

cos β1ðcÞ

!!!!
r1¼x

¼ dα2
dr2

cos β2

!!!!
r2¼x

≡ gðxÞ: ð47Þ

Hence, we have

P ¼ 1 −
1

2π

Z
rc2

rc1

gðxÞdx: ð48Þ

In the extremal case (i.e., a ¼ 1), we can also write P in
terms of critical angles as follows:

P¼1−
1

2π

Z
rh

0
dr1

dα1ðaÞ
dr1

cosβ1ðaÞ−
1

2π

Z
rc2

rh
dxgðxÞ: ð49Þ

Figure 5 shows the dependence of the photon escape
probability P on the orbital radius r of a circularly orbiting
source. The pink, gray, orange, blue, green, and red lines
show the cases a ¼ 0.9, 0.95, 0.98, 0.999, 0.99999, and 1,
respectively. All P values decrease monotonically as r
decreases toward rI. Furthermore, the value of P evaluated
at r ¼ rI decreases monotonically as a approaches 1. For
example, in the Thorne limit a ¼ 0.998 [30], the value of P
evaluated at the ISCO is

PðrIÞ ¼ 0.5880…; ð50Þ

where rI ¼ 1.236…. These results are consistent with a
naive expectation that P becomes increasingly smaller as r
approaches rh. However, it is worth noting that PðrIÞ does
not approach zero as a approaches 1. Even if a photon is
emitted from the source circularly orbiting a near-extremal
Kerr black hole with the orbital radius r ¼ rI ≃ rh, the
escape probability is about 55%. For the extremal case
a ¼ 1, in the limit as r approaches rI (i.e., the horizon
radius rI ¼ rh ¼ 1), P takes a nonzero value,

lim
r→1þ

P ¼ 0.5464…: ð51Þ

This indicates that more than half of photons emitted in
the vicinity of the horizon escape to infinity without falling
into the black hole.
We now evaluate the frequency shift of photons escaping

from the ISCO to infinity. The redshift factor zmeasured by
a static observer at infinity is given by

1þ z ¼ −kð0Þ: ð52Þ

Figures 6(a)–6(c) show the density contour of z for photons
emitted from the front hemisphere of the source, which
corresponds to the cases in Figs. 4(c), 4(f), and 4(i),
respectively. The gray dashed lines show the contours of
z ¼ 0, and the red/blue regions show the emission angles

FIG. 5. Dependence of the escape probability P on the orbital
radius r of a circularly orbiting source. The pink, gray, orange,
blue, green, and red lines correspond to the cases a ¼ 0.9, 0.95,
0.98, 0.999, 0.99999, and 1, respectively. The left end point on
each line corresponds to ISCO for subextremal cases, and the left
end point for a ¼ 1 is r ¼ 1.001.
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b1ðrHÞ ¼ 2; ð58Þ

where rH ¼ 1.
Using these expressions, we can evaluate the critical

angles ðαi; βiÞ. In Fig. 5, we find sets of critical angles ∂S
for several values of r$. As r$ decreases toward rH ¼ 1, the
size of the escape cone S decreases. However, we should
notice that S still has enough size, even if r$ is close enough
to the horizon [see r$ ¼ 1.001 case]. Now let us evaluate
the escape probability P in Eq. (54a) with the above
expressions. In Fig. 6, the solid black line shows P as a
function of r$. We find that P decreases as r$ decreases
toward rH but is nonzero in the horizon limit. Indeed, the
value of P in the horizon limit takes

lim
r$→1

P ¼ 0.2916…: ð59Þ

This result means that about 30% of photons isotropically
emitted from a light source near the horizon of the extremal
Kerr black hole can escape to infinity.
Here let us confirm that the result of Ref. [12] can be

reproduced. Assuming that photons are emitted isotropi-
cally but confined in the equatorial plane, we can identify

the escape cone with the segment α ∈ ½α2; α1ðaÞ&jq¼0 on the
line β ¼ π=2 in Fig. 5(i). Thus the escape probability in
such a situation is given by

P ¼
ðα1ðaÞ − α2Þjq¼0

2π
; ð60Þ

FIG. 5. Critical angles in α − β plane in the extremal Kerr-Newman black hole. The red, green, blue, and orange lines show
(α1ðaÞ; β1ðaÞ), (α1ðbÞ; β1ðbÞ), (α1ðcÞ; β1ðcÞ), and (α2, β2), respectively. We set r$ ¼ 1.7, 1.3, 1þ 10−3 for class I (the upper three panels) and
r$ ¼ 1.7, 1.3, 1þ 10−2 for class II (the lower three panels) from outside to inside. The inside of each closed solid curve shows the escape
cone S. We can see that, in the near-horizon emission case for class I, the presence of the critical angles in case (a) prevents the escape
cone from disappearing.

FIG. 6. Escape probability in the extremal Kerr-Newman
black hole.
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Introduction

It has been shown in previous studies that in a spacetime with
positive cosmological constant the area of a black hole horizon
has an upper bound

For example, in Hayward, Shiromizu and Nakao (1994) it was
shown that for an apparent horizon A  4⇡/⇤

Further development took into consideration the angular
momentum of a rotating black hole (eg. Clement, Reiris and
Simon, 2015), leading to a more refined inequality

This study took into consideration all the variables previously
considered separately (angular momentum, matter,
gravitational waves) to produce an even more accurate upper
bound
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Definitions

Given a four-dimensional spacetime (M, gab) with a
three-dimensional hypersurface (⌃, qab), we consider a compact
2-surface in it denoted (S , hab).

gab = hab + rarb � nanb = qab � nanb

with n
a the future-directed normal to ⌃ and r

a the spacelike
normal to S .

D. Soligon Maximum size of BH
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Definitions

The second fundamental forms of ⌃ and S respectively are

Kab = q
c

aq
d

b
rcnd

and
kab = h

c

ah
d

b
rc rd
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Setup

We can decompose the second fundamental form Kab as

Kab = K(r)rarb + ab + varb + vbra

where
K(r) := Kabr

a
r
b

ab := h
c

ah
d

b
Kcd

va := h
c

ar
b
Kbc
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Setup

Defining ✓+ = + k we obtain the key equation

r
ara✓+ = �1

2
✓+ab✓

ab

+ �1

2
✓2++✓+(K(r)+)+

1

2
R+DaV

a�VaV
a�Gabk

a
n
b

with
Va := va �Da ln'

a spacelike vector tangent to S and

k
a := n

a + r
a

a future-directed null vector
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Definitions

✓+ as defined before is the outgoing null expansion rate associated
with k

a, with ✓+ = h
abrakb = h

ab✓+ab. Then, a stable marginally
outer trapped surface can be defined as a compact 2-surface S

satisfying
✓+|S = 0 and rara✓+|S � 0
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Area of a stable MOTS

If we consider a spacetime with a positive cosmological constant ⇤,
the Einstein equation reads Gab = 8⇡Tab � ⇤gab. Then, if we
integrate the key equation over S we obtain

1

2

Z

S

R dA � ⇤A+

Z

S

[VaV
a + 8⇡(⇢+ + ⇢+gw)] dA

with
⇢+ := Tabk

a
n
b = Tabn

a
n
b + Tabr

a
n
b

8⇡⇢+gw :=
1

2
✓̃+ab✓̃

ab

+ =
1

2
(̃ab̃

ab + k̃abk̃
ab) + ̃abk̃

ab

The tilde indicates traceless part.
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Area of a stable MOTS

If the dominant energy condition holds, i. e. ⇢+ � 0, then the RHS
in the integral equation is non-negative. From the Gauss-Bonnet
theorem we can then infer that a stable MOTS is topologically a
2-sphere, so that

R
S
RdA = 8⇡. The integral equation then

becomes

A  4⇡

⇤
� 1

⇤

Z

S

[VaV
a + 8⇡(⇢+ + ⇢+gw)] dA.

or Z

S

[V a
Va + 8⇡ (⇢+ + ⇢+gw)] dA  4⇡ � ⇤A
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Simplification with surface-averaged quantities

Defining the surface-averaged total density

⇢̄+tot =
1

A

Z

S

⇢+totdA

the inequality is simplified as

A  4⇡

⇤+

� 1

⇤+

Z

S

V
a
VadA

where
⇤+ := ⇤+ 8⇡⇢̄+tot
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Application to Kerr-de Sitter metric

If we consider a Kerr-de Sitter metric, integrating over the surface
of the horizon we obtain

Z

SH

VaV
a
dA = 24⇡

(am)2

r4
H

+ O(a4)

Note that there is no dependence on the cosmological constant at
the leading order. While higher order computation is possible, the
physical or geometrical meaning of higher order terms would not
be immediately clear.
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Consequence for black hole event horizons

Since we can describe a black hole horizon as a marginally
outer trapped surface, our result e↵ectively impose an upper
bound to the size of a black hole.

The results can be applied in various models, but given the
scale of the quantities in consideration it is especially relevant
in the study of the early Universe.

However, when considering black hole formation higher order
perturbations become relevant, so the surface-averaged
approach becomes less viable.
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Further applications

Another interesting case is if we consider n dimensions. The
following equation holds:

1

2

Z

S

(n�1)
RdA � ⇤A+

Z

S

⇥
VaV

a + 8⇡(⇢+ + ⇢+gw)

⇤
dA

For n � 4 we cannot use Gauss-Bonnet theorem to evaluate the
integral.
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Introduction

• String Theory predicts Higher Curvature Corrections to GR 
Einstein-Gauss-Bonnet theory is one of the simplest 
 
 
 
 

• However, only static spherically symmetric BH 
is found in EGB theory so far 
 
No exact solutions like Myers-Perry or black string as in GR
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・D=5 equally-rotating BH 

     　　　numerical　　　　　　　 MP+small  approx 

・Singly-rotating BH with small 

αGB

Ω

Stationary BH in EGB theory

・D=5 Kerr-Schild ansatz does not include rotating solution in general 
Anabalon+ (2008)

Brihaye-Radu (2008) Ma-Li-Lu (2021)

Kim-Cai (2007)

Then, we try to find analytic solutions beyond small parameter limit 
using the large D effective theory approach

Stationary solutions are important. But finding sols is not successful.

Instead, numerical or perturbative approaches have been used

2/14

Large D limit



Large D limit of General Relativity

SEH = ∫ dxD −gR

  Assume Large Spacetime Dimension   
          ( Mostly consider large symmetric part like          ) 

  BH dynamics  
　　　　→ Effective Theory@D=∞ + 1/D correction 
　　(analogy to) Large N limit of SU(N) Super Yang-Mills

(D → ∞)
SD−p

Emparan, RS, Tanabe (2013)

3/14

Localization of Gravity

BH

r0

Near region
r − r0 ∼ O(r0/D) →1/D expansion as function of R

⇠ r0/D

Far region
r − r0 ∼ O(r0) → post Minkowski

r0/D ⌧ r � r0 ⌧ r0Overlap region 

→Near sols. and Far sols. can be matched
(1 ≪ ' ≪ eD)

ex) Schwarzschild

Gravity is localized around BH at large D

r ≃ r0 + r0
D

ln '

g = g0(') + g1(')/D + …

' := (r/r0)D−3
Near horizon coordinate

4/14



Large D Effective Theory

Radial gradient  is enhanced by D in Einstein equation∂'

∂r ∼ O(D) ≫ ∂∥ (∂∥ = O(1) ∼ O( D))

Emparan-Shiromizu-RS-Tanabe-Tanaka (2015), Emparan-RS-Tanabe (2015) 
Bhattacharyya-De-Minwalla-Mohan-Saha (2015) 

Assume near region@D=∞ is solved with  ' := (r/r0)D−#

 : along BHx∥
∂r ∼ O(D)∂'

Horizon

∂r ∼ O(D)∂'

Consider general shape of BHs
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Integrable in  → integration functions of ' x∥
= Effective fields on the horizon

Einstein equation@D=∞ ODE w.r.t  (  is dropped)' ∂∥

Constraints w.r.t x∥
→ Effective equation (theory) for the effective fields

Consider general shape of BHs
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Rotating BH@Large D
At large D, Myers-Perry has simple structure:  
　　　　         Myers-Perry@D=∞ = static black holes@D=∞ 
(with the line elements replaced by the boosted frame)

Emparan-Grumiller-Tanabe (2013), Emparan-RS-Tanabe (2014)

ds2
MP ≃ − (1 − 1

' )(e(0))2 + (1 − 1
' )

−1
dr2 + (e(2))2 + dΣ2

CPn

  
                         in Schwarzschild@Large D
e(i) := Λi

tdt + Λi
ϕ(dϕ + .)

↔(dt, dϕ + .)
S2n+1

D=2n+3 Equally-rotating Myers-Perry@Large D ' := r2n

6/14

Rotating BH@Large D
At large D, Myers-Perry has simple structure:  
　　　　         Myers-Perry@D=∞ = static black holes@D=∞ 
(with the line elements replaced by the boosted frame)

Emparan-Grumiller-Tanabe (2013), Emparan-RS-Tanabe (2014)

ds2
MP ≃ − (1 − 1

' )(e(0))2 + (1 − 1
' )

−1
dr2 + (e(2))2 + dΣ2

CPn

This property simplifies the analysis of Myers-Perry at large D 
・Leading order equation becomes that of static BHs 
・Equation decouples to separate ODEs ( then Integrable ) 
   ex)  perturbative analysis Myers-Perry BH 
          Charged Myers-Perry

Emparan-RS-Tanabe (2014) 
RS-Tanabe (2015)

Tanabe (2016), Mandlik-Thakur (2018)

  
                         in Schwarzschild@Large D
e(i) := Λi

tdt + Λi
ϕ(dϕ + .)

↔(dt, dϕ + .)
S2n+1

D=2n+3 Equally-rotating Myers-Perry@Large D ' := r2n

6/14



Rotating BH@Large D
At large D, Myers-Perry has simple structure:  
　　　　         Myers-Perry@D=∞ = static black holes@D=∞ 
(with the line elements replaced by the boosted frame)

Emparan-Grumiller-Tanabe (2013), Emparan-RS-Tanabe (2014)

ds2
MP ≃ − (1 − 1

' )(e(0))2 + (1 − 1
' )

−1
dr2 + (e(2))2 + dΣ2

CPn

This property simplifies the analysis of Myers-Perry at large D 
・Leading order equation becomes that of static BHs 
・Equation decouples to separate ODEs ( then Integrable ) 
   ex)  perturbative analysis Myers-Perry BH 
          Charged Myers-Perry

Emparan-RS-Tanabe (2014) 
RS-Tanabe (2015)

Tanabe (2016), Mandlik-Thakur (2018)

  
                         in Schwarzschild@Large D
e(i) := Λi

tdt + Λi
ϕ(dϕ + .)

↔(dt, dϕ + .)
S2n+1

D=2n+3 Equally-rotating Myers-Perry@Large D ' := r2n

Main Strategy: assume the same property in EGB theory 6/14

EGB theory at large D



Large D limit in EGB Theory

• Large D effective theory has been applied to several black hole 
analysis in EGB theory 
 Black hole perturbation, Black String, Black Ring

Chen-Li (2017), Chen-Li-Zhang (2017,2018)
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Applying the largeD approach to the Einstein-Gauss-Bonnet theory, we construct equally rotating
black hole solutions in odd dimensions. This provides the first example of the analytic solutions
which describe not-slowly rotating black holes. For the next-leading order solutions in the 1/D
expansion, we discuss the physical aspects such as thermodynamics and the phase diagram.
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The Einstein-Gauss-Bonnet (EGB) theory is a simplest
extension of the Einstein theory to the theory with higher
curvature terms, which describes string theory inspired
ultraviolet corrections to the Einstein gravity [1]. In par-
ticular, the EGB theory in D = 5 can be regarded as the
low energy limit of string theory when the theory is di-
mensionally reduced from D = 11 to D = 5 by compact-
ifying six of the eleven dimensions in compact Calabi-
Yau threefold [2, 3]. Furthermore, such quadratic terms
of curvatures appears as a 1-loop correction of heterotic
string theory [1]. Thus, the physics of black holes in the
D = 5 EGB theory has been the subject of increased at-
tention from the reason that it provides us some insight
on a quantum aspect of black holes.

The first exact solutions of black holes in the EGB
theory were found by Boulware and Deser for a spher-
ically symmetric and static case in Ref. [4]. The static
solutions were also generalized to an electrically charged
case [5, 6]. However, so far, finding rotating black hole
solutions in the EGB theory has been considered to be
a hard and unsolved problem, since the Kerr-Schild for-
malism which is a powerful tool for finding rotating black
hole solutions cannot work at all in this EGB theory. In
spite of the technical difficulty, there are some attempts
to construct rotating EGB black hole solutions. Equally
rotating black hole solutions in D = 5 were obtained as
numerical solutions [7], and slowly rotating charged AdS
black hole solutions in D ≥ 5 were obtained as perturba-
tive and analytic solutions [8].

The large dimension limit or, large D limit [9–11] is a
useful approximation, which largely simplifies the black
hole analysis in higher dimensions. Because of the local-
ization of the gravity at large D, the dynamical degrees
of freedom of the horizon are confined within a thin layer
of near-horizon region, which form an effective theory in-
sensitive to the global structure of the spacetime [12–15].

So far the large D effective theory approach has been
a viable tool to study the black hole dynamics not only

∗Electronic address: sryotaku@toyota-ti.ac.jp
†Electronic address: tomizawa@toyota-ti.ac.jp

in general relativity (GR), but also in the EGB the-
ory. The (in)stabilities of the static EGB black holes [16]
and black strings [17] were studied by using the large D
approach, in which the black string instability is weak-
ened by the Gauss-Bonnet (GB) term for the small GB
coupling, whereas enhanced for the large GB coupling.
Moreover, black ring solutions at large D in the EGB
theory were also studied [18], where they obtained the
quasi-normal modes of the EGB black ring and showed
that the thin EGB black ring becomes unstable against
non-axisymmetric perturbation.

In this letter, we construct new rotating black hole
solutions with equal angular momenta in an odd dimen-
sional EGB theory by using the 1/D-expansion up to the
next-to-leading order (NLO). The assumption of equal
angular momenta in odd dimensions enhances a space-
time symmetry to a class of cohomogeneity one. The
further key assumption is that the metric of a rotating
black hole at D → ∞ is locally similar to that of the
boosted black string, which was first noticed in the stud-
ies of rotating black holes in GR [19, 20]. By imposing
this assumption, the leading order equations are decou-
pled to be simply solvable. The thermodynamic property
is also studied up to the relevant order in 1/D.

The action of the EGB theory is given by

SEGB =
1

16πG

∫ √
−g (R+ αGBLGB) d

Dx, (1)

where the GB Lagrangian is

LGB = R2 − 4RµνR
µν +RµνρσR

µνρσ. (2)

The equations of motion become

Rµν +
1

2
Rgµν + αGBHµν = 0, (3)

where

Hµν = −1

2
LGBgµν + 2RRµν − 4RµαR

α
ν

− 4RµανβR
αβ + 2RµαβγRν

αβγ . (4)

The outcome of the largeD limit depends on which scales
are fixed in the limit, i.e., which scale of physics we
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in general relativity (GR), but also in the EGB the-
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theory were also studied [18], where they obtained the
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that the thin EGB black ring becomes unstable against
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The action of the EGB theory is given by

SEGB =
1

16πG

∫ √
−g (R+ αGBLGB) d

Dx, (1)

where the GB Lagrangian is

LGB = R2 − 4RµνR
µν +RµνρσR

µνρσ. (2)

The equations of motion become

Rµν +
1

2
Rgµν + αGBHµν = 0, (3)

where

Hµν = −1

2
LGBgµν + 2RRµν − 4RµαR

α
ν

− 4RµανβR
αβ + 2RµαβγRν

αβγ . (4)

The outcome of the largeD limit depends on which scales
are fixed in the limit, i.e., which scale of physics we

Large D limit of EGB BH depends on how the GB coupling scales
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2

are going to focus on. To obtain the black hole hori-
zon, we must fix the length scale of the horizon ra-
dius r0 at O(1). With the fixed horizon scale r0, the
scalar curvature around the horizon has the magnitude of
O(D2/r20). We are interested in the intermediate regime
in which the Einstein-Hilbert and GB terms become com-
parable R ∼ αGBLGB ∼ αGBR2, otherwise the equa-
tion of motion reduces to that of the Einstein or pure
GB theory. Thus, we assume the GB coupling scales as
αGB = O(r20/D

2) at large D.

Even for the large D limit, it is not so easy to solve
the Einstein equations under the general rotating ansatz
since the metric functions are non-linearly coupled al-
ready at the leading order. Instead, we assume that
the EGB rotating black holes have the same property
as GR rotating black holes, i.e., the large D limit of the
Myers-Perry metric reduces to that of the boosted black
brane [19, 20]. For instance, in the Einstein-Maxwell the-
ory, the same strategy has been successful in construct-
ing charged rotating black holes in the large D limit both
with a single angular momentum [21] and equal angular
momenta [22].

We thus start from the following metric ansatz of
equally rotating black holes in D = 2n + 3 dimensions
with the Eddington-Finkelstein gauge

ds2 = −A(r)(e(0))2 + 2U(r)e(0)e(1) + 2C(r)e(0)e(2)

+H(r)(e(2))2 + r2dΣ2, (5)

where dΣ2 is the Fubini-Study metric on CPn and other
tetrad bases are defined by

e(0) =
dt− Ωr(dφ+A)√

1− Ω2
, e(2) =

r(dφ+A)− Ωdt√
1− Ω2

,

e(1) = dr, (6)

with the dimensionless spin parameter Ω which produces
the local Lorentz boost in the subspace (dt, r(dφ + A)).
Here A is the Kähler potential of CPn. In what follows,
we use 1/n as the expansion parameter rather than 1/D
itself, since the large D owes to the large dimension of
CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
To resolve the thin near-horizon region at the large n

1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
in GR. However, we could not decouple the leading order equa-
tion only with the assumption for C in the EGB theory.

limit, we introduce the following often-used radial coor-
dinate

R := r2n. (9)

Here we set the horizon scale r0 = 1 using the scaling
degree of freedom. The metric components are expanded
by 1/n as a function of R

A =
∞∑

i=0

1

ni
Ai(R), U =

∞∑

i=0

1

ni
Ui(R),

C =
∞∑

i=0

1

ni
Ci(R), H =

∞∑

i=0

1

ni
Hi(R). (10)

To keep the Einstein-Hilbert and GB terms comparable
at the large n limit in eq. (3), we introduce the rescaled
GB coupling parameter which remains finite at n → ∞,

α := (2n)2αGB. (11)

With the assumption (7), we can decouple the leading
order equation, which yields

A0 = 1 +
1

2α
− 1

2α

√
1 +

4α(α+ 1)m

R
,

U0 = 1, C0 = 0, H0 = 1, (12)

where the integration constant m introduces the horizon
at R = m. As one can see in the form of A0, the lead-
ing order metric, therefore, reduces to the boosted black
string metric at large D as in GR [17]. Note that, for the
existence of the horizon, we only consider the parameter
region α > −1/2.

To obtain the information for D < ∞, we need to solve
the 1/n correction to the above leading order metric. In
the higher order analysis, Ai and Ci get extra integration
constants, which are not determined by the boundary
condition. They actually correspond to the parameter
shift in the mass parameter m and horizon velocity ΩH

in each order of n−i. Here ΩH is determined so that
k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set

Ai(R = m) = 0, Ci(R = m) = 0. (13)

This sets the horizon at R = m and angular velocity as

ΩH = Ωm− 1
2n (14)

in all order of 1/n. In the original coordinate, the horizon
radius is given by

rH := m
1
2n . (15)

For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
the derivation, it is convenient to introduce an auxiliary
variable [18]

X :=

√
1 +

4α(α+ 1)m

R
, (16)
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k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set
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This sets the horizon at R = m and angular velocity as
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radius is given by
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Even for the large D limit, it is not so easy to solve
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Here A is the Kähler potential of CPn. In what follows,
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CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
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1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
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string metric at large D as in GR [17]. Note that, for the
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condition. They actually correspond to the parameter
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This sets the horizon at R = m and angular velocity as
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radius is given by
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1
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For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
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1/n-expansion with       (D=2n+3)' := r2n (rH = 1) α := (2n)2αGB
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1/D expansion and Assumption

Assumption: LO-metric ≈ static BH ( with boosted frame)

C(r) = 0(1/n), H(r) = 1 + 0(1/n)

ds2 ≃ − f(r)dt2 + 2dtdr + (dϕ + .)2 + dΣ2 + 0(n−1)
e(0) ↔ dt, e(1) ↔ dr, e(2) ↔ dϕ + .

→ EGB equation decouples to 
separate ODEs w.r.t  with source terms → Integrable'
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equally rotating black holes in D = 2n + 3 dimensions
with the Eddington-Finkelstein gauge

ds2 = −A(r)(e(0))2 + 2U(r)e(0)e(1) + 2C(r)e(0)e(2)

+H(r)(e(2))2 + r2dΣ2, (5)

where dΣ2 is the Fubini-Study metric on CPn and other
tetrad bases are defined by

e(0) =
dt− Ωr(dφ+A)√

1− Ω2
, e(2) =

r(dφ+A)− Ωdt√
1− Ω2

,

e(1) = dr, (6)

with the dimensionless spin parameter Ω which produces
the local Lorentz boost in the subspace (dt, r(dφ + A)).
Here A is the Kähler potential of CPn. In what follows,
we use 1/n as the expansion parameter rather than 1/D
itself, since the large D owes to the large dimension of
CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
To resolve the thin near-horizon region at the large n

1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
in GR. However, we could not decouple the leading order equa-
tion only with the assumption for C in the EGB theory.

limit, we introduce the following often-used radial coor-
dinate

R := r2n. (9)

Here we set the horizon scale r0 = 1 using the scaling
degree of freedom. The metric components are expanded
by 1/n as a function of R

A =
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To keep the Einstein-Hilbert and GB terms comparable
at the large n limit in eq. (3), we introduce the rescaled
GB coupling parameter which remains finite at n → ∞,

α := (2n)2αGB. (11)

With the assumption (7), we can decouple the leading
order equation, which yields

A0 = 1 +
1

2α
− 1

2α

√
1 +

4α(α+ 1)m

R
,

U0 = 1, C0 = 0, H0 = 1, (12)

where the integration constant m introduces the horizon
at R = m. As one can see in the form of A0, the lead-
ing order metric, therefore, reduces to the boosted black
string metric at large D as in GR [17]. Note that, for the
existence of the horizon, we only consider the parameter
region α > −1/2.

To obtain the information for D < ∞, we need to solve
the 1/n correction to the above leading order metric. In
the higher order analysis, Ai and Ci get extra integration
constants, which are not determined by the boundary
condition. They actually correspond to the parameter
shift in the mass parameter m and horizon velocity ΩH

in each order of n−i. Here ΩH is determined so that
k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set

Ai(R = m) = 0, Ci(R = m) = 0. (13)

This sets the horizon at R = m and angular velocity as

ΩH = Ωm− 1
2n (14)

in all order of 1/n. In the original coordinate, the horizon
radius is given by

rH := m
1
2n . (15)

For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
the derivation, it is convenient to introduce an auxiliary
variable [18]

X :=

√
1 +

4α(α+ 1)m

R
, (16)
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are going to focus on. To obtain the black hole hori-
zon, we must fix the length scale of the horizon ra-
dius r0 at O(1). With the fixed horizon scale r0, the
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tion of motion reduces to that of the Einstein or pure
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Even for the large D limit, it is not so easy to solve
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since the metric functions are non-linearly coupled al-
ready at the leading order. Instead, we assume that
the EGB rotating black holes have the same property
as GR rotating black holes, i.e., the large D limit of the
Myers-Perry metric reduces to that of the boosted black
brane [19, 20]. For instance, in the Einstein-Maxwell the-
ory, the same strategy has been successful in construct-
ing charged rotating black holes in the large D limit both
with a single angular momentum [21] and equal angular
momenta [22].

We thus start from the following metric ansatz of
equally rotating black holes in D = 2n + 3 dimensions
with the Eddington-Finkelstein gauge
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,
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with the dimensionless spin parameter Ω which produces
the local Lorentz boost in the subspace (dt, r(dφ + A)).
Here A is the Kähler potential of CPn. In what follows,
we use 1/n as the expansion parameter rather than 1/D
itself, since the large D owes to the large dimension of
CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
To resolve the thin near-horizon region at the large n

1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
in GR. However, we could not decouple the leading order equa-
tion only with the assumption for C in the EGB theory.
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where the integration constant m introduces the horizon
at R = m. As one can see in the form of A0, the lead-
ing order metric, therefore, reduces to the boosted black
string metric at large D as in GR [17]. Note that, for the
existence of the horizon, we only consider the parameter
region α > −1/2.

To obtain the information for D < ∞, we need to solve
the 1/n correction to the above leading order metric. In
the higher order analysis, Ai and Ci get extra integration
constants, which are not determined by the boundary
condition. They actually correspond to the parameter
shift in the mass parameter m and horizon velocity ΩH

in each order of n−i. Here ΩH is determined so that
k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set

Ai(R = m) = 0, Ci(R = m) = 0. (13)

This sets the horizon at R = m and angular velocity as

ΩH = Ωm− 1
2n (14)

in all order of 1/n. In the original coordinate, the horizon
radius is given by

rH := m
1
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For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
the derivation, it is convenient to introduce an auxiliary
variable [18]

X :=

√
1 +
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are going to focus on. To obtain the black hole hori-
zon, we must fix the length scale of the horizon ra-
dius r0 at O(1). With the fixed horizon scale r0, the
scalar curvature around the horizon has the magnitude of
O(D2/r20). We are interested in the intermediate regime
in which the Einstein-Hilbert and GB terms become com-
parable R ∼ αGBLGB ∼ αGBR2, otherwise the equa-
tion of motion reduces to that of the Einstein or pure
GB theory. Thus, we assume the GB coupling scales as
αGB = O(r20/D

2) at large D.

