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Starobinsky, JETP Lett. 55, 489 (1992)
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Leach, Sasaki, Wands, Liddle, astro-ph/0101406; 
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Matching the MS equation

• Define , then the eqn 
becomes 

• with  for both stages 

• Then we match  and  at 

ℛ = v/z

z′ ′ /z = 2/τ2

ℛ ℛ′ ϕ0

v′ ′ k + (k2 − z′ ′ 

z ) vk = 0

'ℛ (κ)
'(IR)

ℛ
= 9 (Λ − 1)2

κ6 (sin κ − κ cos κ)4 + {Λ + 3 (Λ − 1)
2κ3 [(κ2 − 1)sin 2κ + 2κ cos 2κ]}

2

(Λ ≡ A+/A−, κ ≡ k/k0)
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matching MS eqn

slow-roll

SP and J. Wang, 2209.14183

Gradient Expansion
•  does not approach constant right 

after the horizon exit, so we define 

• where   is the 
superhorizon enhancement factor. 

• Then neglecting the decaying mode 

• The peak is mainly contributed by 
superhorizon enhancement.

ℛ

αk = 1 + ,(k2) ≫ 1

ℛk(τ) = αku(τ) + βkv(τ)

'ℛ(τf) = |αk |2 'ℛ(τk)

SP and J. Wang, 2209.14183

'ℛ(τf) = |αk |2 'ℛ(τk)

|αk |2 ∝ k4 'ℛ(τk)

Leach, Sasaki, Wands, Liddle, astro-ph/0101406



Modulations
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Constant-roll Fit both IR and UV

Fit IR and max
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Induced GWs

10-14
10-13
10-12
10-11
10-10
10-9
10-8 0.01 0.10 1 10 100

Ω
G
W
h2

f /Hz

10-14
10-13
10-12
10-11
10-10
10-9
10-8 0.01 0.10 1 10 100

Ω
G
W
h2

f /Hz
0.010 0.100 1 10 100

10-11

10-8

10-5

0.01

����� ����� ����� � �� ��� ����

��-��

��-��

��-�

��-�

��-�

����

κ

P R
(τ
�)

Starobinsky Model

constant-roll

'ℛ

PBH=DM

PBH=DM

Contents

• Introduction 
• Starobinsky model revisited 
• Applications to PBH and IGW 
• Discussion



6.7 6.8 6.9 7.0 7.1 7.2 7.3
-0.20

-0.15

-0.10

-0.05

0.00

ϕ

dϕ
/d
N

V(ϕ)

ϕϕ0
• We only focus on the NG 

near the peak, which is 
generated in the USR stage. 

• It is known that for smooth 
transitions, the NG should 
be proportional to .V′ ′ /V

Non-Gaussianity

Cai et. al, 1712.09998
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• Non-Gaussianity can be 
calculated by δΝ formalism. 

• When fixing the endpoint, 
the equal-N lines are 
parallel to the USR 
trajectories, which implies 
no NG generated duration 
USR stage.

Non-Gaussianity
N = H2

0
A−

((π + 3ϕ) − (π* + 3ϕ*))
ζ = δN ≈ 3H2

0
A−

δϕ

SP and J. Wang, in preparation
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• On the other hand, the non-
Gaussianity in the constant-
roll model might be very 
large.  

• This is because USR ends 
abruptly.

Non-Gaussianity
N = − 1

3 ln(1 + 3(ϕ − ϕ0)
π )

δN = − 1
3 ln(1 + 3δϕ

π0
)

SP and J. Wang, in preparation

ϕ

π ≡ ∂φ
∂N

ϕ0

δϕ

equal-N linesPassaglia, Hu, and Motohashi, 1812.08243 

Conclusions

• The power spectrum has a maximum at , which gives an 
extra enhancement of , originating from mode mixing. 

• “Global” Starobinsky model generates too many tiny PBHs. 

• Starobinsky model and constant-roll model have characteristic 
features in induced GWs, both of which comes from the abrupt 
transition of slow-roll to ultra-slow-roll. 

• The non-Gaussianity is negligible in Starobinsky model, while 
for constant-roll model, it might be large.

π
∼ 2.61
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Distance dependence 
of auto-pulsar correlations 

in pulsar timing arrays
Oct. 24th 2022

JGRG31
C02: Hiroaki Tahara (Rikkyo University)

with Yosuke Mishima (Rikkyo University)

Pulsar timing array (PTA) & HD curve

To verify that their signal is actually (tensor) GWs:

PTAs may give the next detection of gravitational waves.

C02



[Arzoumanian+ 2020 (NANOGrav 12.5yr)]

[Arzoumanian+ 2020 (NANOGrav 12.5yr)]

Common process



[Arzoumanian+ 2020 (NANOGrav 12.5yr)]

Common process

Can we say anything from common process?

Testing modified gravity from PTAs
• Inter-pulsar correlation
• Superluminal phase speed in f(R) [Qin, Boddy, Kamionkowski (2021)]
• Massive gravity (Superluminal phase speed) [Liang, Trodden (2021)]

• Auto-pulsar correlation?
• Surfing effect [Polnarev, Baskaran (2008)]

→ Amplification of timing residuals



Surfing effect
GWʼs wave front

Photon emitted from pulsar

GWs propagation
v: phase speed

!

When ! cos % = ', 
photon stays at GWʼs wavefront.
→ Signal gets amplified.
→ We need ' ≤ !.

This effect happens if GW has (sub)luminal phase speed.

Exception) Since tensor modes are transverse,
luminal tensor GW propagation makes no effect (as in GR).

Pulsar Timing Arrays（PTAs）
• Observe timing residuals from milli-second pulsars

"

"

If pulsars emit pulses with the same period, GWs can delay them.



Timing Residuals

"

"

# "

Variation of R(t) is slower than pulse interval and we get its time derivative

$ " ≔ #̇ "

z(t) induced by GWs
• Delay of arrival time due to GWs

• z(t) induced by plane wave ℎ)*+ (#) with wavenumber %) , pol &. 

'!：null vector parallel to photon trajectory
(：4-velocity vector of observer 
)"#$, )!：positions of the observer and pulsar named A



Stochastic GWs
• Stochastic homogeneity and isotropy (unpolarized)

• From this, we get

This C have information of polarization and speed of GW.

(If A=B → auto-pulsar if A≠B → inter-pulsar)

Polarization tensors
• polarizations

basis
tensor modes

vector modes

scalar modes
(transverse)

(longitudinal)



Calculation
• After integration with respect to ', we get a integrand

• Integrating this with respect to (, we get )+(*, ,,)

• In GR (* = 1, /- = 1), we take sin. → /
. (assuming ,, → ∞).

• If /0 ≠ 0 or /1 ≠ 0, we cannot take this limit at ( = cos2/(−*).

+：phase speed of GWs（, = + .）
/!：phase change from pulsar A（/! = 0! ,）

(Dimensionless distance)

Results
• tensor or scalar transverse

• vector

• scalar longitudinal 



Tensor or Scalar transverse modes
• subluminal superluminal

GR (Black)

Vector modes
• subluminal superluminal



Scalar longitudinal mode
• subluminal superluminal

We study two easy cases:
• Massless dof (e.g. tensor dof in ST theory)
• ! " 1 = $21 "1 (massless, not always luminal)
• → % = $2 (constant phase speed)

• Massive dof (e.g. Massive gravity)
• ! " 1 ≈ "1 +(1 (not exact but approximately correct)
• → % = % " = "1 +(1/" (superluminal phase speed)

• In both cases, we assume one polarization mode dominates.
Although our setup is too simple and unrealistic, 
we can immediately apply it to more realistic models.



IPTA second data release

At 10%& − 10%' Hz, uncertainty is factor of 10 ≈ 3 within 2σ level.

∝ 9(

[Antoniadis+ 2022]

(1/10yr)

Pulsar distances [Antoniadis+ 2022]
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Pulsar distance: 0.28 kpc ‒ 2.4 kpc



Massless case (subluminal phase speed)
Longitudinal mode Vector mode

Tensor or transverse mode
Vertical : 9(
Horizontal : : yr%)
+ = 1 − 10%*

Surfing effect give difference seen in these plots.
Pure SL modes contradicts the current observations.
Other mods contradicts when + < 1 − 10%*.

Massive case (! " = "! +%!/")
Scalar longitudinal mode Scalar longitudinal mode

>
2@ = 10+ yr %)>

2@ = 10* yr %)

Smaller m gives larger distance dependence. 
If m < 2@ ⋅ 10%+yr%), pure SL mode contradicts the current observations.

pure vector modes contradicts if uncertainty is constrained up to ~10%.
pure tensor or ST modes contradicts if uncertainty is constrained up to ~0.25％.

Vertical : 9(
Horizontal : : yr%)



Summary
• We focused on distance dependence of auto-pulsar correlation.

• Inter-pulsar correlation has been well studied in many literatures.
• We proposed a possibility to check consistency by using auto-corr.

• The PTAs have reported common process in autocorrelation.
• at frequency band 10^-9 Hz ~10^-8 Hz
• pulsar at a distance 0.28-2.4 kpc
• uncertainty of the order of 3
This current constraint suggests:
→ If SL mode dominates, ! ≥ 1 or $ > 2' ⋅ 10!"yr!#.
→ If other mode dominates, !＞1 − 10!$.

Although our setup is too simple, we can immediately apply it to more realistic models.
In future, PTAs would find (1)farther pulsars and observe (2)longer period, which give more stringent constraint.
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Deep learning for 
intermittent gravitational wave signals

Takahiro S. Yamamoto (Nagoya U.) 
w/ Sachiko Kuroyanagi (IFT UAM-CSIC, Nagoya U.), Guo-Chin Liu (Tamkang U.)

01/18

arXiv: 2208.13156

https://www.ligo.caltech.edu/gallery

GW astronomy
We have detected 91 compact binaries.

02/18
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https://spaceaustralia.com/news/cosmic-lighthouses-and-continuous-gravitational-waves  credit: Shanika Galaudage

Various types of GWs 03/18

๏SGWB have no deterministic waveforms. 
๏Sources 
• Quantum fluctuations in inflation era              
(“primordial SGWB”) 

• phase transition in early Universe 
• Ensembles of (merging) compact binaries      
(“astrophysical SGWB”) 

• Cosmic strings

(SGWB)
Stochastic GW background

Our target

04/18



Continuous or intermittent
Astrophysical SGWB

intersects a PI curve, then it has SNR ≥ 1 for the corre-
sponding observing run.
Although the stochastic background is dominated by

unresolvable sources, the energy-density spectra in Fig. 1
include contributions from the loudest, individually detect-
able events. Simulations of the astrophysical background
given the inferred rate and mass distribution indicate that
removing sources that are individually detectable by the
LIGO-Virgo network with a combined SNR > 12 has a
very small impact on the results. The detectable sources
have an even smaller effect than shown by the analysis in
[20], which considered only the population of loud, high-
mass sources. This highlights the fact that the spectrum is
dominated by low-mass systems, which are less likely to be
detected individually.
Different assumptions are possible on the various dis-

tributions that enter the calculation of ΩGW [Eq. (2)], such
as star formation rate, metallicity evolution, and delay
times. However, we have verified that variations on our
assumptions are contained within the Poisson band shown
in Fig. 1, consistent with the detailed study in [20].
Additionally, if some of the observed BBH systems were
of primordial (rather than stellar) origin, with a different
redshift distribution, their contribution to the stochastic
background spectrum could be weaker [46–48].
The right-hand panel of Fig. 1 shows the expected

accumulated SNR as a function of total observation time,
updated from [20]. For O1, which lasted approximately
4 months, we use the actual instrumental sensitivities of the
two LIGO detectors (Virgo was not yet operating at that
time) [21]. The second observing run (O2) was recently
completed and ran for approximately 9 months. For this run
we used typical sensitivities of 100 Mpc for Livingston and
60 Mpc for Hanford, assuming a duty cycle of 50%. We do
not include Virgo as it does not contribute significantly to
the sensitivity of stochastic searches in O2 due to the lower
range and one-month integration time. For the next planned
observing run (O3), and the following stages of sensitivity
improvements, we include Virgo and assume a 50% duty
cycle for each detector. Following [44], we assume O3 will
be 12 months long (2017–2018). We define the “near

design” phase (2019+) to be a 12-month run where Hanford
and Livingston operate at design sensitivity and Virgo at
late sensitivity. Lastly, we assume that the “design” phase
(2022+) will be 24 months and will have Hanford,
Livingston, and Virgo operating at design sensitivity.
These assumptions are broadly consistent with [44],
although we make specific assumptions about the duration
of each observing run for concreteness.
The median total background from a combined BBH and

BNS background may be identified with SNR ¼ 3, corre-
sponding to false alarm probability < 3 × 10−3, after
approximately 40 months of observing. In the most
optimistic scenario allowed by statistical uncertainties,
the total background could be identified after 18 months
or as early as O3. The most pessimistic case considered
here is out of reach of the advanced detector network but is
in the scope of third-generation detectors [49].
Although the BNS and BBH backgrounds have similar

energy densities, they have extremely different statistical
properties. To illustrate this, we plot a simulated strain time
series in Fig. 2 and show an example BNS (red) and BBH
(green) background. The BNS events create an approx-
imately continuous background consisting of a superposi-
tion of overlapping sources, since the duration of the

TABLE I. Estimates of the background energy density ΩGWðfÞ
at 25 Hz for each of the BNS, BBH, and total background
contributions, along with the 90% Poisson error bounds. We also
show the average time τ between events as seen by a detector in
the frequency band above 10 Hz, and the number of overlapping
sources at a given time λ. We quote the number given the median
rate and associated Poisson error bounds.

ΩGWð25 HzÞ τ [s] λ

BNS 0.7þ1.5
−0.6 × 10−9 13þ49

−9 15þ30
−12

BBH 1.1þ1.2
−0.7 × 10−9 223þ352

−115 0.06þ0.06
−0.04

Total 1.8þ2.7
−1.3 × 10−9 1244−8 15þ31

−12

FIG. 2. We present a simulated time series of duration 104 s
illustrating the character of the BBH and BNS signals in the time
domain. In red we show a simulated BNS background corre-
sponding to the median rate as shown in Fig. 1, and in green we
display the median BBH background. We do not show any
detector noise, and do not remove some loud and close events that
would be detected individually. The region in the black box, from
1800 to 2600 s, is shown in greater detail in the inset. The BNS
time series is continuous as it consists of a superposition of
overlapping signals. On the other hand the BBH background (in
green) is popcornlike, and the signals do not overlap. Remark-
ably, even though the backgrounds have very different structure
in the time domain, the energy in both backgrounds is comparable
below 100 Hz, as seen in Fig. 1.

PHYSICAL REVIEW LETTERS 120, 091101 (2018)

091101-4

LIGO/Virgo, PRL120, 091101 (2018)

Ensemble of BBH signals 
is considered to emerge as 
stochastic background. 

Ensembles of BBH signals have 
intermittency. (Rarely overlapped) 

Considering the intermittency is expected 
to improve the detection efficiency.

05/18

Measuring non-Gaussianity
Duty cycle

 : bursts overlap -> Gaussian SGWB
 : non-Gaussian

ξ ≳ 1
ξ → 0

Revent :event rate, Tdur :burst duration

ξ ∼ ReventTdur

Duty cycle

Duty cycle provides us with the merger rate. 