Even for the large D limit, it is not so easy to solve
the Einstein equations under the general rotating ansatz
since the metric functions are non-linearly coupled al-
ready at the leading order. Instead, we assume that
the EGB rotating black holes have the same property
as GR rotating black holes, i.e., the large D limit of the
Myers-Perry metric reduces to that of the boosted black
brane [19, 20]. For instance, in the Einstein-Maxwell the-
ory, the same strategy has been successful in construct-
ing charged rotating black holes in the large D limit both
with a single angular momentum [21] and equal angular
momenta [22].

We thus start from the following metric ansatz of
equally rotating black holes in D = 2n + 3 dimensions
with the Eddington-Finkelstein gauge

ds2 = −A(r)(e(0))2 + 2U(r)e(0)e(1) + 2C(r)e(0)e(2)

+H(r)(e(2))2 + r2dΣ2, (5)

where dΣ2 is the Fubini-Study metric on CPn and other
tetrad bases are defined by
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dt− Ωr(dφ+A)√

1− Ω2
, e(2) =

r(dφ+A)− Ωdt√
1− Ω2

,

e(1) = dr, (6)

with the dimensionless spin parameter Ω which produces
the local Lorentz boost in the subspace (dt, r(dφ + A)).
Here A is the Kähler potential of CPn. In what follows,
we use 1/n as the expansion parameter rather than 1/D
itself, since the large D owes to the large dimension of
CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
To resolve the thin near-horizon region at the large n

1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
in GR. However, we could not decouple the leading order equa-
tion only with the assumption for C in the EGB theory.
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dinate
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To keep the Einstein-Hilbert and GB terms comparable
at the large n limit in eq. (3), we introduce the rescaled
GB coupling parameter which remains finite at n → ∞,

α := (2n)2αGB. (11)

With the assumption (7), we can decouple the leading
order equation, which yields

A0 = 1 +
1
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− 1
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√
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,

U0 = 1, C0 = 0, H0 = 1, (12)

where the integration constant m introduces the horizon
at R = m. As one can see in the form of A0, the lead-
ing order metric, therefore, reduces to the boosted black
string metric at large D as in GR [17]. Note that, for the
existence of the horizon, we only consider the parameter
region α > −1/2.

To obtain the information for D < ∞, we need to solve
the 1/n correction to the above leading order metric. In
the higher order analysis, Ai and Ci get extra integration
constants, which are not determined by the boundary
condition. They actually correspond to the parameter
shift in the mass parameter m and horizon velocity ΩH

in each order of n−i. Here ΩH is determined so that
k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set

Ai(R = m) = 0, Ci(R = m) = 0. (13)

This sets the horizon at R = m and angular velocity as

ΩH = Ωm− 1
2n (14)

in all order of 1/n. In the original coordinate, the horizon
radius is given by

rH := m
1
2n . (15)

For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
the derivation, it is convenient to introduce an auxiliary
variable [18]

X :=

√
1 +

4α(α+ 1)m

R
, (16)

1/n-expansion with       (D=2n+3)' := r2n (rH = 1) α := (2n)2αGB

Ansatz
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are going to focus on. To obtain the black hole hori-
zon, we must fix the length scale of the horizon ra-
dius r0 at O(1). With the fixed horizon scale r0, the
scalar curvature around the horizon has the magnitude of
O(D2/r20). We are interested in the intermediate regime
in which the Einstein-Hilbert and GB terms become com-
parable R ∼ αGBLGB ∼ αGBR2, otherwise the equa-
tion of motion reduces to that of the Einstein or pure
GB theory. Thus, we assume the GB coupling scales as
αGB = O(r20/D

2) at large D.

Even for the large D limit, it is not so easy to solve
the Einstein equations under the general rotating ansatz
since the metric functions are non-linearly coupled al-
ready at the leading order. Instead, we assume that
the EGB rotating black holes have the same property
as GR rotating black holes, i.e., the large D limit of the
Myers-Perry metric reduces to that of the boosted black
brane [19, 20]. For instance, in the Einstein-Maxwell the-
ory, the same strategy has been successful in construct-
ing charged rotating black holes in the large D limit both
with a single angular momentum [21] and equal angular
momenta [22].

We thus start from the following metric ansatz of
equally rotating black holes in D = 2n + 3 dimensions
with the Eddington-Finkelstein gauge

ds2 = −A(r)(e(0))2 + 2U(r)e(0)e(1) + 2C(r)e(0)e(2)

+H(r)(e(2))2 + r2dΣ2, (5)

where dΣ2 is the Fubini-Study metric on CPn and other
tetrad bases are defined by

e(0) =
dt− Ωr(dφ+A)√

1− Ω2
, e(2) =

r(dφ+A)− Ωdt√
1− Ω2

,

e(1) = dr, (6)

with the dimensionless spin parameter Ω which produces
the local Lorentz boost in the subspace (dt, r(dφ + A)).
Here A is the Kähler potential of CPn. In what follows,
we use 1/n as the expansion parameter rather than 1/D
itself, since the large D owes to the large dimension of
CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
To resolve the thin near-horizon region at the large n

1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
in GR. However, we could not decouple the leading order equa-
tion only with the assumption for C in the EGB theory.

limit, we introduce the following often-used radial coor-
dinate

R := r2n. (9)

Here we set the horizon scale r0 = 1 using the scaling
degree of freedom. The metric components are expanded
by 1/n as a function of R

A =
∞∑

i=0

1

ni
Ai(R), U =

∞∑
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1

ni
Ui(R),

C =
∞∑

i=0

1

ni
Ci(R), H =

∞∑

i=0

1

ni
Hi(R). (10)

To keep the Einstein-Hilbert and GB terms comparable
at the large n limit in eq. (3), we introduce the rescaled
GB coupling parameter which remains finite at n → ∞,

α := (2n)2αGB. (11)

With the assumption (7), we can decouple the leading
order equation, which yields

A0 = 1 +
1

2α
− 1

2α

√
1 +

4α(α+ 1)m

R
,

U0 = 1, C0 = 0, H0 = 1, (12)

where the integration constant m introduces the horizon
at R = m. As one can see in the form of A0, the lead-
ing order metric, therefore, reduces to the boosted black
string metric at large D as in GR [17]. Note that, for the
existence of the horizon, we only consider the parameter
region α > −1/2.

To obtain the information for D < ∞, we need to solve
the 1/n correction to the above leading order metric. In
the higher order analysis, Ai and Ci get extra integration
constants, which are not determined by the boundary
condition. They actually correspond to the parameter
shift in the mass parameter m and horizon velocity ΩH

in each order of n−i. Here ΩH is determined so that
k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set

Ai(R = m) = 0, Ci(R = m) = 0. (13)

This sets the horizon at R = m and angular velocity as

ΩH = Ωm− 1
2n (14)

in all order of 1/n. In the original coordinate, the horizon
radius is given by

rH := m
1
2n . (15)

For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
the derivation, it is convenient to introduce an auxiliary
variable [18]

X :=

√
1 +

4α(α+ 1)m

R
, (16)

ds2 ≃ − A0(e(0))2 + 2e(0)e(1) + (e(2))2 + dΣ2 + 0(n−1)

Identical to D=2n+3 Boulware-Deser @large D

With e(0) ↔ dt, e(1) ↔ dr, e(2) ↔ dϕ + .

(as expected)
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Higher order corrections

2

are going to focus on. To obtain the black hole hori-
zon, we must fix the length scale of the horizon ra-
dius r0 at O(1). With the fixed horizon scale r0, the
scalar curvature around the horizon has the magnitude of
O(D2/r20). We are interested in the intermediate regime
in which the Einstein-Hilbert and GB terms become com-
parable R ∼ αGBLGB ∼ αGBR2, otherwise the equa-
tion of motion reduces to that of the Einstein or pure
GB theory. Thus, we assume the GB coupling scales as
αGB = O(r20/D

2) at large D.

Even for the large D limit, it is not so easy to solve
the Einstein equations under the general rotating ansatz
since the metric functions are non-linearly coupled al-
ready at the leading order. Instead, we assume that
the EGB rotating black holes have the same property
as GR rotating black holes, i.e., the large D limit of the
Myers-Perry metric reduces to that of the boosted black
brane [19, 20]. For instance, in the Einstein-Maxwell the-
ory, the same strategy has been successful in construct-
ing charged rotating black holes in the large D limit both
with a single angular momentum [21] and equal angular
momenta [22].

We thus start from the following metric ansatz of
equally rotating black holes in D = 2n + 3 dimensions
with the Eddington-Finkelstein gauge

ds2 = −A(r)(e(0))2 + 2U(r)e(0)e(1) + 2C(r)e(0)e(2)

+H(r)(e(2))2 + r2dΣ2, (5)

where dΣ2 is the Fubini-Study metric on CPn and other
tetrad bases are defined by

e(0) =
dt− Ωr(dφ+A)√

1− Ω2
, e(2) =

r(dφ+A)− Ωdt√
1− Ω2

,

e(1) = dr, (6)

with the dimensionless spin parameter Ω which produces
the local Lorentz boost in the subspace (dt, r(dφ + A)).
Here A is the Kähler potential of CPn. In what follows,
we use 1/n as the expansion parameter rather than 1/D
itself, since the large D owes to the large dimension of
CPn. We impose that the metric reduces to that of the
boosted black brane at n → ∞ 1

C = O(n−1), H = 1 +O(n−1). (7)

As the asymptotic boundary condition, we impose

A → 1, U → 1, C → 0, H → 1 (8)

at r → ∞, so that the ansatz (5) is asymptotically flat.
To resolve the thin near-horizon region at the large n

1 The assumption C = O(n−1) alone gives H,U = const+O(n−1)
in GR. However, we could not decouple the leading order equa-
tion only with the assumption for C in the EGB theory.

limit, we introduce the following often-used radial coor-
dinate

R := r2n. (9)

Here we set the horizon scale r0 = 1 using the scaling
degree of freedom. The metric components are expanded
by 1/n as a function of R
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To keep the Einstein-Hilbert and GB terms comparable
at the large n limit in eq. (3), we introduce the rescaled
GB coupling parameter which remains finite at n → ∞,

α := (2n)2αGB. (11)

With the assumption (7), we can decouple the leading
order equation, which yields

A0 = 1 +
1

2α
− 1

2α

√
1 +

4α(α+ 1)m

R
,

U0 = 1, C0 = 0, H0 = 1, (12)

where the integration constant m introduces the horizon
at R = m. As one can see in the form of A0, the lead-
ing order metric, therefore, reduces to the boosted black
string metric at large D as in GR [17]. Note that, for the
existence of the horizon, we only consider the parameter
region α > −1/2.

To obtain the information for D < ∞, we need to solve
the 1/n correction to the above leading order metric. In
the higher order analysis, Ai and Ci get extra integration
constants, which are not determined by the boundary
condition. They actually correspond to the parameter
shift in the mass parameter m and horizon velocity ΩH

in each order of n−i. Here ΩH is determined so that
k = ∂t+ΩH∂φ becomes the null generator of the horizon.
To fix the above integration constants, we simply set

Ai(R = m) = 0, Ci(R = m) = 0. (13)

This sets the horizon at R = m and angular velocity as

ΩH = Ωm− 1
2n (14)

in all order of 1/n. In the original coordinate, the horizon
radius is given by

rH := m
1
2n . (15)

For the other metric functions, we simply impose the reg-
ularity at R = m and asymptotic boundary condition. In
the derivation, it is convenient to introduce an auxiliary
variable [18]

X :=

√
1 +

4α(α+ 1)m

R
, (16)

3

which takes X = 1 at R = ∞ and X = 1 + 2α on the
horizon.

Having these in mind, the next-to-leading order solu-
tion is determined as

C1 =
Ω(X − 1)

4α(1− Ω2)
log

(
4α(1 + α)

X2 − 1

)
, (17)

U1 =
(X − 1)Ω2(α(X − 1)− 1)

2(α+ 1)(2α+ 1) (X2 + 1) (Ω2 − 1)
, (18)

H1 =
Ω2

(α+ 1)(1− Ω2)

[
log

(
X + 1

2

)
− arctanX

+
π

4
− 1

2(2α+ 1)
log

(
X2 + 1

2

)]
, (19)

and

A1 =

(
X2 − 1

)
Ω2 log

(
X2 + 1

)

16α (2α2 + 3α+ 1)X (Ω2 − 1)
+

(
X2 − 1

)
Ω2(arctanX − arctan(1 + 2α))

8α(α+ 1)X (Ω2 − 1)
−

(X − 1)
(
X + 2Ω2 − 1

)
log(X − 1)

4αX (Ω2 − 1)

−
(X − 1) log(X + 1)

(
α
(
4Ω2 − 2

)
+X

(
2α+ Ω2 + 2

)
+ 5Ω2 − 2

)

8α(α+ 1)X (Ω2 − 1)
+ a0 + a1X +

a2
X

, (20)

where the coefficients a0, a1, a2 are given by

a0 =
log(4mα(α+ 1))

2α
+

1

4α(1− Ω2)
, (21)

a1 =
2(α+ 1) log(4α(1 + α)) + 2 logm+ 1

8α(1 + α)(Ω2 − 1)

+ Ω2 2(1 + 2α) log(2(1 + α)/m2)− log(1 + (1 + 2α)2)

16α(1 + α)(1 + 2α)(Ω2 − 1)
,

(22)

a2 =
(1 + 2α)(1 + 2 logm)

8α(1 + α)(Ω2 − 1)
+

log(4α(1 + α))

4α(Ω2 − 1)

− Ω2(4(α+ 1) log(2α) + (4α+ 5) log(2(α+ 1)))

8α(α+ 1)(Ω2 − 1)

+
Ω2(log(1 + (1 + 2α)2)− 4(2α+ 1)2 logm)

16α(1 + α)(1 + 2α)(Ω2 − 1)
. (23)

One can easily check that the GR limit α → 0 reproduces
the equally rotating Myers-Perry solutions up to NLO in
the corresponding gauge. The large α limit gives another
simplification

A → 1−
√

m

R

(
1 +

m log(R/m)

2nR(1− Ω2)

)
, (24)

C →
√

m

R

Ω log(R/m)

2n(1− Ω2)
, (25)

and

U → 1 +O(n−2), H → 1 +O(n−2). (26)

which could imply the existence of the analytic form in
the pure GB theory.
The ergosurface of the leading order metric (12) is
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M =
nΩ2n+1
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. (33)

where the GB coupling is written in the scale invariant
form αH := α/r2H = α/m

1
n . The first law dM = TdS +

ΩHdJ is easily checked by differentiating with m and Ω
up to NLO with α fixed.

From eq. (32), one can expect the extremal limit would
exist approximately at

Ω = 1− 2 + 5α+ 4α2

4n(1 + 2α)(1 + α)
. (34)

Unfortunately, we will see that T includes (1− Ω2)−2 in
NNLO [28], which invalidates the 1/n-expansion around
the extremal limit. This fact should not be so remark-
able, since as pointed out already in the Einstein grav-
ity [20, 26], the large D limit is incompatible to the ex-
tremal limit, so that we need a some remedy to elimi-
nate the apparent breaks down of the 1/n expansion near
the extremal limit, as actually performed for charged
squashed black holes [25]. Finding the analytic solu-
tion of equally rotating black holes in the pure GB the-
ory could shed some light on the extremal limit in the
EGB theory. Interestingly, the extremal limit of the
equally-rotating black holes was examined for small α
in D = 5 [27], where the inner horizon only appears close
to the extremality.

Below, we present the phase diagram in the terms of
dimensionless variables related by
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)]
, (35)

where the angular momentum and entropy are normal-
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FIG. 1: The phase diagram in the space of the entropy and
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ized by the mass scale

j :=
8πGJ

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

, (36)

s :=
4GS

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

. (37)

Here the spin parameter is expressed as the function of j

Ω = j − j

2n

[
log

(
1− j2

1 + αH

)
− 2αHj2

(1 + αH)(1 + 2αH)

]
.

(38)

In fig. 1, the phase diagram shows that the positive (neg-
ative) value of α gives larger (smaller) entropy than GR
solutions for each j , succeeding the property of the static
solutions. Near the extremality the convergence of 1/n
expansion becomes bad.

In this work, using the large D approach, we have ob-
tained the first analytic solutions of not-slowly rotating
black holes to the EGB theory in odd dimensions. For
larger α, the size of the ergoregion becomes larger, and

1/n-expansion up to O(1/n)

Metric is solved up to NLO in 1/n-expansion 
→ Thermodynamic variables are obtained up to the same order

scalar curvature of horizon surface

αH := α/m 1
2n

The 1st law is checked up to NLO
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which takes X = 1 at R = ∞ and X = 1 + 2α on the
horizon.

Having these in mind, the next-to-leading order solu-
tion is determined as
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[
log

(
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2

)
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4
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2

)]
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and
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+
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(X − 1)
(
X + 2Ω2 − 1
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(
α
(
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)
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(
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)
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)
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a2
X

, (20)

where the coefficients a0, a1, a2 are given by

a0 =
log(4mα(α+ 1))

2α
+

1

4α(1− Ω2)
, (21)
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2(α+ 1) log(4α(1 + α)) + 2 logm+ 1
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(22)
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One can easily check that the GR limit α → 0 reproduces
the equally rotating Myers-Perry solutions up to NLO in
the corresponding gauge. The large α limit gives another
simplification
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√
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(
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m log(R/m)
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)
, (24)
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√

m

R

Ω log(R/m)

2n(1− Ω2)
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and

U → 1 +O(n−2), H → 1 +O(n−2). (26)

which could imply the existence of the analytic form in
the pure GB theory.
The ergosurface of the leading order metric (12) is

given by the same condition as in GR
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which is solved as
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+O(n−1). (28)

This is a monotonically increasing function of α, and
hence the ergoregion is extended by the GB correction.
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In the EGB theory, the thermodynamic variables are
obtained as in GR, except the entropy defined by the
Iyer-Wald formula [23, 24]
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H
(1 + 2αGBR)

√
h dD−2x, (29)

where h and R is the spacial metric and curvature of the
horizon cross section, respectively. Note that the angular
velocity is already given in eq. (14). Up to NLO, the
ADM mass and angular momentum, temperature and
entropy are given by

Entropy ← Iyer-Wald formula
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where the GB coupling is written in the scale invariant
form αH := α/r2H = α/m

1
n . The first law dM = TdS +

ΩHdJ is easily checked by differentiating with m and Ω
up to NLO with α fixed.

From eq. (32), one can expect the extremal limit would
exist approximately at

Ω = 1− 2 + 5α+ 4α2

4n(1 + 2α)(1 + α)
. (34)

Unfortunately, we will see that T includes (1− Ω2)−2 in
NNLO [28], which invalidates the 1/n-expansion around
the extremal limit. This fact should not be so remark-
able, since as pointed out already in the Einstein grav-
ity [20, 26], the large D limit is incompatible to the ex-
tremal limit, so that we need a some remedy to elimi-
nate the apparent breaks down of the 1/n expansion near
the extremal limit, as actually performed for charged
squashed black holes [25]. Finding the analytic solu-
tion of equally rotating black holes in the pure GB the-
ory could shed some light on the extremal limit in the
EGB theory. Interestingly, the extremal limit of the
equally-rotating black holes was examined for small α
in D = 5 [27], where the inner horizon only appears close
to the extremality.

Below, we present the phase diagram in the terms of
dimensionless variables related by

s =

√
1− j2 (2αH + 1)

αH + 1

×
[
1 +

1

2n(1− j2)

(
log

(
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)

+
αH

(
4
(
1− j2

)
αH − 4j2 + 3

)

(αH + 1) (2αH + 1)

)]
, (35)

where the angular momentum and entropy are normal-
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angular momentum normalized by the mass for n = 4 (D =
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LO results respectively. The exact Myers-Perry solutions for
n = 4 are also plotted by the gray curve.

ized by the mass scale

j :=
8πGJ

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

, (36)

s :=
4GS

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

. (37)

Here the spin parameter is expressed as the function of j

Ω = j − j

2n

[
log

(
1− j2

1 + αH

)
− 2αHj2

(1 + αH)(1 + 2αH)

]
.

(38)

In fig. 1, the phase diagram shows that the positive (neg-
ative) value of α gives larger (smaller) entropy than GR
solutions for each j , succeeding the property of the static
solutions. Near the extremality the convergence of 1/n
expansion becomes bad.

In this work, using the large D approach, we have ob-
tained the first analytic solutions of not-slowly rotating
black holes to the EGB theory in odd dimensions. For
larger α, the size of the ergoregion becomes larger, and

1/n-expansion up to O(1/n)

Metric is solved up to NLO in 1/n-expansion 
→ Thermodynamic variables are obtained up to the same order

scalar curvature of horizon surface

αH := α/m 1
2n

The 1st law is checked up to NLO
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where the GB coupling is written in the scale invariant
form αH := α/r2H = α/m

1
n . The first law dM = TdS +

ΩHdJ is easily checked by differentiating with m and Ω
up to NLO with α fixed.

From eq. (32), one can expect the extremal limit would
exist approximately at

Ω = 1− 2 + 5α+ 4α2

4n(1 + 2α)(1 + α)
. (34)

Unfortunately, we will see that T includes (1− Ω2)−2 in
NNLO [28], which invalidates the 1/n-expansion around
the extremal limit. This fact should not be so remark-
able, since as pointed out already in the Einstein grav-
ity [20, 26], the large D limit is incompatible to the ex-
tremal limit, so that we need a some remedy to elimi-
nate the apparent breaks down of the 1/n expansion near
the extremal limit, as actually performed for charged
squashed black holes [25]. Finding the analytic solu-
tion of equally rotating black holes in the pure GB the-
ory could shed some light on the extremal limit in the
EGB theory. Interestingly, the extremal limit of the
equally-rotating black holes was examined for small α
in D = 5 [27], where the inner horizon only appears close
to the extremality.

Below, we present the phase diagram in the terms of
dimensionless variables related by

s =

√
1− j2 (2αH + 1)

αH + 1

×
[
1 +

1

2n(1− j2)

(
log

(
1− j2

1 + αH

)

+
αH

(
4
(
1− j2

)
αH − 4j2 + 3

)

(αH + 1) (2αH + 1)

)]
, (35)

where the angular momentum and entropy are normal-
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angular momentum normalized by the mass for n = 4 (D =
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ized by the mass scale

j :=
8πGJ

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

, (36)

s :=
4GS

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

. (37)

Here the spin parameter is expressed as the function of j

Ω = j − j

2n

[
log

(
1− j2

1 + αH

)
− 2αHj2

(1 + αH)(1 + 2αH)

]
.

(38)

In fig. 1, the phase diagram shows that the positive (neg-
ative) value of α gives larger (smaller) entropy than GR
solutions for each j , succeeding the property of the static
solutions. Near the extremality the convergence of 1/n
expansion becomes bad.

In this work, using the large D approach, we have ob-
tained the first analytic solutions of not-slowly rotating
black holes to the EGB theory in odd dimensions. For
larger α, the size of the ergoregion becomes larger, and

4
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(
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, (30)
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where the GB coupling is written in the scale invariant
form αH := α/r2H = α/m

1
n . The first law dM = TdS +

ΩHdJ is easily checked by differentiating with m and Ω
up to NLO with α fixed.

From eq. (32), one can expect the extremal limit would
exist approximately at

Ω = 1− 2 + 5α+ 4α2

4n(1 + 2α)(1 + α)
. (34)

Unfortunately, we will see that T includes (1− Ω2)−2 in
NNLO [28], which invalidates the 1/n-expansion around
the extremal limit. This fact should not be so remark-
able, since as pointed out already in the Einstein grav-
ity [20, 26], the large D limit is incompatible to the ex-
tremal limit, so that we need a some remedy to elimi-
nate the apparent breaks down of the 1/n expansion near
the extremal limit, as actually performed for charged
squashed black holes [25]. Finding the analytic solu-
tion of equally rotating black holes in the pure GB the-
ory could shed some light on the extremal limit in the
EGB theory. Interestingly, the extremal limit of the
equally-rotating black holes was examined for small α
in D = 5 [27], where the inner horizon only appears close
to the extremality.

Below, we present the phase diagram in the terms of
dimensionless variables related by

s =

√
1− j2 (2αH + 1)

αH + 1

×
[
1 +
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+
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, (35)

where the angular momentum and entropy are normal-

0.2 0.4 0.6 0.8 j

0.5

1.0

1.5

s

Myers-Perry

αH=1

αH=0

αH=-0.25

FIG. 1: The phase diagram in the space of the entropy and
angular momentum normalized by the mass for n = 4 (D =
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j :=
8πGJ

(n+ 1)Ω2n+1

(
8πGM
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, (36)
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Here the spin parameter is expressed as the function of j
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(38)

In fig. 1, the phase diagram shows that the positive (neg-
ative) value of α gives larger (smaller) entropy than GR
solutions for each j , succeeding the property of the static
solutions. Near the extremality the convergence of 1/n
expansion becomes bad.

In this work, using the large D approach, we have ob-
tained the first analytic solutions of not-slowly rotating
black holes to the EGB theory in odd dimensions. For
larger α, the size of the ergoregion becomes larger, and
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where the GB coupling is written in the scale invariant
form αH := α/r2H = α/m

1
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ΩHdJ is easily checked by differentiating with m and Ω
up to NLO with α fixed.
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ity [20, 26], the large D limit is incompatible to the ex-
tremal limit, so that we need a some remedy to elimi-
nate the apparent breaks down of the 1/n expansion near
the extremal limit, as actually performed for charged
squashed black holes [25]. Finding the analytic solu-
tion of equally rotating black holes in the pure GB the-
ory could shed some light on the extremal limit in the
EGB theory. Interestingly, the extremal limit of the
equally-rotating black holes was examined for small α
in D = 5 [27], where the inner horizon only appears close
to the extremality.

Below, we present the phase diagram in the terms of
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11). The thick and dashed curves represents the NLO and
LO results respectively. The exact Myers-Perry solutions for
n = 4 are also plotted by the gray curve.

ized by the mass scale

j :=
8πGJ

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

, (36)

s :=
4GS

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

. (37)

Here the spin parameter is expressed as the function of j

Ω = j − j

2n

[
log

(
1− j2

1 + αH

)
− 2αHj2

(1 + αH)(1 + 2αH)

]
.

(38)

In fig. 1, the phase diagram shows that the positive (neg-
ative) value of α gives larger (smaller) entropy than GR
solutions for each j , succeeding the property of the static
solutions. Near the extremality the convergence of 1/n
expansion becomes bad.

In this work, using the large D approach, we have ob-
tained the first analytic solutions of not-slowly rotating
black holes to the EGB theory in odd dimensions. For
larger α, the size of the ergoregion becomes larger, and

Mass-Normalized Entropy and Angular momentum

4

M =
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8πG
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4− 8Ω2α2
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−8Ω4 + 2(π − 6)Ω2 + 8
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−2Ω2 log
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2α2

H + 2αH + 1
)
+ 4Ω2 (2αH + 1) (log (αH + 1)− arctan (2αH + 1)) + Ω2(π − 4)

)]
, (30)
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8πG
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8
(
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α2
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)

+4(1 + 2αH)Ω2(arctan (2αH + 1)− log(αH + 1))− 2αH

(
(π − 16)Ω2 + 10

)
− (π − 8)Ω2 − 8

)]
, (31)

T =
n

π

1 + αH

1 + 2αH
m− 1
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√
1− Ω2

[
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(
4Ω2 + 1

)
αH + 4α2
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]
, (32)

S =
Ω2n+1

4G

(1 + 2αH)m
2n+1
2n

√
1− Ω2

[
1 +

1

8n(1− Ω2) (αH + 1) (2αH + 1)

(
8
(
1− 2Ω2

)
α2
H + 8αH

(
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)

+4(1 + 2αH)Ω2 (log(1 + αH)− arctan (2αH + 1) + π/4)− 2Ω2 log
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2α2

H + 2αH + 1
))]

. (33)

where the GB coupling is written in the scale invariant
form αH := α/r2H = α/m

1
n . The first law dM = TdS +

ΩHdJ is easily checked by differentiating with m and Ω
up to NLO with α fixed.

From eq. (32), one can expect the extremal limit would
exist approximately at

Ω = 1− 2 + 5α+ 4α2

4n(1 + 2α)(1 + α)
. (34)

Unfortunately, we will see that T includes (1− Ω2)−2 in
NNLO [28], which invalidates the 1/n-expansion around
the extremal limit. This fact should not be so remark-
able, since as pointed out already in the Einstein grav-
ity [20, 26], the large D limit is incompatible to the ex-
tremal limit, so that we need a some remedy to elimi-
nate the apparent breaks down of the 1/n expansion near
the extremal limit, as actually performed for charged
squashed black holes [25]. Finding the analytic solu-
tion of equally rotating black holes in the pure GB the-
ory could shed some light on the extremal limit in the
EGB theory. Interestingly, the extremal limit of the
equally-rotating black holes was examined for small α
in D = 5 [27], where the inner horizon only appears close
to the extremality.

Below, we present the phase diagram in the terms of
dimensionless variables related by

s =

√
1− j2 (2αH + 1)

αH + 1

×
[
1 +

1

2n(1− j2)

(
log

(
1− j2

1 + αH

)

+
αH

(
4
(
1− j2

)
αH − 4j2 + 3

)

(αH + 1) (2αH + 1)

)]
, (35)

where the angular momentum and entropy are normal-
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FIG. 1: The phase diagram in the space of the entropy and
angular momentum normalized by the mass for n = 4 (D =
11). The thick and dashed curves represents the NLO and
LO results respectively. The exact Myers-Perry solutions for
n = 4 are also plotted by the gray curve.

ized by the mass scale

j :=
8πGJ

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

, (36)

s :=
4GS

(n+ 1)Ω2n+1

(
8πGM

(n+ 1/2)Ω2n+1

)− 2n+1
2n

. (37)

Here the spin parameter is expressed as the function of j

Ω = j − j

2n

[
log

(
1− j2

1 + αH

)
− 2αHj2

(1 + αH)(1 + 2αH)

]
.

(38)

In fig. 1, the phase diagram shows that the positive (neg-
ative) value of α gives larger (smaller) entropy than GR
solutions for each j , succeeding the property of the static
solutions. Near the extremality the convergence of 1/n
expansion becomes bad.