→ useful for distinguishing the SGWB source

intersects a PI curve, then it has SNR ≥ 1 for the corre-
sponding observing run.
Although the stochastic background is dominated by

unresolvable sources, the energy-density spectra in Fig. 1
include contributions from the loudest, individually detect-
able events. Simulations of the astrophysical background
given the inferred rate and mass distribution indicate that
removing sources that are individually detectable by the
LIGO-Virgo network with a combined SNR > 12 has a
very small impact on the results. The detectable sources
have an even smaller effect than shown by the analysis in
[20], which considered only the population of loud, high-
mass sources. This highlights the fact that the spectrum is
dominated by low-mass systems, which are less likely to be
detected individually.
Different assumptions are possible on the various dis-

tributions that enter the calculation of ΩGW [Eq. (2)], such
as star formation rate, metallicity evolution, and delay
times. However, we have verified that variations on our
assumptions are contained within the Poisson band shown
in Fig. 1, consistent with the detailed study in [20].
Additionally, if some of the observed BBH systems were
of primordial (rather than stellar) origin, with a different
redshift distribution, their contribution to the stochastic
background spectrum could be weaker [46–48].
The right-hand panel of Fig. 1 shows the expected

accumulated SNR as a function of total observation time,
updated from [20]. For O1, which lasted approximately
4 months, we use the actual instrumental sensitivities of the
two LIGO detectors (Virgo was not yet operating at that
time) [21]. The second observing run (O2) was recently
completed and ran for approximately 9 months. For this run
we used typical sensitivities of 100 Mpc for Livingston and
60 Mpc for Hanford, assuming a duty cycle of 50%. We do
not include Virgo as it does not contribute significantly to
the sensitivity of stochastic searches in O2 due to the lower
range and one-month integration time. For the next planned
observing run (O3), and the following stages of sensitivity
improvements, we include Virgo and assume a 50% duty
cycle for each detector. Following [44], we assume O3 will
be 12 months long (2017–2018). We define the “near

design” phase (2019+) to be a 12-month run where Hanford
and Livingston operate at design sensitivity and Virgo at
late sensitivity. Lastly, we assume that the “design” phase
(2022+) will be 24 months and will have Hanford,
Livingston, and Virgo operating at design sensitivity.
These assumptions are broadly consistent with [44],
although we make specific assumptions about the duration
of each observing run for concreteness.
The median total background from a combined BBH and

BNS background may be identified with SNR ¼ 3, corre-
sponding to false alarm probability < 3 × 10−3, after
approximately 40 months of observing. In the most
optimistic scenario allowed by statistical uncertainties,
the total background could be identified after 18 months
or as early as O3. The most pessimistic case considered
here is out of reach of the advanced detector network but is
in the scope of third-generation detectors [49].
Although the BNS and BBH backgrounds have similar

energy densities, they have extremely different statistical
properties. To illustrate this, we plot a simulated strain time
series in Fig. 2 and show an example BNS (red) and BBH
(green) background. The BNS events create an approx-
imately continuous background consisting of a superposi-
tion of overlapping sources, since the duration of the

TABLE I. Estimates of the background energy density ΩGWðfÞ
at 25 Hz for each of the BNS, BBH, and total background
contributions, along with the 90% Poisson error bounds. We also
show the average time τ between events as seen by a detector in
the frequency band above 10 Hz, and the number of overlapping
sources at a given time λ. We quote the number given the median
rate and associated Poisson error bounds.

ΩGWð25 HzÞ τ [s] λ

BNS 0.7þ1.5
−0.6 × 10−9 13þ49

−9 15þ30
−12

BBH 1.1þ1.2
−0.7 × 10−9 223þ352

−115 0.06þ0.06
−0.04

Total 1.8þ2.7
−1.3 × 10−9 1244−8 15þ31

−12

FIG. 2. We present a simulated time series of duration 104 s
illustrating the character of the BBH and BNS signals in the time
domain. In red we show a simulated BNS background corre-
sponding to the median rate as shown in Fig. 1, and in green we
display the median BBH background. We do not show any
detector noise, and do not remove some loud and close events that
would be detected individually. The region in the black box, from
1800 to 2600 s, is shown in greater detail in the inset. The BNS
time series is continuous as it consists of a superposition of
overlapping signals. On the other hand the BBH background (in
green) is popcornlike, and the signals do not overlap. Remark-
ably, even though the backgrounds have very different structure
in the time domain, the energy in both backgrounds is comparable
below 100 Hz, as seen in Fig. 1.

PHYSICAL REVIEW LETTERS 120, 091101 (2018)

091101-4

BBH , BNS ξ ≃ 0.06 ξ ≃ 15

LIGO/Virgo, PRL120, 091101 (2018)
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•Final goal 
• To infer the population of compact binaries from non-
Gaussian SGWB, we develop deep learning methods that 
is computationally efficient. 

•This work’s motivation 
• Check the detection efficiency of the deep learning 
method by using a toy model. 

• Study whether deep learning can estimate duty cycle.

07/18

Noise model
Toy model of SGWB

Drasco & Flanagan, PRD67, 082003 (2003)

• Co-aligning and co-locating two detectors 

• White, Gaussian, and stationary detector noise 
• Noise model

p(nk
i |σ2

i ) = 1

2πσ2
i

exp [− (nk
i )2

2σ2
i ]

hk
i = sk + nk

i

(in this work σ1 = σ2 = 1)

k: index of time bin, i = 1,2: detector
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Signal model
Toy model of SGWB

Drasco & Flanagan, PRD67, 082003 (2003)

• A burst is modeled by a peak at one time bin 
• Signal model

p(sk |ξ, α2) = ξ
1

2πα2
exp [− (sk)2

2α2 ] + (1 − ξ)δ(sk)

ξ ∈ [0,1] :duty cycle, ( ξ → 1 : Gaussian)
α2 : amplitude variance of each burst

2

FIG. 1: Example of ensemble of gravitational wave bursts.
We see four bursts at the time 5, 9, 13, and 18. Each burst is
represented by a single peak.

II. SIGNAL MODEL

In this work, we use the result achieved by Drasco &
Flanagan [4] as a reference. They adopted various as-
sumptions for the signals, the detectors, and noise prop-
erties. First, they assume two detectors that are co-
located and aligned. Because of this approximation, the
observed astrophysical signals, if they exist, have identi-
cal waveforms. Second, the detector noises are station-
ary, Gaussian, and statistically independent. In [4], the
white noise is assumed, and the variances are set to be
equal for two detectors. Finally, each astrophysical burst
is represented by a sharp peak that has support only on a
discretized time grid. Suppose the duration of the burst
is shorter than the time resolution of the detector. If
the event rate of bursts is not much high, gravitational
wave bursts can be assumed not to overlap each other. In
that case, the observed value at the burst arrival time is
the averaged amplitude throughout the neighboring time
grids.

A strain data obtained by each detector is denoted
by h

k
i , where i = 1, 2 discriminates detectors, and k =

1, 2, · · · , N is a time index. We use s
k to denote the

signal. Including detector noise data which is denoted
by n

k
i , we can express the strain data of the i-th detector

as

h
k
i = s

k + n
k
i . (2.1)

The detector noise is generated from Gaussian distribu-

tion, that is,

p(nk
i ) = N (nk

i ; 0, �i) . (2.2)

N (x; µ, �) is a one-dimensional Gaussian distribution
with a mean µ and a standard deviation �, i.e.,

N (x; µ, �) =
1p

2⇡�2
exp


� (x � µ)2

2�2

�
. (2.3)

Due to the assumption of stationarity and white, the vari-
ance � is constant in time. Because we also assume that
the noise of two detectors have the same variance, we set

�1 = �2 = 1 , (2.4)

throughout this paper. An ensemble of bursts models
a non-Gaussian stochastic background signal. The du-
ration of each burst is supposed to be shorter than the
sampling time width. Then, the strain value at the time
when the burst arrives is determined by the burst’s power
averaged over the time interval between the sampled time
step. We assume that the interval of bursts is much
longer than the burst duration. Then, the probability
density function of the strain value at time k can be mod-
eled by

p(sk) = ⇠N (sk; 0, ↵) + (1 � ⇠)�(sk) . (2.5)

⇠ is called the (astrophysical) duty cycle and shows how
frequently bursts occur. ⇠ takes values in the range 0 
⇠  1. The case of ⇠ = 1 is equivalent to Gaussian
stochastic gravitational waves. On the other hand, it is
reduced to the absence of the signal for ⇠ = 0. A signal
exhibits non-Gaussianity as ⇠ decreases. Figure. 1 shows
an example of signals with the signal model (2.5).

III. NON-GAUSSIAN STATISTIC

The likelihood ratio between the null hypothesis and
the alternative hypothesis can be used as a detection
statistic. Under the assumption of the noise model
Eq. (2.2) and the signal model Eq. (2.5), the likelihood
ratio can be reduced to

⇤NG

ML
= max

0<⇠1

max
↵2>0

max
�2
1�0

max
�2
2�0

�
NG

ML
(↵2

, ⇠, �
2

1
, �

2

2
) , (3.1)

where

�
NG
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(↵2

, ⇠, �
2

1
, �

2

2
) :=

NY

k=1

(
�̄1�̄2⇠p

�
2
1
�

2
2

+ �
2
1
↵2 + �

2
2
↵2

exp


(hk

1
/�

2
1

+ h
k
2
/�

2
2
)2↵2

2(↵2/�
2
1
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2
2
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1
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2
1
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+ 1
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, (3.2)

k

sk
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Duty cycle

non-Gaussianity

Examples of toy model
SNR ρ :=

ξα2 N
σ1σ2

= 100

ξ = 0.001 ξ = 0.01 ξ = 0.1 ξ = 1.0

(N = 10000 , σ1 = σ2 = 1)
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as a reference
Maximum likelihood statistic

2

FIG. 1: Example of ensemble of gravitational wave bursts.
We see four bursts at the time 5, 9, 13, and 18. Each burst is
represented by a single peak.

II. SIGNAL MODEL

In this work, we use the result achieved by Drasco &
Flanagan [4] as a reference. They adopted various as-
sumptions for the signals, the detectors, and noise prop-
erties. First, they assume two detectors that are co-
located and aligned. Because of this approximation, the
observed astrophysical signals, if they exist, have identi-
cal waveforms. Second, the detector noises are station-
ary, Gaussian, and statistically independent. In [4], the
white noise is assumed, and the variances are set to be
equal for two detectors. Finally, each astrophysical burst
is represented by a sharp peak that has support only on a
discretized time grid. Suppose the duration of the burst
is shorter than the time resolution of the detector. If
the event rate of bursts is not much high, gravitational
wave bursts can be assumed not to overlap each other. In
that case, the observed value at the burst arrival time is
the averaged amplitude throughout the neighboring time
grids.

A strain data obtained by each detector is denoted
by h

k
i , where i = 1, 2 discriminates detectors, and k =

1, 2, · · · , N is a time index. We use s
k to denote the

signal. Including detector noise data which is denoted
by n

k
i , we can express the strain data of the i-th detector

as

h
k
i = s

k + n
k
i . (2.1)

The detector noise is generated from Gaussian distribu-

tion, that is,

p(nk
i ) = N (nk

i ; 0, �i) . (2.2)

N (x; µ, �) is a one-dimensional Gaussian distribution
with a mean µ and a standard deviation �, i.e.,

N (x; µ, �) =
1p

2⇡�2
exp


� (x � µ)2

2�2

�
. (2.3)

Due to the assumption of stationarity and white, the vari-
ance � is constant in time. Because we also assume that
the noise of two detectors have the same variance, we set

�1 = �2 = 1 , (2.4)

throughout this paper. An ensemble of bursts models
a non-Gaussian stochastic background signal. The du-
ration of each burst is supposed to be shorter than the
sampling time width. Then, the strain value at the time
when the burst arrives is determined by the burst’s power
averaged over the time interval between the sampled time
step. We assume that the interval of bursts is much
longer than the burst duration. Then, the probability
density function of the strain value at time k can be mod-
eled by

p(sk) = ⇠N (sk; 0, ↵) + (1 � ⇠)�(sk) . (2.5)

⇠ is called the (astrophysical) duty cycle and shows how
frequently bursts occur. ⇠ takes values in the range 0 
⇠  1. The case of ⇠ = 1 is equivalent to Gaussian
stochastic gravitational waves. On the other hand, it is
reduced to the absence of the signal for ⇠ = 0. A signal
exhibits non-Gaussianity as ⇠ decreases. Figure. 1 shows
an example of signals with the signal model (2.5).

III. NON-GAUSSIAN STATISTIC

The likelihood ratio between the null hypothesis and
the alternative hypothesis can be used as a detection
statistic. Under the assumption of the noise model
Eq. (2.2) and the signal model Eq. (2.5), the likelihood
ratio can be reduced to

⇤NG
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= max

0<⇠1
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1�0
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FIG. 2: Minimum detectable SNR as a function of ⇠. Both
of false alarm probability and false dismissal probability are
set to be 0.1. Error bars are obtained by four independent
runs. The injected signal has the length of N = 104, and the
detector’s noise variances are �2

1 = �2
2 = 1. Note that the

definition of ⇢detectable is di↵erent from that of ⌦detectable in
Fig.1 of [4].

and

�̄
2

i :=
1

N

NX

k=1

(hk
i )2 . (3.3)

We demonstrated the injection test to show the prop-
erties of Eq. (3.1). The injected strain have the length
N = 104. To characterize the strength of the signal, the
signal-to-noise ratio (SNR) is defined by

⇢ :=
⇠↵

2
p

N

�1�2

. (3.4)

This can be obtained by using the noise model Eq (2.2)
and the signal model Eq. (2.5).

First, the detection of the non-Gaussian signal is car-
ried out. Once we specify the false alarm probability, the
threshold value of the detection statistic can be evaluated
by the fraction of false positive events to the total test
events, i.e.,

FAP =
N(�⇤ < �)

Nnoise

, (3.5)

where Nnoise is the number of the simulated noise data,
where � is the detection statistic, �⇤ is the threshold
value on �, and N(�⇤ < �) is the number of events that
the detection statistic exceeds the threshold. The de-
tection threshold �⇤ is evaluated by inverting Eq. (3.5).
After obtaining �⇤, we simulate the detection process for
the data in which the signal is injected. The estimated
value of the false dismissal probability is the fraction of
the dismissed events to the total simulated events. We
use 2,000 simulated noise data to determine the detection

threshold. For determining the false dismissal probabil-
ity as a function of ⇢, we prepare a set of 2,000 simulated
signal data for each sampled value of ⇢. From the re-
lation between ⇢ and the false dismissal probability, we
obtain the SNR ⇢90% that the signal is detectable with
a detection probability of 90% and with the fixed false
alarm probability. We repeat the above process with var-
ious values of ⇠ and obtain the minimum detectable SNR
as a function of ⇠. To evaluate the statistical fluctuation
due to the randomness of the signal and the noise, we
independently carried out the whole process four times.

The maximization of �
NG

ML
shown in Eq. (3.1) requires

to explorer �1 and �2. Here, for simplicity, we substi-
tute the injected value �1 = �2 = 1 into �

NG

ML
instead of

maximizing over �1 and �2. A cross-correlation statis-
tic, denoted by ⇤CC, is introduced as a competitor of the
non-Gaussian statistic. Assuming that the Gaussian sig-
nal model (⇠ = 1), we define the cross-correlation statistic
by

⇤CC(h) :=
↵̂

2

�̄1�̄2

, (3.6)

where

↵̂
2 := ↵̄

2⇥(↵̄2) , ↵̄
2 :=

1

N

NX

k=1

h
k
1
h

k
2
, (3.7)

and ⇥(x) is the Heaviside step function defined by

⇥(x) =

(
1 if x � 0

0 if x < 0 .
(3.8)

Figure. 2 shows the minimum detectable SNR for each
detection method. For ⇠ > 0.1, their performances
are comparable. This can be interpreted as the non-
Gaussianity of the signal is not much strong. There-
fore, taking into account non-Gaussianity does not give
a significant advantage. Therefore, both estimators show
comparable detection performances. On the other hand,
for ⇠ < 0.1, the non-Gaussian statistic outperforms the
cross-correlation statistic. It is reasonable because the
non-Gaussian statistic uses the same signal model as the
one we used for simulating strain data. Therefore, the
non-Gaussian statistic can capture the non-Gaussianity
of the injected signal.

Next, parameter estimation is carried out. Figure. 3
shows an example of contour plot of the logarithm of �

NG

ML
.

We injected a stochastic signal with ⇠ = 0.3 and ⇢ = 60.
Figure. 3 shows the contour of �

NG

ML
. It is clearly seen that

the duty cycle ⇠ and the amplitude variance ↵
2 of each

burst degenerate. We draw three lines corresponding to
di↵erent SNRs, ⇢ =30, 60, and 90. From these lines, it
is found that the contours are elongated to the direction
of the equal SNR. Therefore, we expect that the non-
Gaussian statistic is sensitive to the di↵erence of SNR.
We expect that neural networks can extract information
being di↵erent from the SNR.

<latexit sha1_base64="JlhXJGg9vhNKlxqyS7Coc/3NrXE="></latexit>

⇤NG
ML := max

0<⇠1
max
↵2�0

max
�2
1�0

max
�2
2�0

�NG
ML(↵

2, ⇠,�2
1 ,�

2
2)

Drasco & Flanagan, PRD67, 082003 (2003)

・approximated version of likelihood ratio 
・parameter search required 
(in this work, grid search is carried out)
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Maximum likelihood vs deep learning
Setup for comparison
• # of data points in a strain = 10000 
• False alarm probability = 5% 
• Using 500 noise data, we determine the threshold for detection 
statistics 

• Estimate a signal SNR that is detectable with 90% efficiency 
• Maximum likelihood is calculated by the grid search on four 
dimensional parameter space ( ).       　　                    
# of grid points ~ 106.   

• SNR  (N: data length)

ξ, α2, σ2
1 , σ2

2

ρ :=
ξα2 N

σ1σ2
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Structure, data generation
Setup of neural network
• Three networks with different structures 

• Shallower CNN, deeper CNN, residual net 

• # of tunable params: shallower CNN << deeper CNN ~ residual net 

• Predict the probability that a GW signal exists in strain. 
• Training data are randomly generated at each iteration 
step. 

• Implemented with PyTorch 
• GPU Quadro GV100 (some part of calculation is done by 
GTX1080Ti at Kyoto)

Paszke et al. 1912.01703
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Results: detection

(* Variance is estimated by 4 different runs) 
(** White is the region that we used for training. 

・Residual network shows comparable performance to the 
maximum likelihood statistic. 
・CNNs also work for low duty cycle, .log10 ξ ≲ − 2

{Deep learning

14/18



Result: computational speed

NN: GPU Quadro GV100 
ML: CPU Intel(R) Xeon(R) CPU E5-1620 v4 @ 3.50GHz 
Based on elapsed time to process 500 data Speed up by O(105) 

8

FIG. 4. Minimum detectable SNR with 90% detection probability for the non-Gaussian statistic, two convolutional neural
networks (shallower and deeper), and the residual network. The false alarm rate is set at 5%. The black squares are the non-
Gaussian statistic, the blue squares are the shallower CNN, the orange circles are the deeper CNN, and the green circles are
the residual network. For visibility, the dots are slightly shifted in the horizontal direction. The error bar shows the standard
deviation of ⇢90% evaluated by four independent runs. The shaded area is the parameter region not used for training.

Figure 4 summarises the results, showing the mini-
mum detectable SNRs for the four methods, i.e., the non-
Gaussian statistic based on DF03, the shallower CNN,
the deeper CNN, and the residual network. For the
range of �3.0  log10 ⇠  �2.0, all deep learning meth-
ods show a comparable performance to the non-Gaussian
statistic. For �1.75 < log10 ⇠, we see that the residual
network performs as well as the non-Gaussian statistic,
while the performance of the shallower and deeper CNNs
gets worse. The deviation between the residual network
and the deeper CNN, which have almost the same num-
ber of tunable parameters, clearly shows the advantage
of using the residual blocks.

C. Computational time

At the end of this section, we list the computational
times of the neural networks and the non-Gaussian statis-
tic. The computational time of the non-Gaussian statis-
tic is defined by the time to carry out the grid search for
500 test data. For the neural networks, we measure the
time that the trained models spend analyzing 500 test
data. We use CPU Intel(R) Xeon(R) CPU E5-1620 v4
@ 3.50GHz (224 GFLOPS) for the non-Gaussian statis-
tic and GPU Quadro GV100 (16.6 TFLOPS in single
precision) for the neural networks. Table. IV shows the
comparison of the computational time and the ratio with
respect to the non-Gaussian statistic. Note that here
we performed a simple grid search to find the maximum
value of the non-Gaussian statistics, but the computa-
tional time could be improved by applying a fast grid

TABLE IV. Computational times of di↵erent methods for the
detection problem.

method time [sec] ratio

non-Gaussian statistic 1.13⇥ 104 1

shallower CNN 2.54⇥ 10�2 2.25⇥ 10�6

deeper CNN 7.96⇥ 10�2 7.04⇥ 10�6

residual network 7.66⇥ 10�2 6.78⇥ 10�6

search algorithm. Even considering this point and the
di↵erence in the computational power between the CPU
and the GPU, deep learning shows a clear advantage in
computational time. This can be fruitful when we apply
deep learning for longer strain data that is reasonably
expected for a realistic situation.

V. ESTIMATING DUTY CYCLE

In this section, we demonstrate neural network applica-
tions for parameter estimation. We take two approaches.
First, the neural network is trained to output the esti-
mated values of the duty cycle and the SNR. In the sec-
ond approach, we treat parameter estimation as a classifi-
cation problem by dividing the range of duty cycle values
into four classes. The first method is more straightfor-
ward and can directly give the value of ⇠, while we show
that the estimation gets biased when the duty cycle is
relatively small (⇠ . 10�3). The second approach can
predict only the rough range of ⇠, but it shows reason-
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Results: parameter estimation

 δQ = 1
N

N

∑
n=1

(Qpred
n − Qtrue

n )

σ[δQ] = 1
N

N

∑
n=1

(Qpred
n − Qtrue

n )2

・Residual network trained on 
　  
・ResNet can recover the duty cycle 
　and SNR.

log10 ξ ∼ U[−2,0], ρ ∼ U[1,60]

10

TABLE IV: Averages and standard deviations of errors in
log10 ⇠ and ⇢.

� log10 ⇠ �[� log10 ⇠] �⇢ �[�⇢]

�1.29⇥ 10�5 0.11 �8.90⇥ 10�2 2.97

FIG. 8: SNR dependence of errors in the duty cycle and
SNR. We show the error in log10 ⇠ and the relative error in ⇢.
Each dot shows the averages, and the error bar is placed by
the standard deviation of the (relative) errors. The vertical
dashed line indicates the upper limit of SNRs that is used for
training.

log10 ⇠, the prediction seems not to be biased. The er-
ror variance decreases as the SNR increases. The neural
network succeeded in extracting the duty cycle. For ⇢,
as well as the duty cycle, the error variance decreases as
the SNR increases. The bias seems su�ciently small up
to ⇢ . 55. For ⇢ & 60, the predictions are biased so that
the predicted values are systematically smaller than the
target values. This can be understood as follows. We set
the range of SNR to ⇢ 2 [1, 60] in training. The neural
network learns that the SNR of any data will not exceed
the upper limit of training SNR. So, even for the data
with SNR larger than 60, the neural network cannot re-
turn the correct prediction. As a result, the predictions
get biased for ⇢ & 60. Although such a bias appears in
high SNR signals, we can trust the neural network pre-
diction for mild SNR region.

To close this section, we mention the case of a lower
duty cycle in the second approach. We try the same setup
while the range of duty cycle is enlarged as log10 ⇠ 2
[�4, 0]. Figure. 9 shows the scatter plot of the injected
parameters. The color indicates the errors in ⇢. The
darker the color is, the larger the absolute value of the
error is. The absolute error in ⇢ becomes significant in
low duty cycle region, say, log10 ⇠ . �2.

FIG. 9: Distribution of true values of log10 ⇠ and ⇢. The colors
show the errors in ⇢. For log10 ⇠ . �2.5, the absolute values
of the errors tend to increase.

B. Second approach: Classification problem

In the second approach, we divide the range of duty
cycle values into four categories and assign the class index
as the following

class index =

8
>>><

>>>:

1 (�1  log10 ⇠ < 0)

2 (�2  log10 ⇠ < �1)

3 (�3  log10 ⇠ < �2)

4 (�4  log10 ⇠ < �3) .

(6.4)

Again, we use the residual network with the struc-
ture shown in Table. III and Fig. 4, but the last fully-
connected layer and the soft-max layer are modified to
have four-dimensional outputs. The training procedure
is as follows. The weight update is repeated for 105 times.
We employ the same normalization scheme in the same
way as as the detection problem (see Eq. (5.5)). The
duty cycle is sampled from the log uniform distribution
⇠ 2 [10�4, 100], and the SNR is sampled from the uni-
form distribution ⇢ 2 [1, 60]. The batch size is 512, and
the update algorithm is Adam with the learning rate of
10�5.

The trained neural network is tested by four datasets
consisting of 512 data corresponding to the di↵erent
classes. As well as the training data, SNRs are uniformly
sampled from the range [1, 60] for all test datasets.

Figure. 10 presents the confusion matrix of the classi-
fication by the residual network. We find that 93.1% of
test data are successfully classified to the correct class in
average.

Now, we further study the misclassified data. Fig-
ure. 11 shows the scatter plot of misclassified data on
(log10 ⇠, ⇢) plane. It clearly shows that the misclassi-
fied data have the duty cycles located in the marginal
region of the neighboring classes. Figure. 12 shows the
histogram of the maximum values of pi. If the neural
network predicts the class with high confidence, the pre-
dicted probability for one class is much close to unity,
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• Non-Gaussianity is one of the keys to determine the 
source of SGWB. 

• We try to apply deep learning for search of non-
Gaussian SGWB. In this work, we demonstrate it with a 
toy model that is originally proposed by Drasco & 
Flanagan (2003). 

• The residual network performs comparable to the 
maximum likelihood statistic. 

• NN can well recover the duty cycle. 
• The computational time is reduced by O(105-6).

Conclusion 17/18

• Taking into account various factors: 
• Considering the waveform of BBH 

• Simultaneously detect Gaussian and non-Gaussian 
background 

• Detector’s geometrical information 

• Realistic noise properties (glitch noise, non-stationarity) 

• Preprocess the strain data 
• 1yr data is too long to analyze without preprocessing it.

Future work

c.f. Biscoveanu et al. 2020
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3. SGWB phenomenology (tensor, off-lightcone, etc.)
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Accessed 031022
https://www.ligo-india.in/wp-content/uploads/2016/02/gw-spectrum-1024x450-1.png

Gravitational Waves

• Spacetime distortions/perturbations

𝑑𝑠2 = −𝑑𝑡2 + 𝛿𝑎𝑏 + 𝒉𝒂𝒃 𝑑𝑥𝑎𝑑𝑥𝑏

• Wave properties:
Carry energy, momentum, 𝑣 ∼ 1 @ 101−3 Hz

• Tells about its sources

e.g., BBH/BNS (LVK), IMRI/EMRI (LISA/TianQin)

• Challenge:
𝒉𝒂𝒃 ∼ 𝑮𝐍 → 𝐆𝐖 𝐬𝐭𝐫𝐚𝐢𝐧𝐬: 𝒉 ≪ 𝟏

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 4



Stochastic 
Gravitational Wave 
Background

• Results from many GWs from 
various sources;

• Sources tied to early cosmos.

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 5

6

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022

• Neutron Star:

𝑀 ∼ 100−1 𝑀⊙, 𝐷 ∼ 100−1 km

• Pulsar = NS + magnetic field

• Millisecond pulsar
- spins at ∼100x per sec

Accessed 031022
https://scx1.b-cdn.net/csz/news/800a/2016/millisecondp.jpg

Galactic lighthouses
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Accessed 031022
https://www.mpifr-bonn.mpg.de/6794804/original-
1641977112.jpg?t=eyJ3aWR0aCI6ODQ4LCJmaWxlX2V4dGVuc2lvbiI6ImpwZyIsIm
9ial9pZCI6Njc5NDgwNH0%3D--053bbbcc9675fa5b671035699dcd54a75f636fe9

Pulsar Timing

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022



Gravitational Wave 
Polarizations

ℎ𝑖𝑗 𝜂, Ԧ𝑥 =
𝐴

න𝑑𝑓න𝑑𝑘 ෨ℎ𝐴 𝑓, 𝑘 𝜺𝒊𝒋𝑨 𝑒−2𝜋𝑖𝑓 𝜂−𝑣𝑘⋅ Ԧ𝑥

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 9

Accessed 30 June 2022: https://i.stack.imgur.com/IW50W.png

polarization basis tensor
velocity

GW amplitude

Accessed 30 June 2022:
https://www.ligo.org/science/GW-Overview/images/GWvisual_tn.jpg

GW Polarizations: Beyond Einstein

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 10

Accessed 30 June 2022:
https://www.ligo.org/science/Publication-GW170814/images/figure5.png NANOGrav: arXiv:2109.14706



The ORF of Isotropic SGWB: technical

• Overlap Reduction Function (ORF) 𝛾𝑎𝑏 is given by:

𝛾𝑎𝑏 𝜁 =
𝑙

2𝑙 + 1
4𝜋

𝐶𝑙𝑃𝑙 cos 𝜁

𝐶𝑙𝐴 =
𝐽𝑙𝐴 𝑓𝐷𝑎 𝐽𝑙𝐴∗ 𝑓𝐷𝑏

𝜋
• Polarization 𝐴 = tensor, vector, scalar (2208.12538, RCB, KWN)

𝐽𝑙𝐴 = 𝑁𝑙 න
0

2𝜋𝒇𝑫𝒗 𝑑𝑥
𝑣

𝒆𝒊𝒙/𝒗 𝜕𝑥
𝒑=𝟎,𝟏 𝒋𝒍 𝒙

𝑥𝒒=𝟎,𝟏,𝟐
Reggie Bernardo

SGWB Phenomenology @ JGRG31 @ 24Oct2022 11

2205.05637 (Allen)
- Theory uncertainty of the HD

2209.14834 (RCB & KWN)
- Theory uncertainty of general 
GW polarizations using PSF

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022

Progress on Uncertainty



Finite pulsar distance

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 13

• At 𝑓𝐷 ∼ 100, HD outside 2𝜎 of the CV;
• Accounts for power at small scales;
• Easy to accommodate using PSF.

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022

14

arXiv:1606.02532 (Bishop & Rezzolla)

Accessed 041022:
https://cds.cern.ch/record/2632389/files/GW_Polarizations.png



Tensor PS and ORF 𝑣 = 1/2, half luminal

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 15

Vector PS and ORF 𝑣 ≪ 1, near static
Reggie Bernardo

SGWB Phenomenology @ JGRG31 @ 24Oct2022



The covariant Galileon

𝑺𝑮 𝒈𝒂𝒃,𝝓 = ∫ 𝒅𝟒𝒙 −𝒈 𝟏 +
𝜶𝝓
𝑴𝐏

𝐄𝐇 − 𝚲 − 𝝀𝟑𝝓 + 𝑿 +
𝑿
𝜿𝟑

𝝏𝟐𝝓 +
𝝁𝟐𝝓𝟐

𝟐

• EH = Einstein-Hilbert term

• 𝚲 = cosmological constant

• 𝜿 = braiding -> Vainshtein mechanism/𝜙 suppression at 𝑅 ≪ 𝐿
• 𝝁 = bare mass -> chameleon screening/𝜙 suppression at dense environments

• 𝜶 = conformal coupling -> mixes the tensor and scalar modes

• 𝝀 = tadpole -> self tuning mechanism (2202.08672, Appleby, RCB)

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 17

Best fit in NG12.5

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 18

Marginalized statistics for the ST, SL, and the Galileon (φ)
constrained by NG12.5. The performance statistics (chi-squared, AIC,
and BIC) are relative to the systematic monopole, or that a positive
value means statistical preference over the systematic monopole.

𝑣 = 0.44−0.42+0.15 𝑐 → 𝑚eff ∼ 10−22 eV Galileon

2206.01056 (RCB & KWN)



Outlook
In 2206.01056, 2208.12538, 2209.14834 (RCB & KWN), we:

• presented PS formalism for calculating the overlap reduction function;

• studied PTA phenomenology of subluminal metric polarizations for finite pulsar 
distances.

• analysis of tensor polarizations off the light cone;

• alternative gravity constraints;

• anisotropies.

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 19

Extra Slides
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PSF for 
variances 
(2209.14834, RCB & KWN)

• Mean ORF

𝛾𝑎𝑏𝐴 𝜁 =
𝑙

2𝑙 + 1
4𝜋

𝐶𝑙𝐴𝑃𝑙 cos 𝜁

• Total variance [1 PP]

Δ𝛾𝑎𝑏2 𝜁 = 𝛾𝑎𝑏𝐴 𝜁
2
+ 𝛾𝑎𝑎2

• Cosmic variance [Gaussian ensemble]

Δ𝛾𝑎𝑏2 𝜁 =
𝑙

2𝑙 + 1
8𝜋2

𝐶𝑙2𝑃𝑙 cos 𝜁

Reggie Bernardo
SGWB Phenomenology @ JGRG31 @ 24Oct2022 21
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Cosmic strings and GWs from pure Yang-Mills theory

Oct. 24th, 2022 - JGRG

Cosmic strings from SSB of U(1) symmetry

Masaki Yamada

2

Figure from Daisuke Yamauchi's slide

• Cosmic strings form after the spontaneous symmetry breaking of U(1) symmetry. 