In this work, using the large D approach, we have ob-
tained the first analytic solutions of not-slowly rotating
black holes to the EGB theory in odd dimensions. For
larger α, the size of the ergoregion becomes larger, and

• 1/n expansion is bad around extremal limit 
( the same is true in GR) 

• For any j, Entropy  Increase for α>0 
                               Decrease for α<0 

Thick：O(1)+O(1/n)
Dotted：O(1)

n = 4 (D = 11)

α < 0

α > 0
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Summary

• Dynamical analysis by Large D effective theory  ( Work in Progress ) 

• More general cases ( i.e. single rotation ) 

• Rotating BHs in Lovelock theory or more generic higher curvature theory

Summary
• The exact sols for rotating BHs in EGB theory are missing 

• With an assumption ( LO metric ≈ static metric with boosted frame) 
the metric functions are solved in Equally-rotating case in 1/D expansion 

• The same assumption would apply to the singly rotating case ( and more) 
Large D would be a viable approach for rotating EGB BHs

Future Work

m = const . → m(t, θ, ϕ)

14/14

Large D Effective Theory of BS

ds2 = − 2dtdr − (1 − m(t, z)
' ) dt2 − 1

D
2p(t, z)

' dtdz + dz2

D
+ '2/DdΩ2

D−3

Ex) Dynamical Black String Emparan-RS-Tanabe (2015)

∂tm(t, z) − ∂2
zm(t, z) = − ∂zp(t, z)

∂t p(t, z) − ∂2
z p(t, z) = ∂z (m(t, z) − p2(t, z)

m(t, z) )

Constraints eqs

' = rD−4with undetermined functions :m(t, z), p(t, z)

 → Simple theory of effective fields { }m(t, z), p(t, z)

{
Appearance of Non-uniform BS 
as End point of GL@D = ∞

in a second with NDSolve on Laptop



Ergo Region

3

which takes X = 1 at R = ∞ and X = 1 + 2α on the
horizon.

Having these in mind, the next-to-leading order solu-
tion is determined as

C1 =
Ω(X − 1)

4α(1− Ω2)
log

(
4α(1 + α)

X2 − 1

)
, (17)

U1 =
(X − 1)Ω2(α(X − 1)− 1)

2(α+ 1)(2α+ 1) (X2 + 1) (Ω2 − 1)
, (18)

H1 =
Ω2

(α+ 1)(1− Ω2)

[
log

(
X + 1

2

)
− arctanX

+
π

4
− 1

2(2α+ 1)
log

(
X2 + 1

2

)]
, (19)

and

A1 =

(
X2 − 1

)
Ω2 log

(
X2 + 1

)

16α (2α2 + 3α+ 1)X (Ω2 − 1)
+

(
X2 − 1

)
Ω2(arctanX − arctan(1 + 2α))

8α(α+ 1)X (Ω2 − 1)
−

(X − 1)
(
X + 2Ω2 − 1

)
log(X − 1)

4αX (Ω2 − 1)

−
(X − 1) log(X + 1)

(
α
(
4Ω2 − 2

)
+X

(
2α+ Ω2 + 2

)
+ 5Ω2 − 2

)

8α(α+ 1)X (Ω2 − 1)
+ a0 + a1X +

a2
X

, (20)

where the coefficients a0, a1, a2 are given by

a0 =
log(4mα(α+ 1))

2α
+

1

4α(1− Ω2)
, (21)

a1 =
2(α+ 1) log(4α(1 + α)) + 2 logm+ 1

8α(1 + α)(Ω2 − 1)

+ Ω2 2(1 + 2α) log(2(1 + α)/m2)− log(1 + (1 + 2α)2)

16α(1 + α)(1 + 2α)(Ω2 − 1)
,

(22)

a2 =
(1 + 2α)(1 + 2 logm)

8α(1 + α)(Ω2 − 1)
+

log(4α(1 + α))

4α(Ω2 − 1)

− Ω2(4(α+ 1) log(2α) + (4α+ 5) log(2(α+ 1)))

8α(α+ 1)(Ω2 − 1)

+
Ω2(log(1 + (1 + 2α)2)− 4(2α+ 1)2 logm)

16α(1 + α)(1 + 2α)(Ω2 − 1)
. (23)

One can easily check that the GR limit α → 0 reproduces
the equally rotating Myers-Perry solutions up to NLO in
the corresponding gauge. The large α limit gives another
simplification

A → 1−
√

m

R

(
1 +

m log(R/m)

2nR(1− Ω2)

)
, (24)

C →
√

m

R

Ω log(R/m)

2n(1− Ω2)
, (25)

and

U → 1 +O(n−2), H → 1 +O(n−2). (26)

which could imply the existence of the analytic form in
the pure GB theory.
The ergosurface of the leading order metric (12) is

given by the same condition as in GR

0 = gtt = (1− Ω2)−1(−A− 2ΩC + Ω2H), (27)

which is solved as

Rergo =
(1 + α)m

(1− Ω2)(1 + α(1− Ω2))
+O(n−1). (28)

This is a monotonically increasing function of α, and
hence the ergoregion is extended by the GB correction.
For α → ∞, Rergo approaches to a finite value.

In the EGB theory, the thermodynamic variables are
obtained as in GR, except the entropy defined by the
Iyer-Wald formula [23, 24]

S =
1

4G

∫

H
(1 + 2αGBR)

√
h dD−2x, (29)

where h and R is the spacial metric and curvature of the
horizon cross section, respectively. Note that the angular
velocity is already given in eq. (14). Up to NLO, the
ADM mass and angular momentum, temperature and
entropy are given by
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obtained as in GR, except the entropy defined by the
Iyer-Wald formula [23, 24]

S =
1

4G

∫

H
(1 + 2αGBR)

√
h dD−2x, (29)

where h and R is the spacial metric and curvature of the
horizon cross section, respectively. Note that the angular
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Ergo radius is obtained by

Using the leading order solution

• Ergo region exists for any α 
• Size of ergo region monotonically increases with α 

Reach a limit at α→∞

'ergo
α=0

= m
1 − Ω2 ⟹ 'ergo

α=∞
= m

(1 − Ω2)2

Higher order equations

∂X ( X
X2 − 1 Ai) = Src(i)

A

X := 1 + 4mα(α + 1)
'

∂2
XCi = Src(i)

C

∂X [(1 + X−2)(1 + 2α − X)∂XHi] = Src(i)
H

∂X [Ui − X2 − 1
4X

∂XHi] = src(i)
U

Ai>0(' = m) = 0, Ci>0(' = m)
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Field propagation in BH spacetimes
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Ringdown:
QNM

Strain

Time

2

Field propagation in BH spacetimes

∇"∇"# = % &/( ~ *

Photon propagation in BH spacetimes

+"+" = 0

Geometric-optics approximations

§ Spacetime symmetry is crucial

§ Non-rotating BH:  

Static and spherically symmetric

3

!"
!#∗"

+ &" Ψ = )*Ψ

• The peak of the QNM potential in the eikonal limit 
(high frequency limit, or + → ∞) coincides with the 
photon sphere (PS)

2 3 4 5
r

0.5

1.0

1.5

Vg

approach PS when + → ∞

# → #.

# → ∞



4

Yang et al. (2012)

Recently extended to Kerr-Newman by Li et al. (2021)

• Separable geodesic equations (Carter constant), and separable wave equations

!" ↔ Angular frequency on PS ↔ Size of shadow image

!$ ↔ Lyapunov exponent on PS ↔ Higher-order ring structures
Jusufi (2020), Cuadros-Melgar et al. (2020)

Jusufi (2020), Yang (2021)

§ What if the black hole spacetime has less symmetry?

5



6

• Consider small but general axisymmetric deformations
of Schwarzschild BHs

In the presence of deformations:

• Radial and latitudinal sectors of geodesic equations are 
NOT separable

• Generic photon orbits !(#) do NOT have constant !

• Inseparable QNM equations if deformations are not 
small
• Can be made separable if deformations are small

6

(%&∗(+*()Ψ,- = /011 !, 3, 4 Ψ,-

Cano, Fransen, Hertog (2020)

/011 !, 3, 4 = /567 + 8/

§ Planar circular photon orbits with a constant radius:
§ The peak of !"##(%) is precisely on these orbits

§ Generic photon orbits do not have constant %
§ These photon orbits should

§ be periodic
§ form a class of limit cycles

§ We can integrate the orbits along full periods ∮() = ∮ ,̇-.(,

7

7

( / = 0 ≫ 1)



8

definition of limit cycle

Lyapunov exponent is !(1)

= 0

• The peak of '())(*) coincides with the root of this integrated equation
( + < - and - ≫ 1)

9

definition of limit cycle

Lyapunov exponent is !(1)

= 0

• The peak of '())(*) coincides with the averaged radius of these orbits 
along one period

averaged radius along one period



10

§ Geometric-optics approximation adopted in BH spacetime
§ Correspondence between eikonal QNMs and photon orbits

§ Schwarzschild and Kerr: Using their symmetries

§ What if the black hole spacetime has less symmetry?

§ Identify eikonal correspondence through the definition of averaged 
radius along full closed photon orbits

§ Future:
§ Non-axisymmetric deformations
§ Deformed Kerr
§ Observational implications

11
• Small deformation: |"| ≪ 1

• A general axisymmetric 
deformation which excludes
frame-dragging effects
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Introduction: Test of GR with tidal Love numbers

・Tidal deformability of bodies is measured by tidal Love numbers

[Yunes et al, 2022]

・Constraint of EoS of neutron stars by GW170817

Test of GR in strong-field regime

[Abbott et al, 2017]

[Cardoso et al, 2017]

[Love, 1911]
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Vanishing of tidal Love numbers of Schwarzschild BHs

・Linear perturbation to Schwarzschild BHs in the static limit:
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・(Relativistic) tidal Love numbers are defined by: 

＊ This is also the case of enen-parity perturbation
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, � := z(z � 1)

[Regge&Wheeler, 1957]

[Binnington&Poisson, 2009]

・Situation: BH
external (weak) 
tidal field

・Schwarzschild BH in 4 dim has zero Love numbers
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[Binnington&Poisson, 2009]
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r

rH

under regularity at horizon

・Is Love numbers = 0 a unique feature of BHs in vacuum in 4 dim GR?

Beyond GR or non-vacuum or higher dimensions

No !  
Schwarzschild BH in Brans-Dicke, Riessner-Nordstrom BH also have zero 

[Cardoso et al, 2017]

・BHs in some modified theories of gravity, BHs in GR with matter fields, 

    and higher-dim Schwarzschild BHs can have nonzero Love numbers
[Kol&Smolkin, 2012; Cardoso et al, 2020]

[Hui et al, 2021]・Schwarzschild BH in 4 dim has zero Love numbers for spin-s fields

・Their vanishing is also the case for Kerr BHs [Tiec et al, 2021; Chia, 2021;  
 Charalanbous et al, 2021]

Some nontrivial underlying structure may prohibit acquiring Love numbers

arXiv: 2209.10469

[Cardoso et al, 2020]



Previous works and our work

``hidden” symmetric structure is important

We study the underlying symmetric structure of Love numbers = 0  
in terms of spacetime symmetry 
in a unified manner for scalar          , vector          , and tidal fields

Why does such a hidden symmetric structure exist? Geometrical origin?

・Our question

[Porto, 2016; Penna, 2018; Charalambou et al, 2021; 
 Hui et al, 2022; Achour et al, 2022; Charalambou et al, 2022]
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・Previous works argued
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Reduction to AdS2

・Regge-Wheeler eq. for spin-s fields in static limit:

Field redefinition:
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・This can be identified as an equation for static scalar fields in AdS2

<latexit sha1_base64="10K7o5VpFX8HAoLYmApJQfZCQfo="></latexit>

ds2 = ��dt2 +
1

�
dz2

2-dim spacetime 
with negative constant curvature:

<latexit sha1_base64="iagjENMGN/6qOs3YZ5u2gFDmNmY="></latexit>

, R(2) = �2

<latexit sha1_base64="CpL85rOu7vLRtXfiV3Flk0RGJJY="></latexit>
⇤AdS2 �

✓
`(`+ 1)� s2

z

◆�
�` = 0

<latexit sha1_base64="ecJ9rUytS4GvZOi9agyEDkIPeFg="></latexit>

, � := z(z � 1)

<latexit sha1_base64="TEbouUlOE1zCi47WauXDSJeCqHI="></latexit>

d

dz

✓
�
d�`

dz

◆
�

✓
`(`+ 1)� s2

z

◆
�` =0,

<latexit sha1_base64="f0rGk6l8FesAPOdx1Wd9STeyBnc="></latexit>

�

z2
d

dz

✓
�

z2
d�`

dz

◆
� �

z2


`(`+ 1)

z2
� s2 � 1

z3

�
�` = 0.

＊Low-frequency perturbation can also be reduced arXiv: 2209.10469
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Generator of hidden symmetries: Ladder operators

・Ladder operators:

: Closed conformal Killing vector field of AdS2,

・Ladder operator shifts    into
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Supersymmetric structure

・Let us consider a pair              :
<latexit sha1_base64="MImNMDZZvupccQm/1taZKqkk1iQ="></latexit>

(�`,�`±1)

・Hamiltonians can be ``factorized":
<latexit sha1_base64="6Z23sGFKcgT2JV6h0LQEdQiMU9Y="></latexit>

k+ = �`� 1, k� = `

<latexit sha1_base64="P5gveC68msiRwbgkeWEXSRos3YQ="></latexit>

H` = D�k±Dk± + �2
k± , H`±1 = Dk±D�k± + �2

k±

<latexit sha1_base64="Hap5Un2FeEwVak/Fpor8AEDByp8="></latexit>

Dk±H`�` = Dk±

⇣
D�k±Dk± + �2

k±

⌘
�` = H`±1Dk±�` = 0,

D�k±H`±1�`±1 = D�k±

⇣
Dk±D�k± + �2

k±

⌘
�`±1 = H`D�k±�`±1 = 0.

<latexit sha1_base64="7YEvEvfSx75pkXiGRkcW4hYDoWU="></latexit>

�` and 
<latexit sha1_base64="C3MilHXcwtY+ywxd8dTVV54yrj8="></latexit>

�`±1 are symmetric partners

Inductively, all the modes are symmetric partners

<latexit sha1_base64="lQHCaF2d40bwt974W90n8YQFJ/g="></latexit>

�k± =
k2± � s2

2k±

arXiv: 2209.10469

<latexit sha1_base64="7YEvEvfSx75pkXiGRkcW4hYDoWU="></latexit>

�`
<latexit sha1_base64="o8N/3x7SvSYYmRG/WSwVVAb7AqM="></latexit>

�`+1

<latexit sha1_base64="TatEW8yDck0Tyh2HOBqkIfFfbbE="></latexit>

`

<latexit sha1_base64="uuaurlJmJzCny42BoWx2dLQmfWE="></latexit>Dk+
<latexit sha1_base64="othJ4ZVI7g5zs9E++/w7xbOxQc4="></latexit>D�k+

<latexit sha1_base64="uLJNW9QFpHs6p/tzeN3yhP7/sy4="></latexit>

` = 2

<latexit sha1_base64="Sa9yNI5pYe18OeYcipZ3wP3meYY="></latexit>

`+ 1

<latexit sha1_base64="jTeb2vhHu5iLpo+ede96zkgDxUk="></latexit>

`+ 1

= 3

<latexit sha1_base64="DoJMawORhxIbcvI176zDuytWgW8="></latexit>

H` :=��
d

dz

✓
�

d

dz

◆
+�


` (`+ 1)�

s2

z

�

H`±1 :=��
d

dz

✓
�

d

dz

◆
+�


(`± 1) (`± 1 + 1)�

s2

z

�where
<latexit sha1_base64="r6E6O3ZzrGb3fwHIdPYBLw9ugxc="></latexit>

H`�` =0,

H`±1�`±1 =0
EoM:



Supersymmetry Algebra
・Hidden symmetric structure can be understood from supersymmetry algebra

where

・odd-parity / even-parity are also supersymmetric
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[Chandrasekar, 1975]
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Spin-s field perturbation to Schwarzschild BH has supersymmetric structure

Linearized GR around Schwarzschild BHs has supersymmetric structure

Love numbers = 0 from radially conserved quantities

・For a pair of lowest multipole and originally ``unphysical” mode,
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Asymptotic sols.:

for for

Horizon-regular sol. is purely growing at large distances, 
showing Love number = 0

＊　　　     is similar to unbroken supersymmetry in SUSY quantum mechanics
[Cooper et al, 1994]
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Love numbers = 0 from radially conserved quantities

・Higher multipole can be mapped into the lowest one with ladder operators

Radially conserved quantity:

implies that is
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Kerr BH case

・Static Teukolsky eq. can be reduced to static scalar fields in AdS2:

・Ladder operators and supersymmetric structure exist:

arXiv: 2209.10469
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・Radially conserved quantities allow one to show Love numbers = 0 

    without solving the perturbation equations

[Teukolsky, 1972]
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Summary

・Perturbation field can be reduced into a set of infinite scalar fields in AdS2

・Radially conserved quantity allows one to show Love numbers = 0 

    without solving the perturbation equations 

・Time-dependent field with low frequencies also has supersymmetric structure

Comment

・Linearized GR around 4-dim BHs in vacuum has supersymmetric structure 

   arising from conformal symmetry of the effective AdS2 geometry

・Supersymmetric structure explains the result of higher-dim Schwarzschild BH

arXiv: 2209.10469
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・Our ladder operator includes generators of hidden symmetry in previous works

・First attempt to explain Love numbers = 0 from symmetric structure 

    arising from spacetime symmetry in a unified manner for spin-s fields

Ladder operator and generic potential
・Consider generic scalar fields in AdS2:

・Requiring commutation relation:

・Assuming       is a 1st order derivative operator:
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Schwarzschild-Tangherlini case

・Problem can be reduced into a set of infinite scalar fields in AdS2:

        with                   connects to the lowest multipole
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・Supersymmetric structure explains the result of the Schwarzschild BH in n dims

・Ladder operators exist but shift     into 
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    the radially conserved quantities exist, allowing to show  
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QPOs of a particle in the background of a deformed compact object

Motivation

High Frequency QPOs and General Relativity

QPOs in BH divided in
various classes. QPOs in BH
XRBs are normally divided
into two large groups:

I the low frequency QPOs
⇠ 50 Hz

I the high-frequency
QPOs, above ⇠ 100Hz
up to ⇠ 500Hz.

QPOs of a particle in the background of a deformed compact object

Motivation

Model to explain HFQPOs
Large variety of ideas to explain the phenomenon of HF QPOs: Main
idea is that it is related to the motion of the inner part of accretion
disk

Local oscillations analysis
! RP Model (Stella)
! TD Model (Cadez)
! WD Model (Kato)

Global oscillations analysis
! ER Model (Abramowicz & Kluzniak)
! p-modes, c-modes,.. (Rezzolla, Kato ...)



QPOs of a particle in the background of a deformed compact object

Background spacetime

Background metric : q-Metric
A static, axially symmetric metric that is non-spherically symmetric
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I describes the exterior gravitational field of a static deformed
compact object

I ↵ positive for a oblate compact object and negative for an
prolate one

QPOs of a particle in the background of a deformed compact object

Geodesic equations & Epicyclic frequencies

Class of orbits that slightly deviate from the circular geodesics
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QPOs of a particle in the background of a deformed compact object

Geodesic equations & Epicyclic frequencies

Class of orbits that slightly deviate from the circular geodesics:
In a uniform magnetic field
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QPOs of a particle in the background of a deformed compact object

Geodesic equations & Epicyclic frequencies

Epicyclic frequencies in the background of a deformed compact
object



QPOs of a particle in the background of a deformed compact object

Parametric resonance & QPOs Models

Epicyclic resonances: 3:2 frequency ratio
E↵ect of the quadrupole moment

QPOs of a particle in the background of a deformed compact object

Parametric resonance & QPOs Models

Epicyclic resonances: 3:2 frequency ratio
E↵ect of the magnetic field



QPOs of a particle in the background of a deformed compact object

Data Source & Data Fit

Data Fitting with Galactic Microquasars: 1/M relation
E↵ect of the quadrupole moment

⌫Up =
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2⇡

c3

GM
⌦Up (5)

QPOs of a particle in the background of a deformed compact object

Data Source & Data Fit

Data Fitting with Galactic Microquasars: 1/M relation
E↵ect of the magnetic field



QPOs of a particle in the background of a deformed compact object

Conclusion

Conclusion
I The quadrupole moment and magnetic field alter the motion

and epicyclic frequencies of charged particles moving in this
background.

I cause strong deviation from the corresponding quantities in
the Schwarzschild case

I the resonant phenomena of the radial and vertical oscillations
at their frequency ratio 3:2 for di↵erent parameters can be
adequately related to the frequencies of the twin 3:2 HF
QPOs observed in the microquasars

Future work ? Question ?

I extend this work from a single particle to a complex system,
such as accretion discs

I Global oscillations analysis

QPOs of a particle in the background of a deformed compact object

Conclusion

Class of orbits that slightly deviate from the circular geodesics
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Timelike geodesic in AdS/CFT

Can we create a star (timelike geodesic) 
orbiting around BH using AdS/CFT?

If it is possible,
can we observe the created star? 
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We propose the way to a create star orbiting in the asymptotically AdS spacetime using the
method of the AdS/CFT correspondence. We demonstrate that, by applying an appropriate source
in the quantum field theory defined on 2-sphere, the localized star gradually appears in the dual
asymptotically AdS geometry. Once the star is created, we can observe its angular position from the
response function. The relation between parameters of the created star and those of the source is
studied. We show that information about the bulk geometry can be extracted from the observation
of the steller motion in the bulk geometry.

Introduction.— Steler motion around Sagittarius A∗ has
been observed for decades and its observation gave a
strong evidence for existence of the black hole at the
center of our galaxy [1]. It also gave us important in-
formation about the curved spacetime around the black
hole. In this letter, we propose the way to create a star
orbiting in the asymptotically AdS spacetime by using
the method of the AdS/CFT correspondence [2–4]. We
also disscuss how we can read out information about the
bulk geometry from the steller motion. Our main target
is the AdS/CFT in the “bottom-up approach” such as
the correspondence between condensed matter systems
and gravitational systems [5–9]. In many cases, there
is no conclete guiding principle to construct dual gravi-
tational theories for condensed matters. Our proposition
gives a direct way to extract some information about dual
geometries of condensed matters by experiments.

Fig.1 shows the schematic picture of our setup. We
will consider the pure global AdS and Schwarzschild-
AdS4 (Sch-AdS4) spacetime with the spherical horizon as
background spacetimes. They correspond to the (2 + 1)-
dimensional quantum field theory (QFT) on S2. We put
the bulk scalar field as the probe which corresponds to a
scalar operator O in the dual QFT. We apply the source
of the operator O. The source is localized in S2 and its
packet is rotating with the angular velocity Ω. It also
has frequency ω and wave number m. We will demon-
strate that, by tuning parameters (ω,m,Ω), the bulk star
is created.

As previous works, it has been proposed that the grav-
itational lensing can be used for the test of the existence
of a given QFT [10–12]. The Einstein ring formed by the
gravitational lensing gives us information about the pho-
ton sphere of the null geodesic in the dual geometry. In
this letter, we propose the other way to probe the dual ge-
ometry by using the timelike geodesic. In Refs.[13, 14],
dual operators corresponding to localized states in the
AdS bulk has been investigated. Our work would give
an explicit source function for creating similar states by
time evolution.

Eikonal approximation for the massive scalar field.—

We consider the Sch-AdS4 with the spherical horizon

Angular
velocity

Wave 
number

Frequency

Black hole

Localized
scalar �eld

AdS boundary

Source

FIG. 1. Schematic picture of our setup.

as

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2

(
dθ2 + sin2θ dφ2

)
, (1)

where f(r) = 1 + r2 − rh(1 + r2h)/r in the unit of AdS
radius, lAdS = 1. For rh = 0, this spacetime discribes
the pure global AdS. Let us consider the circular orbit
of the massive particle in this spacetime. The specific
energy and angular momentum of the particle are given
by ε ≡ −ut and j ≡ uφ where uµ is the 4-velocity. The
angular velocity of the revolution is Ω ≡ dφ/dt = uφ/ut.
For the circular orbit at the radius r = R, parameters
of the timelike geodesic (ε, j, Ω) are given by the one
parameter family of R (for fiexd rh) as

ε2 =
2(R− rh)2(R2 + rhR+ r2h + 1)2

R{2R− 3rh(1 + r2h))}
,

j2 =
R2(2R3 + r3h + rh)

2R− 3rh(1 + r2h)
, Ω2 =

2R3 + r3h + rh
2R3

.

(2)

We will consider creation of the massive particle (or star)
as the coherent excitation of the bulk field.
We will deal with the massive scalar field in a fixed

background whose Lagrangian is given by

L = −(∂Φ)2 − µ2Φ2 . (3)
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Source and response

2

The scalar field obeys the Klein-Gordon equation !Φ =
µ2Φ. Under the Eikonal approximation, we can obtain
the timelike geodesic equation from the Klein-Gordin
equation. We assume that the typical frequency ω and
mass µ of the scalar field are sufficiently large and they
are same order, ω ∼ µ " 1. Substituting Φ(xµ) =
a(xµ)eiS(xµ) into the Klein-Gordin equation and assum-
ing ∂µS ∼ O(ω), we obtain

gµν∂µS∂νS = −µ2 (4)

as the leading order equation for ω. Introducing the 4-
velocity uµ = ∂µS/µ, we have uµuµ = −1. Differenciat-
ing this equation, we also obtain the geodesic equation
for the massive particle as 0 = ∇ρ(gµν∂µS∂νS)/µ2 =
2uµ∇µuρ. Thus, the relation between parameters of the
timelike geodesic and the massive scalar field is

ε = − 1

µ
∂tS , j =

1

µ
∂φS . (5)

The analysis of the Eikonal approximation indicates that
the massive particle should also be expressed as the local-
ized configuration of the massive scalar field. Our main
task is to find the approproiate boundary condition for
the scalar field at the AdS boundary and create the par-
ticle (or star) orbiting in AdS as shown in Fig.1.

Massive scalar field in asymptotically AdS spacetimes.—
Near the AdS boundary r = ∞, the scalar field behaves
as

Φ(t, r, θ,φ) & J (t, θ,φ) r−∆− + 〈O(t, θ,φ)〉 r−∆+ , (6)

where ∆± = 3/2 ± ν and ν =
√
9/4 + µ2. We will refer

J (t, θ,φ) and 〈O(t, θ,φ)〉 as the “source” and “response”.
We have to be carefull when we consider the “source”

for the massive scalar field. For µ2 > 0, the correspond-
ing operator O has the conformal weight ∆+ > 3 and
applying the source for such oparater corresponds to an
irrelevant deformation of the dual QFT. In the gravi-
tational point of view, if the non-normalizable mode is
present, the energy-momentum tensor of the scalar field
diverges near the AdS boundary and the probe approxi-
mation is not validated any more [15]. One way to avoid
this problem is to introduce an explicit cutoff at the finite
radius of the asymptotically AdS spacetime. The AdS
with the finite radial cutoff is considered as the gravita-
tional dual of the T T̄ -deformed theory [16]. The other
way is to introduce a renormalization group flow to a UV
fixed point where O is relevant. One of the simplest ex-
amples is adding the other scalar field ψ which controles
the mass for Φ:

L′ = −(∂Φ)2 − λ(ψ)2Φ2 − (∂ψ)2 + 2ψ2 , (7)

where λ(ψ) is now function of the dynamical scalar field
ψ. Since the mass square of ψ is −2, ψ behaves as
ψ ∼ 1/r, 1/r2 near the AdS boundary and both modes
are normalizable. When Φ = 0, we can obtain static and

spherically symmetric profile ψ = ψ(r) by only imposing
the regularity at the horizon or center of the global AdS.
(Then, both of 1/r and 1/r2 modes present at the AdS
boundary in general.) By carefully choosing the mass
function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that

λ(ψ) =

{
µ (r " Λ)

0 (r # Λ)
, (8)

is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,

J (t, θ,φ) = J0 exp

[
− (t− T )2

2σ2
t

− (θ − π/2)2

2σ2
θ

− (φ− Ωt)2

2σ2
φ

− iωt+ imφ

]
. (9)

This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by

1

m
) σθ,σφ ) 1 . (10)
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spherically symmetric profile ψ = ψ(r) by only imposing
the regularity at the horizon or center of the global AdS.
(Then, both of 1/r and 1/r2 modes present at the AdS
boundary in general.) By carefully choosing the mass
function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that

λ(ψ) =

{
µ (r " Λ)

0 (r # Λ)
, (8)

is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,

J (t, θ,φ) = J0 exp

[
− (t− T )2

2σ2
t

− (θ − π/2)2

2σ2
θ

− (φ− Ωt)2

2σ2
φ

− iωt+ imφ

]
. (9)

This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by

1

m
) σθ,σφ ) 1 . (10)

Near AdS boundary

:Source (External field)
:Its response

How should we apply the external field
to create a star (particle-like configuration of scalar) 

in the bulk? (inverse problem)
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Creating stars orbiting in AdS

Youka Kaku1, Keiju Murata2, and Jun Tsujimura1
1Department of Physics, Nagoya University, Chikusa, Nagoya 464-8602, Japan and

2Department of Physics, College of Humanities and Sciences,
Nihon University, Sakurajosui, Tokyo 156-8550, Japan

We propose the way to a create star orbiting in the asymptotically AdS spacetime using the
method of the AdS/CFT correspondence. We demonstrate that, by applying an appropriate source
in the quantum field theory defined on 2-sphere, the localized star gradually appears in the dual
asymptotically AdS geometry. Once the star is created, we can observe its angular position from the
response function. The relation between parameters of the created star and those of the source is
studied. We show that information about the bulk geometry can be extracted from the observation
of the steller motion in the bulk geometry.

Introduction.— Steler motion around Sagittarius A∗ has
been observed for decades and its observation gave a
strong evidence for existence of the black hole at the
center of our galaxy [1]. It also gave us important in-
formation about the curved spacetime around the black
hole. In this letter, we propose the way to create a star
orbiting in the asymptotically AdS spacetime by using
the method of the AdS/CFT correspondence [2–4]. We
also disscuss how we can read out information about the
bulk geometry from the steller motion. Our main target
is the AdS/CFT in the “bottom-up approach” such as
the correspondence between condensed matter systems
and gravitational systems [5–9]. In many cases, there
is no conclete guiding principle to construct dual gravi-
tational theories for condensed matters. Our proposition
gives a direct way to extract some information about dual
geometries of condensed matters by experiments.