Cosmic strings from pure YM theory

Cosmic string

Hiramatsu, Sendouda, Takahashi, 
Yamauchi, Yoo, '13

C05



Cosmic strings from SU(N) confinement
• Let us consider an SU(N) gauge theory.  
• After the confinement phase transition, quark and anti-quark are 
connected by a color flux tube. 

3
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q̄

Cosmic strings from pure YM theory Masaki Yamada

4

•The duality implies that the color flux tubes form even without quarks.  
color flux tube       

high T: Deconfinement phase      
low T: Confinement phase       

<latexit sha1_base64="eK1P1Aty19oQtSUxpMyxGhNga1Q="></latexit>q
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q̄
Duality

high T: Symmetric phase  
low T: Higgs phase

cosmic string

Strong coupling theory Weak coupling theory

m
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Cosmic strings from pure YM theory

Seiberg, Witten '94

Cosmic strings from SU(N) confinement
• According to the duality between strong and weak coupling theories, 
the color flux tube can be identified as a cosmic string.

Masaki Yamada



• According to the electric-magnetic duality, cosmic strings (macroscopic 
color flux tubes) should form at the confinement phase transition.  

• The string tension is of order the dynamical scale squared,           . 

• According to the large N limit argument, the reconnection probability of 
two cosmic strings is suppressed by              . 

• According to the holographic dual descriptions, those cosmic strings 
correspond to fundamental (F-) strings in gravity side. 

5

Cosmic strings from pure YM theory

P ⇠ N�2

<latexit sha1_base64="KNCyNJ54FhF44IyNxuEArxooe88="></latexit>

See, e.g., Witten '98, Polchinski, Strassler '00, Klebanov, Strassler '00, Maldacena, Nunez '00, Vafa '00
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µ ⇠ ⇤2

Properties of cosmic strings

Masaki Yamada

• Long strings lose their energy via small loop production.

6

• The statistical properties of cosmic string network can be described by 
the following equations. This is known as the one-scale model.

Cosmic strings from pure YM theory
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Dynamics of cosmic strings: VOS model
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• Gravitational waves are produced from the dynamics of string loops. 

7

Cosmic strings from pure YM theory
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Gravitational waves from cosmic strings
• Long strings lose their energy via small loop production.
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Cosmic strings from pure YM theory

Gµ = 10�12
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• Gravitational waves are produced from the dynamics of string loops. 

Peak amplitude of GW:

Peak frequency:

Physical parameters in the theory: 

MY and Yonekura '22
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Cosmic strings from pure YM theory

Gravitational waves from cosmic strings

LISA

ETCE

DECIGOBBO

LVK

LV (O3)

SKA
PTA hints

PPTA

• Gravitational waves are produced from the dynamics of string loops. 
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Peak amplitude of GW:

Peak frequency:

Physical parameters in the theory: 

MY and Yonekura '22

Masaki Yamada

• We pointed out that cosmic strings form after the confinement phase 
transition in pure SU(N) gauge theory.  

• The string tension is  
• The reconnection probability is suppressed by   
• We extend the VOS model to describe the dynamics of cosmic strings 
and calculate the GW spectrum. 

Summary
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Cosmic strings from pure YM theory

P ⇠ N�2
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Temperature Profile Around a 
Primordial Black Hole

Speaker: Minxi He (IPNS, KEK)

2022/10/24@JGRG31, RESCEU

MH, Kazunori Kohri, Kyohei Mukaida, Masaki Yamada, arXiv: 2210.06238 1

Plan of the talk

• Primordial black hole (PBH) and Hawking evaporation

• Landau-Pomeranchuk-Migdal (LPM) effect and diffusion

• Temperature profile around a primordial black hole

• Summary

2
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Hawking (1974)

Hawking radiation

3

• Black holes emit nearly blackbody radiation with Hawking 
temperature

• Mass loss rate is inversely proportional to        
evaporation process accelerates 
Hawking temperature increases with time 

The typical energy of the emitted particle is therefore 

Hawking (1974)

Hawking radiation

4

• Big Bang nucleosynthesis (BBN) time 

Compare with 

A black hole with a mass                formed in the very early 
Universe, it completely evaporates by BBN. 

• Such tiny black holes can only form in the early Universe through the 
collapse of large enough density perturbation, i.e. primordial black 
holes (PBHs). 



Primordial black holes (PBHs)

5Zel’dovich, Novikov (1974), Hawking (1971), Carr, Hawking (1974), Carr (1975)

• Inflation           Quantum fluctuations, nearly scale-invariant and 
Gaussian

!

f(!)

Collapse and form PBHs

!!

! > !!

PBH

Primordial black holes (PBHs)

6

• PBH mass depends on formation time (here focus on the PBHs form 
in RD era). 

lo
g 
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e)

log !RDInflation Reheating

"!"

($"/!)!"

($#/!)!" PBH mass at formation 
is proportional to the 
horizon mass

#" < ##
Lower bound on 
PBH mass > 0.4 g



Primordial black holes (PBHs)

7

• Assume RD right after the PBH evaporation. Then, using the lifetime 
of these PBHs, one can estimate the temperature of the Universe at 
evaporation 

≪
Before evaporation, the Hawking temperature will become 
much higher than the temperature of the ambient plasma. 
This fact is essential for the discussion of thermalization of 
the Hawking radiation from these PBHs. 

Landau-Pomeranchuk-Migdal (LPM) effect

8

• For a particle with energy much larger than the ambient plasma, the 
thermalization process is suppressed by the LPM effect. This process 
is dominated by the emission of soft daughter particles. 

Landau, Pomeranchuk (1953), Migdal (1956)
Gyulassy, Wang (1994), Arnold, Moore, Yaffe (2001a,2001b,2002), 
Besak, Bodeker (2010), Kurkela, Wiedmann (2014)

• The emitted daughter particles are almost conlinear with the hard 
primary, which leads to destructive quantum interference. 



Landau-Pomeranchuk-Migdal (LPM) effect

9

• More intuitive understanding

)
* Almost colinear so cannot separate 

from the mother particle

))$
)||

Typically, it needs 

to form and separate, where )$
experiences Brownian motion in 
the medium

Landau, Pomeranchuk (1953), Migdal (1956)
Gyulassy, Wang (1994), Arnold, Moore, Yaffe (2001a,2001b,2002), 
Besak, Bodeker (2010), Kurkela, Wiedmann (2014)

(relevant regime * ≳ ,/.# ≫ ,)

Landau-Pomeranchuk-Migdal (LPM) effect
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• More intuitive understanding

)
* Almost colinear so cannot separate 

from the mother particle

))$
)||

Landau, Pomeranchuk (1953), Migdal (1956)
Gyulassy, Wang (1994), Arnold, Moore, Yaffe (2001a,2001b,2002), 
Besak, Bodeker (2010), Kurkela, Wiedmann (2014)

(relevant regime * ≳ ,/.# ≫ ,)



Landau-Pomeranchuk-Migdal (LPM) effect

11

• More intuitive understanding

Landau, Pomeranchuk (1953), Migdal (1956)
Gyulassy, Wang (1994), Arnold, Moore, Yaffe (2001a,2001b,2002), 
Besak, Bodeker (2010), Kurkela, Wiedmann (2014)

In a weakly coupled theory, this only means that there is a 
probability ~. to emit such a particle. 

(relevant regime * ≳ ,/.# ≫ ,)

Momentum of the 
daughter particle

Landau-Pomeranchuk-Migdal (LPM) effect

12

• More intuitive understanding

Landau, Pomeranchuk (1953), Migdal (1956)
Gyulassy, Wang (1994), Arnold, Moore, Yaffe (2001a,2001b,2002), 
Besak, Bodeker (2010), Kurkela, Wiedmann (2014)

*
) = */2

) = */2
• Max energy loss
• Longest time
• But still $~( ≫ *

(relevant regime * ≳ ,/.# ≫ ,)



Landau-Pomeranchuk-Migdal (LPM) effect

13

• More intuitive understanding

Landau, Pomeranchuk (1953), Migdal (1956)
Gyulassy, Wang (1994), Arnold, Moore, Yaffe (2001a,2001b,2002), 
Besak, Bodeker (2010), Kurkela, Wiedmann (2014)

(relevant regime * ≳ ,/.# ≫ ,)

Need a series of splittings with subsequent splittings take shorter 
time. Estimate as 

* ) = */2

) = */2

.  .  .

Diffusion

• For                 , the high energy particles from the PBH get thermalized 
and deposit their energy into the shell                  (before that the 
particle travels with speed of light). This energy will then diffuse 
(random walk process) into other part of the ambient plasma. 

14

Diffusion length

Two important scales

1. 2. 
Time scale for diffusion to cover Max distance that diffusion can cover



Temperature profile around a PBH

• Regime 1: 

15

Black hole mass is almost unchanged. 

If                    , the diffusion can cover 

A core in equilibrium

Temperature profile around a PBH

• Regime 1: 

16

Black hole mass is almost unchanged. 

If                    , the diffusion can cover 

A core in equilibrium

Energy conservation 



Temperature profile around a PBH

• Regime 1: 

17

Black hole mass is almost unchanged. 

If                    , the diffusion can cover 

A core in equilibrium

Energy conservation 
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Temperature profile around a PBH

• Regime 2: 

18

Change of black hole mass is not neglibile. 
Simply change the previous analysis by 
replacing the constant mass with a time-
dependent mass. 
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Temperature profile around a PBH

• Regime 2: 

19

Change of black hole mass is not neglibile. 
Simply change the previous analysis by 
replacing the constant mass with a time-
dependent mass. 

(                                        still satisfied)

Temperature profile around a PBH

• Regime 2: 
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Change of black hole mass is not neglibile. 
Simply change the previous analysis by 
replacing the constant mass with a time-
dependent mass. 

(                                        still satisfied)

at + = +∗

Independent of the initial black hole mass



Temperature profile around a PBH

• Regime 3: 

21

Diffusion can no longer cover the core. 

High-temperature shell at       ?     

Temperature profile around a PBH

• Regime 3: 

22

Diffusion can no longer cover the core. 

High-temperature shell at       ?     

Actually no because
1. Hawking temperature is higher at later time

more LPM-suppressed
energy deposited in larger radius

2.    Less total energy at later time as the black 
hole mass is getting smaller

Smaller energy density hence smaller 



• We consider the thermalization of the Hawking radiation from small 
PBHs in the early Universe

• Take into account the LPM effect and diffusion

Summary

23
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Thank you for your attention! 
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Varying electron mass solution 
to the Hubble tension 

and Big Bang Nucleosynthesis 

Theoretical Particle & Cosmological Physics Group
Hokkaido University

D1 Yo Toda
Osamu Seto, Yo Toda    arXiv:astro-ph/2206.13209

Hubble tension

distant observation
!! ≒67km/s/Mpc

local observation
!! ≒73km/s/Mpc

Hubble tension

C07



varying electron mass

fewer additional parameters
large improvement in Δ"!

HUBBLE TENSION SOLUTION

Phys.Rept. 984 (2022) 1-55

Nils Schoneberg et al.

In this presentation

・Consider the varying electron mass model
and its consistency with BBN
・Summarize that the varying electron mass model
is limited by helium abundance Yp
measurements



VARYING ELECTRON MASS MODEL

e!
e! today

CMB, BBN

VARYING ELECTRON MASS MODEL

!! is a few % greater
at BBN and CMB



#" |$%&' ()%''"*/#" |'+,%- > 1

Recombination occurs earlier

Electron mass at last scattering was greater than today

Last scattering time '∗ gets shorter

∵ energy level of hydrogen: 5 ∝ #"

ELECTRON MASS AND CMB

Photons lose energy earlier 
to excite electrons in hydrogen 

!∗

Angular Size : 7∗ = /∗
0"∗

= (1.0411 ± 0.0003)×101!

NASA / WMAP 
Science Team 

A2∗
B∗

!!∗ = ∫#∗
#" $%#
& %# : comoving angular diameter distance

$∗ = ∫'
#∗ (#$%#
& %# : comoving sound horizon at recombination

%∗

ELECTRON MASS AND CMB



∝ C3×B∗

Angular Size : 7∗ = /∗
0"∗

= (1.0411 ± 0.0003)×101!

ELECTRON MASS AND CMB

$∗ = ∫'
#∗ (#$%#
& %# : comoving sound horizon at recombination

Electron mass was greater than today and
last scattering time '∗ gets shorter 

Horizon B∗ decreases and Hubble constant C3 increases

Planck + Pantheon + BAO + SH0ES

#"/#"!

[k
m
/s
/M
pc
]

BBN consistency

Hubble constant !!

ELECTRON MASS AND HUBBLE !!



Neutron lifetime(D + F4 → H + I1)gets longer

Neutron-to-proton ratio (n/p) increases

Helium mass fraction J5 increases

&) |++,/&) |-./01 > 1

ELECTRON MASS AND BBN

2He

Electron mass at BBN was larger than today

ELECTRON MASS AND HELIUM %#

#"/#"!

helium %#



BEST-FIT

To relax this limit
neutrino degeneracy

#"/#"!!!
measurement

worse &$"%

#"/#"!

The degeneracy parameter K6 =
7#$
8#

L = I, N, O

,34 : chemical potential for neutrinos -4
.3 : temperature of neutrinos 

NEUTRINO DEGENERACY

D9$ − D:9$ ∝ Q9$
;(R!K6 + K6

;)

Number densities of
neutrinos and antineutrinos

distribution	functions

;3 =
1

exp >/.3 − @4 + 1

;53 =
1

exp >/.3 + @4 + 1

→ BBN



NEUTRINO DEGENERACY
B3$ − B53$ ∝ .3$

6 D7@8 + @86

More neutrinos F4 than antineutrinos F̅4

Positive electron neutrino degeneracy K4

The process H + F̅4 → D + I< is more suppressed 
than D + F4 → H + I1

Neutron-to-proton ratio (n/p) and
helium mass fraction J5 decrease

BEST-FIT

!!
measurement

K4 degenerates

"! improves



・The varying electron mass model is 
a promising solution to the Hubble tension.
(Δ""/""# ≳2% can solve the Hubble tension)

TAKE-HOME MESSAGE

・However,  this model is limited 
by the helium abundance measurement.
(Even Δ""/""# =1.5% doesnʼt fit well.)

・The combination model of varying electron mass 
and neutrino degeneracy relaxes this limitation.

Thank you
for your kind attention!

Osamu Seto, Yo Toda   arXiv : 2206.13209
y-toda@particle.sci.hokudai.ac.jp



D/Hについて

D/H= 2.527 ± 0.030

Cooke 2017

#"/#"!

D/HUnder revision



VARYING ELECTRON MASS MODEL

!! is a few % higher
at BBN and CMB

Axi-Higgs cosmology
Leo W.H. Fung et al.

2102.11257 [hep-ph]

Cosmological evolution 
of brane world moduli

P. Brax et al.
Phys.Rev.D 67 (2003) 023512

EMPRESS



ELECTRON MASS AND B∗

Planck + Pantheon + BAO + R19

Higher #"/#"3
decrease B∗
$"
$"#

= $" |%&'( )*&(("+
$" |(,-&.