Fig.1 shows the schematic picture of our setup. We
will consider the pure global AdS and Schwarzschild-
AdS4 (Sch-AdS4) spacetime with the spherical horizon as
background spacetimes. They correspond to the (2 + 1)-
dimensional quantum field theory (QFT) on S2. We put
the bulk scalar field as the probe which corresponds to a
scalar operator O in the dual QFT. We apply the source
of the operator O. The source is localized in S2 and its
packet is rotating with the angular velocity Ω. It also
has frequency ω and wave number m. We will demon-
strate that, by tuning parameters (ω,m,Ω), the bulk star
is created.

As previous works, it has been proposed that the grav-
itational lensing can be used for the test of the existence
of a given QFT [10–12]. The Einstein ring formed by the
gravitational lensing gives us information about the pho-
ton sphere of the null geodesic in the dual geometry. In
this letter, we propose the other way to probe the dual ge-
ometry by using the timelike geodesic. In Refs.[13, 14],
dual operators corresponding to localized states in the
AdS bulk has been investigated. Our work would give
an explicit source function for creating similar states by
time evolution.

Eikonal approximation for the massive scalar field.—

We consider the Sch-AdS4 with the spherical horizon

Angular
velocity

Wave 
number

Frequency

Black hole

Localized
scalar �eld

AdS boundary

Source

FIG. 1. Schematic picture of our setup.

as

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2

(
dθ2 + sin2θ dφ2

)
, (1)

where f(r) = 1 + r2 − rh(1 + r2h)/r in the unit of AdS
radius, lAdS = 1. For rh = 0, this spacetime discribes
the pure global AdS. Let us consider the circular orbit
of the massive particle in this spacetime. The specific
energy and angular momentum of the particle are given
by ε ≡ −ut and j ≡ uφ where uµ is the 4-velocity. The
angular velocity of the revolution is Ω ≡ dφ/dt = uφ/ut.
For the circular orbit at the radius r = R, parameters
of the timelike geodesic (ε, j, Ω) are given by the one
parameter family of R (for fiexd rh) as

ε2 =
2(R− rh)2(R2 + rhR+ r2h + 1)2

R{2R− 3rh(1 + r2h))}
,

j2 =
R2(2R3 + r3h + rh)

2R− 3rh(1 + r2h)
, Ω2 =

2R3 + r3h + rh
2R3

.

(2)

We will consider creation of the massive particle (or star)
as the coherent excitation of the bulk field.
We will deal with the massive scalar field in a fixed

background whose Lagrangian is given by

L = −(∂Φ)2 − µ2Φ2 . (3)

Creation of radially localized 

scalar field

3

We also have to require the ω and µ are sufficiently large
compareing to the curvature scale of the bulk geometry
so that the Eikonal approximation is validated. The con-
dition is written as

ω, µ ! 1

lAdS
,

1

rh
, (11)

where lAdS = 1 is the AdS radius.
Eq.(9) is regarded as the boundary condition of the

scalar field near the AdS boundary. In the following, we
explain how we impose this boundary condition and solve
the equation of motion of the scalar field. If we decom-
pose Φ as Φ = r−1

∑
ω′m′l′ e

−iω′tΨω′l′m′(x)Yl′m′(θ,φ),
where Yl′m′ is the spherical harmonics, Ψωl′m′(x) obeys
the equation in the Schrödinger form:

[
− d2

dx2
+ V (x)

]
Ψω′l′m′(x) = ω′2Ψω′l′m′(x), (12)

V (x) = f(r)

(
l′(l′ + 1)

r2
+ µ2 +

1

r

df

dr

)
, (13)

where x =
∫
dr/f(r) is the tortoise coordinate. We can

also decompose the source (9) as

J (t, θ,φ) =
∑

ω′l′m′

Jω′l′m′ e−iω′tYl′m′(θ,φ) . (14)

The cofficient Jω′l′m′ gives the boundary condition
for Ψω′l′m′(x) at the AdS boudary: Ψω′l′m′(x) →
Jω′l′m′r−∆−+1. For rh > 0, we impose ingoing wave
boundary condition at the horizon: Ψω′l′m′(x) ∼ e−iω′x.
For rh = 0, we impose the regularity at the center of the
AdS: Ψω′l′m′(x) ∼ rl

′
. Under those boundary conditions,

we solve Eq.(12) numerically. Superposing the numeri-
cally obtained solutions, we obtain the scalar field in the
real space Φ(t, r, θ,φ). (See the supplementally material
for the detail.)

For the source (9), typical frequency and wave number
of the bulk scalar field should be given by ω and m. From
Eq.(5), the specific energy and angular momentum of the
created star is given by

ε =
ω

µ
, j =

m

µ
. (15)

We can expect that the angular velocity of the revolu-
tion of the star is determined by Ω in Eq.(9). This is,
in fact, checked by our numerical result. The rest mass
is the energy measured by the observer accompanying
the star: ∼

∫
dΣTµνuµuν where Tµν is the energy mo-

mentum tensor of the scalar field and
∫
dΣ denotes the

integral on t =const surface. This is proportional to |J0|2
when we fix other parameters. The relation between pa-
rameters of the created star and those of the external
source is summarized in Table I. Since the scalar field
is localized at the local minimum of the effective poten-
tial V (x). The radual size is determined by its curvature
σx = (V,xx|local min)−1/2.

Note that Table I does not mean that the star is created
for any values of ω, m and Ω. As in Eq.(2), ε, j and Ω

TABLE I. Relation between parameters of the created star
and those of the external sorce J (t, θ,φ).

Physical quantities of star Parameters of source
Specific energy ω/µ
Specific angular momentum m/µ
Rest mass ∝ |J0|2
Angular velocity of revolution Ω
Size σθ,σφ,σx = (V,xx|local min)

−1/2

are given by the one parameter family of the radius of
the circular orbit R. Hence, if we would like to create
the star at r = R, we need to tune ω, m and Ω to values
obtained by these equations and Table.I.

Results.—
In Fig. 2, we depicted the time evolution of the scalar

field orbiting on the equatorial plane θ = π/2. Parame-
ters used in our numerical caluculation is summarized in
Table II. Besides we set σθ = σφ = 0.2, T = −20,σt = 5.

TABLE II. Parameters for numerical calculations where ν2 ≡
µ2 + 9/4.

rh ν ω m Ω ε = ω/µ j = m/µ
0 50 101.5 50 1 2.0309 1.0005
0.3 20.5 230.78 210 1.00312 11.288 10.271
1 5.5 215.19 210 1.00727 40.667 10.271

The black disks are the event horizon, and each embed-
ded figure on the top left shows the source (9) at θ = π/2
with respect to φ. The scalar field is accumulated at the
local minimum of the potential (13) and forms a localized
wave packet revolving anti-clockwise. Using Table I, we
can estimate the specific energy ω/µ and anguar momen-
tum m/µ of the corresponding timelike geodesic. From
Eq.(5), radii of the revolution are R % 1.015, 3.07, 5.02
for rh = 0, 0.3, 1, respectively. This is consistent with
Fig. 2 and indicates that the motion of the created star
obeys the timelike geodesic equation.
Generally, in Sch-AdS4 spacetime, the amplitude of

the scalar field decays in time because of the tunnelling
towards the horizon. Its decay rate is characterized by
the imaginary part of the quasi-normal mode frequency
ωqnm. For rh = 0.3, the potential barrier is high enough
and the decay rate is extremely suppressed. For rh = 1.0,
on the other hand, we have ωqnm % 215 − 0.0932i for
l′ = 210 and the time scale of the decay is τdecay = 10.7.
This is the reason why the scalar field decays at the late
time in the bottom line of Fig. 2. Although we took
modest values for ω,m and µ because of the limitation
of the computational power, in principle, we can realize
long lived localized scalar field by taking larger values
for ω,m and µ for fixed ω/µ and m/µ. Then, the higher
potential barrier is realized and we have small decay rate.
Once we ontain the star orbitng in asymptotically AdS

spacetime, we can compute the responce function from
Eq.(6). In Fig. 3, we depicted the response on θ = π/2 for
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We create the localized 
scalar field here.
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Localized QNM

Quasi normal mode (fundamental tone)

Almost normal 

mode

We create this QNM by choosing 
boundary condition of                  .
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Localized QNM

Creation of the radially localized solution 
for each (l’,m’).

<latexit sha1_base64="PsIIIgA7PqjbHp3ICU0J+DOqNx0="></latexit>

| lm|

<latexit sha1_base64="AAwARpF0RB59pIgnlbqqaKsVASg="></latexit>

r���1 l0m0(t, x)|x=0 = exp


� (t� T )2

2�2
t

� i!qnmt

�

Superposing (l’,m’)-modes

<latexit sha1_base64="8evugsIrryWQZO+mBDUltlxOo1o="></latexit>

 (t, x, ✓,�) =
X

l0m0

cl0m0 l0m0(t, x)Yl0m0(✓,�)

<latexit sha1_base64="6/un8r1Poj02fRgRwWNuOWHqMp4="></latexit>cl0m0For an appropriate 

the solution can also be localized angular directions.



Creation of star in 

Sch-AdS (rh=0.3)
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The scalar field obeys the Klein-Gordon equation !Φ =
µ2Φ. Under the Eikonal approximation, we can obtain
the timelike geodesic equation from the Klein-Gordin
equation. We assume that the typical frequency ω and
mass µ of the scalar field are sufficiently large and they
are same order, ω ∼ µ " 1. Substituting Φ(xµ) =
a(xµ)eiS(xµ) into the Klein-Gordin equation and assum-
ing ∂µS ∼ O(ω), we obtain

gµν∂µS∂νS = −µ2 (4)

as the leading order equation for ω. Introducing the 4-
velocity uµ = ∂µS/µ, we have uµuµ = −1. Differenciat-
ing this equation, we also obtain the geodesic equation
for the massive particle as 0 = ∇ρ(gµν∂µS∂νS)/µ2 =
2uµ∇µuρ. Thus, the relation between parameters of the
timelike geodesic and the massive scalar field is

ε = − 1

µ
∂tS , j =

1

µ
∂φS . (5)

The analysis of the Eikonal approximation indicates that
the massive particle should also be expressed as the local-
ized configuration of the massive scalar field. Our main
task is to find the approproiate boundary condition for
the scalar field at the AdS boundary and create the par-
ticle (or star) orbiting in AdS as shown in Fig.1.

Massive scalar field in asymptotically AdS spacetimes.—
Near the AdS boundary r = ∞, the scalar field behaves
as

Φ(t, r, θ,φ) & J (t, θ,φ) r−∆− + 〈O(t, θ,φ)〉 r−∆+ , (6)

where ∆± = 3/2 ± ν and ν =
√
9/4 + µ2. We will refer

J (t, θ,φ) and 〈O(t, θ,φ)〉 as the “source” and “response”.
We have to be carefull when we consider the “source”

for the massive scalar field. For µ2 > 0, the correspond-
ing operator O has the conformal weight ∆+ > 3 and
applying the source for such oparater corresponds to an
irrelevant deformation of the dual QFT. In the gravi-
tational point of view, if the non-normalizable mode is
present, the energy-momentum tensor of the scalar field
diverges near the AdS boundary and the probe approxi-
mation is not validated any more [15]. One way to avoid
this problem is to introduce an explicit cutoff at the finite
radius of the asymptotically AdS spacetime. The AdS
with the finite radial cutoff is considered as the gravita-
tional dual of the T T̄ -deformed theory [16]. The other
way is to introduce a renormalization group flow to a UV
fixed point where O is relevant. One of the simplest ex-
amples is adding the other scalar field ψ which controles
the mass for Φ:

L′ = −(∂Φ)2 − λ(ψ)2Φ2 − (∂ψ)2 + 2ψ2 , (7)

where λ(ψ) is now function of the dynamical scalar field
ψ. Since the mass square of ψ is −2, ψ behaves as
ψ ∼ 1/r, 1/r2 near the AdS boundary and both modes
are normalizable. When Φ = 0, we can obtain static and

spherically symmetric profile ψ = ψ(r) by only imposing
the regularity at the horizon or center of the global AdS.
(Then, both of 1/r and 1/r2 modes present at the AdS
boundary in general.) By carefully choosing the mass
function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that

λ(ψ) =

{
µ (r " Λ)

0 (r # Λ)
, (8)

is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,

J (t, θ,φ) = J0 exp

[
− (t− T )2

2σ2
t

− (θ − π/2)2

2σ2
θ

− (φ− Ωt)2

2σ2
φ

− iωt+ imφ

]
. (9)

This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by

1

m
) σθ,σφ ) 1 . (10)

We can see the star from 
the response function. 
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Summary

We can create stars orbiting around BH in AdS bulk 
by applying appropriate source in QFT.

We can read out the information about the 
geometry in the AdS bulk.

We can observe the created star from the 
response function.

Appendix
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The scalar field obeys the Klein-Gordon equation !Φ =
µ2Φ. Under the Eikonal approximation, we can obtain
the timelike geodesic equation from the Klein-Gordin
equation. We assume that the typical frequency ω and
mass µ of the scalar field are sufficiently large and they
are same order, ω ∼ µ " 1. Substituting Φ(xµ) =
a(xµ)eiS(xµ) into the Klein-Gordin equation and assum-
ing ∂µS ∼ O(ω), we obtain

gµν∂µS∂νS = −µ2 (4)

as the leading order equation for ω. Introducing the 4-
velocity uµ = ∂µS/µ, we have uµuµ = −1. Differenciat-
ing this equation, we also obtain the geodesic equation
for the massive particle as 0 = ∇ρ(gµν∂µS∂νS)/µ2 =
2uµ∇µuρ. Thus, the relation between parameters of the
timelike geodesic and the massive scalar field is

ε = − 1

µ
∂tS , j =

1

µ
∂φS . (5)

The analysis of the Eikonal approximation indicates that
the massive particle should also be expressed as the local-
ized configuration of the massive scalar field. Our main
task is to find the approproiate boundary condition for
the scalar field at the AdS boundary and create the par-
ticle (or star) orbiting in AdS as shown in Fig.1.

Massive scalar field in asymptotically AdS spacetimes.—
Near the AdS boundary r = ∞, the scalar field behaves
as

Φ(t, r, θ,φ) & J (t, θ,φ) r−∆− + 〈O(t, θ,φ)〉 r−∆+ , (6)

where ∆± = 3/2 ± ν and ν =
√
9/4 + µ2. We will refer

J (t, θ,φ) and 〈O(t, θ,φ)〉 as the “source” and “response”.
We have to be carefull when we consider the “source”

for the massive scalar field. For µ2 > 0, the correspond-
ing operator O has the conformal weight ∆+ > 3 and
applying the source for such oparater corresponds to an
irrelevant deformation of the dual QFT. In the gravi-
tational point of view, if the non-normalizable mode is
present, the energy-momentum tensor of the scalar field
diverges near the AdS boundary and the probe approxi-
mation is not validated any more [15]. One way to avoid
this problem is to introduce an explicit cutoff at the finite
radius of the asymptotically AdS spacetime. The AdS
with the finite radial cutoff is considered as the gravita-
tional dual of the T T̄ -deformed theory [16]. The other
way is to introduce a renormalization group flow to a UV
fixed point where O is relevant. One of the simplest ex-
amples is adding the other scalar field ψ which controles
the mass for Φ:

L′ = −(∂Φ)2 − λ(ψ)2Φ2 − (∂ψ)2 + 2ψ2 , (7)

where λ(ψ) is now function of the dynamical scalar field
ψ. Since the mass square of ψ is −2, ψ behaves as
ψ ∼ 1/r, 1/r2 near the AdS boundary and both modes
are normalizable. When Φ = 0, we can obtain static and

spherically symmetric profile ψ = ψ(r) by only imposing
the regularity at the horizon or center of the global AdS.
(Then, both of 1/r and 1/r2 modes present at the AdS
boundary in general.) By carefully choosing the mass
function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that

λ(ψ) =

{
µ (r " Λ)

0 (r # Λ)
, (8)

is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,

J (t, θ,φ) = J0 exp

[
− (t− T )2

2σ2
t

− (θ − π/2)2

2σ2
θ

− (φ− Ωt)2

2σ2
φ

− iωt+ imφ

]
. (9)

This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by

1

m
) σθ,σφ ) 1 . (10)
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The scalar field obeys the Klein-Gordon equation !Φ =
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ε = − 1

µ
∂tS , j =

1

µ
∂φS . (5)
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√
9/4 + µ2. We will refer
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We have to be carefull when we consider the “source”
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(Then, both of 1/r and 1/r2 modes present at the AdS
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function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that
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is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,
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This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by
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We propose the way to a create star orbiting in the asymptotically AdS spacetime using the
method of the AdS/CFT correspondence. We demonstrate that, by applying an appropriate source
in the quantum field theory defined on 2-sphere, the localized star gradually appears in the dual
asymptotically AdS geometry. Once the star is created, we can observe its angular position from the
response function. The relation between parameters of the created star and those of the source is
studied. We show that information about the bulk geometry can be extracted from the observation
of the steller motion in the bulk geometry.

Introduction.— Steler motion around Sagittarius A∗ has
been observed for decades and its observation gave a
strong evidence for existence of the black hole at the
center of our galaxy [1]. It also gave us important in-
formation about the curved spacetime around the black
hole. In this letter, we propose the way to create a star
orbiting in the asymptotically AdS spacetime by using
the method of the AdS/CFT correspondence [2–4]. We
also disscuss how we can read out information about the
bulk geometry from the steller motion. Our main target
is the AdS/CFT in the “bottom-up approach” such as
the correspondence between condensed matter systems
and gravitational systems [5–9]. In many cases, there
is no conclete guiding principle to construct dual gravi-
tational theories for condensed matters. Our proposition
gives a direct way to extract some information about dual
geometries of condensed matters by experiments.

Fig.1 shows the schematic picture of our setup. We
will consider the pure global AdS and Schwarzschild-
AdS4 (Sch-AdS4) spacetime with the spherical horizon as
background spacetimes. They correspond to the (2 + 1)-
dimensional quantum field theory (QFT) on S2. We put
the bulk scalar field as the probe which corresponds to a
scalar operator O in the dual QFT. We apply the source
of the operator O. The source is localized in S2 and its
packet is rotating with the angular velocity Ω. It also
has frequency ω and wave number m. We will demon-
strate that, by tuning parameters (ω,m,Ω), the bulk star
is created.

As previous works, it has been proposed that the grav-
itational lensing can be used for the test of the existence
of a given QFT [10–12]. The Einstein ring formed by the
gravitational lensing gives us information about the pho-
ton sphere of the null geodesic in the dual geometry. In
this letter, we propose the other way to probe the dual ge-
ometry by using the timelike geodesic. In Refs.[13, 14],
dual operators corresponding to localized states in the
AdS bulk has been investigated. Our work would give
an explicit source function for creating similar states by
time evolution.

Eikonal approximation for the massive scalar field.—

We consider the Sch-AdS4 with the spherical horizon

Angular
velocity

Wave 
number

Frequency

Black hole

Localized
scalar �eld

AdS boundary

Source

FIG. 1. Schematic picture of our setup.

as

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2

(
dθ2 + sin2θ dφ2

)
, (1)

where f(r) = 1 + r2 − rh(1 + r2h)/r in the unit of AdS
radius, lAdS = 1. For rh = 0, this spacetime discribes
the pure global AdS. Let us consider the circular orbit
of the massive particle in this spacetime. The specific
energy and angular momentum of the particle are given
by ε ≡ −ut and j ≡ uφ where uµ is the 4-velocity. The
angular velocity of the revolution is Ω ≡ dφ/dt = uφ/ut.
For the circular orbit at the radius r = R, parameters
of the timelike geodesic (ε, j, Ω) are given by the one
parameter family of R (for fiexd rh) as

ε2 =
2(R− rh)2(R2 + rhR+ r2h + 1)2

R{2R− 3rh(1 + r2h))}
,

j2 =
R2(2R3 + r3h + rh)

2R− 3rh(1 + r2h)
, Ω2 =

2R3 + r3h + rh
2R3

.

(2)

We will consider creation of the massive particle (or star)
as the coherent excitation of the bulk field.
We will deal with the massive scalar field in a fixed

background whose Lagrangian is given by

L = −(∂Φ)2 − µ2Φ2 . (3)

Specific energy

Angular velocity
<latexit sha1_base64="pTBRbXi48gfCA6oeBJLHr7R9vhY="></latexit>

⌦

Specific angular mom

3

in both the real and momentum spaces is given by:

1

m
⌧ �✓,�� ⌧ 1 . (10)

It is also necessary that ! and µ be su�ciently large
compared with the curvature scale of the bulk geometry,
so that the Eikonal approximation is valid.

Eq.(9) is regarded as the boundary condition of the
scalar field near the AdS boundary. We now explain how
this boundary condition is imposed and the equation of
motion for the scalar field is solved. If we decompose
� as � = r�1

P
!0m0l0 e

�i!0t !0l0m0(x)Yl0m0(✓,�), where
Yl0m0 is the spherical harmonics, then  !l0m0(x) obeys
the equation in the Schrödinger form:


�

d2

dx2
+ V (x)

�
 !0l0m0(x) = !02 !0l0m0(x), (11)

V (x) = f(r)

✓
l0(l0 + 1)

r2
+ µ2 +

1

r

df

dr

◆
, (12)

where x =
R
dr/f(r) is the tortoise coordinate. We can

also decompose the source (9) as

J (t, ✓,�) =
X

!0l0m0

J!0l0m0 e�i!0tYl0m0(✓,�) . (13)

The coe�cient J!0l0m0 provides the boundary condition
for  !0l0m0(x) at the AdS boundary:  !0l0m0(x) !

J!0l0m0r���+1. For rh > 0, we impose the ingoing
wave boundary condition at horizon  !0l0m0(x) ⇠ e�i!0x.
For rh = 0, we impose regularity at the centre of the
AdS,  !0l0m0(x) ⇠ rl

0
. Under these boundary conditions,

Eq.(11), and superposing the numerically obtained solu-
tions, we obtain the scalar field in real space �(t, r, ✓,�).
(See the supplementary material for details).

For source (9), the typical frequency and wavenumber
of the bulk scalar field are given by ! andm, respectively.
From Eq.(5), the specific energy and angular momentum
of the created star are given by

✏ =
!

µ
, j =

m

µ
. (14)

We can expect the angular velocity of the revolution of
the star to be determined by ⌦ in Eq.(9). This is veri-
fied by our numerical results. The rest mass is the en-
ergy measured by the observer accompanying the star:
⇠

R
d⌃Tµ⌫uµu⌫ , where Tµ⌫ is the energy-momentum ten-

sor of the scalar field and
R
d⌃ denotes the integral on

the t =const surface. This is proportional to |J0|2 with
other parameters fixed. The relationships between the
parameters of the created star and those of the exter-
nal source are summarized in Table I. The scalar field
is localized at the local minimum of the e↵ective poten-
tial V (x). The radial size is determined by its curvature
�x = (V,xx|local min)�1/2.

Note that Table I does not mean that a star is created
for any value of !, m, and ⌦. As in Eq.(2), ✏, j, and
⌦ are given by the one-parameter family of the radius

TABLE I. Relationship between parameters of the created
star and those of the external source J (t, ✓,�).

Physical quantities of star Parameters of source
Specific energy !/µ
Specific angular momentum m/µ
Rest mass / |J0|2
Angular velocity of revolution ⌦
Size �✓,��,�x = (V,xx|local min)

�1/2

of circular orbit R. Hence, if we want to create a star
at r = R, we need to tune !, m, and ⌦ to the values
obtained by these equations and Table I.

Results.— In Fig. 2, we depict the time evolution of the
scalar field orbiting in the equatorial plane ✓ = ⇡/2.
The parameters used in our numerical calculation are
summarized in Table II. In addition, we set �✓ = �� =

TABLE II. Parameters for numerical calculations, where ⌫2 ⌘
µ2 + 9/4.

rh ⌫ ! m ⌦ ✏ = !/µ j = m/µ
0 50 101.5 50 1 2.0309 1.0005
0.3 20.5 230.78 210 1.00312 11.288 10.271
1 5.5 215.19 210 1.00727 40.667 10.271

0.2, T = �20,�t = 5. The black disks are the event hori-
zons, and each embedded figure on the top left shows the
source (9) at ✓ = ⇡/2 with respect to �. The scalar field
accumulates at the local minimum of the potential (12)
and forms a localized wave packet revolving anticlock-
wise. Using Table I, we can estimate the specific energy
!/µ and angular momentum m/µ of the corresponding
timelike geodesic. From Eq.(5), the radii of revolution
are R ' 1.015, 3.07, 5.02 for rh = 0, 0.3, 1, respectively.
This was consistent with the results shown in Fig. 2 and
indicates that the motion of the created star obeys the
timelike geodesic equation.
Generally, in Sch-AdS4 spacetime, the amplitude of

the scalar field decays in time because of tunnelling to-
wards the horizon. The decay rate is characterised by
the imaginary part of the quasi-normal mode frequency
!qnm. For rh = 0.3, the potential barrier is high and
the decay rate is extremely suppressed. Conversely, for
rh = 1.0, we have !qnm ' 215 � 0.0932i for l0 = 210,
and the time scale of the decay is ⌧decay = 10.7. This is
why the scalar field decays at a later time in the bottom
line of Fig. 2]. Although we employed modest values for
!,m and µ because of the limitations of computational
power, in principle, we can realise a long-lived localized
scalar field by using larger values for !,m and µ for fixed
!/µ and m/µ. Thus, a higher potential barrier is real-
ized, and we have a small decay rate. Once we obtain the
star orbiting in an asymptotically AdS spacetime, we can
compute the response function from Eq.(6). In Fig. 3, we
depict the response of ✓ = ⇡/2 for rh = 0.3 after the star
is created t & 0. The response circulates on the equator,
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This was consistent with the results shown in Fig. 2 and
indicates that the motion of the created star obeys the
timelike geodesic equation.
Generally, in Sch-AdS4 spacetime, the amplitude of

the scalar field decays in time because of tunnelling to-
wards the horizon. The decay rate is characterised by
the imaginary part of the quasi-normal mode frequency
!qnm. For rh = 0.3, the potential barrier is high and
the decay rate is extremely suppressed. Conversely, for
rh = 1.0, we have !qnm ' 215 � 0.0932i for l0 = 210,
and the time scale of the decay is ⌧decay = 10.7. This is
why the scalar field decays at a later time in the bottom
line of Fig. 2]. Although we employed modest values for
!,m and µ because of the limitations of computational
power, in principle, we can realise a long-lived localized
scalar field by using larger values for !,m and µ for fixed
!/µ and m/µ. Thus, a higher potential barrier is real-
ized, and we have a small decay rate. Once we obtain the
star orbiting in an asymptotically AdS spacetime, we can
compute the response function from Eq.(6). In Fig. 3, we
depict the response of ✓ = ⇡/2 for rh = 0.3 after the star
is created t & 0. The response circulates on the equator,

Implication to gauge/gravity

円軌道の測地線は、1-parameter ファミリー, 

つまり、軌道半径を決めると、
エネルギー・角運動量・公転角速度がすべて決まるからである。

これは、任意のエネルギー・角運動量・公転角速度を持つ星を作れると
言っているわけではない。

Once we can create a star in the bulk, we obtain the re-
: j = j(✏) and

This provides information regarding the geometry of theOnce we can create a star in the bulk, we obtain the re-
) and ⌦ = ⌦(✏).

<latexit sha1_base64="plvqzlJZ9ZDZKx36lBb9iX4oX+M="></latexit>✏

計量が分からなくても、実際に実験で星が作れれば
円軌道する粒子のエネルギー・角運動量・公転角速度
の関係がわかる。

計量の情報



Future prospect

場の理論の外場をうまく選べば、重力系を操作出来る。
何を作れば面白いだろうか？

●null測地線
外場を与えてから,その応答が現れ
るまでに時間差があるはず。

AdS boundary

Null orbit

(a) Nw = 0 (b) Nw = 1 (c) Nw = 2

Figure 6. Null geodesics between ϕ = 0 and π for winding number Nw = 0, 1, 2. The

horizon radius of the Sch-AdS4 is fixed as rh = 0.3. ϑi denotes the angle of incidence to

the AdS boundary.

We can naturally define the angle of incidence of the null geodesic to the AdS
boundary by cosϑi ≡ gijuinj/(|u||n|)|r=∞, where ui is the spatial component of the

4-velocity of the geodesic, ni is the normal vector to the AdS boundary and gij is
the induced metric on the t = const. surface. (|u| and |n| are the norms of ui and ni

with respect to gij.) Using Eqs. (4.1) and (4.2), we can explicitly calculate the angle
of incidence as

sin ϑi =
"

ω
. (4.5)

Combining Eqs. (4.4) and (4.5), we can determine the angle of incidence of the

null geodesic from the photon sphere as a function of the horizon radius rh. In
the geometrical optics, this angle ϑi gives the angular distance of the image of the

incident ray from the zenith if an observer on the AdS boundary looks up into the
AdS bulk. If two end points of the geodesic and the center of the black hole are in
alignment, the observer see a ring image with a radius corresponding to the incident

angle ϑi because of axisymmetry.

5 Imaging AdS black holes

Figure 7 shows our procedure to obtain the image of AdS black hole. The sphere of

the AdS boundary is depicted at the left side of the figure. We show the absolute
square of the response function 〈O(θ)〉 on the sphere as the color map. The brightest

point is the north pole, i.e. the antipodal point of the Gaussian source. The response
function has the interference pattern caused by the diffraction of the wave by the

black hole. We now define an “observation point” at (θ,ϕ) = (θobs, 0) on the AdS
boundary, where an observer looks up into the AdS bulk.

To make an optical system, we virtually consider the flat 3-dimensional space

(x, y, z) as shown in the right side of Fig. 7. We set the convex lens on the (x, y)-

– 9 –

●非円軌道
“楕円”軌道・ブラックホールへ落下する軌道など。
角運動量=0の軌道→ BHがあるかないかの判定

Future prospect

Kirscha&Vaman, 05

●D-brane 
D3-D7解は重力解として存在する。
pure AdSに外場をかけて、D3/D7系
を作れるか？

SYMに外場をかけるとQCDになる?

●宇宙論
膨張宇宙をAdS内部に作れるか？

●天文学?



のスカラー場に外場を入
れるときの注意

2

The scalar field obeys the Klein-Gordon equation !Φ =
µ2Φ. Under the Eikonal approximation, we can obtain
the timelike geodesic equation from the Klein-Gordin
equation. We assume that the typical frequency ω and
mass µ of the scalar field are sufficiently large and they
are same order, ω ∼ µ " 1. Substituting Φ(xµ) =
a(xµ)eiS(xµ) into the Klein-Gordin equation and assum-
ing ∂µS ∼ O(ω), we obtain

gµν∂µS∂νS = −µ2 (4)

as the leading order equation for ω. Introducing the 4-
velocity uµ = ∂µS/µ, we have uµuµ = −1. Differenciat-
ing this equation, we also obtain the geodesic equation
for the massive particle as 0 = ∇ρ(gµν∂µS∂νS)/µ2 =
2uµ∇µuρ. Thus, the relation between parameters of the
timelike geodesic and the massive scalar field is

ε = − 1

µ
∂tS , j =

1

µ
∂φS . (5)

The analysis of the Eikonal approximation indicates that
the massive particle should also be expressed as the local-
ized configuration of the massive scalar field. Our main
task is to find the approproiate boundary condition for
the scalar field at the AdS boundary and create the par-
ticle (or star) orbiting in AdS as shown in Fig.1.

Massive scalar field in asymptotically AdS spacetimes.—
Near the AdS boundary r = ∞, the scalar field behaves
as

Φ(t, r, θ,φ) & J (t, θ,φ) r−∆− + 〈O(t, θ,φ)〉 r−∆+ , (6)

where ∆± = 3/2 ± ν and ν =
√
9/4 + µ2. We will refer

J (t, θ,φ) and 〈O(t, θ,φ)〉 as the “source” and “response”.
We have to be carefull when we consider the “source”

for the massive scalar field. For µ2 > 0, the correspond-
ing operator O has the conformal weight ∆+ > 3 and
applying the source for such oparater corresponds to an
irrelevant deformation of the dual QFT. In the gravi-
tational point of view, if the non-normalizable mode is
present, the energy-momentum tensor of the scalar field
diverges near the AdS boundary and the probe approxi-
mation is not validated any more [15]. One way to avoid
this problem is to introduce an explicit cutoff at the finite
radius of the asymptotically AdS spacetime. The AdS
with the finite radial cutoff is considered as the gravita-
tional dual of the T T̄ -deformed theory [16]. The other
way is to introduce a renormalization group flow to a UV
fixed point where O is relevant. One of the simplest ex-
amples is adding the other scalar field ψ which controles
the mass for Φ:

L′ = −(∂Φ)2 − λ(ψ)2Φ2 − (∂ψ)2 + 2ψ2 , (7)

where λ(ψ) is now function of the dynamical scalar field
ψ. Since the mass square of ψ is −2, ψ behaves as
ψ ∼ 1/r, 1/r2 near the AdS boundary and both modes
are normalizable. When Φ = 0, we can obtain static and

spherically symmetric profile ψ = ψ(r) by only imposing
the regularity at the horizon or center of the global AdS.
(Then, both of 1/r and 1/r2 modes present at the AdS
boundary in general.) By carefully choosing the mass
function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that

λ(ψ) =

{
µ (r " Λ)

0 (r # Λ)
, (8)

is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,

J (t, θ,φ) = J0 exp

[
− (t− T )2

2σ2
t

− (θ − π/2)2

2σ2
θ

− (φ− Ωt)2

2σ2
φ

− iωt+ imφ

]
. (9)

This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by

1

m
) σθ,σφ ) 1 . (10)

<latexit sha1_base64="hfZ0UB0+MZ2stCOmAAl4+hG3cEc="></latexit>

µ2 > 0

EM tensor→∞. J≠0だと、Φ→∞. 

Backreactionが無視できない。

r=Λでcutoffを入れてその内側のダイナミクスを考える。

カットオフの外側では、理論が変更されて、
うまく正則化されてると考える。

AdS/CFT対応 Maldacena, 97

Condensed 
matter physics AdS black hole

Hartnoll, Herzog & Horowitz, 08

“現実的”な系への応用?
AdS/QCD, AdS/CMP

本当に、ブラックホール描像を持つ
物質が存在するのか?



“ブラックホールらしさ”もしくは
“重力らしさ”を見出したい。

本当に、重力双対を持つ物質があったら?

その物質を使って重力特有の現象を
観測できるはず。

重力特有な現象？

重力レンズ効果?Einstein ring in holography

Koji Hashimoto,1 Shunichiro Kinoshita,2 and Keiju Murata1, 3

1Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan
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Clarifying conditions for the existence of a gravitational picture for a given quantum field theory
(QFT) is one of the fundamental problems in the AdS/CFT correspondence. We propose a direct
way to demonstrate the existence of the dual black holes: Imaging an Einstein ring. We consider a
response function of the thermal QFT on a two-dimensional sphere under a time-periodic localized
source. The dual gravity picture, if it exists, is a black hole in an asymptotic global AdS4 and a bulk
probe field with a localized source on the AdS boundary. The response function corresponds to the
asymptotic data of the bulk field propagating in the black hole spacetime. We find a formula which
converts the response function to the image of the dual black hole: The view of the sky of the AdS
bulk from a point on the boundary. Using the formula, we demonstrate that, for a thermal state dual
to the Schwarzschild-AdS4 spacetime, the Einstein ring is constructed from the response functionc.
The evaluated Einstein radius is found to be determined by the total energy of the dual QFT. Our
theoretical proposal opens a door to gravitational phenomena on strongly correlated materials.

Introduction.—One of the definite goals of the research
of the holographic principle, or the AdS/CFT correspon-
dence [1–3], is to find what class of quantum field theo-
ries (QFTs) or quantum materials possesses their gravity
dual. Is there any direct test for the existence of a gravity
dual for a given material?

Among various gravitational physics, one of the most
peculiar astrophysical objects is the black hole. Gravi-
tational lensing [4] is one of fundamental phenomena by
strong gravity. Let us consider that there is a light source
behind a gravitational body. When the light source, the
gravitational body, and observers are in alignment, the
observers will see a ring-like image of the light source, i.e.,
the so-called Einstein ring. If the gravitational body is a
black hole, some light rays are so strongly bent that they
can go around the black hole many times, and especially
infinite times on the photon sphere. As a result, multi-
ple Einstein rings corresponding to winding numbers of
the light ray orbits emerge and infinitely concentrate on
the photon sphere. Recently, Event Horizon Telescope
(EHT) [5], which is an observational project for imaging
black holes, has captured the first image of the super-
massive black hole in M87. (See the left panel of Fig. 1
[23] .) In this letter, we propose a direct method to check
the existence of a gravity dual from measurements in a
given thermal QFT — imaging the dual black hole as an
Einstein ring.

We demonstrate explicitly construction of holographic
“images” of the dual black hole from the response func-
tion of the boundary QFT with external sources, as fol-
lows. As the simplest example, we consider a (2 + 1)-
dimensional boundary conformal field theory on a 2-
sphere S2 at a finite temperature, and study a one-point
function of a scalar operator O with its conformal dimen-
sion ∆O = 3, under a time-dependent localized Gaussian
source JO with the frequency ω. We measure the local
response function e−iωt〈O("x)〉. This QFT set-up may al-

FIG. 1: (Left) Image of the black hole in M87 (This figure
is taken from Ref.[5].) (Right) Image of the AdS black hole
constructed from the response function.

AdS boundary

Black hole
Gaussian
source

Response

FIG. 2: Our setup for imaging a dual black hole, the
Schwarzschild-AdS4 spacetime. An oscillating Gaussian
source JO is applied at a point on the AdS boundary. Its
response 〈O(x)〉 is observed at another point on the bound-
ary.

low a gravity dual (see Fig. 2), which is a black hole in
the global AdS4 and a probe massless bulk scalar field
in the spacetime. The time-periodic source JO amounts
to a dynamical AdS boundary condition for the scalar
field, which injects a bulk scalar wave into the bulk from
the AdS boundary. The scalar wave propagates inside
the black hole spacetime and reaches other points on the

重力は光を曲げる。 重力レンズ

ブラックホール存在の状況証拠のひとつ。

Taken from Astrophys. J. Lett. 875:L1



重力レンズ
in AdS/CFT

AdS boundary

Black hole

Gaussian
source

Response

Figure 1. Setup for viewing the Sch-AdS4. A oscillating Gaussian source is applied at a

point on the AdS boundary. Its response is observed at the other point on the boundary.

In the asymptotic expantion, two functions, Φ0 and Φ3, appear which depend on

boundary coordinates. In the AdS/CFT context, the leading term Φ0 corresponds

to the scalar source in the boundary CFT. On the other hand, the subleading term

Φ3 corresponds to its response (See appendix.A.) :

〈O(t, θ,ϕ)〉 = Φ3(t, θ,ϕ) . (1.6)

We consider the oscillating Gaussian source localized at the south pole of the bound-

ary S2:

Φ0(t, θ,ϕ) = e−iωtg(θ) , g(θ) =
1

2πσ2
exp

[
−(π − θ)2

2σ2

]
. (1.7)

Since we consider σ $ π, we do not care about the tiny value of the gaussian at the

north pole. In the bulk point of view, this source Φ0 is the boundary condition of

the scalar field at the AdS boundary. We also impose the ingoing boundary condtion

on the horizon of the Sch-AdS4. Schematic picture of our setup is shown in Fig.1.

The scalar wave generated at the south pole in AdS boundary propagates inside the

bulk black hole spacetime and reaches the other point at the AdS boudary. Thus,

the response (1.6) should have the information about the bulk filed propagating

in the black hole spacetime. Imposing these boundary conditions, we solve Eq.(1.4)

numerically and determine the solution of the scalar field in the bulk. We summarized

the detailed method to solve the Klein-Gordon equation in Appendix.B. We read off

the response from the coefficient of 1/r3 in Eq.(1.5). In Fig.4, we show the typical

profile of the response function. We can observe the interference pattern which is

originate from the diffraction of the scalar wave by the black hole.

1.3 Null geodesic

To help intuitive understanding of the image of the AdS black hole which will be

shown in following sections, we consider the null geodesic in Sch-AdS4. We assume
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AdS black holeの像

AdS時空中の“光”を使って、
AdS black holeの姿を見ることが出来る。

時間的測地線も考えられる?
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The scalar field obeys the Klein-Gordon equation !Φ =
µ2Φ. Under the Eikonal approximation, we can obtain
the timelike geodesic equation from the Klein-Gordin
equation. We assume that the typical frequency ω and
mass µ of the scalar field are sufficiently large and they
are same order, ω ∼ µ " 1. Substituting Φ(xµ) =
a(xµ)eiS(xµ) into the Klein-Gordin equation and assum-
ing ∂µS ∼ O(ω), we obtain

gµν∂µS∂νS = −µ2 (4)

as the leading order equation for ω. Introducing the 4-
velocity uµ = ∂µS/µ, we have uµuµ = −1. Differenciat-
ing this equation, we also obtain the geodesic equation
for the massive particle as 0 = ∇ρ(gµν∂µS∂νS)/µ2 =
2uµ∇µuρ. Thus, the relation between parameters of the
timelike geodesic and the massive scalar field is

ε = − 1

µ
∂tS , j =

1

µ
∂φS . (5)

The analysis of the Eikonal approximation indicates that
the massive particle should also be expressed as the local-
ized configuration of the massive scalar field. Our main
task is to find the approproiate boundary condition for
the scalar field at the AdS boundary and create the par-
ticle (or star) orbiting in AdS as shown in Fig.1.

Massive scalar field in asymptotically AdS spacetimes.—
Near the AdS boundary r = ∞, the scalar field behaves
as

Φ(t, r, θ,φ) & J (t, θ,φ) r−∆− + 〈O(t, θ,φ)〉 r−∆+ , (6)

where ∆± = 3/2 ± ν and ν =
√
9/4 + µ2. We will refer

J (t, θ,φ) and 〈O(t, θ,φ)〉 as the “source” and “response”.
We have to be carefull when we consider the “source”

for the massive scalar field. For µ2 > 0, the correspond-
ing operator O has the conformal weight ∆+ > 3 and
applying the source for such oparater corresponds to an
irrelevant deformation of the dual QFT. In the gravi-
tational point of view, if the non-normalizable mode is
present, the energy-momentum tensor of the scalar field
diverges near the AdS boundary and the probe approxi-
mation is not validated any more [15]. One way to avoid
this problem is to introduce an explicit cutoff at the finite
radius of the asymptotically AdS spacetime. The AdS
with the finite radial cutoff is considered as the gravita-
tional dual of the T T̄ -deformed theory [16]. The other
way is to introduce a renormalization group flow to a UV
fixed point where O is relevant. One of the simplest ex-
amples is adding the other scalar field ψ which controles
the mass for Φ:

L′ = −(∂Φ)2 − λ(ψ)2Φ2 − (∂ψ)2 + 2ψ2 , (7)

where λ(ψ) is now function of the dynamical scalar field
ψ. Since the mass square of ψ is −2, ψ behaves as
ψ ∼ 1/r, 1/r2 near the AdS boundary and both modes
are normalizable. When Φ = 0, we can obtain static and

spherically symmetric profile ψ = ψ(r) by only imposing
the regularity at the horizon or center of the global AdS.
(Then, both of 1/r and 1/r2 modes present at the AdS
boundary in general.) By carefully choosing the mass
function λ(ψ), for example λ(ψ) = µ tanh(ψ), the effec-
tive mass for Φ can be almost constant except for the
region near AdS boundary. Considering the infinitesimal
perturbation of Φ, we have the scalar field whose mass
vanished near the AdS boundary and its energy momen-
tum tensor is still finite. (The backreaction to ψ is second
order in Φ and is negligible) Let us take the cutoff r = Λ
so that

λ(ψ) =

{
µ (r " Λ)

0 (r # Λ)
, (8)

is satisfied. We will only consider the region of r " Λ
where the theory is described by Eq.(3). Then, the
“source” in Eq.(6) should be regarded as J & r∆−Φ|r=Λ.
Although this J is different from the “real” source de-
fined in the UV completed theory (7), JUV = Φ|r=∞,
we assume that they are qualitatively similar because
Φ(r = Λ) and Φ(r = ∞) are just relatetd by the r-
evolution of the equation of motion derived from Eq.(7).
In this letter, we will abusely call J as the source.

Massive scalar field localized on bounded orbit.— We
adopt the following form of the source function,

J (t, θ,φ) = J0 exp

[
− (t− T )2

2σ2
t

− (θ − π/2)2

2σ2
θ

− (φ− Ωt)2

2σ2
φ

− iωt+ imφ

]
. (9)

This function is localized in S2 at θ = π/2 and φ =
Ωt with widths σθ and σφ: The center of the localized
source rotates on the equator with the angular velocity
Ω. This has the wave number m along the φ-direction
and oscillate in time with the frequency ω. (See Fig.1 for
the schematic picture of the source.) The source is also
localized in time at t = T with the width σt. We take a
large σt so that the modes which has frequency ∼ ω are
sufficiently excited. We will take T < 0 and σt ) |T |
so that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source but
is not important in our analysis because of the linearity
of the scalar field.
There are some requirements on the parameters in

Eq.(9) to realize the localized star in the bulk. The
scalar field induced by the source (9) typically has the
frequency ω and the wave number m. Also its angular
size is determined by σθ and σφ. On the other hand, in
the momentum space, the scalar field is distributed with
the width ∼ 1/σφ, 1/σθ. Therefore, the condition that
the scalar field is localized both in real and momentum
spaces is given by

1

m
) σθ,σφ ) 1 . (10)

場で測地線を表せるか?
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位相が早く振動するとする。



Klein-Gordon → 測地線
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を微分

短波長近似では、Klein-Gordon方程式から、
測地線方程式が得られる。

測地線と場のパラメータの
対応関係

単位質量あたりのエネルギー : 

単位質量あたりの角運動量 : 

<latexit sha1_base64="v9z3lLaJmR5xRxzuku2LpHXPbPs="></latexit>✏ = �ut
<latexit sha1_base64="BpbNupY00eUBdBH486RapLuIPOw="></latexit>

j = u�
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The scalar field obeys the Klein-Gordon equation ⇤� =
µ2�. Using the Eikonal approximation, we can obtain
the timelike geodesic equation from the Klein-Gordon
equation. We assume that the typical frequency ! and
mass µ of the scalar field are su�ciently large, and that
they are of the same order, ! ⇠ µ � 1. Substituting
�(xµ) = a(xµ)eiS(xµ) into the Klein-Gordon equation
and assuming @µS ⇠ O(!), we obtain

gµ⌫@µS@⌫S = �µ2 (4)

as the leading-order equation for !. Introducing the 4-
velocity uµ = @µS/µ, we have uµuµ = �1. Di↵eren-
tiating this equation, we also obtain the geodesic equa-
tion for a massive particle as 0 = r⇢(gµ⌫@µS@⌫S)/µ2 =
2uµ

rµu⇢. Thus, the relationship between the parame-
ters of the timelike geodesic and the massive scalar field
is

✏ = �
1

µ
@tS , j =

1

µ
@�S . (5)

Analysis of the Eikonal approximation indicates that
massive particles should also be expressed as the local-
ized configuration of the massive scalar field. Our main
task is to determine the appropriate boundary condition
for the scalar field at the AdS boundary and create a
particle (or star) orbiting in AdS, as shown in Fig.1.

Massive scalar field in asymptotically AdS spacetimes—
Near the AdS boundary r = 1, the scalar field behaves
as

�(t, r, ✓,�) ' J (t, ✓,�) r��� + hO(t, ✓,�)i r��+ , (6)

where �± = 3/2 ± ⌫ and ⌫ =
p
9/4 + µ2. We refer to

J (t, ✓,�) and hO(t, ✓,�)i as the “source” and “response”,
respectively.

Caution is needed when considering the “source” for
the massive scalar field. For µ2 > 0, the corresponding
operator O has a conformal weight �+ > 3, and applying
the source to such an operator corresponds to an irrele-
vant deformation of the dual QFT. From a gravitational
point of view, if a non-asymptotically mode is present,
the energy-momentum tensor of the scalar field diverges
near the AdS boundary and the probe approximation is
no longer valid [16]. One way to avoid this problem
is to introduce an explicit cuto↵ at the finite radius of
asymptotically AdS spacetime. The AdS with a finite
radial cuto↵ is considered the gravitational dual of the
T T̄ -deformed theory [17]. The other way is to introduce
a renormalization group flow to a UV fixed point where
O is relevant. One of the simplest examples is the ad-
dition of another scalar field  , which controls the mass
for �:

L
0 = �(@�)2 � �( )2�2

� (@ )2 + 2 2 , (7)

where �( ) is now a function of the dynamic scalar field
 . Because the mass square of  is �2,  behaves as

 ⇠ 1/r, 1/r2 near the AdS boundary, and both modes
are normalizable. When � = 0, we can obtain a static
and spherically symmetric profile  =  (r) by imposing
only the regularity at the horizon or centre of the global
AdS. (Then, both the 1/r and 1/r2 modes are present
at the AdS boundary in general.) By carefully choosing
the mass function �( ), for example, �( ) = µ tanh( ),
the e↵ective mass for � can be almost constant, except
for the region near the AdS boundary. Considering the
infinitesimal perturbation of �, we have a scalar field
whose mass vanishes near the AdS boundary and whose
energy-momentum tensor is still finite. (The backreac-
tion to  is second-order in � and negligible.) Let us
take the cuto↵ r = ⇤ so that

�( ) =

(
µ (r . ⇤)

0 (r & ⇤)
, (8)

is satisfied. We consider only the region r . ⇤, where the
theory is described by Eq.(3). Subsequently, the “source”
in Eq.(6) can be regarded as J ' r���|r=⇤. Although
this J is di↵erent from the “real” source defined in UV-
complete theory (7), JUV = �|r=1, we assume that they
are qualitatively similar because �(r = ⇤) and �(r = 1)
are only related to the r evolution of the equation of
motion derived from Eq.(7). In this letter, we refer to J

as the source.

Massive scalar field localized in bounded orbit.— We
adopt the following form of the source function:

J (t, ✓,�) = J0 exp


�

(t� T )2

2�2
t

�
(✓ � ⇡/2)2

2�2
✓

�
(�� ⌦t)2

2�2
�

� i!t+ im�

�
. (9)

This function is localized in S2 at ✓ = ⇡/2 and � =
⌦t, with widths �✓ and ��, respectively. (We take the
domain of the coordinate � as �⇡ < � � ⌦t  ⇡.) The
centre of the localized source rotates on the equator with
angular velocity ⌦. This has a wavenumber m along the
�-direction and oscillates over time with frequency !.
(See Fig.1 for the schematic picture of the source.) The
source is also localized in time at t = T with width �t.
We take a large �t such that the modes with frequency
⇠ ! are su�ciently excited. We take T < 0 and �t ⌧ |T |
such that the application of the source has already been
terminated at t = 0. J0 is the amplitude of the source;
however, it is not important in our analysis because of
the linearity of the scalar field.
There are some requirements for the parameters in

Eq.(9) to realise a localized star in the bulk. The scalar
field induced by the source (9) typically has a frequency
! and wavenumber m. In addition, its angular size is de-
termined by �✓ and ��. Conversely, in momentum space,
the scalar field is distributed with a width ⇠ 1/��, 1/�✓.
Therefore, the condition that the scalar field is localized
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で与えられることを思い出すと、
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De-singularizing the 
extremal GMGHS black 
hole via higher 
derivatives corrections
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Kunihito Uzawa (Kwansei Gakuin University)

Phys.Lett.B 818 (2021) 136357 [2103.00884 [hep-th]]

✰Summary

・ We construct a regular extension of the GMGHS extremal 
black hole in a model with O(α′) corrections in the action. The 
de-singularization is supported by the O(α′)-terms. 

・ The regularized extremal GMGHS BHs are asymptotically flat, 
possess a regular (non-zero size) horizon of spherical topology, 
with an AdS2 × S2 near horizon geometry.

・The near horizon solution is obtained analytically and some 
illustrative bulk solutions are constructed numerically.

C72



[1] Introduction

✰The Gibbons-Maeda-Garfinkle-Horowitz-Strominger
(GMGHS) black hole is an influential solution of the low energy 
heterotic string theory compactified to four spacetime 
dimensions. 
(G.W. Gibbons, K.i. Maeda, Nucl. Phys. B 298 (1988) 741)
(D. Garfinkle, G.T. Horowitz, A. Strominger, Phys. Rev. D 43 (1991) 3140)

✰Property of the GMGHS solution

・ Its extremal limit is singular.

・ The area of the spatial sections of the horizon shrinks to zero.

・ The Kretschmann scalar blows up at the horizon.

Nobody knows whether the possible stringy α′-corrections 
could de-singularize the extremal solution in the Einstein-
Maxwell-dilaton action.

Cf)
・There is a perturbative extension of the extremal magnetic 
GMGHS BH.
(M. Natsuume, Phys. Rev. D 50 (1994) 3949, arXiv:hep -th/9406079)



・ The corrected solution inherits all basic properties of  the 
extremal GMGHS BH.

・ The horizon area still vanishes.

⇒ The task of constructing the fully non-linear BH solutions 
of  the O(α′) corrected action has not yet been considered.

The main purpose of  our work is to reply to the key question 
whether such corrections can de-singularize the extremal 
GMGHS solution.

[2] The model

・ Starting with a general model for the O(α′) corrections to the 
Einstein-Maxwell-dilaton action. 

Here, is the U(1) field strength tensor,     is a real scalar 
field and                    are constant coefficients.



✰α′=0 limit: the GMGHS solution
(M. Natsuume, Phys. Rev. D 50 (1994) 3949, arXiv:hep-th/9406079)

The two free parameters              (with                ), corresponding 
to outer and inner horizon radius, respectively.

✰Horizon area         and Hawking temperature         :

・ In the extremal limit,                 while       approaches a constant.
(It gives singular solution)

・ Magnetic version of the GMGHS solution

・ Magnetic solution is also singular in the extremal limit. 



✰Setup: static spherically symmetric solutions with a purely 
electric U(1) potential

・ The field equations of  the full model possess an exact solution 
describing an AdS2 × S2 metric, an electric field and a constant 
dilaton.

・There is no counterpart of  this solution with a magnetic charge.

・Our choice here is to work with 

✰ Ansatz:

・Near horizon field configuration for the ansatz is consistent with 
the SO(2, 1)×SO(3) symmetry of AdS2×S2

(A. Sen, J. High Energy Phys. 0509 (2005) 038, arXiv:hep-th/0506177)

・We choose to determine the unknown parameters by extremizing 
an entropy function.
(A. Sen, Gen. Relativ. Gravit. 40 (2008) 2249, arXiv:0708.1270 [hep-th])



The entropy function is defined by

The black hole entropy         is given by the value of the function  
at the extremum with                      :

The Lagrangian density                        can be evaluated as

✰The scalar and the metric field equations in the near 
horizon geometry correspond to extremizing     :

・ Solution :



✰Bulk extremal BH

If we assume the existence of a horizon located at                      , 
one finds the following approximate solution:

with

✰For large     , the asymptotic form of the solution becomes 

・These extremal BHs have finite global charges              as well as 
a finite scalar “charge”        while their Hawking temperature 
vanishes.



✰ Profile of a typical BH solution

Profile functions of  the 
extremal BH

Ricci (R) and Kretschmann (K) 
scalars

Charge to mass ratio Value of dilaton

・The most interesting feature of the solutions found so far is 
that the charge-to-mass ratio Q/M is always greater than one. 

・The ratio Q/M decreases when     increases for fixed     .



・As the parameter     grows, the BH mass       decreases for 
fixed value of     .  

[3] Discussion and remarks

・ In this work, we have focused on static BHs but there 
are also studies with rotating BHs with first order 
correction in α′. 

・ We have confirmed that α′ corrections can de-
singularize the extremal GMGHS solution, an influential 
stringy BH whose extremal limit is long known to be 
singular. 



・ The charge-to-mass ratio Q/M decreases when the BH 
mass M decreases for fixed value of a parameter. 

・ Although we get Q/M>1, Q/M decreases as the mass 
decreases. Hence, our results do not assure that an 
extremal BH is always able to decay to smaller extremal 
BHs of marginally higher Q/M. 
(C. Cheung, J. Liu and G. N. Remmen, JHEP 1810 (2018) 004)
(G. J. Loges, T. Noumi and G. Shiu, Phys. Rev. D 102 (2020) no.4, 046010)
(C. Herdeiro, E. Radu, K. Uzawa, in preparation)
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Holographic Dark Energy
from AdS Black Hole
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Collaborators: P. Wongjun, C. Pongkitivanichkul, D. Samart, L. Tannukij
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Outline

1 Holographic Dark Energy
Bounds of QFT system
HDE from AdS BH

2 Cosmological models
Hubble radius as IR length scale
Particle horizon as IR length scale

3 Summary
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UV/IR Relationship

Let us consider a system in a box volume L
3 for a

conventional QFT with UV cuto↵ ⇤UV . The entropy of this
system scales by its volume,

S ∼ L3⇤3

UV
. (1)

It was found that the volume scaling entropy of QFT system
is bounded by the area scaling entropy of a black hole as
[Bekenstein, Phys. Rev. D. 23, 287 (1981)]

Bekenstein bound

L
3⇤3

UV
� SBH ∼ L2M2

P
. (2)
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UV/IR Relationship

Bekenstein bound (Entropy bound)

L
3⇤3

UV
� SBH ∼ L2M2

P
. (2)

For any value of ⇤UV , there exists a su�ciently large length
scale (i.e., L > M2

P
�⇤3

UV
) compatible with the IR cuto↵ in

which the QFT breaks down [’t Hooft, arXiv:gr-qc/9310026].

Obviously, the IR cuto↵ depends on the UV cuto↵ in this
aspect.

JGRG31 at The University of Tokyo 27th Oct 2022

5/18

Holographic Dark Energy Cosmological models Summary

Energy Bound

Cohen et al proposed that the entropy of the quantum field
theory never saturate to the Bekenstein bound. It is because
the maximum energy of the matter in QFT corresponds to the
Schwarzschild energy (mass) will be reached before.
[Cohen et al, Phys. Rev. Lett. 82, 4971 (1999)]

Energy bound

L
3⇤4

UV
� LM2

P
. (3)

They also proposed that the states, when the energy bound is
satisfied, can be described by QFT.

JGRG31 at The University of Tokyo 27th Oct 2022
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HDE model

This is possible to interpret as the energy density for the
holographic dark energy (HDE) [Hsu, Phys. Lett. B 594, 13 (2004);

Li, Phys. Lett. B 603, 1 (2004)]

HDE

⇤4

UV
∼ ⇢HDE = 3b2M2

P
�L2. (4)

The terminology “Holographic” in this context is
conventionally used because this DE model is actually
constructed from the physical quantities at boundary
(i.e., MP and L).

JGRG31 at The University of Tokyo 27th Oct 2022
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Hubble horizon

To describe the dynamics of the Universe, one can choose suitable
IR length scale for this HDE model

Choose L = H−1
Energy Density

⇢de = 3b2M2

P
H

2. (5)

The Friedmann with this type of HDE reads

3M2

P
H

2 = ⇢M + 3b2M2

P
H

2. (6)

It is seen that the Universe evolves as the MD epoch (scaled
by b

2)

3M2

P
H

2 = ⇢M(1 − b2) ≡ ⇢̃M . (7)

It is not possible to drive the accelerated expansion using this
HDE. [Hsu, Phys. Lett. B 594, 13 (2004)]
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Particle horizon

Energy Density

⇢de = 3b2M2

P

R2

h

, Rh = a(t)� t

0

dt̄

a(t̄) . (8)

The EoS parameter for HDE can be determined from the
conservation eq,

⇢̇de + 3H(1 +wde)⇢de = 0. (9)

Then, one can compute (⌦de ≡ ⇢de
3M2

P
H2

)

wde = −1− 1

3H

⇢̇de
⇢de
= −1+ 2

3H

Ṙh

Rh

= −1+ 2
3

�
�1 +

�
⌦de

b2

�
�> −

1

3
. (10)

→ It cannot drive the accelerated expansion of Universe.
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Future particle horizon

Let us consider instead [Li, Phys. Lett. B 603, 1 (2004)]

Rf = a(t)�
t

∞ dt̄

a(t̄) . (11)

Eventually, the EoS parameter becomes

wde = −1 + 2

3

�
�1 –

�
⌦de

b2

�
� . (12)

→ The accelerated expansion can be explained by this DE
model (wde = −1 when ⌦de = b2).