~F' ∗
H in the late universe
H in the early universe

∵ "#
$ # = "&

'! ( & /(!
( : energy density

=
∫'
#∗ I9JL̃
M L̃

∫#∗
#" JL̃
M L̃

=
F'
F∗

∫:∗
; JN
F' H N /H∗

∫'
:∗ JN
F' H N /H'

ANGULAR SIZE OF THE SOUND HORIZON

Angular Size : %∗ =
<∗
=%∗

= (1.0411 ± 0.0003) ∗ 10>7

Directly Measured

COSMIC MICROWAVE BACKGROUND (CMB)

Before 375,000 yrs.,
it was  hot enough
for electrons
to scatter photons

CMB PHOTON
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Spins of primordial black holes with 
soft EoS parameters
Daiki Saito (Nagoya. U) 
Ongoing work  
　　　with CM.Yoo(Nagoya. U), T.Harada (Rikkyo. U), Y.Koga(Nagoya. U)

2022 Oct. 24, JGRG31

Introduction

Primordial Black Hole(PBH): BH formed in the early universe

 ・Remnant of primordial inhomogeneity
 ・Candidate for DM
 ・Candidate for supermassive BH
 ・Source for GW (Binary)
 
 ・(typically) formed in the RD era
 ・Formed from 
         e.g. density fluctuation 

Inflation RD MD

Hubble 
Horizon

Fluctuation

Early  
MD
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logL

Horizon entry
Horizon exit
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Introduction

PBH formation due to density fluctuation
    PBH is formed if
                           (if gravity overcomes pressure)  
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Introduction

Distribution of PBH spin: important for observations

         Estimate spin of a single PBH

Previous results
  ・RD era                   (Harada+ 2020)
  ・MD era                  (Harada+ 2017)

Our work: compute mean value of spin for                     to
  ・Get a unified understanding
  ・Applyication:  QCD phase transition
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Assumptions

Goal: Evaluate spin of a PBH

Focus on linear order effects of perturbation
  
Assumptions: 
  ・BG: flat FLRW                                                     
  ・Matter: perfect fluid with
  ・Spacetime   
  ・Curvature perturbation        : Gaussian
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Spin of a closed region

   : region where fluid will collapse to a BH

                                         

Spin (Komar integral): 
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Peak theory

The statistics of    and
In long wavelength,                                      : Gaussian

Peak theory (Heavens+ 1988): theory for statistics of peaks of Gaussian variables

            Peak number density

                                   
            characterized by
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Expectation value of spin

Assume:                             

At      ,     decouples from the expansion (turn around)
           Turn around      maximum expansion of a closed FLRW

                            : Non-dimensional Kerr parameter
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Expectation value of spin

Assume:                             

At      ,     decouples from the expansion (turn around)
           Turn around      maximum expansion of a closed FLRW

                            : Non-dimensional Kerr parameter
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Discussion

(Threshold of)     increases with

Weaker pressure      
          smaller fluctuation can collapse

Assumption           : violated at
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Summary

・We have estimated the PBH spin with 

・The spin decreases with                                           for RD
                                                                                     for 

・For             , the assumption for rare peak would be violated

・Future work: 
      Alternative approach for 
      Effective spin for binary
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Back-Up Slides

Discussion

         : growth of scale factor
        horizon entry → turnaround

Decreases with 
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Perturbation & threshold

Narrow power spectrum

      Typical profile: sinc type

We must fix      so that a PBH forms

  Analytic formula (Harada+ 2013)
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Turnaround

When should we evaluate           ?

Assumption:      

At      ,    decouples from the expansion (turn around)

We assume that
     ・Linear perturbation is (approximately) valid
     ・Turnaround      maximum expansion of a closed FLRW
      
For linear perturbation,
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Threshold of perturbation

Use the analytic formula (Harada+ 2013)

Based on the discussion so called 
                            “three-zone model”

“Sound crossing time” vs “free falling time”
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Threshold of perturbation

Use the analytic formula (Harada+ 2013)

Based on the discussion so called 
                            “three-zone model”

Smaller                  small pressure

                              small
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Spin with higher order effect

Spin is generated from 2nd order when     is exactly spherical! 
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Radius of the region

Ellipsoid with

High peak: 
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Turnaround condition

Closed FLRW dominated by matter with

Friedmann eq.

Solution

   : maximum at            (maximum expansion/turnaround)
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Why Primordial Black Hole?

• BHs exist in the universe

• No need for new physics

• PBHs may dominate Dark Matter 

• Detected GW events from LIGO may originate from the merger 
of PBH binaries

• A possible way to probe the primordial power spectrum of 
curvature perturbation on small scales

• …

M. Sasaki, T. Suyama, T. Tanaka, S.  Yokoyama, PRL 117, no. 6, 061101 (2016)

a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

There is a peak on the primordial density 
perturbation, which leaves horizon and gets 
frozen at a*. 

k*=Ha*

Rad.dom.
1/Hr ~a2



a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

The peak scale re-enters the horizon at radiation 
dominated  era. If it exceeded some critical 
value O(0.1), PBH will form. Its mass is O(MH).

k*=Ha*

Rad.dom.
1/Hr ~a2

Idea

PBHs from large curvature perturbations

+ LIGO data from mergers of PBH binaries 

Primordial Power Spectrum of 
curvature perturbations?

(on small scales)



Assumptions

0. At least some of the BBH LIGO events are PBHs

merger rate from observations

1. PBHs formed out of high peaks of curvature perturbations 

the simplest case

2. Window function: top-hat form

semi-analytic expression for calculation of merger rate

3. Gaussian distribution of density perturbation

simple relation between between power spectrum and 
the variance

The logic

?

Question: can we uniquely determine             ?               



Step (i)

Step (ii)

The mass function            is expressed in terms of PBH 
abundance 



Mainly 2 possible process for PBH merger events: PBH binaries 
formed at 

(a). early (radiation-dominated) epoch;

Sasaki et al., PRL 117(2016)6, 061101

Dominated

(b). late (matter-dominated) epoch.

Bird et al., PRL 116(2016)20, 201301

Step (iii)

B. Kocsis, T. Suyama, T. Tanaka and S. 
Yokoyama, Astrophys. J. 854, no. 1, 41 

(2018)

Mainly 2 possible process for PBH merger events: PBH binaries 
formed at 

(a). early (radiation-dominated) epoch;

Step (iii)



Mainly 2 possible process for PBH merger events: PBH binaries 
formed at 

(a). early (radiation-dominated) epoch;

Step (iii)



The LIGO/Virgo released data

91 BBH candidates, 76 of them satisfy                        and   

We simply identify these events as PBH mergers

WARN: The largest Uncertainty comes from here!



Two typical ways of division

Large difference of # of points included

Then it is straightforward to obtain the mass function

“Artificial” peak



The Power Spectrum

Common feature:

Amplitude of order 0.01

Consistent with PBH scenario

Main Difference:

Flat or oscillating?

Conclusion

We proposed the method to reconstruct the primordial 
power spectrum of curvature perturbation from the 
merger rate of PBH binaries

We need more data from LIGO, or mock data for 
the more realistic reconstruction process

Using the GWTC-3 catalog, we reconstructed the 
power spectrum in practice



Happy 60 year Birthday to Professor Yokoyama!

Questions: How to divide the grids?

The principle to decide initial points?

Principle: the consistency relation for PBH scenario

Check:



Numerical Simulation of Type II 
Primordial Black Hole Formation
Koichiro Uehara
(Nagoya University)

Collaborator :
Daiki Saito, Albert Escrivà,
Tomohiro Harada
and Chulmoon Yoo

[C10]

Oct 24, 2022
JGRG31 1

Introduction: 
Standard scenario of PBH formation

log (length scale)

inflation MD MDRD

Horizon entry
and 
perturbation growing

2
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perturbed region:
closed Friedmann universe
⇒ PBH formation
as a gravitational collapse of rad. fluid

BH

Introduction: Model of PBH formation

time
evolution

fluctuation

flat Friedmann 
background

Carr and Hawking (1974)

3

Introduction: 
Schematical diagram of spacetime structure

Closed 
Friedmann

Flat
Friedmann

Schwarzschild

⇒ PBH 
formation

trapped surfaces 
𝜃+ = 0 , 𝜃− = 0

trapped

trapped

untrapped

4



Introduction: 
Schematical diagram of spacetime structure

initial slice

Black Hole Apparent 
Horizon (BHAH)

Cosmological Apparent 
Horizon (CAH)

5

Introduction: Large amplitude of 
primordial fluctuations

Choptuik (1993)
Niemeyer and Jedamzik (1998)

How about large δ 
and M - δ relation ?

Kopp, Hofmann and Weller (2011)
Carr and Harada (2015)

6



Large amplitude of primordial 
fluctuations

Kopp, Hofmann and Weller (2011)

☑ Analytical study for dust fluid
☐ Numerical study for radiation fluid

⇒ "Type II PBH"

7

Spacetime structures of type II PBH formation

BHAH

CAH

Type II PBH 
formation

8



Large amplitude of primordial 
fluctuations
☑ Analytical study for dust fluid
☐ Numerical study for rad. fluid :

• Polnarev and Musco (2012)
• Shibata and Sasaki (1999)

⇐ We used this formulation and 
succeeded !!
(by using numerical code: arXiv.2112.12335 
Yoo, Harada, Hirano, Okawa and Sasaki 2022 )

9

Solving Einstein equations:
Numerical simulation of PBH formation
numerical code: arXiv.2112.12335 
Yoo, Harada, Hirano, Okawa and Sasaki 2022 
• Spherically symmetric
• Full GR Geometry and fluid 𝑝 = 𝑤𝜌,𝑤 = 1

3 for rad. Fluid
• Asymptotically FLRW
• Based on BSSN formalism with CARTOON method

10



⇐ cf. Misner-Sharp formulation: 
There is a coordinate singularity 

Kopp, Hofmann and Weller (2011)

11

Solving Einstein equations:
Long-wavelength approximation and 
Cosmological 3+1 decomposition

Shibata and Sasaki (1999)
Harada, Yoo, Nakama and Koga (2015)

Lyth, Malik and Sasaki (2005)
super horizon size

12



Results: Spaceime structures
Type I PBH

tim
e 

t

coordinate radius r
13

Results:
Spacetime structures of type II PBH formation

tim
e 

t

coordinate radius r 14



Results:
Type I PBH

Type II PBH

15

Results:

16



Summary and future works:
Type II PBH formation 
☑ Analytical study for dust fluid

(Kopp, Hofmann and Weller ,2011)
☑ Numerical study for rad. fluid 

(Our work)

・We are going to get the mass-amp. 
relation M(δ)

17
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Yasutaka Koga (Nagoya U.) 
Collaborator： T. Harada (Rikkyo U.), Y. Tada, S. Yokoyama, CM Yoo (Nagoya U.)

2022.10.24-28, JGRG31@University of Tokyo

Ref: YK, T. Harada, Y. Tada, S. Yokoyama, & C-M. Yoo, arXiv:2208.00696 (to be published in ApJ).

Effective inspiral spin distribution of primordial black hole binaries

1. Introduction
GW from Black hole (BH) binary： 

Analysis of O3 data [Callister+ (2021)]

2

https://www.ligo.org/detections.php

• 90 events of GWs from binary merger have been detected by LIGO-
Virgo-Kagra. 

• Most of the binaries consist of BHs with mass of . 

• The parameter distribution of BH binaries, e.g. effective spin , are 
observationally investigated.

10 − 100M⊙

χeff

• Effective (inspiral) spin  & mass ratio  distribution was shown. 

• Distributed around  with some width. 

•  depends on . 
• Known astrophysical models may not completely account for the result.

χeff q

χeff = 0
χeff q

What is the theoretical prediction for Primordial BH binary distribution?

χeff =
M1a1,⊥ + M2a2,⊥

M1 + M2

C11



1. Introduction
Primordial Black hole (PBH) = Black hole formed in the early universe: 
• PBH formation by collapse of density fluctuation. 

• Critical phenomena can lead to PBHs with larger spin. The interesting effect on the effective spin of PBH 
binary.

3

Energy density fluctuation in the universe, 
(density contrast ) δ = δρ/ρb

Gravitational collapse & BH formation

 (the threshold value)δpeak < δth

Dissipation due to the pressure gradient

δpeak > δthδpeak δpeak → δth + 0

Critical phenomena
M ∝ (δpeak − δth)κ → 0

M ∼ MH(t) = 4π
3 ρ(t)H−3(t)

[Harada, Yoo, Kohri, YK, Monobe (2021)]
In radiation dom. case, a ∼ 10−3 (M ∼ MH)

a ≳ 1 (M ≪ MH)

1. Introduction
Our aim: 
• As the first step, we investigate a simplest model of a PBH binary and its distribution. 
• Focus on the characteristic parameters in GW observation, effective inspiral spin, mass ratio, and chirp 
mass. 

Overview: 
• PBHs are formed by collapse of density fluctuation in the radiation dominated universe. 
• Apply the peak theory to the density fluctuation. 
• Take into account the effect of the critical phenomena. 
• Two PBHs are randomly chosen and form a binary.

4



Setup 
• Background: flat FLRW spacetime, 

• Density contrast  is a random Gaussian field. (in CMC slicing, at an initial time before reentry) 

• Almost monochromatic power spectrum:  

• Peak theory [Bardeen, Bond, Kaiser, Szalay, 1986] 

δ := δρ/ρb

• Distribution of normalized peak value, : 

• PBHs are mainly formed from nearly spherical peaks with the amplitude, . 

• Typical profile:

ν := δpeak /σ0

ν ∼ νth

Pν(ν) ≃ 2/π
erfc(νth / 2)

e−ν2/2,

2. Single PBH distribution

5

+δ(k) ≈ σ2
0k0δ(k − k0) ,σ2

j = ∫ dln kk2j+δ(k),γ := σ2
1 /(σ0σ2) ≃ 1

P(y1, . . . , yn)dy1 . . . dyn = [(2π)2 det(M)]−1/2e−Qdy1 . . . dyn, Q := Δyi(M−1)ijΔyj /2, Mij := ⟨ΔyiΔyj⟩, Δyi := yi − ⟨yi⟩,  = yi δ(r), ∂δ(r), ∂∂δ(f)

->

 ∫
∞

νth

Pν(ν)dν = 1,

[Yoo, Harada, Garriga, Kohri ’18] => Critical phenomena

⟨δ2⟩ = σ2
0 , ⟨δ∂2

xδ⟩ = − σ2
1 /3,...

νth ∼ 10.

ds2 = − dt2 + a(t)(dr2 + r2dΩ2)

δ ≃ νσ0
sin k0r

k0r

=> Necessary for specifying , or , because of its profile dependence.δth σ0 = δth /νth

Gaussian <=> fPBH ∼ 0.1 %
[Tada+, 2019]

Probability distribution of single PBHs（mass , spin , spin direction ）:  

Distribution of spin  : 

• Normalized spin parameter, : 

M a (θ, ϕ)

a

h

2. Single PBH distribution

6

Ph(h)dh = 563h2 exp[−2.37 − 4.12 ln h − 1.53(ln h)2 − 0.13(ln h)3]dh, ∫
∞

0
Ph(h)dh = 1.

[Heavens & Peacock (1988)]

Si(Σ) = − ∫Σ
Tabna(ϕi)bdΣ ≃ 4

3 a4ρbϵijkvk
l ∫Σ

(x − xpk) j(x − xpk)ld3x, Σ := {x ∣ δ(x) = fδpeak}, 0 < f < 1,

, .vk
l := ∂vk /∂xl

x=xpk
vi = (1/12ℋ)∂iδ

: unit normal to the slice, : rotational KV.na (ϕi)b

The total angular momentum of the collapsing region  of the time slice of FLRWΣ

ṽi
j := − 1

σ0 ∫ d3k
(2π)3

kikj

k2 δkeik⋅x .

⟨(vk
l(η))2⟩ = g2(η)⟨(ṽk

l)2⟩,

h = 5γ6ν
29/2π

1 − γ2
−1

se,

The normalized spin parameter

Distribution function（fitting formula）

[Heavens+ (1988), De Luca+ (2019), Harada+ (2021)]

P(a, M, θ, ϕ) = 1
4π

P(a, M)sin θP(a, M, θ, ϕ)dadMdθdϕ Isotropic distribution (assumption) -> 

⟨SiSi⟩ = Sref ⟨si
esei⟩

(at superhorizon scale [Harada+. 2015]



• BH spin（Kerr parameter） : 

• Conditional probability of : 

• Critical phenomena: 

Probability distribution of single PBHs: 

a

a

7

P(a ∣ M, ν)da =
Ph(a/C(M, ν))

C(M, ν)Na(M, ν) da, ∫
1

0
P(a ∣ M, ν)da = 1, Na(M, ν) := ∫

1/C(M,ν)

0
Ph(h)dh

M(ν) = KMH(σ0ν − σ0νth)β, K = 1, β = 0.36. [Evans & Coleman (1994), Escriva (2019)]

P(a, M)dadM = P(a ∣ M(ν), ν)Pν(ν)dadν

P(a, M, θ, ϕ)dadMdθdϕ = 1
4π

P(a ∣ M(ν), ν)Pν(ν)dadνd(cos θ)dϕ

Normalized for . (i.e., the spin value for BH solution)a ∈ [0,1]

power law

2. Single PBH distribution

[Harada + (2021)]Evaluation at the turn around time, ,ηta ≃ 2.14k−1
0

a := S
GM2 = C(M, ν)h, C(M, ν) = 29/2π

5γ6ν
1 − γ2 Sref(ηta)

GM2 = 3.25 × 10−2 1 − γ2σ0 ( M
MH )

−1/3

( ν
10 )

−1
,

.MH ≡ Mk0

: mass inside .M Σ

* “turn around”: decoupling from 
 the cosmological expansion

2. Single PBH distribution
Distribution of single PBHs: 

• Single PBHs distributed as  & . 