However, it obviously su↵ers the problem of causality.

Many HDE models with other length scales are also
investigated.

JGRG31 at The University of Tokyo 27th Oct 2022
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AdS-HDE

Since the dark energy is defined as the energy bound
corresponding to BH mass, it is possible to study HDE via
some properties of BH.

In this work, we proposed the HDE model by modifying the
mass of Schwarzschild BH to that of AdS BH,

MSch = rh

2G
, → MAdS = rh

2G
�1 + ⇤

3
r
2

h
� . (13)

The dimensional estimation of Cohen’s energy bound is
straightforwardly modified as

L
3⇤4

UV
�MAdS ∼M2

P
L(1 + ⇤L2). (14)

JGRG31 at The University of Tokyo 27th Oct 2022
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This work

AdS-HDE energy density

⇢de = 3b2M2

P
� 1
L2
+ ⇤� . (15)

This ⇤ is a constant which will be dominant at late-time
similar to ⇤CDM model.

Interestingly, this constant associated to the AdS BH can
somehow give the dS space in cosmological context.

We are interested in investigating the cosmological model for
this AdS-HDE with 2 types of length scale
1. L = H−1
2. L = Rh = a(t) ∫ t

0

dt̄

a(t̄)

JGRG31 at The University of Tokyo 27th Oct 2022
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Energy Density

⇢de = 3b2M2

P
�H2 + ⇤�, (16)

Friedmann eq

3M2

P
H

2 = ⇢r ,0a−4 + ⇢m,0a
−3 + 3M2

P
b
2�H2 + ⇤�. (17)

It can be rearranged as

3M2

P
H

2 = � ⇢r ,0
1 − b2� a−4 + �

⇢m
1 − b2� a−3 +

3M2

P

1 − b2⇤≡ ⇢̃r ,0a
−4 + ⇢̃m,0a

−3 +M2

P
⇤̃. (18)

This is identical to ⇤CDM model.
(just rescale ⇢i by parameter b)

JGRG31 at The University of Tokyo 27th Oct 2022
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Energy Density

⇢de = 3b2M2

P
� 1

R2

h

+ ⇤� , Rh = a(t)� t

0

dt̄

a(t̄) . (19)

Define the dimensionless parameters as ⌦i ≡ ⇢i
3M2

P
H2

. One then

has the constraint eq as 1 = ⌦M +⌦⇤ +⌦R .

Autonomous system

⌦′
M
= −3⌦M �1 +wM + 2Ḣ

3H2
� , (20)

⌦′
⇤
= −3⌦⇤ � 2Ḣ

3H2
� , (21)

with
2Ḣ

3H2
= −(1 +wM)⌦M − (1 +wR)(1 −⌦M). (22)

JGRG31 at The University of Tokyo 27th Oct 2022
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Dynamical System Analysis

FPs wde we↵ Epoch Stability

(a) − 1

3
+ 2

3�b� − 1

3
+ 2

3�b� ⌦R -dom saddle (�b� > 2

1+3w
M
), unstable (�b� < 2

1+3w
M
)

(b) -1 -1 ⌦⇤-dom stable
(c1) undefined wM ⌦M -dom unstable
(c2) wM wM ⌦R +⌦M saddle (Exists only �b� < 2�(1 + 3wM))
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Numerical Results
� ⌦R,0 = 0.07
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∗ ICs: ⌦r,0 = 8.1×10−5, ⌦m,0 = 0.28−⌦r,0, ⌦⇤,0 = 0.72−⌦R,0.� ⌦R,0 = 0.12
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Summary and remarks

We have studied 2 HDE models
1. L = H−1: it is identical to ⇤CDM model.
2. L = Rh: it is able to predict the late-time expansion without

su↵ering the causality problem.

This model cannot solve the coincidence problem since the
dominant contribution at late-time is the constant similar to
⇤CDM model.

It is di�cult to investigate the full perturbation analysis
because the field description of HDE is still ambiguous.

The result might lead to a proposal of the relation
between dS (cosmology) and AdS (black hole).

Thank You for Your Attention

JGRG31 at The University of Tokyo 27th Oct 2022
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“Brane Dynamics of Holographic BCFTs”  

JHEP 10, 050 (2022)  [arXiv:2205.15500]
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Brane Dynamics of Holographic BCFTs

 Boundary conformal field theory (BCFT)
Quantum field theory living on space with boundaries

 Applications to string theory, condensed matter physics, …

 AdS/BCFT correspondence
BCFT ≈ Higher-dimensional gravity with a membrane (brane)

 Dynamics in BCFT ≈ Dynamics of gravity and brane in higher dim.

 Energy-momentum tensor of BCFT = Gravitational perturbation

 Complete treatment of gravitational dynamics in AdS/BCFT
 Dynamics of BCFT in general dimensions

 Properties of energy & momentum flux in BCFT in general dimensions
JGRG31

1

[Izumi, Shiromizu, Suzuki, Takayanagi, NT ’22]

[Takayanagi ’11; Karch+ ‘01, …]

in higher dim. 

C74
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Boundary conformal field theory (BCFT)

 BCFT = CFT + boundary preserving a part of conformal symmetries

2022/10/27

2

𝑤

𝑡
𝑑 dim. CFT
𝑆𝑂 2, 𝑑

𝑑 dim. BCFT
𝑆𝑂 2, 𝑑 − 1

ex.)  Conformal scalar 𝜙 in 𝑑 dim.   +   Neumann boundary condition 𝜕𝑤𝜙 = 0 at 𝑤 = 0

 𝑇𝑤𝑖ȁ𝑤=0 = 0;   energy & momentum flux = 0 across the boundary
(Other components of 𝑇𝜇𝜈ȁ𝑤=0 non-vanishing in general)

13

Dynamics in AdS/BCFT

3

• Dynamics in AdS/BCFT

𝑤

𝑡
⇔

Excitation reflected at the boundary Reflection of wave in the bulk?

• AdS/BCFT correspondence:   BCFTd =  “braneworld” in AdSd+1

gravityBCFT

2022/10/27JGRG31

 Scalar field in bulk spacetime
 Corresponds to 𝑂 (𝑂: scalar operator) in BCFT

 Gravitational perturbation in bulk spacetime

 Corresponds to 𝑇𝜇𝜈 in BCFT

Study dynamics of 
bulk scalar & gravitational wave
(≈ dynamics of holographic BCFTs)
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Bulk geometry: AdSd+1 spacetime & brane

 AdSd brane in AdSd+1 spacetime

4

𝜕AdS

brane
𝑧

𝑤
Brane with tension 𝜎 :

Spacetime metric:

𝑑𝑠2 =
1
𝑧2 𝑑𝑧2 + 𝑑𝑤2 + Σ𝑖=0𝑑−2 𝑑𝑥𝑖2

𝜌

𝑦𝑦

𝜌∗

𝑑𝑠2 = 𝑑𝜌2 + cosh2 𝜌 𝑑𝑦2+Σ𝑖=0
𝑑−2 𝑑𝑥𝑖

2

𝑦2
;     Brane at 𝜌 = 𝜌∗ = − sinh−1 𝜆

 AdSd slicing of AdSd+1 spacetime

𝑦

𝜕AdS

brane

𝜌∗
𝜌 ⇔

𝜌 = 0

AdSd+1

13

Gravitational perturbation in bulk

 Gravitational EoM: Einstein equation

2022/10/27JGRG31

5

𝑅𝑀𝑁 −
1
2𝑅 𝑔𝑀𝑁 + Λ 𝑔𝑀𝑁 = 0

 Gravitational perturbations

𝑦
𝜌

𝜕AdSd+1

brane

𝜌

𝑦𝑦

𝜌∗

AdSd+1
𝑑𝑠2 = 𝑑𝜌2 + cosh2 𝜌 ⋅ 𝑔𝜇𝜈

(AdS𝑑) + ℎ𝜇𝜈 𝑑𝑥𝜇𝑑𝑥𝜈

𝑅,𝜌𝜌 + 𝑑 tanh 𝜌𝑅,𝜌 =
−𝜆𝜌

cosh2 𝜌 𝑅

□ + 2 − 𝜆𝜌 𝑌𝜇𝜈 = 0 □ = ෨𝛻𝜇 ෨𝛻𝜇: d'Alembertian in AdSd

ℎ𝜇𝜈 = cosh2 𝜌 𝑅 𝜌 𝑌𝜇𝜈 𝑦, 𝑡, Ԧ𝑥
 Separation of variables w.r.t. 𝜌 & 𝑦

Work in the transverse-traceless (TT) gauge
෨𝛻𝜇ℎ𝜇𝜈 = 0, ℎ 𝜇

𝜇 = 0

෨𝛻𝜇: covariant derivative of AdSd

𝜌∗
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Gravitational perturbation in bulk

 Boundary conditions

2022/10/27

6

𝑦
𝜌

𝜕AdSd+1

𝜌

𝑦𝑦

𝜌∗

AdSd+1

𝜌∗

• Dirichlet condition at 𝜕AdSd+1∶ ℎ𝜇𝜈 𝜌 = ∞ → 0
• Dirichlet condition at 𝜕AdSd :    ℎ𝜇𝜈 𝑦 = 0 → 0
• Junction condition at the brane: 

𝐾 𝜈
𝜇 − 𝐾𝛿 𝜈

𝜇 = −
𝜎
2
𝛿 𝜈
𝜇

 Condition for the reflection symmetry at brane
 𝐾𝜇𝜈 ∼ 𝜕𝜌𝑔𝜇𝜈 + ⋯
 𝜎: tension of the brane :   𝑇𝜇𝜈

(brane) = 𝜎𝑔𝜇𝜈
 In the TT gauge we used to derive the EoM, 

brane position fluctuates: 𝜌 = 𝜌∗ − 𝜑 𝑥𝜇

 Junction condition for becomes

𝜕𝜌ℎ𝜇𝜈 +
𝜎

𝑑 − 1
ℎ𝜇𝜈 = 2 ෨𝛻𝜇 ෨𝛻𝜈 − 𝛾𝜇𝜈 𝜑

Reflection symmetry

𝜑 𝑥𝜇

𝜌∗

𝑦

𝜌□ − 𝑑 𝜑 = 0 : 
brane bending 𝜑 behaves as a massive scalar on AdSd

13

Gravitational perturbation in bulk

 Summary: AdSd+1 gravitational perturbations

2022/10/27JGRG31

7

𝑦
𝜌

𝜕AdSd+1

brane

𝜌

𝑦𝑦

𝜌∗

AdSd+1𝑅,𝜌𝜌 + 𝑑 tanh 𝜌𝑅,𝜌 =
−𝜆𝜌

cosh2 𝜌 𝑅

□ + 2 − 𝜆𝜌 𝑌𝜇𝜈 = 0

ℎ𝜇𝜈 = cosh2 𝜌 ⋅ 𝑅 𝜌 𝑌𝜇𝜈 𝑦, 𝑡, Ԧ𝑥

𝑑𝑠2 = 𝑑𝜌2 + cosh2 𝜌 ⋅ 𝑔𝜇𝜈
(AdS𝑑) + ℎ𝜇𝜈 𝑑𝑥𝜇𝑑𝑥𝜈

 EoM
𝜌∗

 Boundary conditions at 𝜕AdS:
ℎ𝜇𝜈 𝜌 = ∞ , ℎ𝜇𝜈 𝑦 = 0 → 0

 Junction condition at the brane:
𝜑 𝑥𝜇 : brane displacement

s.t. □ − 𝑑 𝜑 = 0

𝜕𝜌ℎ𝜇𝜈 +
𝜎

𝑑 − 1
ℎ𝜇𝜈 = 2 ෨𝛻𝜇 ෨𝛻𝜈 − 𝛾𝜇𝜈 𝜑

 Two types of the modes
 Bulk graviton modes  (𝜑 𝑥𝜇 = 0): ≈ bulk gravitational wave

 Brane-bending mode (𝜑 𝑥𝜇 ≠ 0): ≈ bending of brane ≈ massive scalar field
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Bulk graviton mode / brane-bending mode

 Bulk graviton modes (𝜑 𝑥𝜇 = 0)

8

𝑅,𝜌𝜌 + 𝑑 tanh 𝜌𝑅,𝜌 =
−𝜆𝜌

cosh2 𝜌 𝑅

□ + 2 − 𝜆𝜌 𝑌𝜇𝜈 = 0

ℎ𝜇𝜈 = cosh2 𝜌 ⋅ 𝑅 𝜌 𝑌𝜇𝜈 𝑦, 𝑡, Ԧ𝑥

𝜁 = tanh 𝜌,  𝑙 =
−1+ 𝑑−1 2+4𝜆𝜌

2
,   𝜇 = 𝑑

2𝑅 𝜌 = 𝑃𝑙
−𝜇 𝜁 1 − 𝜁2

𝑑
4

 𝜌 direction: 𝑅 𝜌 given by Legendre function

• Dirichlet condition at 𝜕AdSd+1 : 𝑅 𝜌 = ∞ = 0
• Junction condition at the brane: 𝜕𝜌𝑅 𝜌 = 𝜌∗ = 0

𝜌

𝑦𝑦

𝜌∗

AdSd+1

EoM

 𝑦 direction: 𝑌𝜇𝜈 given by massive tensor on AdSd

□ + 2 − 𝜆𝜌 𝑌𝜇𝜈 = 0 “scalar”

“vector”

 Eigenvalue 𝜆𝜌fixed 

“tensor”

13

Bulk graviton mode / brane-bending mode

 Brane-bending mode (𝜑 𝑥𝜇 ≠ 0)

9

𝑅,𝜌𝜌 + 𝑑 tanh 𝜌𝑅,𝜌 =
−𝜆𝜌

cosh2 𝜌 𝑅

□ + 2 − 𝜆𝜌 𝑌𝜇𝜈 = 0

ℎ𝜇𝜈 = cosh2 𝜌 ⋅ 𝑅 𝜌 𝑌𝜇𝜈 𝑦, 𝑡, Ԧ𝑥

𝜌

𝑦𝑦

𝜌∗

AdSd+1

EoM

• Boundary conditions at 𝜕AdS:    ℎ𝜇𝜈 𝜌 = ∞ , ℎ𝜇𝜈 𝑦 = 0 → 0
• Junction condition at the brane

 Brane bending 𝜑 𝑥𝜇  bulk graviton excited

𝜕𝜌ℎ𝜇𝜈 +
𝜎

𝑑 − 1
ℎ𝜇𝜈 = 2 ෨𝛻𝜇 ෨𝛻𝜈 −

1
𝑑
𝛾𝜇𝜈□ 𝜑 (𝜑 𝑥𝜇 : brane displacement, □ − 𝑑 𝜑 = 0)

:  satisfies 𝑌𝜇𝜈 eq. with 𝜆𝜌 = − 𝑑 − 2

𝜕𝜌ℎ𝜇𝜈 +
𝜎

𝑑 − 1
ℎ𝜇𝜈 = 2 ෨𝛻𝜇 ෨𝛻𝜈 −

1
𝑑
𝛾𝜇𝜈□ 𝜑  𝜕𝜌𝑅 𝜌 = 𝜌∗ = 2

cosh2 𝜌
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Holographic stress-energy tensor

 Holographic stress-energy tensor 𝑇𝜇𝜈 of BCFT

2022/10/27JGRG31

10

 Behavior of 𝑇𝜇𝜈 near the BCFT boundary  

𝑧

𝑤

𝑇𝜇𝜈 =
𝑑

16𝜋𝐺𝑁
lim
𝑧→0

1
𝑧𝑑−2 ℎ𝜇𝜈 𝑥, 𝑤, 𝑧 =

𝑑
16𝜋𝐺𝑁

lim
𝜌→∞

𝑒𝜌

2𝑦

𝑑−2

ℎ𝜇𝜈 𝑥, 𝑦, 𝜌

𝑦
𝜌

𝑑𝑠2 = 𝑑𝜌2 + cosh2 𝜌 ⋅ 𝑔𝜇𝜈
(AdS𝑑) + ℎ𝜇𝜈 𝑑𝑥𝜇𝑑𝑥𝜈

ℎ𝜇𝜈 = cosh2 𝜌 ⋅ 𝑅 𝜌 𝑌𝜇𝜈 𝑦, 𝑡, Ԧ𝑥 ⇒ 𝑇𝜇𝜈 ∝ 𝑌𝜇𝜈
 Bulk graviton modes

 ;  𝑇𝑤𝑖 = 0 at the boundary

(𝜆𝜌 > 0)

ex.) 𝑑 = 3 :

𝜃

𝜋
𝜃 > 1, 𝑛 = 1,2,3,…

𝑤 = 0

Traceless part of 𝑌𝑖𝑗

𝑤 = 0

13

Holographic stress-energy tensor

2022/10/27JGRG31

11

 Behavior of 𝑇𝜇𝜈 near the BCFT boundary  

𝑧

𝑤

𝑦
𝜌

 Brane-bending mode

 𝑇𝑤𝑖 = 0 at the boundary

𝜃

ex.) Agrees with 𝑑 = 2 (BCFT2) results; dual to AdS3 (brane-bending mode only)

𝑤 = 0

Traceless part of 𝑌𝑖𝑗

𝑤 = 0

 Holographic stress-energy tensor 𝑇𝜇𝜈 of BCFT

𝑇𝜇𝜈 =
𝑑

16𝜋𝐺𝑁
lim
𝑧→0

1
𝑧𝑑−2 ℎ𝜇𝜈 𝑥, 𝑤, 𝑧 =

𝑑
16𝜋𝐺𝑁

lim
𝜌→∞

𝑒𝜌

2𝑦

𝑑−2

ℎ𝜇𝜈 𝑥, 𝑦, 𝜌

𝑑𝑠2 = 𝑑𝜌2 + cosh2 𝜌 ⋅ 𝑔𝜇𝜈
(AdS𝑑) + ℎ𝜇𝜈 𝑑𝑥𝜇𝑑𝑥𝜈

ℎ𝜇𝜈 = cosh2 𝜌 ⋅ 𝑅 𝜌 𝑌𝜇𝜈 𝑦, 𝑡, Ԧ𝑥 ⇒ 𝑇𝜇𝜈 ∝ 𝑌𝜇𝜈
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Summary: Brane Dynamics of Holographic BCFTs

 BCFTd satisfies the reflection boundary condition 𝑇𝑤𝑖 = 0
 Holographic dual of BCFTd = AdSd+1 spacetime with a brane

𝑇𝜇𝜈 of BCFTd = gravitational perturbation of AdSd+1

 Scalar field & gravitational dynamics in AdS braneworld
w/ junction condition at the brane

 Bulk gravity dynamics: bulk graviton modes & brane-bending mode

 𝑇𝑤𝑖 = 0 satisfied for any dimensions, any brane tension;
consistent with the BCFTd picture

 Complete description of dynamics in AdSd+1/BCFTd correspondence

12

13

Summary: Brane Dynamics of Holographic BCFTs

We also explored …
 Duality between BCFTd & CFTd+AdSd gravity
 Interaction of the bulk scalar field and the brane

13

[Izumi, Shiromizu, Suzuki, Takayanagi, NT ’22]

BCFTd =          braneworld in AdSd+1 =         CFTd + (CFT+gravity)d

⇔bulk gravity⇔BCFT CFTCFT
+gravity

Future directions
 BCFT counterpart of bulk graviton modes & brane-bending mode? 
 Any interesting dynamics in BCFT?
 Relationship between Liouville gravity & JT gravity? [Suzuki, Takayanagi ’22; Geng+ ‘22]
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Backgrounds

Sgr A* (2022)
Credit: EHT Collaboration

✓ Imaging of black hole shadow 

e.g. [A. Grenzebach + (2014), (2015)], [V. Perlick + (2021)]

✓ The shape and the size of shadows are closely connected 
with the properties of the spacetime, e.g. , photon sphere

✓ Photon sphere also plays an important role in gravitational 
physics; gravitational waves and gravitational lensing

Observation and testing of strong 
gravity region have become possible

e.g.  [V. Caldoso + (2014)], [K. S. Virbhadra + (2002)]



For a marginally stable photon 
sphere:

Divergent power functionally

Previous works

Behavior of light rays in any static spherically symmetric spacetime

For an unstable photon sphere:

Divergent logarithmically

[N. Tsukamoto (2017), (2020)]

Observer

Deflector  

Unstable / Marginally stable  

Photon Sphere
Source

Deflection angle of light

rhorizon

Photon Sphere

rPS ∼ 3M

fall into the singularity

escape with less 

than 50%  

escape to infinity

For a stable photon sphere (SPS) [RK and H. Asada (2022)]

Stable Photon Sphere

DeflectorBound orbit

Source

✓ Total angle change is described by 
inverse trigonometric function

✓ The light rays are bound orbits 

r0

Stable Photon Sphere

rPS

Δb
If a source and an observer are located 
outside of SPS, then we cannot take the 
strong deflection limit ( )r0 → rPS

Total angle change does not diverge



Motivation

To test the theory of gravity in the strong gravity region.

Investigate the behavior of light in the strong gravity region 
in less symmetric spacetimes

Clarify the difference between static spherically 
symmetric spacetime and static cylindrically 

symmetric spacetime 

✓ Deflection angle of light

✓ Black hole shadow

CONTENTS

3. Properties of photon cylinder

2. Equations of light rays and definition of 
photon cylinder

1. Introduction

4. Summary



Equations of light rays

✓ Assumption: static cylindrically symmetric spacetime

Metric:  ds2 = − A(ρ)dt2 + B(ρ)dρ2 + C(ρ)dz2 + D(ρ)dϕ2

A > 0, B > 0, C > 0, D > 0

G = c = 1

E := − kμξμ
(t) = A(ρ)·t,

Pz := kμξμ
(z) = C(ρ) ·z,

Lz := kμξμ
(ϕ) = D(ρ) ·ϕ

A(ρ)B(ρ) ·ρ2 + L2
z V(ρ) = E2,

✓ Null condition:  
Tangent vector:  kμ = dxμ

dλ
=: ·xμ

V(ρ) := A(ρ)[P2
z L−2

z C(ρ)−1 + D(ρ)−1]
✓ Constants of motion:  

Definition of photon cylinder

ρ

V(ρ) ρc

ρρc

V(ρ)

V(ρc) = E2/L2
z , V′ (ρc) = 0

V′ (ρ) = A(ρ)[P2
z /L2

z F(ρ)C(ρ)−1 + G(ρ)D(ρ)−1]
F(ρ) := A′ (ρ)A(ρ)−1 − C′ (ρ)C(ρ)−1,
G(ρ) := A′ (ρ)A(ρ)−1 − D′ (ρ)D(ρ)−1

We define Photon Cylinder as the hypersurface  {ρ = ρc}

′ ≡ d /dρ



a=1, Pz /Lz=1, �=1/100

0 5 10 15 20 25 30

1.20

1.25

1.30
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1.40

1.45

r

V

a=1, Pz /Lz=0, �=1/100

0 5 10 15 20 25 30

0.00

0.02

0.04

0.06

0.08

0.10

r

V Photon Cylinder

Example (Levi-Civita Solution)

R := Σρ, Σ := 4σ2 − 2σ + 10 < σ < 1/2,
Metric:  ds2 = − R 4σ

Σ dt2 + dρ2 + R− 4σ(1 − 2σ)
Σ dz2 + a−1R

2(1 − 2σ)
Σ dϕ2

Effective potential:  V(ρ) = R
8σ(1 − σ)

Σ [ P2
z

L2z
+ R− 2σ(1 − 4σ2)

Σ ]

[Levi-Civita (1919)]

Pz /Lz = 0 Pz /Lz = 1

CONTENTS

3. Properties of photon cylinder

2. Equations of light rays and definition of 
photon cylinder

1. Introduction

4. Summary



Photon cylinder  Photon surface?⟺
Photon surface:
      one of the generalized concepts of the photon sphere

based on only the property that any null geodesic initially tangent  
will remain tangent to .

S = {r = 3M}
S

χabkakb = 0, ∀ka ∈ TpS ∀p ∈ S

σab = 0
⟺

χ = habχab,

 : second fundamental form,χab := ∇anb

 : trace-free part,σab := χab − χ
3 hab  : induced metrichab

 : normal unit vector,nμdxμ = Bdr

Let us check whether the hypersurface is a photon surface or not, 

by calculating the following equations;

[C. M. Claudel + (2001)]

χabkakb = −
L2

z

2 B [ P2
z

L2z

F
C

+ G
D ] = −

L2
z V′ 

2A B

σtt = − A
6 B

(F + G), σzz = C
6 B

(G − 2F), σϕϕ = D
6 B

(F − 2G)

  ∀ka ⟺ ∀Pz /Lz, F(ρ) = G(ρ) = 0 ⟹ χabkakb = σab = 0

 : Photon SurfaceS = {ρm ∈ ℝ G(ρm) = 0, F(ρm) = 0}
 is the radius of a photon surfaceρm



Stability of photon cylinder

✓ For  and ,F(ρc) ≠ 0 G(ρc) ≠ 0

V′ ′ (ρc) = Ac

Dc
G′ c + Gc (Gc − Fc − F′ c

Fc )
✓ For  and  (photon surfaces),F(ρm) = 0 G(ρm) = 0

V′ ′ (ρm) = Am [ P2
z

L2z

F′ m

Cm
+ G′ m

Dm ]

the photon cylinder is stable

                                            (unstable, marginally stable)

V′ ′ (ρc) > 0 ( < 0, = 0) ⟹

Example 1. (Levi-Civita Solution)

F(ρ) = 8σ(1 − σ)
R

> 0, G(ρ) = − 2(1 − 4σ)
R

There exists no  such that ρm F(ρm) = G(ρm) = 0

For , there exist  such that0 < σ < 1/4 {ρc}

V′ (ρc) =
P2

z

L2z

F(ρc)
C(ρc)

+ G(ρc)
D(ρc)

= 0

But

R := Σρ, Σ := 4σ2 − 2σ + 10 < σ < 1/2,

Metric:  ds2 = − R 4σ
Σ dt2 + dρ2 + R− 4σ(1 − 2σ)

Σ dz2 + a−1R
2(1 − 2σ)

Σ dϕ2



V′ ′ (ρc) = 4a(1 − 4σ)(1 − 2σ)(1 + 2σ)
R4(1−σ)(1−2σ)/Σ

c
> 0

✓ Stability of photon cylinder

Photon cylinder in LC spacetime is stable

If  and  ,0 < σ < 1/4 a > 0

z

ρc sin ϕρc cos ϕ

✓ Shape of photon cylinder

Insert P2
z /L2

z = − C(ρc)G(ρc)/D(ρc)F(ρc)

into
dz
dϕ

=
·z
·ϕ

=
Pz

Lz

D(ρc)
C(ρc)

And plot  γρc
(ϕ) = (ρc cos ϕ, ρc sin ϕ, z(ϕ))

Example 2. (Conformal Weyl Gravity)

f(ρ) = β
ρ

+ 3βγ
4 + γρ

4 + k2ρ2, β < 0, γ < 0

F(ρ) = G(ρ) = 1
ρ2 f(ρ) ( |γ |

2 ρ − 3 |β | )
2

There exists a photon surface at ρm = 2 3β/γ

It is marginally stable

∵ V′ ′ (ρm) ∝ ( |γ |
2 ρm − 3 |β | ) = 0

Metric:  ds2 = − f(ρ)dt2 + f(ρ)−1dρ2 + a2ρ2dz2 + ρ2dϕ2

[J. L. Said + (2012)]

z

ρc sin ϕρc cos ϕ
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2. Equations of light rays and definition of 
photon cylinder

1. Introduction

4. Summary

Summary
Photon cylinder is defined as the hypersurface 

 {ρ = ρc P2
z /L2

z F(ρc)C(ρc)−1 + G(ρc)D(ρc)−1 = 0}
In static cylindrical symmetric spacetimes,  Photon Surfaces 

are the hypersurface {ρ = ρm G(ρm) = 0, F(ρm) = 0}
Future works

✓ Investigate more details of structure of photon cylinder

✓ Expand to stationary axisymmetric spacetime

✓ Calculate the shadows and the deflection angle



Generalization of photon sphere 
referring to null infinity

Masaya Amo YITP, Kyoto U

Collaborators: Keisuke Izumi, Tetsuya Shiromizu, Yoshimune Tomikawa, Hirotaka Yoshino

Amo, Izumi, Shiromizu, Tomikawa, Yoshino, in prep.

2

Black Holes

Intro.

! Predicted by GR.

! Cannot be connected to      by causal curve.

! BHs have no effect on observers outside of BHs.

Redefining (something like) BH connected to      by causal curve

Masaya Amo       Generalization of photon sphere referring to null infinity

BH
observer

C78
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Photon sphere
! Defined in static & spherical symmetric spacetimes

! Collection of circular photon orbits (! = 3$ in Schwarzschild)

! Edge of BH shadow

! Mathematically rich structures

Intro.

Generalize photon sphere to spacetimes w/o symmetry!

photon sphere

BH shadow
EHT Collaboration

Masaya Amo       Generalization of photon sphere referring to null infinity

4

Previous attempts to generalize photon sphere

Let’s consider more comprehensive definition!

Intro.

Applicable spacetimes for several attempts:

Def. 1 : ! stationary spacetimes / ! dynamical spacetimes.

Def. 2 : " some dynamical spacetimes / ! rapidly rotating BHs.

Def. 3 : " rapidly rotating BHs / ! photon spheres w/o BHs.

… anyway，case-by-case definitions, so far.

ex.) Yoshino et al. (2017), Yoshino et al. (2019), Siino (2021).