•  

•  for each  almost scales as  (anti-correlation). 

•  can be of order unity for . 

a ≲ 0.004 0.1 ≲ M/MH ≲ 0.4

⟨a⟩ = 1.77 × 10−3 .

⟨a⟩(M) M ∝ M−1/3

⟨a⟩(M) M ≲ 10−8

8

• . (almost monochromatic power spectrum) 

• . ( , , PS approx. [Tada+ ’19]) 

• . [Harada+ ‘15]

γ = 0.85

νth = 10 M = M⊙ fPBH = 10−3

σ0 = δpeak,th /νth = 0.192

δ ≃ νσ0
sin k0r

k0r

Determination of :  
• Threshold in terms of max of “compaction function”:  

• Typical initial profile of a peak: 

• Relation btwn the peak & compaction func.:

σ0

Cm,th ≃ 2/5

δpeak ≃ (24/5)Cm

σ0 = δpeak,th /νth = (24/5)Cm,th /νth = 0.192

[Harada+ ‘15]

[Yoo+ ’18]
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 cf [Harada+ ’21]⟨a⟩ ∝ M−1/3



3. PBH binary distribution
Distribution of PBH binary  
• Primary & secondary PBHs are chosen randomly.（  at most one PBH in each Hubble patch） 

• Intrinsic parameters of PBH binary : 

• Probability distribution of the intrinsic parameters:

∵

x

9

x = (a1, M1, θ1, ϕ1, a2, M2, θ2, ϕ2)
L̂

θ1

θ2

PBH1(primary) PBH2(secondary)
: w.r.t the orbital angular 

momentum 

θ1, θ2

L̂

P(x)dx = 2 ∏
i=1,2

P(ai, Mi, θi, ϕi)daidνidθidϕi

Normalization s.t. .∫M1>M2

P(x)dx = 1

Transformation to the binary’s characteristic parameters: 
• Effective spin ： 

• Mass ratio ： 

• Chirp mass ： 

Distribution function of the binary parameters：

χeff

q

ℳ

10

χeff(a1, M1, θ1, a2, M2, θ2) = M1a1 cos θ1 + M2a2 cos θ2
M1 + M2

∈ [−1,1] .

q(M1, M2) = M2
M1

∈ (0,1] .

ℳ(M1, M2) = (M1M2)3/5

(M1 + M2)1/5 ∈ (0,∞) .

c.f. GW amplitude from inspiral binary [Maggiore (2008)]:

h+(t) = 4
r

ℳ5/3 ( ωgw

2 )
2/3 1 + cos2 ι

2 cos(ωgwtret + 2ϕ),

h×(t) = 4
r

ℳ5/3 ( ωgw

2 )
2/3

cos ι sin(ωgwtret + 2ϕ) .

: weighted sum of the spin components 
perpendicular to the orbital plane

3. PBH binary distribution

P(ℳ, q, χ) = 1 + q
2q2β2σ2

0ℳ ( (1 + q)2/5ℳ2

q1/5K2M2
k0

)
1/β

∫
1

0
da1 ∫

1

0
da2Θ (L(a1, a2, χ, q)) L(a1, a2, χ, q)

× 1
a1a2

2

∏
i=1

P(ai ∣ Mi(ℳ, q), ν (Mi(ℳ, q)))P(ν (Mi(ℳ, q))),

L(a1, a2, χ, q) = min [a1, qa2 + (1 + q)χ] + min [a1, qa2 − (1 + q)χ], M1(ℳ, q) = q−3/5(1 + q)1/5ℳ, M2(ℳ, q) = q2/5(1 + q)1/5ℳ, ν(M) = 1
σ0 ( M

KMk0 )
1/β

+ νth .



Probability distribution of PBH binaries:

11

•  c.f. . 

•  &  : no correlation.  

•  &  : anti-correlation. （as well as  &  of single PBH） 

⟨χ2
eff⟩ = 8.4 × 10−4 . ⟨a⟩ ∼ 10−3

| χeff | q

| χeff | ℳ a M
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0.0
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H
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log10P

3. PBH binary distribution

χeff = a1 cos θ1 + qa2 cos θ2
1 + q

The contribution of  to                                        is suppressed by q.a2

4. Summary

Summary 
• We investigated the probability distribution of PBH binaries focusing on the effective spin, mass ratio, and chirp 

mass. 

• Although the critical phenomena lead to PBHs with , the effective spin is statistically very small, . 

• No correlation between  & . Anti-correlation between  & . 

Discussion 
• Contribution from other effects? 

• Clustering of PBHs (<-> random choice of PBHs). e.g. correlation btwn peaks due to non-local non-Gaussianity 
• Evolution of spin due to accretion. 
• Temporal reduction of pressure due to the phase transition. 
• etc…

a ∼ 1 ⟨χ2
eff⟩ ∼ 10−3

| χeff | q | χeff | ℳ

12



2. Single PBH distribution
Distribution of single PBHs: 
Single PBHs distributed as  & . 

•  

•  for each  almost scales as . 

•  can be of order unity for . 

a ≲ 0.004 0.1 ≲ M/MH ≲ 0.4

⟨a⟩ = 1.77 × 10−3 .

⟨a⟩(M) M ∝ M−1/3

⟨a⟩(M) M ≲ 10−8

13
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 [Harada+ ’21]⟨a⟩ ∝ M−1/3

2. Single PBH distribution
Distribution of single PBHs: 

• Single PBHs distributed as  & . 

•  

•  for each  almost scales as  (anti-correlation). 

•  can be of order unity for . 

a ≲ 0.004 0.1 ≲ M/MH ≲ 0.4

⟨a⟩ = 1.77 × 10−3 .

⟨a⟩(M) M ∝ M−1/3

⟨a⟩(M) M ≲ 10−8

14
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• . (almost monochromatic power spectrum) 

• . ( , , PS approx. [Tada+ ’19]) 

• . [Harada+ ‘15]

γ = 0.85

νth = 10 M = M⊙ fPBH = 10−3

σ0 = δpeak,th /νth = 0.192

δ ≃ νσ0
sin k0r

k0r

Determination of :  
• Threshold in terms of max of “compaction function”:  

• Typical initial profile of a peak: 

• Relation btwn the peak & compaction func.:

σ0

Cm,th ≃ 2/5

δpeak ≃ (24/5)Cm

σ0 = δpeak,th /νth = (24/5)Cm,th /νth = 0.192

[Harada+ ‘15]

[Yoo+ ’18]



Primordial black holes from Affleck-Dine 
mechanism
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Today’s Talk
• Introduction
• Motivation of our scenario

Constraints on curvature fluctuation
• Outline of our scenario

Affleck-Dine mechanism
PBH from Affleck-Dine leptogenesis(L-balls)
Difficulties of Affleck-Dine baryogenesis scenario

• Conclusion
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Introduction: Primordial Black Holes

LIGO-Virgo event  : GW events of black hole (BH) binary merger 
with masses around ! ∼ #(10)!⊙ are observed.

Ex.) R. Abbott et al., Phys. Rev. X 11 (2021) 021053

Supermassive black hole : BHs with masses around ! > 10"!⊙
are considered to exist at the center of almost all galaxies.   

Ex.) J. Kormendy and D. Richstone, Ann. Rev. Astron. Astrophys. 33 (1995) 581.

“Primordial” black holes (PBHs): thought to be created in 
radiation-dominated era.

Ex.) B. J. Carr and S. W. Hawking, Mon. Mon. Not. Roy. Astron. Soc. 168 (1974) 399–415

Usual hypothesis: Curvature fluctuation

Curvature
Fluctuation

!

! = !!"

Wavelength 

When ) becomes subhorizon scale, 
regions with * > *#$ gravitationally collapse and become PBHs.
Ex.) T. Harada, C.-M. Yoo and K. Kohri, Phys. Rev. D 88 (2013) 084051

J. G. Bellido, E. R. Morales
Phys.Dark Univ. 18 (2017) 47-54Example :

!



Constraints on Curvature fluctuation

1. CMB + distortion
:Non-zero chemical  potential of CMB. 
→ density fluctuation generating PBH with
#(10#)(⊙ < (%&' < #(10()(⊙ (← candidate of SMBH) is excluded.

Ex.) K. Kohri, T. Nakama and T. Suyama, Phys. Rev. D 90 (2014) 083514

2. Background GW
:Constrained by Pulsar-timing array experiments
#(0.1)(⊙ < (%&' < #(10)(⊙ is excluded.

Ex.) R. M. Shannon et al., Science 349 (2015) 1522-1525, L. Lentati et al., Mon. Not. Roy. Astron. Soc. 453 (2015) 2576–2598

frequency

intensity

Question: How do we explain LIGO-Virgo events or supermassive 
black holes by primordial black holes without using curvature 
fluctuation?



Question: How do we explain LIGO-Virgo events or supermassive 
black holes by primordial black holes without using curvature 
fluctuation?

Answer: Use physics of spherically collapsing nonlinear local objects 
whose distribution is independent of curvature fluctuation.

Question: How do we explain LIGO-Virgo events or supermassive 
black holes by primordial black holes without using curvature 
fluctuation?

Answer: Use physics of spherically collapsing nonlinear local objects 
whose distribution is independent of curvature fluctuation.

One idea: Inhomogeneous “Affleck-Dine baryogenesis/leptogenesis”. 
Ex.) F.Hasegawa, M. Kawasaki, JCAP 01 (2019) 027



Today’s Talk
• Introduction
• Motivation of our scenario

CMB !-distortion
Second order GW

• Outline of our scenario
Affleck-Dine mechanism
PBH from Affleck-Dine leptogenesis
PBH from L-balls

• Conclusion

Today’s Talk
• Introduction
• Motivation of our scenario

Constraints on curvature fluctuation
• Outline of our scenario

Affleck-Dine mechanism
PBH from Affleck-Dine leptogenesis(L-balls)
Difficulties of Affleck-Dine baryogenesis scenario

• Future prospects
• Conclusion



Affleck-Dine mechanism

! Φ ≃ $!/#
# Φ # − &'# Φ # + ) # Φ # $%&

*'
#$%( + )+)

$!/#Φ$

,*'
$%! + ℎ. &.

' ≥ $!/#

' ≤ (A and D dominate)

AD field

' ≤ $!/#
Lepton number: "1 = $ Φ∗Φ̇ − Φ̇∗Φ ≃ )̇ Φ 3
*4/3 : Gravitino mass
Φ: Affleck-Dine field(carrying lepton number)

When , ≤ *4/3 , the AD field is kicked in the phase direction by 
A term.  
Then non-zero lepton number is generated.

A termHubble induced 
term

Non-renormalizable
term

I. Affleck, M. Dine, Nucl.Phys.B 249 (1985) 361-380,  M. Dine, L. Randoll, S. D. Thomas, Nucl.Phys.B 458 (1996) 291-326 

PBH from Affleck-Dine mechanism

During Inflation

After Inflation

. Φ = *6
3 + 07,3 Φ 3 + .89 + .:

. Φ = *63 − 0;,3 Φ 3 + .89 + .: + V<(Φ)
V<(Φ) : Thermal potential

F.Hasegawa, M. Kawasaki (2019)
! Φ

Φ

! Φ
Threshold value ≡ >*

A

BB

AD field

Affleck-Dine mechanism Almost no asymmetry
Large lepton asymmetry
=“High lepton bubble”

Large lepton asymmetry
=“High lepton bubble”



L-ball Scenario: 1.Outline

. Φ :4 1 symmetric
→Spherically symmetric field configuration is most stable with 
fixed U(1) charge (: Q-ball)  

min $ Φ
Φ !

" #$
< lim" →$

$ Φ
Φ !

L-ball(Q-ball):

In the case with lepton charge: “L-ball”

Coherent AD field oscillation (AD mechanism)

L-ball formation

Figure: T. Hiramatsu, M. Kawasaki, 
F. Takahashi, JCAP 06 (2010) 008

(@ each high lepton bubble)

• L-balls aggregate and gravitationally collapse into PBH. 

L-ball Scenario: 1.Outline

High lepton bubble

L-ball

PBH
Spherical collapsePBH

Spherical collapse
remain



PBH from AD leptogenesis: Mass distribution

?'+, ≃ 1.1×10%! ?'+, ≃ 3.1×10%-(Blue), 3.5×10%&&(Orange) 

・LIGO-Virgo event ・Supermassive black hole

L-ball scenario: 2. parameter space 
L-balls decay and non-thermal neutrinos are emitted due to

++ → -- (Gaugino exchange) process.
→effects on effective number of neutrino species 

Φ

Φ

E

E

L-ball

neutrino

neutrinoneutrino

neutrino

Effective number of neutrino species



L-ball scenario: 2. parameter space 

・LIGO-Virgo event ・Supermassive black hole

Today’s Talk

• Introduction
• Motivation of our scenario

Constraints on curvature fluctuation
• Outline of our scenario

Affleck-Dine mechanism
PBH from Affleck-Dine leptogenesis(L-balls)
Difficulties of Affleck-Dine baryogenesis scenario

• Conclusion



Conclusion

Supermassive black holes and LIGO-Virgo 
events can be explained by PBH using 
imhomogeneous Affleck-Dine leptogenesis.

On the other hand, AD baryogenesis scenario is 
severely constrained by locally remaining too 
large baryon asymmetry. 

Future prospects

This model shows strong clustering of high lepton bubbles.
(In the case of baryogenesis→

→ This can change   Calculation of PBH merger rate  
Constraints from CMB anisotropy spectrum

and can also affect isocurvature perturbation.
→ We MUST further discuss clustering of high lepton bubbles and 

observational effects.

B. J. Carr, Kazunori Kohri, Yuuiti Sendouda, and Jun’ichi Yokoyama
Phys. Rev. D 81, 104019

M. Kawasaki, K. Murai, H. Nakatsuka JCAP 10 (2021) 025 )



Based on 

Generalized disformal Horndeski theories:

• K. Takahashi, H. Motohashi, M. Minamitsuji, 
Phys. Rev. D 105, 024015 (2022) [arXiv: 2111.11634]

• K. Takahashi, M. Minamitsuji, H. Motohashi, arXiv: 2209.02176

cosmological perturbations and
consistent matter coupling

#C13

Kazufumi Takahashi
(YITP, Kyoto U.)

ÿ Scalar-tensor theories
 !, " = #d$% −! ℒ !, (!, ()!,⋯ ; ", (", ()",⋯

nSimple extension of GR, useful framework for cosmology/BHs
nHave a relatively long history
• Jordan (1955), Brans-Dicke (1961)
• Horndeski (1974) [rediscovered as Generalized Galileons (2011)]

= The most general class of scalar-tensor theories with 
2nd-order Euler-Lagrange equations in 4D
(No Ostrogradsky ghost associated with higher derivatives)

• DHOST [Degenerate Higher-Order Scalar-Tensor] (2015–2016)
⋯ known broadest class of ghost-free scalar-tensor theories so far

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES C13 Kazufumi Takahashi

C13



ÿ Scalar-tensor theories
 !, " = #d$% −! ℒ !, (!, ()!,⋯ ; ", (", ()",⋯

nSimple extension of GR, useful framework for cosmology/BHs
nHave a relatively long history
• Jordan (1955), Brans-Dicke (1961)
• Horndeski (1974) [rediscovered as Generalized Galileons (2011)]

= The most general class of scalar-tensor theories with 
2nd-order Euler-Lagrange equations in 4D
(No Ostrogradsky ghost associated with higher derivatives)

• DHOST [Degenerate Higher-Order Scalar-Tensor] (2015–2016)
• Generalized Disformal Horndeski [KT, Minamitsuji, Motohashi (2022)]
¸Novel class of ghost-free theories including known DHOST
¸Obtained by acting “generalized disformal trnsf.” on Horndeski

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES C13 Kazufumi Takahashi

ÿ Disformal transformations
nDisformal transformation: field redefinition in scalar-tensor theories

!+-, " ↦ !̅+-, "
The most general trnsf. up to (" (and without (!) is given by

!̅+- = 01 ", 2 !+- + 04 ", 2 5+"5-" (2 ≔ !8958"59")

¸Generalization of conformal transformations (!̅+- ∝ !+-)

¸The transformation is invertible in general.