Masaya Amo       Generalization of photon sphere referring to null infinity

applicable not applicable



5Outline

1. Introduction

2. Definition of dark horizon

3. Property of dark horizon

4. Examples

5. Conclusion

Masaya Amo       Generalization of photon sphere referring to null infinity

6

Escape Cone

Consider directions of photon reaching    projected on Σ.

→ Collection of these directions on two-sphere is escape cone.

BH escape

do not
escape

escape 
cone

Def. of dark horizon

Σ

Masaya Amo       Generalization of photon sphere referring to null infinity

spacelike hypersurface



7Def. of dark horizon

脱出
円錐

脱出
円錐

※ great circle：inter section of sphere and plane containing the center of the sphere

!"
photon sphere

#

Escape cone in Schwarzschild

∃great circle 
outside of escape cone

Masaya Amo       Generalization of photon sphere referring to null infinity

escape 
cone

escape 
cone

escape 
cone

∃great circle
inside of escape cone

8Def. of dark horizon

Generalization of photon sphere：dark horizon

distance 
to BH

∃great circle 
outside of escape cone

∃great circle
inside of escape cone

∀great circle 
intersect bdry. of escape cone

escape 
coneescape 

cone
escape 
cone

Set of points on this bdry.
is called ``outer dark horizon”

Set of points on this bdry.
is called ``inner dark horizon”

collectively called ``dark horizon”

Classify points in spacetime into three regions：

※depend on projected hypersurface Σ

Masaya Amo       Generalization of photon sphere referring to null infinity



9Outline

1. Introduction

2. Definition of dark horizon

3. Property of dark horizon

4. Examples

5. Conclusion

Masaya Amo       Generalization of photon sphere referring to null infinity

10Property of dark horizon

escape 
cone

escape 
cone

escape 
cone

distance
to BH

Spherical symmetric spacetime

= photon sphere (if static)

inner dark horizon
= outer dark horizon

Masaya Amo       Generalization of photon sphere referring to null infinity

∃great circle 
outside of escape cone

∃great circle 
inside of escape cone
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General properties (independent of spacetime symmetry)

Two dark horizons both exist in BH spacetimes

when radiation is not so strong（compared to Planck luminosity）

based on Amo, Izumi, Shiromizu, Tomikawa, Yoshino  (2021a, 2021b, 2022)

Property of dark horizon

Inner dark horizon is located ``inner” than outer dark horizon,

or they coincide.

Masaya Amo       Generalization of photon sphere referring to null infinity

12Outline

1. Introduction

2. Definition of dark horizon

3. Property of dark horizon

4. Examples

5. Conclusion

Masaya Amo       Generalization of photon sphere referring to null infinity
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Kerr BH

Examples

Mass： M = 1，Kerr parameter：( (0 ≤ ( ≤ 1) : inner dark horizon
: outer dark horizon
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Mass： M = 1，Kerr parameter：( (0 ≤ ( ≤ 1) : inner dark horizon
: outer dark horizon
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BHExists in near extremal Kerr spacetime
weak point in previous attempt

Amo, Izumi, Shiromizu, Tomikawa, Yoshino, in prep.

14

EHT Collaboration

Ingoing Vaidya

Examples

Ingoing Vaidya 

"#" = − 1 − "#(%)
' "'" + 2"'"*

+*"+()",(",)

-50 0 50 100 150
v

3

4

5

6

7

8

9

r

0 = 32(3)

dark horizon
previous 

generalization

!

"

previous generalization:
assume light source at infinity

dark horizon:
assume light source near BH

Assumed position of light source in shadow observation

• Dark horizon exists.

• Differs from previous generalization (due to 

assumed position of light source)

Amo, Izumi, Shiromizu, Tomikawa, Yoshino, in prep.
cf.) Koga, Asaka, Kimura, Okabayashi (2022).

Masaya Amo       Generalization of photon sphere referring to null infinity



15Outline

1. Introduction

2. Definition of dark horizon

3. Property of dark horizon

4. Examples

5. Conclusion

Masaya Amo       Generalization of photon sphere referring to null infinity

16

Summary
! Proposed dark horizon, a generalization of photon sphere 

! Explicit plot in Kerr & Vaidya

! Overcome some weak points in previous generalization

Future Work
! Dark horizon in other spacetimes?

! Correspondence to shadow observations?

! Dependence on spacelike hypersurfaceΣ?

Conclusion

Masaya Amo       Generalization of photon sphere referring to null infinity
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Back Up

18

Area inequality

① Penrose inequality（conjecture, without assuming symmetry of spacetime）

3
2

%
#& ≤ 4π '( %

② Area inequality for photon sphere (static & spherical symmetry)

Back Up

3
2

4
&5 ≤ &6 ≤ 4π 3* 4

Discuss area inequality foer photon sphere without assuming symmetry of spacetime.

[#': area of outermost photon sphere, #(: area of shadow, #&: area of horizon，(: BH mass]

Masaya Amo       Generalization of photon sphere referring to null infinity
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-50 0 50 100 150

3

4

5

6

7

8

9

Outgoing Vaidya

Examples

dark 
horizon

! = 3$(&)

u

"

20Property of dark horizon

脱出
円錐

radial
coordinate

There is no boundary.

Minkowski spacetime

Dark horizon does not exists in Minkowski spacetime.

Escape
cone

Masaya Amo       Generalization of photon sphere referring to null infinity

Escape
cone

Escape
cone



Four types of attractive gravity probe surfaces
Graduate School of Mathematics, Nagoya Univ.

Kangjae Lee

JGRG31, Oct 28th

K. Lee, T. Shiromizu and K. Izumi, Phys. Rev. D 105, no.4, 044037 (2022)
K. Lee, T. Shiromizu, K. Izumi, H. Yoshino and Y. Tomikawa, Phys. Rev. D 106, no.6, 064028 (2022)
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2. Attractive gravity probe surface
3. Refined area inequalities with angular momentum
4. Summary
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1. Introduction

3/16

Generalized gravity region from photon sphere 
Trapped Surface (TS) : proposed for strong gravity region

However, TS cannot be observed because blackhole envelope it!

Penrose inequality 
Penrose (1965)

Penrose (1973)

4/16

singularity theorem

3 dim. spacelike hypersurface

Loosely Trapped Surface (LTS) 

Attractive Gravity Probe Surface (AGPS)

Shiromizu, Tomikawa, Izumi and Yoshino (2017)

Izumi, Tomikawa, Shiromizu and Yoshino (2021)

photon sphere : unstable circular photon orbit in Schwarzschild BH

TS

LTS/DTTS
AGPS Generalize

Dynamically Transversely Trapping Surface (DTTS) 
Yoshino, Izumi, Shiromizu and Tomikawa (2020)

: proved by using TS
: area inequality for apparent horizon

Generalize LTS for weak gravity



Area inequalities
: area ,
: mass
: angular momentum

Minimal Surface (MS) Loosely Trapped Surface (LTS) / 
Dynamically Transverse Trapping Surface (DTTS)

Attractive Gravity Probe Surface (AGPS)

Jang & Wald, 
Huisken & Ilmanen, 
Bray

Shiromizu et al. / Yoshino et al.              Izumi et al.

Anglada

Our study 

5/16: measure of size

MS

LTS/DTTS
AGPS

Area inequalities 
with ang. mom.

Refine area inequalities for AGPS by taking account of 
contribution from angular momentum, gravitational 
waves and matters

2. Attractive gravity probe surface

6/16



Classification of Attractive Gravity Probe Surface
7/16

generalize

generalize

Longitudinal AGPS

Transverse AGPS

MS
LTS/DTTS

AGPS

: use mean curvature

: use mean curvature

: use scalar curvature

: use scalar curvature

LAGPS

TAGPS ：consider variation with respect to 
tangential to surface

：consider variation with respect to 
orthogonal to surface

LTS
Loosely Trapped Surface 

DTTS
Dynamically Transversely Trapping Surface 

LAGPS-k

TAGPS-k

LAGPS-r

TAGPS-r

In this talk, I focus LAGPS-k

Longitudinal Attractive Gravity Probe Surface-k
8/16

For 2-sphere         in Schwarzschild spacetime,

2-surface 
in spacelike hypersurface

: LTS

: LAGPS-k
2-surface in spacelike hypersurface

In Schwarzschild spacetime,

MS

LTS
AGPS

Shiromizu, Tomikawa, Izumi and Yoshino (2017)

Izumi, Tomikawa, Shiromizu and Yoshino (2021)

,

Generalize LTS for weak gravity

is maximal at 
photon sphereMS



Area inequality for LAGPS-k
9/16

areal radius

Izumi, Tomikawa, Shiromizu and Yoshino (2021)

Assume：

No upper bound of(      )

(         )

(       )

MS

LTS
AGPS

：ADM mass
monotonicity of Geroch energy
& definition of LAGPS-k

Asymptotic flat spacelike hypersurface
is foliated by
and area of     ：

in inverse mean curvature flow where 
with        

is LAGPS-k.

3. Refined area inequalities with angular momentum

10/16



Theorem (LAGPS-k)

：areal radius of：ADM mass ,

,

,

11/16

,

,,
：area averaged angular momentum

Lee, Shiromizu and Izumi (2022)

is LAGPS-k.  Assuming that the energy density of matters is nonnegative.
We have an inequality for the LAGPS-k        ,

Let       be asymptotic flat spacelike maximal hypersurface equipped by inverse mean curvature flow
with                , where

：exterior energy ：internal energy

：energy density of gravitational waves

Sketch of proof
12/16

Monotonicity of Geroch energy

Definition of LAGPS-k

maximal slice, inverse mean curvature flow 
and nonnegative energy density

+ asymptotically flatness

+ maximal slice



Result
13/16

Anglada (2018)

LAGPS-k, TAGPS-k → MS

Longitudinal Attractive Gravity Probe Surface (LAGPS-k)

Transverse Attractive Gravity Probe Surface (TAGPS-k)

(                )

For equality, the area is same with

: internal energy
: internal radial pressure

Inequality for mass and angular momentum
14/16

Dain (2008)

for vacuum & axially symmetric case, 

： For vacuum, axisymmetric, asymptotically flat, maximal     ,
Dain proved this inequality where initial data close to extreme Kerr.

(MS),

Komar angular momentum

：axial Killing vector 

prolate ,



4. Summary

15/16

Summary
16/16

We proved area inequalities for AGPS taking account of contribution 
from angular momentum, gravitational waves and matters.

MS

LTS/DTTS
AGPS

Contribution of charge and EM fields?

Relax restrictions of parameter?

Non maximal spacelike hypersurface?

, ,

, ,
,

, ,

Longitudinal Attractive Gravity Probe Surface (LAGPS-k)

Transverse Attractive Gravity Probe Surface (TAGPS-k)

LAGPS-k



Appendix

Transverse Attractive Gravity Probe Surface-k

： null tangent on

In Schwarzschild spacetime, for photon surface    ,

In Schwarzschild spacetime,

: TAGPS-k
2-surface in spacelike hypersurface

: DTTS
2-surface 
in spacelike hypersurface

：①

：② ①&② → maximal with 
respect to time

：extrinsic curvature on

：transversely trapped

Yoshino, Izumi, Shiromizu and Tomikawa (2020)

lapse function of       is constant
Izumi, Tomikawa, Shiromizu and Yoshino (2021)

Generalize DTTS for weak gravity



Area averaged angular momentum

Komar angular momentum

：axial Killing vector

In Kerr spacetime,

For axisymmetric case,



Gravitational lens on the optical 
constant-curvature background

Keita Takizawa* (PhD student)
Collaborator: Hideki Asada

Hirosaki University, Japan 

The 31st Workshop on General Relativity and Gravitation in Japan

- Outline -

 Introduction

 Background for Gravitational lens

 Optical constant-curvature background

 BG dependence of Deflection angle

 Summary

C80



- Outline -

 Introduction

 Background for Gravitational lens

 Optical constant-curvature background

 BG dependence of Deflection angle

 Summary

/194

๏ Conventional configuration

 Gravitational Lens

Gravitational lens equation is a basic equation of lensing which relates a deflection 
angle of light to angular positions at an observer.

β
θ

DL

DLS

DS

Observer

Light source

Lens

Image

α

Intersection

✓ Deflection angle of light

For Schwarzschild metric: 

↵ ⇤
4GM
c2b

+ O

✓
M2

b2

◆

<latexit sha1_base64="l1F8k9xqLQbqUxPk6UjUwOAc1TA="></latexit>

Introduction

� ⇤ ✓ � DLS

DS
↵

<latexit sha1_base64="rBxjsXH+CIa+/+HnJ+yx+Vlg+ac="></latexit>

 : Deflection angle of light α
 : Intrinsic position of light sourceβ
 : Apparent position of light source (Observables)θ

✓ Lens equation 



๏ Assumptions in Conventional method

 Conventional lensing method

Introduction

✓ Asymptotic flatness

A limit  is used for calculation of the deflection angle of light.r → ∞
‣ It causes no problem in asymptotically flat spacetimes.

However,

• In Astronomy, distances between objects are finite

Contradiction: Lens equation includes distances as a finite value

• An asymptotically non-flat spacetime does not allow  limitr → ∞

A horizon crossing of a light ray can occur (Horizon crossing problem)

/195

๏ Finite distance method 

 Extension beyond Conventional lensing method

Introduction

✓ Deflection angle of light based on Gauss-Bonnet theorem
 [Gibbons & Werner (2008)]

‣ Finite distance correction to the deflection angle of light [Ishihara+ (2016)]

‣ Improving to be valid even for asymptotically non-flat spacetimes [KT+ (2020a)]

✓ Gravitational lens in Finite distance configuration
 [KT, Ono, Asada (2020b), KT & Asada (2021)]

‣ Lens equation consistent with the finite distance framework

‣ Application: Lensing in Weyl gravity model (Asymptotically non-flat spacetime)

‣ Finite distance effects in strong deflection limit

/196



๏ Motivation for Lensing on constant-curvature background

Introduction

 Is Minkowskian background valid for any spacetimes ?

/197

a new the method which is valid for
GL on (optical) constant-curvature backgrounds.

We investigate 

If the spacetime is not Minkowskian asymptotically, 
can we take the flat BG ?

- Outline -
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 Background for Gravitational lens

 Optical constant-curvature background

 BG dependence of Deflection angle

 Summary



We consider that the light deflection 
is caused by lens objects.

Background for Gravitational lens

Definition: Background spacetime as pi → 0

For a full metric including the lens objects:

 Definition of Background

a background metric is defined as 

/199

Lens parameter:  (mass, spin, charge of BH, etc.)pi = p1 , p2 , ⋯ pn

ds2
⇤ gµ⌫(pi) dxµdx⌫

<latexit sha1_base64="yh0z2x5bEkFE/F7wcWdtKQ2he4E="></latexit>

ḡµ⌫ ⌘ gµ⌫(pi)|pi⇤0

<latexit sha1_base64="eGphmPsdPJZL8vgY/Ct6U1TFcNc="></latexit>

 Optical space Unit: c = 1 , G = 1

A static & spherically symmetric spacetime (Equatorial plane): 

 … Optical metric (Riemannian metric of light ray)γIJ

Light ray: (Fermat’s principle)

We consider a space defined by  where light rays are spatial geodesics.γIJ

d`2 ⌘ �I J dxI dx J

⇤
B(r)
A(r)dr2

+
C(r)
A(r) d�2

<latexit sha1_base64="IqWb6XYiwAKZ7Y4kSey0zzaU3as="></latexit>

ds2
⇤ 0

<latexit sha1_base64="LEcUKkMfiQceP4HfQX5Y9/sKcao="></latexit>

�
π

dt ⇤ 0

<latexit sha1_base64="g7VCWK2aK8eGbGq7I+GRDK1ctoo="></latexit>

�
π s

�I J

✓
dxI

dt

◆ ✓
dx J

dt

◆
⇤ 0

<latexit sha1_base64="IkgQnH+FBbMywmBi4dEWg1HNzFA="></latexit>

Background for Gravitational lens

ds2
⇤ �A(r)dt2

+ B(r)dr2
+ C(r)d�2

<latexit sha1_base64="VXsWOza2ki3nLxGMcQ7LbR/U9no="></latexit>

/1910

e.g. Asada & Kasai (2000),
Gibbons & Werner(2008)



 Background spacetime

๏ Background optical metric

Let a background be the optical metric with  aspi = 0

✓ Background optical metric

Background for Gravitational lens

d ¯̀2 ⌘ �̄I J dxI dx J

⇤
B̄(r)
Ā(r)

dr2
+

C̄(r)
Ā(r)

d�2

<latexit sha1_base64="E/vXC2PAbAB9avg4Hrwgddi8O6c="></latexit>

Circumference radius: r̃ ⌘
s

C̄(r)
Ā(r)

<latexit sha1_base64="7yRWuxl9T/u2cQ9hjVu/sNOXh5Q="></latexit>

⇒

d ˜̀2 ⇤ F(r̃)�1dr̃2
+ r̃2d�2

<latexit sha1_base64="QorQWtY3tfVJJh0bqLGkgoMahXI="></latexit>

�̄rr ! �̄r̃ r̃ ⇤ F(r̃)�1

<latexit sha1_base64="5TvaB44D9+6J/SQgT7f2aCs1vcA="></latexit>

/1911

�̄I J ⌘ �I J(pi)|pi⇤0

<latexit sha1_base64="k5lTrgMxxfQWFKOSqCq0nDKPjb4="></latexit>
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Optical constant-curvature background

 Optical constant-curvature space

๏ Spatial curvature of Background space

Gaussian curvature of the background optical space is 

/1913

K̃opt
⇤

Rr̃� r̃�

det(�̃IJ)

<latexit sha1_base64="ZQAWWgbxWhyIRz+oehzML/KyYb4="></latexit>

We focus on the space that have a “constant-curvature”:

@K̃opt

@r̃
⇤ 0

<latexit sha1_base64="G4+Ce7Ci1Rl32KKYhKetZ4WO9Yc="></latexit>

→ 2nd order differential equation for F(r̃)

✓ Solution 

(with the condition )F(r̃) |r̃=0 = 1F(r̃) ⇤ 1 +  r̃2

<latexit sha1_base64="egJv2dh1a4PgZ2pnzL5sItz6Yis="></latexit>

 Optical constant-curvature approach

๏ Optical constant-curvature background

Gaussian curvature under  is given byF(r̃) = 1 + κr̃2

Optical constant-curvature background

K̃opt
⇤ �

<latexit sha1_base64="K44JtkjdifwZd8gTGN13Np7ZC40="></latexit>

/1914

(const.)

Optical metric Hyperbolic SphericalEuclidean

Geometry K̃opt < 0 K̃opt > 0K̃opt = 0

Hyperbolic LE Spherical LEFlat LE

For gravitational lens configuration

→ already proven in [KT & Asada (2022)]

* e.g., de Sitter & anti-de Sitter   
       Mannheim-Kazanas solution (in Weyl gravity)  

⋯ κ = Λ/3
⋯ κ = γ2/4 + k
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๏ Finite distance framework to Deflection angle

Background dependence of Deflection angle

• This form is valid even in asymptotically 
no-flat spacetimes [KT+ 2020a]

�
<latexit sha1_base64="0k1aKpQ8cqqCwq1r4lmsD3/pFpA="></latexit>

P0(r0,�0)
<latexit sha1_base64="XV5VLyx5Uj24YE+2mW967sHGzjg="></latexit>

PS(r0,�S)
<latexit sha1_base64="eWj16VEqra8eh0lcxB+LaRWoIVU="></latexit>

PR(r0,�R)
<latexit sha1_base64="pKLDVy3t1upy0hpTa7anA8Mugw4="></latexit>

R(rR,�R)
<latexit sha1_base64="YkNt8bzlkks+QvH0oQiTA5vmlL4="></latexit>

S(rS ,�S)
<latexit sha1_base64="JQX2nBKrWaXMxgkU5vDlBIo7kXU="></latexit>

C0
<latexit sha1_base64="Tjf5gLKjr24xAGVy9um1oB4ojfU="></latexit>

⌦R
<latexit sha1_base64="WTn7kASSTHh9XxFbQVwYysHUSHk="></latexit>

⌦S
<latexit sha1_base64="tMzbw8AOwTUZ5BPw0DSfG9Exf7I="></latexit>

 S

<latexit sha1_base64="Vgo1wrY4qH+JpFfP9a5Nl2SEcFU="></latexit>

⇡ � R

<latexit sha1_base64="K9j4S54EcKBD9kPjeTCRKVDeA/8="></latexit>

↵ ⌘  R � S + �RS

⇤

∫
⌦R+⌦S

KdS +

π PS

PR

gd` + �RS

<latexit sha1_base64="3dpFaeaLs3A+psVmy7H3Cw488fs="></latexit>

cos ⇤ �I J e I
radk J

<latexit sha1_base64="CfIzSaw842pmfqfSL8zeCJiYT1g="></latexit>

eI
rad

<latexit sha1_base64="c5zjTofedu5x3S5+87QFJinYVbM="></latexit>

k J

<latexit sha1_base64="2lhibYAnti9A4CoBx03HQ0q1Ypw="></latexit>

 

<latexit sha1_base64="lXSyvwAk7OHfI1An1s1HziLLSqw="></latexit>

There should be a background dependence.

• This is the exact form which does not assume BG

 Deflection angle of light for Asymptotically non-flat spacetime

✓ Definition based on Gauss-Bonnet theorem　[Ishihara+ 2016, KT+ 2020a]
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 is the function of these parameters:α

Background dependence of Deflection angle

๏ Parameters in the metric function

๏ Background dependence of α

Then, we denote  due to the lens object asα

Effects by Lens BG effectsFull α

 Deflection angle of light as a function of parameters

 : Lens parameterspi  : Others (BG)qj

↵(pi , q j)

<latexit sha1_base64="/tfQ+yIlDkLVcUdfHsDKSLtmxdo="></latexit>

↵(pi) ⌘ ↵(pi , q j) � ↵(pi ⇤ 0 , q j)

<latexit sha1_base64="8Jmi8nBHpV0IvxNTbiRbGR8mbFQ="></latexit>

What we have to do is to consider only the 
contributions due to the lens objects.
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Summary

 Optical constant-curvature approach for Gravitational lens

๏ We defined the background as a metric with the lens parameter  pi → 0

✓ Optical constant-curvature approach (for SSS spacetime)

‣We focused on “constant-curvature” background

↔ BG optical metric function: F̃(r) = 1 + κr̃2

/1919

Optical metric Hyperbolic SphericalEuclidean

Geometry K̃opt < 0 K̃opt > 0K̃opt = 0

Hyperbolic LE Spherical LEFlat LE
[KT & Asada,
 PRD (2022)]

✓ BG dependence of Deflection angle of light

‣  which consists with the optical constant-curvature approachα

→

✓ Working on

‣ Concrete example: Calculating lens effects on MK(Weyl gravity) background

20

✓ Non-flat extension for B.G. geometry

Depending on  of the optical constant-curvature space for B.G. …K̄opt

Euclidean geometry

 
c
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b
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ℝ2

Spherical geometryHyperbolic geometry

Background geometry for Gravitational lens

*  are proper lengths based on the optical metricρAB , ρBC , ρCA

cosh ⇢AB ⇤ cosh ⇢CA cosh ⇢BC

� sinh ⇢CA sinh ⇢BC cos C

<latexit sha1_base64="x7NYN9H65pcfGc1CqPDOjq6Y62M="></latexit>

cos ⇢AB ⇤ cos ⇢CA cos ⇢BC

� sin ⇢CA sin ⇢BC cos C
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* In hyperbolic & spherical geometry, length is the same dimension as angles (dimensionless).

 Lens equation for Optical constant-curvature B.G.

c2
⇤ a2

+ b2 � 2ab cos C

<latexit sha1_base64="EiGdfLk8ZQUOgIsBPIM9VMt66WE="></latexit>

A

B C
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๏ LE based on Flat trigonometry [KT+ (2020b)]

 Lens equation for Flat background

Gravitational lens equation

✓ Angular diameter distances

✓ Lens equation (Flat)

 Apparent position ,   Intrinsic position ,
 Deflection angle of light .

θ : β :
α :

R
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ℝ2

L
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S
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rLS
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dL ⌘ rL , dLS ⌘ rLS , dS ⌘ rS .
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↵ � ✓ ⇤ arcsin
✓

dL

dLS
sin ✓

◆
� arcsin

✓
dS

dLS
sin �

◆
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βθ

α

LR

S

dL

dLS

dS

Lens plane Source plane
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๏ LE based on Spherical trigonometry

 Lens equation for Spherical background

Gravitational lens equation

d̂L ⌘ sin ⇢L , d̂LS ⌘ sin ⇢LS ,

d̂S ⌘ sin ⇢S .
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* Physical angular diameter distance is d =
̂d

K̄opt

R
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(2

L
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S
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✓ Angular diameter distances

✓ Lens equation (Spherical)

↵ � ✓ ⇤ arcsin
✓

d̂L

d̂LS
sin ✓

◆
� arcsin

✓
d̂S

d̂LS
sin �

◆
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β
θ

α

LR

S

̂dL

̂dLS

̂dS

Lens plane Source plane



LEs for each B.G. written by the angular 
diameter distance between 2-points can be 

expressed in the same form.
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๏ LE based on Hyperbolic trigonometry

 Lens equation for Hyperbolic background

Gravitational lens equation

* Physical angular diameter distance is d =
̂d

−K̄opt

d̂L ⌘ sinh ⇢L , d̂LS ⌘ sinh ⇢LS ,

d̂S ⌘ sinh ⇢S .
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✓ Angular diameter distances

✓ Lens equation (Hyperbolic)

↵ � ✓ ⇤ arcsin
✓

d̂L

d̂LS
sin ✓

◆
� arcsin

✓
d̂S

d̂LS
sin �

◆
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βθ

α

LR

S

̂dL

̂dLS

̂dS

Lens plane Source plane
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↵ � ✓ ⇤ arcsin
 

DL sin ✓p
(DLS)2 + (DS)2 tan2 �

!
� arctan

✓
DS

DLS
tan �

◆
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✓ Unification of LEs
LE for Euclidean B.G in terms of distances between planes which does not 
use any approximations is as [KT, Ono, and Asada (2020b)]

Hence, we can unify write these LEs as below, by introducing a parameter  .K

where

Gravitational lens equation

↵ � ✓ ⇤ arcsin
©≠≠
´

q
1 + KD̂2

S tan2 �q
D̂2

LS + D̂2
S tan2 �

D̂L sin ✓
™ÆÆ
¨
� arctan

✓
D̂LS

D̂S
tan �

◆
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 Lens equations in terms of distance between planes

K ⇤

8>>><
>>>:

+1 · · · Spherical

0 · · · Flat

�1 · · · Hyperbolic
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 Iterative analysis

๏ Iterative method
✓ Approximation

•  Treating of angles

Apparent position  and Intrinsic position  , and Deflection angle of light 
 are small for the unit:

θ β
α

Each order of iterative solutions for LE can be systematically obtained as 

✓ Iterative solutions for LE

"✓(1) , "
2✓(2) , "

3✓(3) , · · ·
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|✓ | ⌧ 1 , |� | ⌧ 1 , |↵ | ⌧ 1
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✓ ⇤
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k⇤1
"(k)✓(k) , ↵ ⇤

1’
k⇤1
"(k)↵(k) , � ⇤ "�(1)
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Gravitational lens equation
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๏ Background effects

The deviation from the flat B.G. begins at the 3rd-order of the small angle. 

✓(3) ⇤
D̃LS

D̃L + ˜DLS
↵(3) �

D̃S

3(D̃L + D̃LS)

 
1 �

D̃2
S

D̃2
LS

!
�3
(1)

�
(1 � K)D̃LD̃2

S

2D̃2
LS(D̃L + D̃LS)

�2
(1)✓(1) �

D̃L

6(D̃L + D̃LS)

 
1 �

D̃2
L

D̃2
LS

!
✓3
(1)

<latexit sha1_base64="38STWAz/SRACTycuIOuPSNoDLPM="></latexit>

✓ New effects due to dS/AdS B.G.

✓New
(3) ⇤ K

D̃LD̃2
S

2D̃2
LS(D̃L + D̃LS)

�2
(1)✓(1)
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The new effects in Hyperbolic B.G.( ) increases the lensed image 
position , while that in Spherical B.G.( ) decreases it. 

K = 1
θ K = − 1

 Iterative analysis

B.G. New effects

K ⇤

8>>><
>>>:

+1 AdS Positive
0 Flat ———
�1 dS Negative
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Gravitational lens equation (直す)



27Deflection angle of light

 Deflection angle of light on dS backgrounds

We denote the deflection angle of light on dS B.G. as .αdS(pi , Λ)
✓ Background dependence of α

* Lens system is characterized by  (e.g., ) in addition to .pi (i = 1, 2, ⋯) m Λ

For dS B.G., and thus 

↵dS ⌘ ↵(pi , ⇤) � ↵(pi ⇤ 0, ⇤)
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For example, we obtain  in the case of SdS lensing as αdS

For also negative  (i.e., AdS B.G.),  can be obtained in the same form.Λ αAdS

↵dS
⇤

4m
DL✓

�
m✓
DL

"
1 +

✓
DL

DLS

◆2
#

+
m⇤DL✓

3 + O(m2 ,m✓3 ,m⇤D✓3 ,m⇤2D3
)
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B.G. effects
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桂川大志 (CCNU)

Symmetric teleparallel gravity (J.M. Nester, H-J Yo, 1999)

• In GR, gravity is described by curvature. 

Metric 𝑔𝜇𝑣 Only variable

• But there exist two other equivalent ways to describe gravity.

➢ The Teleparallel representation:   (TEGR)  > arXiv:1303.3897 

➢ Nonmetricity representation:  (STEGR)  > arXiv: 9809049

𝑸𝜶𝝁𝒗 = ෝ𝜵𝜶𝒈𝝁𝒗

(torsion-free, metric-compatible)

General Relativity

Central China Normal UniversityP 2 

桂川大志 (CCNU)

• While the      is corresponding to

• The general quadratic action

• If we choose our          to be total inertial 

• Non-metricity scalar defined 

• We can prove the relationship

• After the integral of the action, GR and  STEGR are equivalent.