!+- =
1

01 ", 2
!̅+- − 04 ", 2 5+"5-"

with 2 = 2 ", ?2 determined from

?2 =
2

01 ", 2 + 204 ", 2
so that we have !+- = !+- !̅, " (at least locally).

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES C13 Kazufumi Takahashi



ÿ Disformal transformation of ST theories
 @AB !+-, " ↦  @AB !̅+-, " =:  DEF !+-, "

n# of DOFs is invariant under invertible transformations.
[Domènech+ (2015)] [KT+ (2017)]

ÿA ghost-free theory maps to another (possibly new) ghost-free theory.

pMore general ghost-free theory from more general transformations?
¸We developed “generalized disformal transformation” [KT+ (2021)]
¸Constructed a novel class of ghost-free theories [KT+ (2022)]

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

 ≔

known DHOST

Horndeski
The most general theory with 
2nd-order Euler-Lagrange eqs.

C13 Kazufumi Takahashi

“      ” denotes
disformal trnsf.

ÿ Disformal trnsf. with higher derivatives
n“Generalized disformal transformation”

!̅+- = 01 ", 2, G, H !+- + 04 ", 2, G, H 5+"5-"

+2 0) ", 2, G, H 5(+"5-)2 + 0J ", 2, G, H 5+25-2

with the dependence on
G ≔ !8958"592, H ≔ !89582592

¸The most general trnsf. with ", (+", and (+2 (⊃ conventional trnsf.)

¸The group structure under the functional composition is essential for 
specifying the invertibility condition [KT, Motohashi, Minamitsuji (2021)]

01 ≠ 0, ℱ ≠ 0, ?2O = ?2P = 0, ?2Q ≠ 0,
( ?G, H̅
( G, H

≠ 0

NB Free funcs: ?2 ", 2 and 01,4,) ", 2, G, H (0J is not independent)

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

2 ≔ 58"58"

∋ 55"

C13 Kazufumi Takahashi



ÿ Generalized disformal Horndeski (1)
nHorndeski theories described by the action

 S = #d$% −! TU) + UJ□" + U$W − 4U$Q!8 + !9 - "8+"9-

+ YUZU+-"+- + 2UZQ!8 + !9 - ![ \ "8+"9-"[\

are mapped to new ghost-free theories.
= “Generalized Disformal Horndeski” theories (“GDH” for short)

nTransformation law for each building block:
l −! → −!̅ = −! ^

lW+- → ?W+- = W+- + 25[8` -]+
8 + 2` 9[8

8 ` -]+
9

l5+5-" → ?5+ ?5-" = "+- − ` +-
\ "\

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

U# = U# ", 2
"+- ≔ 5+5-"

^ ≔ 01 01
) + 01 204 + 2G0) + H0J + G) − 2H 0)

) − 040J 4/)

` +-
\ ≔ ?Γ+-\ − Γ+-\ = !̅\8 5(+!̅-)8 −

1
2
58!̅+- ∋ (J"

C13 Kazufumi Takahashi

ÿ Generalized disformal Horndeski (2)
nThe action of GDH theories is written as

 fgS !, " ≔  S !̅ , " = #d$% −! ^h
ij)

Z

kℒi !, "

kℒ) ≔ U)
kℒJ ≔ UJ!̅+- "+- − ` +-

l "l

kℒ$ ≔ U$!̅+- W+- − 2` 9[8
8 ` -]+

9 − 2 U$m"8 + U$Q ?28 !̅+[-` +-
8]

−4U$Q!̅8 + !̅9 - "8+ − ` 8+
n "n "9- − ` 9-

l "l

kℒZ ≔ UZ !̅+\!̅-n −
1
2
!̅+-!̅\n "+- − ` +-

l "l W\n + 25[8` n]\
8 + 2` 9[8

8 ` n]\
9

+2UZQ!̅8 + !̅9 - !̅[ \ "8+ − ` 8+
n "n "9- − ` 9-

l "l "[\ − ` [\
o "o

lContains (J" through ` +-
\ ≔ ?Γ+-\ − Γ+-\

lFree functions: U),J,$,Z ", 2 , ?2 ", 2 , 01,4,) ", 2, G, H .

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

+[-`8]

Ui = Ui ", ?2 ", 2
!̅+- = #!+- + #"+"-

+#"(+2-) + #2+2-

Horndeski generalized disformal trnsf.

C13 Kazufumi Takahashi



ÿ Theory space
nInclusion relation among ghost-free scalar-tensor theories

nFor GDH theories to be phenomenologically viable, we studied
¸cosmological perturbations
¸consistency of matter coupling

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

New!

C13 Kazufumi Takahashi

ÿ Cosmology in GDH theories

nConsider an FLRW background
!+-d%+d%- = −p q )dq) + r q )stud%td%u, " = " q

On this background (=BG), we have

2vf = −
"̇)

p) , Gvf =
2vf2̇vf

"̇
, Hvf =

Gvf
)

2vf
nGeneralized disformal trnsf. is again an FLRW background

!̅+-d%+d%- = −xp q )dq) + ?r q )stud%td%u, " = " q
with

xp)

p) ≔
2vf

?2 ", 2vf
=

ℱvf

01,vf
, ?r ≔ 01,vf

4/) r

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

!̅+- = 01!+- + 04"+"- + 20)"(+2-) + 0J2+2- 0# = 0# ", 2, G, H

ℱvf ≔ 01,vf
) + 01,vf 2vf04,vf + 2Gvf0),vf + Hvf0J,vf

G & H are not 
independent at BG

C13 Kazufumi Takahashi



ÿ GDH theories with yfz
) = 1

nWhen applied to (late-time) cosmology, one is mostly interested in 
theories with yfz

) = 1 ≔ yA{|}~
) .

NB yfz − yA{|}~ ≲ 10Å4Z from the almost simultaneous detection 
of GW170817 & GRB 170817A

nIn GDH theories with UZ = 0, we have

yfz
) =

2U$ ", ?2
?201 U$ ", ?2 − 2 ?2U$Q ", ?2

One can make yfz
) = 1 by setting

01 =
2U$ ", ?2

?2 U$ ", ?2 − 2 ?2U$Q ", ?2

pAlso specified the stability conditions for tensor/scalar perturbations

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

!̅+- = 01!+- + 04"+"- + 20)"(+2-) + 0J2+2- 0# = 0# ", 2, G, H

y≔

¸ The other functions 
remain arbitrary

C13 Kazufumi Takahashi

ÿ Consistent matter coupling (1)
nThe gravitational sector  | !, " of GDH (or any DHOST) theories has 

no Ostrogradsky ghost thanks to degeneracy conditions. 

nWhen coupled to a matter  Ç !,Ψ , Ostrogradsky mode can revive.

¸Let us study the condition for consistent matter coupling.
→ Useful to move to the “Horndeski frame”:

 !, ",Ψ =  S !, " +  Ç !̅ ,Ψ

nUnder the unitary gauge " = "(q), the dynamics of the system is 
governed by the metric variables (p,pt, Ñtu) and matter Ψ .

np is an auxiliary field in  S !, " , but  Ç !̅,Ψ contains ṗ in general 
through !̅, which revives the Ostrogradsky mode. 
NB !̅ ∋ 55" ⊃ Γ ⊃ ṗ

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES C13 Kazufumi Takahashi



ÿ Consistent matter coupling (2)
nInvertible generalized disformal trnsf. w/o ṗ at the nonlinear level:

!̅+- = 01!+- + 04"+"- + 20)"(+2-) + 0J2+2-
where 0t’s have the form

01 = 01 ", 2,Ö , 0J = 0J ", 2,Ö ,

0) = ℎ ", 2,Ö −
G
2
0J ", 2,Ö ,

04 =
ℱ −Öℎ)

?2ℱ
−
01
2
−
2G
2

ℎ +
G)

2) 0J,

with ℱ = 201 −Ö0J / ?2.

¸For the above metric, the matter coupling would be consistent at the 
nonlinear level on an arbitrary BG (under the unitary gauge)
See [Naruko, Saito, Tanahashi, Yamauchi (2022)] for a complementary study
(degeneracy conditions in the presence of disformally coupled canonical scalar)

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES

Ö ≔ G) − 2H

C13 Kazufumi Takahashi

ÿ Summary & ongoing/future works
nConstructed “generalized disformal Horndeski” theories by 

invertible generalized disformal trnsf. of Horndeski theories
¸Specified theories with yfz

) = 1 on a cosmological BG
¸Condition for consistent matter coupling

pOngoing/future works
lConsistency of matter coupling away from unitary gauge

and/or in the presence of fermions
[Ikeda, KT, Kobayashi, in prep.] [KT, Kimura, Motohashi, in prep.]

lEmbedding GDH theories into EFT of inflation/DE
[KT, Minamitsuji, Motohashi, in prep.]

and more (CMB constraints, screening mechanism, ⋯)

2022/10/24 GENERALIZED DISFORMAL HORNDESKI THEORIES C13 Kazufumi Takahashi



UV divergence 
in DHOST & Its 
Renormalization
by EFTofLSS

T. Fujita (Waseda IAS)
With S. Hirano [arXiv:2210.00772]

Executive Summary

Matter power spectrum
in DHOST theory has
a UV divergence

𝑃𝛿
DHOST = ∞

DHOST died?

∞+ Counterterm
= Finite

𝑃𝛿
DHOST

= Finite 𝐶2
Don’t worry.
UV divergence can be
renormalized!

Physics converges

Counterterms in 
DHOST(& MG) can be 
found in EFTofLSS

Renormalized Pδ

testable by Obs

Shin’ichi Hirano Tsutomu Kobayashi Daisuke Yamauchi Shuichiro Yokoyama
Shin’ichi Hirano Tomohiro Fujita
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Executive Summary

Matter power spectrum
in DHOST theory has
a UV divergence

𝑃𝛿
DHOST = ∞

DHOST died?

∞+ Counterterm
= Finite

𝑃𝛿
DHOST

= Finite 𝐶2
Don’t worry.
UV divergence can be
renormalized!

No divergence

Counterterms in 
DHOST(& MG) can be 
found in EFTofLSS

Renormalized Pδ

testable by Obs

Shin’ichi Hirano Tsutomu Kobayashi Daisuke Yamauchi Shuichiro Yokoyama
Shin’ichi Hirano Tomohiro Fujita

Q
What’s EFTofLSS?

How to renormalize Pδ?

Why did Pδ diverge?

Introduction of LSSOutline １

２

３

４

EFTofLSS in GR

EFTofLSS in MG

Summary



Introduction of LSSOutline １

２

３

４

EFTofLSS in GR

EFTofLSS in MG

Summary

LSS in a nutshell

We know the initial condition of our 
universe from inflation theory or CMB obs.

Solving the evolution of DM density 
fluctuation 𝛿, one can calculate e.g. 𝑃𝛿𝛿

Comparing them with LSS observations,
we extract physical information

e.g. primordial non-gaussianity 𝑓𝑁𝐿

N-body, perturbationModified gravity, DE models

Constraints on MG, 𝑓𝑁𝐿, 𝑤,𝑚𝜈, etc..



Many survey projects
We’ll get unprecedent amount of data

SKA
21cm

Forecast：O(1)％ precision in the growth rate 



In linearized cases,

Non-linear Calculation

Only overall factor differs. Difficult to distinguish theories...

𝑃𝛿
DHOST 𝑘 ∝ 𝑃𝛿

GR 𝑘

In linearized cases,

Non-linear Calculation

Only overall factor differs. Difficult to distinguish theories...

Non-linear contributions are important

Linear

𝑃𝛿
DHOST 𝑘 ∝ 𝑃𝛿

GR 𝑘

𝑃𝛿 𝑡, 𝑘 ∝ 𝛿𝒌𝛿𝒌′ ≃ 𝛿𝒌
[1]𝛿𝒌′

[1] + 𝛿𝒌
[2]𝛿𝒌′

[2] + 𝛿𝒌
[1]𝛿𝒌′

[3] + 𝛿𝒌
[3]𝛿𝒌′

[1]

𝛿𝒌 = 𝛿𝒌
[1] + 𝛿𝒌

[2] + 𝛿𝒌
[3] + ⋯

Non-linear

1-loop contributionsLinear

in perturbative calculation.

∝ 𝑃𝛿
GR 𝑘×



In linearized cases,

Non-linear Calculation

Only overall factor differs. Difficult to distinguish theories...

Non-linear contributions are important

Linear

𝑃𝛿
DHOST 𝑘 ∝ 𝑃𝛿

GR 𝑘

𝑃𝛿𝛿 𝑡, 𝑘 ∝ 𝛿𝒌𝛿𝒌′ ≃ 𝛿𝒌
[1]𝛿𝒌′

[1] + 𝛿𝒌
[2]𝛿𝒌′

[2] + 𝛿𝒌
[1]𝛿𝒌′

[3] + 𝛿𝒌
[3]𝛿𝒌′

[1]

𝛿𝒌 = 𝛿𝒌
[1] + 𝛿𝒌

[2] + 𝛿𝒌
[3] + ⋯

Non-linear

1-loop contributionsLinear

perturbation in 𝛿𝒌 itself.

= 𝑃𝛿
1loop 𝑘 = ∞？

Introduction of LSSOutline １

２

３

４

EFTofLSS in GR

EFTofLSS in MG

Summary



Standard calc.(SPT)

Problem of Perturbative LSS

Perturbation of 𝛿𝒌 (≪ 1)

𝜹𝒌 ≳ 𝟏 for 𝒌 ≳ 𝟏𝐌𝐩𝐜−𝟏
Perturbation breaks down!

Blas+(2013) 
1309.3308

Ferreira 
(2021) 
2005.03254

Standard calc.(SPT)

Problem of Perturbative LSS

Perturbation of 𝛿𝒌 (≪ 1)

𝜹𝒌 ≳ 𝟏 for 𝒌 ≳ 𝟏𝐌𝐩𝐜−𝟏

⇒ Always 𝛿𝒌 < 1
thus perturbation converges.

EFT for 𝜹𝒌
with 𝑘 < 𝚲 ≪ 𝟏𝐌𝐩𝐜−𝟏

Perturbation breaks down!

resolution Blas+(2013) 
1309.3308

Ferreira 
(2021) 
2005.03254

Integrated
Out



Integrate short modes

Counterterms of EFT in GR

𝛿 = 𝛿𝐿 𝑘 < Λ + 𝛿𝑆 𝑘 > Λ , 𝒗 = 𝒗𝐿 + 𝒗𝑆

integrate out 𝛿𝑆 and 𝒗𝑆 to obtain EFT

𝛁 ⋅ 𝒗 ∝ 𝛿 at linear

Euler eq. has a NL term
𝑎−1𝜕𝜂 𝑎𝑣𝑖 + 𝑣𝑗𝜕𝑗𝑣𝑖 = −𝜕𝑖Φ

𝑣𝐿
𝑗𝜕𝑗𝑣𝐿𝑖 + 𝑣𝑆

𝑗𝜕𝑗𝑣𝑆𝑖

Linear 𝑣𝐿 term

L

L L

L

S S

Integrate short modes

Counterterms of EFT in GR

𝛿 = 𝛿𝐿 𝑘 < Λ + 𝛿𝑆 𝑘 > Λ , 𝒗 = 𝒗𝐿 + 𝒗𝑆

integrate out 𝛿𝑆 and 𝒗𝑆 to obtain EFT

Euler eq. has a NL term
𝑎−1𝜕𝜂 𝑎𝑣𝑖 + 𝑣𝑗𝜕𝑗𝑣𝑖 = −𝜕𝑖Φ

𝑣𝐿
𝑗𝜕𝑗𝑣𝐿𝑖 + 𝑣𝑆

𝑗𝜕𝑗𝑣𝑆𝑖

Linear 𝑣𝐿 term

L

S S

L



Integrate short modes

Counterterms of EFT in GR

𝛿 = 𝛿𝐿 𝑘 < Λ + 𝛿𝑆 𝑘 > Λ , 𝒗 = 𝒗𝐿 + 𝒗𝑆

integrate out 𝛿𝑆 and 𝒗𝑆 to obtain EFT

Euler eq. has a NL term
𝑎−1𝜕𝜂 𝑎𝑣𝑖 + 𝑣𝑗𝜕𝑗𝑣𝑖 = −𝜕𝑖Φ

𝑣𝐿
𝑗𝜕𝑗𝑣𝐿𝑖 + 𝑣𝑆

𝑗𝜕𝑗𝑣𝑆𝑖

Linear 𝑣𝐿 term

All possible
allowed terms

𝑣𝑆
𝑗𝜕𝑗𝑣𝑆𝑖 → 𝜕𝑗 𝒄𝒔𝟐𝛿𝐿 − 𝒄𝒃𝒗𝟐 𝜕𝑘𝑣𝐿𝑘 𝛿𝑖𝑗

+𝜕𝑗𝒄𝒔𝒗𝟐 𝜕𝑖𝑣𝐿
𝑗 + 𝜕𝑗𝑣𝐿𝑖 −

2
3
𝜕𝑘𝑣𝐿𝑘𝛿𝑖𝑗

Free parameters

L

L

×

Standard case:

EFT Power Spectrum in GR
𝑃𝛿 = 𝑃11 + 𝑃22SPT + 2𝑃13SPT

EFT adds 2𝑃13EFT 𝑘 = 2𝐶1 𝑡, Λ 𝑘2𝑃11 𝐶12 = 𝑐𝑠2 + 𝑐𝑠𝑣2 + 𝑐𝑏𝑣2 𝑓

Without EFT, 𝑃𝛿 has a UV sensitivity.