Symmetric teleparallel gravity (J.M. Nester, H-J Yo, 1999)

Central China Normal UniversityP 3 
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f(Q) gravity and Coincident gauge (Lavinia Heisenberg, 2018)

• But before that, we need to figure out the number of independent 
d.o.f. it possesses.

Why f(Q) gravity
• In order to describe the accelerated expansion of the Universe. 

We need to modify this gravitational theories. 

Extend to an arbitrary function of nonmetricity scalar

• For simplicity, we fix the gauge to Coincident gauge.

Diffeomorphism

Central China Normal UniversityP 4 
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Dynamics of constrained systems (Dirac-Bergmann, 1951)

• In gauge theories, redundant d.o.f. may exist, some of which are 
closely related to the gauge symmetry. 

In the Hamiltonian formalism, they are characterized by the presence 
of constraints. The symmetries inherent in a theory can be explored 
by performing a Hamiltonian analysis.

• For a general action

• Euler-Lagrange equations

It can be rewrite as

hessian matrix

Central China Normal UniversityP 5 



桂川大志 (CCNU)

Dynamics of constrained systems (Dirac-Bergmann, 1951)

• Conjugate momenta is defined by

If some of above momenta is not the function of velocities, it means 
that there exist independent relations among              . This relations 
are called primary constraints.

𝑝 𝑎𝑛𝑑 𝑞

• We define Total Hamiltonian via Lagrange multipliers 

• For an arbitrary function of the phase space, the evolution reads

(consistency equation)

Central China Normal UniversityP 6 

桂川大志 (CCNU)

Dynamics of constrained systems (Dirac-Bergmann, 1951)

• If the consistency equations are not automatically satisfied, they 
form new constraints, called secondary constraints. 

• Then we have two major possibilities:

➢ if 𝜙𝜎, 𝜙𝜌 = 0

𝑢𝜌Consistency equations does not contain 

Evolution of the secondary 
constraints give tertiary constraints

The process ends after consistency 
equations naturally satisfied

𝑢𝜌The        stay arbitrary (Example: GR) 

Situation 1

Central China Normal UniversityP 7 
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Dynamics of constrained systems (Dirac-Bergmann, 1951)

𝑢𝜌

The matrix                must be singular

We can not determinate all 
from consistency equations 

We "missed" the additional constraint

𝑢𝜌

We need to formulate extra constraints       
imposed by the null eigenvector of

𝜙𝜎, 𝜙𝜌 ≠ 0

𝜙𝜎, 𝜙𝜌

➢ Situation 2

𝜉𝑛

All the       can be solved as functions 
of phase space variables 

(Example: f(T), f(Q))

( When we exchange the 

order of two functions in 

PBs, The only difference is 

a minus sign )

if

Central China Normal UniversityP 8 
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Hamiltonian analysis of f(Q) gravity  (Kun Hu, T K, Taotao Qiu, 2022)

• To facilitate the calculation, we introduce an auxiliary field, we 
rephrase the action

f(Q) gravity         scalar-nonmetricity theory 

equivalent

• The Arnowitt-Deser-Misner (ADM) metric

• There are 11 dynamical variables in total. we insert above metric into 
the scalar-nonmetricity action, and with the help of the relations

A. ADM decomposition of f(Q) gravity

Central China Normal UniversityP 9
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Hamiltonian analysis of f(Q) gravity  (Kun Hu, T K, Taotao Qiu, 2022)

• We reach the ADM decomposed action

B. Primary constraints and secondary constraints

• For                     , conjugate momenta are defined by𝑁,𝑁𝑖, ℎ𝑖𝑗, 𝜑

(5 primary constraints)

P 10 Central China Normal University
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Hamiltonian analysis of f(Q) gravity  (Kun Hu, T K, Taotao Qiu, 2022)

• We define total Hamiltonian in f(Q) gravity

while

• The Poisson Brackets

Unsurprisingly, the                 vanish. This implies that we miss an 
equation to determine the Lagrange multipliers. 

det 𝐶𝑛′𝑛

P 10 Central China Normal University
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Hamiltonian analysis of f(Q) gravity  (Kun Hu, T K, Taotao Qiu, 2022)

• However, there exist an additional constraints imposed by the null 
eigenvector 

• The consistency conditions of above six constraints become six 
equations that contain unknow              .𝑢𝜌 𝑞, 𝑝

• We define a new matrix          , and we check          is full rank 
matrix.         All the              can be solved from this six equations. 

(all the constraints are Second class!)

𝑢𝜌 𝑞, 𝑝

Central China Normal University P 10 
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Hamiltonian analysis of f(Q) gravity  (Kun Hu, T K, Taotao Qiu, 2022)

• Inserting back those Lagrange multipliers, the consistency 
conditions must be automatically satisfied.

Central China Normal University P 11 
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Summary

• The geometrical trinity of gravity

• f(R), f(T), and f(Q), will not be equivalent to each other 
because the total derivative term is no longer boundary term.

• In f(Q) gravity, all of constraints are second class, which imply 
the Diff-symmetry is broken. Because the gauge fixing. 
(Coincident gauge)

𝒇 𝑹 𝒇 𝑻 𝒇 𝑸

𝜋𝑁, 𝜋𝑖

𝐶0, 𝐶𝑖

𝜋𝑖𝑗, 𝑝

4+4 FC

𝛱𝐴0, 𝐶𝐴

𝑝

4+4 FC

𝛤𝐴𝐵

𝜒
6+2 SC

𝜋𝑁, 𝜋𝑖
𝑝
𝜒

8 SC

Central China Normal University P 12 



Colliding gravitational waves and singularities
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I. Introduction/Motivation
Proposal for matter energy and conserved charge in general relativity
S. Aoki, T. Onogi, S. Yokoyama, Int. J. Mod. Phys. A36 (2021) 2150098,2150201.

matter energy
<latexit sha1_base64="WeLlH/Ean72CaLu5WCRQU3AVA48="></latexit>

E(x0) :=

Z

⌃(x0)
[dd�1x]µT

µ
⌫(x)⇠

⌫
E(x), ⇠⌫E(x) = ��⌫0

<latexit sha1_base64="HhSE3hzUECPfUOKN8wctfH0+nAk="></latexit>

g0j = 0

Energy Momentum Tensor (EMT)

with coordinate condition

The charge for “time” translation, but is not conserved in general.

matter conserved charge
<latexit sha1_base64="iYGTn4wwQixU7sRbNBmgBmbmU/k="></latexit>

� satisfies rµ(Tµ
⌫�⇠⌫E) = 0.

The charge from the Noether’s 1st theorem. S. Aoki, arXiv:2206.00283[hep-th].

This charge can be regarded as entropy with the inverse temperature  for 
some cases such as FLRW universe.

β
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⌃(x0): a constant x0 spacelike hypersurface
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Q(x0) :=

Z

⌃(x0)
[dd�1x]µT

µ
⌫(x)�(x)⇠

⌫
E(x)
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A criticism against our proposal

A black-hole (like object) may be created by a collision of two gravitational waves.

<latexit sha1_base64="40H+zJL2P5DvsOpOn9XVToZ/F3Y="></latexit>

Tµ
⌫ = 0
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Tµ
⌫ 6= 0
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Q = 0
<latexit sha1_base64="LKu+Gue9wB8ii9q63mVOIjG3lFI="></latexit>

Q 6= 0

contradiction

In this talk, I investigate how our proposal works/fails in a model of colliding 
plane gravitational waves by Szekeres.

S. Aoki, arXiv:2209.11357[gr-qc]
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ds2 = �2e�M(u,v)dudv + e�U(u,v)
⇣
eV (u,v)dx2 + e�V (u,v)dy2

⌘
,

P. Szekeres, J. Math. Phys. 13 (1972) 286.
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M = U = V = 0

II-1. Model of colliding plane gravitational waves

left-moving GW + right-moving GW singularities
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I Flat Minkowski

Singularities

II left-moving plane GW
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M(u), U(u), V (u)

spacetime is uniform 
in x & y directions

III right-moving plane GW
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M(v), U(v), V (v)

IV colliding plane GWs
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Rµ⌫ � 1

2
gµ⌫R = 0



II-2. Solutions and singularities
P. Szekeres, J. Math. Phys. 13 (1972) 286.
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M = � log t2, V = �k12
2

log t2 + · · · , M =
1

2

✓
1� k212

4

◆
log t2 + · · · ,
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t2 = f(u) + g(v), f(u) =
1

2
� (au)n1✓(u), g(v) =

1

2
� (bv)n2✓(v)
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k12 := k1 + k2,
k2i
8

= 1� 1

ni

A class of solutions
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Rµ⌫ � 1

2
gµ⌫R = 0

Continuity at u=0 or v=0 <latexit sha1_base64="DtFnhzYwvraX0FXWejr+ZeLxhGk="></latexit>

ni � 4, integer
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singularities at t2 = 0
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u2+v2=1 

Flat 

t 
Time 
I 

Fig. 1 The (u,v)-plane for colliding impulsive gravitational 
waves. 

tions of both u and v in (2) we can incorporate waves moving in 
both directions. If L, F and G are functions of u alone for 
v<O, and functions ofv alone for u<O (with, say, L= F= G= I 
for u < 0, v < 0) then the metric (2) describes a collision between 
two waves. If, in particular, we choose each to be an impulsive 
plane wave, we obtain the following explicit solution .of 
Einstein's vacuum equations4 

_ 1 2 dx2 

r-q w-p 

-/ 2 __ __ dy2 
(
r- q) (W-P) 
r+q w+p 

(3) 

where 
p=u9(u), q=v9(v), r=(1-p2)t, W=(1_q2)t, 

1=(1_p2 _q2)t=(r2_q2)t=(w2_p2)1 

are Co (or Cl) functions which are piecewise Coo, in the 
relevant region. The region of validity of the metric (3) is the 
range "below" v = 1, u2 + v2 = 1, u = 1, as indicated in Fig. 1. 
(This is the union of the three regions (v< 1, u<O), (u< 1, 
v<O), (V2+U2 < 1).) The curvature for the metric (3) involves 
o-functions along u=o and along v=O. A singularity near 
which curvature scalars approach infinity occurs at u2 + v2 = 1, 
u>O, v>O. The regions v= 1, u<O and U= 1, v<O are, sur-
prisingly, also singular. For the U= 1 singularity is actually a 
region of focusing of the v=o wave by the u=O wave6 • (In 
the absence of the v=O wave, but with the same type of 
coordinates as used in (3), U= 1 would have been a spurious 
coordinate singularity.) There is a finite jump in the curvature 
tensor at u=O, 0< v< 1 and at v=O, O<u< 1, in addition to the 
delta function there. The metric (3) in fact describes the most 
general space-time representing a collision between parallel-
polarized impulsive gravitational waves. 

In summary, two gravitational impulsive plane waves 
approaching each other from different directions will certainly 
scatter one another. They will cease to be plane after collision 
and their pure o-function form becomes modified by the 
addition of a discontinuity in the curvature. Eventually the 
focusing effect of each wave on the other results in a singu-
larity in space-time. 

It should be remembered that we are dealing with exact 
plane waves here. For waves which are only approximately 
plane, it is not clear that the situation would in general be 
qualitatively similar. The singularity which arises here 
might be a feature merely of the exact focusing due to the high 
symmetry of the plane waves. On the other hand, an apparently 
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analogous situation previously arose in connexion with 
singularities occurring in gravitational collapse and cosmology. 
It was first thought that these singularities were special features 
due to high symmetry in the exact models used, but later it was 
shown that this is not the case3 • Thus it is possible that the 
presence of singularities is a "generic" feature of space-times 
resulting from collisions between gravitational waves, provided 
that the waves are in some appropriate sense sufficiently strong 
to ensure that "serious" focusing takes place. Even so, there 
would be no reason to believe that such "generic" singularities 
would resemble the final singularity of metric (3) at all closely. 

There is another respect in which we might have to regard 
the present discussion as rather unrealistic. This lies in the 
fact that pure o-function waves are unlikely to be found in 
nature, even approximately. In order for energy flow to be 
kept within reasonable limits, we would have to assume an 
amplitude function whose time-average is zeros. Our discus-
sion, however, should not have to be greatly modified in order 
to treat such situations. There are general arguments which 
show that if two plane gravitational waves collide, then, no 
matter what profile their amplitude functions have, the resulting 
space-time will still resemble that indicated in Fig. 1 in its 
essentials. In particular, a space-time singularity will still 
arise even though the amplitude profiles may be perfectly 
smooth and the curvature in the plane waves everywhere finite. 

Thus the "singularity" of the incoming o-function profiles is 
of an inessential character in the sense that it can be "smoothed 
away", unlike (presumably) the singularity at u2 + v2 = 1. A 
plane wave of general profile could be approximated by a 
series of o-functions. It would be interesting, therefore, to 
obtain the generalization of (3) which describes a collision 
between two successions of impulsive waves, since this would 
be a little closer to reality than the simple case considered here. 
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Possible High-frequency Modulation 
of Light from the Crab Pulsar 
ONE of us (P. A. S.) has recently proposed a model of pulsars, 
the properties of which were compared with the known radio, 
optical and X-ray emission from the Crab pulsar!. We now 
wish to point out that the model predicts a high-frequency 
modulation of the optical, X-ray and y-ray radiation which 
might be detected in the optical part of the spectrum. 

In this model, the optical and X-ray radiation is produced by 
synchrotron radiation from electrons and positrons produced 
by y-ray annihilation in the strong magnetic field of the pulsar. 

cf. Kahn-Penrose. Nature 229 (1971)185.
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End of the Universe 1. Plane GW has a singularity at .t2 = 0

2. Singularities are protected by apparent horizons.
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3. No spacetime beyond singularities.

5. Non-zero EMT at singularities.
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Energy is conserved before collision (region B)

The charge is always conserved but zero due to a cancellation of two GWs.

III-1. Matter energy and conserved charge
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Energy decreases during collision (region C)

Energy finally vanishes at the “End of the Universe”.
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IV

Zero charge is consistent with the end of the Universe, where the charge must be zero.

=1, left-moving =-1, right-moving
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Scattering of GW (from left-moving to right-moving)

No spacetime 
here Spacetime

1. Energy is not conserved during the scattering.
2. The charge is conserved and non-zero.

left-moving plane GW

right-moving plane GW

III-2. Other spacetimes
S. Aoki, arXiv:2209.11357[gr-qc]

scattering GW
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A conservation of the current does not imply  
a conservation of the total charge for Komar 
integral due to its unphysical nature.  

our charge Komar integral (Noether’s 2n theorem)

III-3. Non-conservation of Komar integral

normal direction
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IV. Conclusion
1. A spacetime structure in the colliding plane gravitational waves by Szekeres 
is investigated.
2. The energy momentum tensor at singularities is evaluated.
3. The matter energy in our proposal is not conserved during the collision.  
4. The matter conserved charge in our proposal is indeed always conserved.
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A pair creation and annihilation of GWs 
(Minkowski vacuum bottle)

A new spacetime

Thank you !

Our proposal works for this spacetime, despite the criticism.
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Introduction

The periapsis (perihelion) shift is one of
the first classical tests of GR.

∆φp,wf =
6πM

a(1 − e2)
(weak field),

∆φp,qc = 2π



 1
√

1 − 6M
r

− 1





(quasi-circular)

The periapsis shift of S2 around Sgr A*
has been observed. f = 1.10 ± 0.19
for ∆φp = f∆φp,wf (Abuter et al.
(2020)).

Figure: The orbit of S2
in 1992-2019 (Abuter et
al. (2020))

T. Harada (Rikkyo U) Periapsis shift JGRG31 2 / 10

C84



Black hole candidate
We do not know much about the central object.

! The standard assumption is a Kerr (Schwazschild) BH.
! Alternative possibities, such as a dense core, boson star, naked

singularity, wormhole, dark matter spike and BH hair, are discussed.

The periapsis shift can be “retrograde” in non-standard scenarios.

Figure: Prograde shift and retrograde shift

Extended-mass effect in Newtonian gravity (Jiang and Lin (1985))

We derive formulae for the periapsis shift of a quasi-circular orbit in a
general static spherically symmetric spacetime.
T. Harada (Rikkyo U) Periapsis shift JGRG31 3 / 10

Timelike geodesic

Line element in the static spherically symmetric spacetime

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdφ2).

Gravitational mass m(r)

eλ(r) =:

(
1 −

2m(r)

r

)−1

,

where r > 2m(r) must be satisfied.

The geodesic equation with gµνẋµẋν = −1 reduces to

r̈ + V ′(r) = 0,
1

2
ṙ2 + V (r) = 0,

V (r) :=
1

2
e−λ

[(
1 +

L2

r2

)
− e−νE2

]

where E and L are the energy and angular mometum, respectively,
and the dot denotes the differentiation w.r.t. the proper time τ .
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Periapsis shift of a quasi-circular orbit

Circular orbit r = r0
! We can fix E, L and V ′′.
! We concentrate on stable circular orbits, where V ′′ > 0.

Periapsis shift ∆φp

! δr = r − r0 obeys a simple harmonic motion with ωr, while orbiting
with ωφ, where

ωr =
√
V ′′ and ωφ = φ̇ =

L

r2
.

! ∆φp is calculated to give

∆φp = 2π

(
ωφ

ωr
− 1

)
= 2π

(
1

√
A

− 1

)
,

A = re−λν
′′ − (ν′)2 + (3/r)ν′

ν′ (> 0).

! ∆φp > 0, < 0 and = 0 if A < 1, > 1 and = 1, respectively.
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Expression in terms of the gravitational mass

Natural orthonormal basis: (e0̂ ∝ ∂t, (e1̂ ∝ ∂r, (e2̂ ∝ ∂θ, (e3̂ ∝ ∂φ

General case
! A = Am0 + Am1 in terms of m and Gα̂β̂, where

Am0 = 1 −
6m

r
,

Am1 =

(
1 −

2m

r

)
G0̂0̂ + G1̂1̂ + 2G2̂2̂

2m
r3 + G1̂1̂

+
1

2
(G0̂0̂ − 3G1̂1̂)r

2.

This with Gα̂β̂ = 0 reproduces the Schwarzschild formula.

A = 1 −
6M

r
=

1 − 3r2ω2
φ

1 + 3r2ω2
φ

,

Am1 stands for the discrepancy from the Schwarzschild value.
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Expression in terms of the orbital angular velocity
We cannot directly access m from r and ωφ because

m =
r3ω2

φ − 1
2
G1̂1̂r

3(1 + r2ω2
φ)

1 + 3r2ω2
φ

,

whereas ωφ is more accessible from the relation

ωφ =
dt

dτ

dφ

dt
= (1 + z)Ωφ.

General case
! A = Aω0 + Aω1, where

Aω0 =
1 − 3r2ω2

φ

1 + 3r2ω2
φ

,

Aω1 =
1

ω2
φ

[
1

2

(
G0̂0̂ + 2G2̂2̂ +

1 + 7r2ω2
φ

1 + 3r2ω2
φ

G1̂1̂

)

+r2ω2
φ(G0̂0̂ + G2̂2̂)

]
.

! Aω1 stands for the discrepancy from the Schwarzschild value.
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Post-Newtonian regime near a massive compact object

ε/ε̄,Σ/ε̄,Π/ε̄ = O(α) with α $ 1, where

G0̂0̂ =: 8πε, G1̂1̂ =: 8πΣ, G2̂2̂ = G3̂3̂ =: 8πΠ, m =:
4π

3
r3ε̄.

Assuming the PN regime with α $ 1 simultaneously,

∆φp =
6πm

r

(
1 −

ε

εc

)
+ higher order terms

where we have defined the critical density

εc :=
2m

r
ε̄ =

3m2

2πr4
.

! ∆φp > 0, < 0 and = 0 if ε <, ε > and ε = εc, respectively.
! If ∆φp > 6πm/r % 6πr2ω2

φ, then ε < 0 must hold.

T. Harada (Rikkyo U) Periapsis shift JGRG31 8 / 10



Implications to the Galactic Centre

Let us apply (extrapolate) the formula to the elliptical orbit of S2.
! Choose r to a(1 − e2) % 210au. cf. ∆φp,wf % 6πM/[a(1 − e2)]
! ∆φp = f∆φp,wf can be recast to ε % (1 − f)εc.

The observed value f = 1.10 ± 0.19 implies

ε = (−4.5 ± 8.5) × 10−6M#/au3
(

m

4.3 × 106M#

)2 ( r

210au

)−4

! As stringent as Takamori et al. (2020)’s upper bound
! Consistent with vacuum but ...
! The best-fit value f = 1.10 is in the range of the WEC violation.
! Caveat: large eccentricity and spin of the central object

T. Harada (Rikkyo U) Periapsis shift JGRG31 9 / 10

Summary

General formulae for the periapsis shift of a quasi-circular orbit
! Reproduce the Schwarzschild formula in Rµν = 0 and the

extended-mass effect in Newtonian gravity
! The deviation from the Schwarzschild formula comes from a particular

combination of the Ricci tensor components.

PN regime near a massive compact object
! Critical energy density εc beyond which the shift is retrograde
! Prograde shift greater than the Schwarzschild value implies the

breakdown of the WEC in GR.
! Constraint on the energy density around the Galatic Centre

T. Harada (Rikkyo U) Periapsis shift JGRG31 10 / 10
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Introduction

In XXIst Century we have learnt there is a positive
cosmological constant ⇤ > 0

A positive ⇤ imposes restrictions on the area of marginally
(outer) future-trapped surfaces if these are stable and the
dominant energy condition holds (Hayward-Shiromizu-Nakao 1994)
The area A for (stable) MTS is limited by

A <
4⇡

⇤
. (1)

M(O)TS are defined by a null mean curvature vector ~H. This
~H defines the “outer” direction.
MTSs are said to be stable if, when perturbed in some
non-timelike outer directions, they become untrapped
Thus, the stability assumption basically says that the MTS
enclose a black hole (BH) region.

Introduction (continued)

This is certainly puzzling... What happens if we keep sending
mass into the BH?
In principle a BH will simply become bigger by adding mass, so
what can prevent such physical process?
To understand this problem, I consider some simple models of
spherical BHs that keep increasing their masses until stable
MTS reach the area-limit value and beyond.
The global structure of the resulting spacetimes is shown in
convenient conformal diagrams.



The Vaidya-de Sitter metric
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massless particles propagate along null hypersurfaces v =
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DEC is satisfied if
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I will also assume m � 0 everywhere.
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Cases with m =const. Kottler (2): 9m2 > 1/⇤
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Vaidya-dS conformal diagram: 9µ2 < 1/⇤
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Vaidya-dS conformal diagram: 9µ2 > 1/⇤
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Observe that the (timelike) MTT and the (spacelike) AH merge at
r = 1/

p
⇤, the round MTS of maximal area.

MTT and AH become null there.
No J + !



Vaidya-dS conformal diagram (2): 9µ2 > 1/⇤
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Oppenheimer-Snyder-dS conformal diagram
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Oppenheimer-Snyder-Vaidya-dS conformal

diagram: 9µ2 > 1/⇤
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Discussion

The limit (1) is not violated in any of the models, despite
having huge total mass of the spacetime.
MTSs simply approach one with the maximum area that
ceases to be stable.
Thus, the dynamical horizon foliated by stable marginally
trapped spheres then simply ends its existence.
The cosmological horizon totally vanishes.
The global nature of event horizons is partly behind its
dematerialization in these ultra-massive spacetimes.
The main feature is the vanishing of future null infinity J +.
This absence leads to ‘frustrated event horizons’.
The conclusions are robust in spherical symmetry, as follows
from a simple analysis of initial data placed at J �

I conjecture that the conclusion still holds without spherical
symmetry.



Discussion: problematic questions arise

An important puzzling question arises: is there any Hawking
radiation?
First, there is no Event Horizon.
But even from the dynamical horizon AH, where will any such
radiation go? There is no infinity that allows the system to
radiate (lose) energy away!
How quantum gravity might resolve this puzzle is uncertain.
The results have implications on BHs mergers.
The time reversals of ultra-massive spacetimes are worth
considering (just look at the diagrams upside down).
They describe a universal big-bang singularity in the past and
expanding Universes such that mass-energy is radiated away
towards J + leaving behind either (i) a portion of de Sitter
spacetime or (ii) an expanding FLRW universe.
This may lead to several interesting speculations.

Discussion: how much mass is needed?

The mass needed to produce ultra-massive spacetimes depends
on the value of the cosmological constant ⇤
From the observed accelerated expansion of the visible
Universe

⇤ ' 1.1⇥ 10
�52m�2

,

Then, the limit (1) requires a gravitational radius 2m

2m ' 6.4⇥ 10
25 m

This translates into a total mass of about

2.2⇥ 10
22
M� ⇠ 4.32⇥ 10

52Kg.

Estimated total mass of the observable universe now is

8.8⇥ 10
52 � 1.0⇥ 10

54Kg

There is enough mass in the already observed universe to
produce such ultra-massive objects.



Thanks!
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Thank you very much for your attention



Surface stress tensor and junction 
conditions on a rotating null horizon

Beltracchi, Gondolo, Mottola PRD 105 (2022) 2, 024001

Paolo Gondolo
University of Utah / Tokyo Tech / IPMU

• Junction conditions at the common 3-dimensional boundary 
of two parts of spacetime are the gravitational analog of the 
electromagnetic boundary conditions at the interface between 
two media (for example,  ,  ).

• Junction conditions in General Relativity have a long history.  
They are well understood when the boundary is everywhere 
spacelike or everywhere timelike, but obscure points remain 
when the boundary is null or is allowed to change signature.

• In a study of rotating exotic compact objects, we needed 
junction conditions on a rotating axisymmetric null horizon. 
The prescriptions we could find in the literature did not 
produce sensible results, so we worked out the junction 
conditions on our own.

ΔE⊥ = σ/ϵ0 ΔE∥ = 0
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First junction condition:           e+
i ⋅ e+

j = e−
i ⋅ e−

j ≡ hij
(continuity of the induced metric)

Israel junction conditions

Specify the embeddings  of the common 
boundary hypersurface into each side, where  are 
spacetime coordinates and  are hypersurface 
coordinates.  Then  represent the 
same basis of vectors tangent to the boundary on 
either side. Let  be the unit normal and  the 
geodesic distance along the normal geodesic.

xμ
±(ξi)

xμ
±

ξi

eμ±
i = ∂xμ

±/∂ξi

nμ ℓ

Applicable to spacelike or timelike boundary hypersurfaces

Second junction condition:       (Σ)Tμν
± = δ(ℓ) Sij eμ±

i eν±
j

(actually a recipe to compute 
the surface stress tensor) 8πG Sij = − (n⋅n) ([Kij] − [K]hij)

[Kij] = K+
ij − K−

ij

extrinsic curvature K±
ij = − nμeν

i ∇νeμ±
j

K± = K±
ij hij

Barrabès-Israel junction conditions
For null boundary hypersurfaces

Null hypersurfaces do not have a unit normal vector.

Barrabes & Israel: replace the unit normal in Israel’s conditions with a null 
vector  along each side of the null surface satisfyingN±

N± ⋅ N± = 0, N+ ⋅ e+
i = N− ⋅ e−

i

Define an “oblique exterior curvature”  along the null surface as*ij

*±
ij = − Nμeν

i ∇νeμ±
j

The first junction condition remains the same as Israel’s.

Then the surface stress tensor  is proportional to(Σ)Tμν

Sμν = [2γ(munν) − γnμnν − γ†gμν − (n⋅n) (γμν − γgμν)]/(16π)
where  satisfies γμν 2γμνeμ

i eν
j = [*ij]



Our work

Introduce the frame , where  are spacelike and 
tangent to the horizon, and  is null and transversal to the horizon,

{ℓ, N, ∂θ, ∂ϕ} ∂θ, ∂ϕ
N

Combine the Killing vectors  into , 
which is null at the horizon and tangent to it.

K(t) = ∂t, K(ϕ) = ∂ϕ ℓ ≡ K(t) + ωK(ϕ)

ds2 = − e2νdt2 + e2ψ(dϕ − ω dt)2 + e2αdr2 + e2βdθ2

A general stationary axisymmetric metric can be written as

N ⋅ N = 0, N ⋅ ∂θ = 0, N ⋅ ∂ϕ = 0, ℓ ⋅ N = − 1

The first junction condition is the same as Israel’s.

Our work

invariant volume correct integration measure

The stress tensor density concentrated on the horizon at  isr = RH

where  is the area element of the horizon, anddA

(Σ)Ti
j (−g)1/2 d4x = +i

j δ(r − RH) dr dA dt

8πG +t
t = − ωH [,]

8πG +ϕ
t = − ωH [κ] − ω2

H [,]
8πG +t

ϕ = [,]
8πG +ϕ

ϕ = [κ] + ωH [,]
8πG +θ

θ = [κ]

Here  is the angular velocity of the horizon, and  are the 
discontinuities at the horizon of the surface gravity  
and of a new invariant quantity  proportional to 
the angular momentum density.

ωH [κ], [,]
κ = Nμℓν(∇μℓν)

, = − Nμℓν(∇μKν
(ϕ))



Our work

• We have checked that the conservation equations for the 
Komar mass and angular momentum fluxes lead to the same 
surface stress tensor .

• We have found a modification of the Israel junction conditions 
that leads to the correct null horizon limit, while the unmodified 
Israel junction conditions diverge.

• We have shown that the Barrabès-Israel prescription for 
junction conditions at null hypersurfaces leads to an incorrect 
surface stress tensor. 

• We have computed the Weyl tensor and found that it has no 
 term at the horizon: there is no impulsive 

gravitational wave at a stationary axisymmetric rotating null 
horizon.

+i
j

δ(r − RH)

Summary

• We have obtained the stress energy tensor on a rotating 
stationary axisymmetric null horizon by direct calculation, and 
expressed in invariant terms, i.e., the discontinuities of the 
surface gravity and a new angular momentum invariant of the 
geometry.

• A key step is recognizing that an integration measure must 
accompany the Dirac δ-function, and that the correct integration 
measure follows from the stress-energy tensor density.

• Our result is a major improvement on previous prescriptions for 
the surface stress tensor on a null surface, which either diverge 
or do not give the physically correct surface stress.

• Our result applies to the stationary axisymmetric case, and a 
generalization is in progress.