𝑃13SPT 𝑘 ≈
61

1260𝜋2
𝑘2𝑃11 න

𝑞≫𝑘

∞
𝑑𝑞 𝑃11 𝑞

hard

loop
∝ 𝑞−3 𝑞 ≫ 𝑘eq

Converge

If 𝑃11 ∝ 𝑘−1, 𝑃𝛿 ∼ ∞ even in GR. EFT would fix it.
𝑃13 ≈ 𝑘2𝑃11 𝑞≫𝑘#

∞ 𝑑𝑞 𝑃11 + 𝐶1 = 𝐶1ren𝑘2𝑃11
renormalize

𝑃13EFT has the 
RIGHT k-dep.



In EFTofLSS, a non-linear term yields
new terms with free coefficients.

Short summary of EFT in GR

UV-sensitivity (or divergence)
is renormalized by counterterm
with the correct k-dependence.

Introduction of LSSOutline １

２

３

４

EFTofLSS in GR

EFTofLSS in MG

Summary



DHOST :

New Non-linearity in MG

Poisson eq. is modified in MG
𝜕2Φ + 𝜎Φ𝛾 𝜕2Φ 2 − 𝜕𝑖𝜕𝑗Φ

2 + 𝜎Φ𝛼 𝜕2Φ 2 + 𝜕𝑖Φ𝜕2𝜕𝑖Φ =
3
2
𝑎2𝐻2Ω𝑚𝛿

𝒪 Φ𝐿
2 + 𝒪 Φ𝑆

2
Linear Φ𝐿 term

𝑃13SPT 𝑘 ≈ 𝑄13𝑃11 න
𝑞≫𝑘

∞
𝑑𝑞 𝑞2𝑃11

hard

loop
∝ 𝑞−3 𝑞 ≫ 𝑘eq

Log Div.
= 0 in GR

EFT

New terms from Φ𝑆
2: 𝒪 Φ𝑆

2 = 𝑐2𝜕2Φ𝐿 + 𝑐3
𝜕2

𝑎2Λ2
𝜕2Φ𝐿 + ⋯

Let’s focus on 𝑐2 term. 𝑐3 yields the same 𝑃13 as 𝑐1 in GR.

※ 𝒪 Φ𝑆
2 ⊃ 𝑐0Φ = 𝑚2Φ may be relevant in e.g. Chameleon gravity.

𝑐2𝜕2Φ𝐿 leads to

Counterterm of EFT in MG

Renormalization

Result contains 2 parameters

Requiring 𝑃1loopEFT = 𝑃obs at 𝑘 = 𝑘1ren & 𝑘2ren, we fix 𝐶1,2ren.

𝑃13
𝑐2 = 𝐶2 𝑡, Λ 𝑃11 RIGHT k-dep.

𝑃13SPT 𝑘 ≈ 𝑄13𝑃11 𝑞≫𝑘
∞ 𝑑𝑞 𝑞2𝑃11

𝑃13SPT 𝑘 ⊃ 𝑃11 𝑄13 𝑞≫𝑘
Λ 𝑑𝑞 𝑞2𝑃11 + 𝐶2 = 𝐶2ren𝑃11
renormalize

𝑃1loopEFT 𝑘 = 𝑃11 + 𝑃22SPT + 2𝑃13ren + 2𝐶1ren𝑃11 + 2𝐶2ren𝑃11

DHOST can be tested by Obs for 𝑘 ≠ 𝑘1,2ren



Discussion on Screening
Vainshtein Screening works for 𝑘 ≥ 𝑘scr 𝑄13 = 0 like GR

𝑃13SPT 𝑘 ≈ 𝑄13𝑃11 න
𝑞≫𝑘

∞
𝑑𝑞 𝑞2𝑃11 = 𝑄13𝑃11 න

𝑞≫𝑘

𝒌𝐬𝐜𝐫
𝑑𝑞 𝑞2𝑃11

hard

loop Converge

This effect is overlooked in perturbative calc.
Screening is non-linear effect (𝑘scr ∼ 𝑘𝑁𝐿)             Hard to include…

EFT is agnostic to 𝑘 > 𝑘𝑁𝐿 > Λ. No prediction of 𝑃13 𝑞 ≫ 𝑘 . 

Any new formalism??

Horndeski never exhibits this UV divergence. Why??

Executive Summary

Matter power spectrum
in DHOST theory has
a UV divergence

𝑃𝛿
DHOST = ∞

DHOST died?

∞+ Counterterm
= Finite

𝑃𝛿
DHOST

= Finite 𝐶2
Don’t worry.
UV divergence can be
renormalized!

Physics converges

Counterterms in 
DHOST(& MG) can be 
found in EFTofLSS

Renormalized Pδ

testable by Obs

Shin’ichi Hirano Tsutomu Kobayashi Daisuke Yamauchi Shuichiro Yokoyama
Shin’ichi Hirano Tomohiro Fujita



Executive Summary

Matter power spectrum
in DHOST theory has
a UV divergence

𝑃𝛿
DHOST = ∞

DHOST died?

∞+ Counterterm
= Finite

𝑃𝛿
DHOST

= Finite 𝐶2
Don’t worry.
UV divergence can be
renormalized!

No divergence

Counterterms in 
DHOST(& MG) can be 
found in EFTofLSS

Renormalized Pδ

testable by Obs

Shin’ichi Hirano Tsutomu Kobayashi Daisuke Yamauchi Shuichiro Yokoyama
Shin’ichi Hirano Tomohiro FujitaQ

What’s EFTofLSS?

How to renormalize Pδ?

Why did Pδ diverge?

EFT for 𝜹𝒌 with 𝑘 < 𝚲 ≪ 𝟏𝐌𝐩𝐜−𝟏

EFT yields correct counterterms

Not clear. Screening involves?

Thank you!



Any Question？
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Based on the upcoming paper [arXiv:2211.xxxxx]

Revisiting TOV Problems 
in F(R) Gravity

At JGRG31, Oct. 24th, 2022

Revisiting TOV Problems in F(R) Gravity /12

Modified Gravity and Neutron Star

2

Present universe model with GR & SM still has 
several problems in wide range of energy-scale.

                                   ↓  
Modified gravity theories can solve them  
or give hints!!

Low
Energy

High
Energy

Dark energy

Dark matter

Inflation

Hubble tension

Quantum effect

BH Singularity∼ 1027 eV

∼ 10−3 eV

∼ 1025 eV

≈
‣ Background → TOV problem 

‣ (Static) perturbation → Tidal deformation

‣ Time evolution → Thermal evolution

Probe: Neutron stars (NSs)

‣ Strong gravity due to its high compactness

‣ Many ways to observe (GWs, Pulsar X–ray, etc…)  
→ Good to test the deviation from GR!

In theoretical point of view,

C15
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In the Previous Works

3

TOV problem in modified gravity has been discussed in many papers.

However several uncleared points still exist.

‣ “Asymptotic solution” outside the star 
“Asymptotically flat” was often assumed.  
→ How do solutions become “flat”?     
 

‣ Scalar profile inside the star  
Scalar (=curvature) profile has not been well investigated so far.

Our Goal

Solve TOV problem in  gravity, paying attention onF(R)
<latexit sha1_base64="Ae1i1dlmk7qe0yG/1dq/S5BZbh0="></latexit>8
>>><

>>>:

‣Asymptotic behaviors of solutions 
‣Scalar = curvature profile

Exp. decay? [A. V. Astashenok+, 2018] etc… 

Power–law decay? [M. N. Callejas+, 2022] etc… 
Damping oscillation? [M. A. Resco+, 2016] etc…

E.g.)  model of  gravityR2 F(R)

Revisiting TOV Problems in F(R) Gravity /12

 Gravity and  ModelF(R) R2

4

<latexit sha1_base64="+pj/EVofiPiuFc+1sv2I9ADWpDA="></latexit>

FR(R)Rµ⌫ � 1

2
F (R)gµ⌫ � [rµr⌫ � gµ⌫⇤]FR(R) = 2Tµ⌫

<latexit sha1_base64="Qg0+F403I9SqxuErouuWWAIs28o="></latexit>

FR(R)R� 2F (R) + 3⇤FR(R) = 2T

<latexit sha1_base64="NYO5nFGuxbOgkWf6myBGLXayRQA="></latexit>

SF =
1

22

Z
d4x

p
�gF (R) + SM (gµ⌫ , )

We consider  gravity theory that has 2+1 d.o.f. for the gravitational field.F(R)

Action: Action:

Field equations:

Auxiliary equation:

Field equations:

Metric Description ST Description
<latexit sha1_base64="GVa5BzuJRjtpfrIKzQzaea1kMCc="></latexit>

SF =
1

22

Z
d4x

p
�g[�R� V (�)]

<latexit sha1_base64="W13Ip+a2jKEvT6n477QjbeTgtmM="></latexit>

Gµ⌫ =
2

�
Tµ⌫ +

1

�


rµr⌫�� gµ⌫

✓
⇤�+

1

2
V

◆�

<latexit sha1_base64="VBdUtjcBDiy9xWZuuyp4i9MYEDY="></latexit>

⇤� =
1

3

⇥
�V 0(�)� 2V (�) + 2T

⇤

<latexit sha1_base64="Mmpqg6VxNKMjiO9VytE0HsL817w="></latexit>

� ⌘ FR(R)(> 0)

V (�) ⌘ R(�)�� F (�)

To simplify and to compare with previous works, now we use  gravity. R2
<latexit sha1_base64="wSCR7jsKlg+8M4gy/lGGwduLE3o="></latexit>

F (R) = R+ ↵R2 ) � = FR = 1 + 2↵R

Scalar profile can be easily read off as that of curvature.

[A. A. Starobinsky, 1980]
etc…
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Chameleon Mechanism in  GravityR2

5

Scalar (= curvature) distribution is determined from chameleon potential.

→ This is helpful to understand the profile of scalar = curvature inside & outside stars.

α = ����
α = ����
α = ���

��� ��� � � ��
-��

-�

�

�

��

Φ

� �
��(
Φ�
�)

� = ���
� = �
� = -���
� = -���

��� ��� � � ��
-��

-��

-��

-�

�

�

��

Φ
� �

��(
Φ�
�)

<latexit sha1_base64="teT6xAJBGGKB47AnpMvA2RXvShk="></latexit>

dVe↵

d�

����
�=�min

=
1

3

⇥
R (�min) + 2T

⇤
=

1

3


�min � 1

2↵
+ 2T

�

= 0

Potential minimum corresponds to GR

[J. Khoury+, 2004]
[P. Brax+, 2008]

etc…

<latexit sha1_base64="xrBwIoaHYJeoiD9TQPi+sY4fWWE="></latexit>

d2Ve↵

d�2

����
�=�min

=
1

6↵
⌘ m2

�

→ Curvature behaves as massive particle with  
    Decay exponentially for large  !! 

mΦ ∼ α−1/2

r

⇒   α > 0

<latexit sha1_base64="UoQvxjxcLsD0LgB+p9DyVO8lyZ4="></latexit>

⇤� =
dVe↵

d�
=

dVe↵

d�

����
�=�min

+
d2Ve↵

d�2

����
�=�min

(�� �min) + · · ·
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System and Equations to Solve

6

<latexit sha1_base64="Pyu/+Wq7vCYBuQtKud9HjDWbOK8="></latexit>

�0 =
e2�

�
22r2✏+ ↵R(r2R� 4)� 2

 
+ 4↵

�
r2R00 + 2rR0 +R

�
+ 2

4r (↵(rR0 + 2R) + 1)
<latexit sha1_base64="nALX7UrN/XHbr+ZM2/WFz+zicrk="></latexit>

⌫0 =
e2�

�
22r2p� ↵R(r2R� 4) + 2

 
� 2 (4↵rR0 + 2↵R+ 1)

4r (↵(rR0 + 2R) + 1)
<latexit sha1_base64="AFAg0NimguF5/jRBN2j0p1l9kSU="></latexit>

R00 =
1 + 2↵R

2↵


1

r

✓
3⌫0 � �0 +

2

r

◆
+ e2�

✓
1

2
R� 2

r2

◆�
+

✓
�0 +

1

r

◆
R0

<latexit sha1_base64="68UVqA1p8FTNDAQAxCnbI81dzJM="></latexit>

p0 = �⌫0 (✏+ p)
<latexit sha1_base64="CPm2p/dOiM5iIxm2i5YQUsUYlnQ="></latexit>

p = p(✏)

Equations to Solve

Metric:

Curvature:

(= scalar eq.)

Matter: 
(Perfect fluid)

Sols.:  ( )   with ansatz  λ, ν, R, p ϵ

Use tabulated SLy EOS. [J. S. Read+, 2009] 

<latexit sha1_base64="HwGGxlgNKW7Of7LfCNgrHlDsrVg="></latexit>

ds2 = �e2⌫dt2 + e2�dr2 + r2⌦ABdx
AdxB

r
r0 rs rmat r1

Matching
‣ 

‣

λ, R′ → 0
p → pc

Power–law behavior

p = 0

‣ 

‣

R → 0
e2ν → e−2λ = (1 − 2M/r)

Metric: Sch. + modification 
Curvature: exp. decay

Solve Solve

(rs, α ≪ )
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Asymptotic Conditions

7

Consider the asymptotic behaviors that are used for .r > r2

Hint ‣ Conditions (metric → Sch., curvature → 0)


‣ Field equations


‣ Relation
<latexit sha1_base64="QA5nV6mdvcXz0OSfSn2EbOD3d6A="></latexit>

R =e�2�


�2⌫00 � 2 (⌫0 � �0) ⌫0 � 4 (⌫0 � �0)

r
+

2e2� � 2

r2

�

→ Exp decay depending on . 
　 Consistent with discussion on chameleon scalar.

α

→ Asymptotic forms are found as　 ( : constant, : modified Bessel func. of 2nd kind)C K1(x)
<latexit sha1_base64="i9UAan/3EO9sDmCwXGilDXajArA="></latexit>
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↵

◆

<latexit sha1_base64="TNPBBJ773+hqiFSuGq5o7QGlCLg="></latexit>
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2
log

✓
1� 2M

r

◆
� 2↵C rK1

✓
r

2
p
↵

◆
correction Schwarzschild  

+ exp. decaying correction
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Results – Geometrical Quantities

8
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<latexit sha1_base64="2XTFcOcn7pnUAPB5QTTAKM+rySE="></latexit>

↵ = 1.0,

⇢c = 1015.19 g/cm3

M = 2.06M�

Decaying But non–zero 
(asymtotically exp.) 
→ Scalar hair 

Gradually become 
Sch. solution
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Results – Mass–Radius Relation

9

‣ Mass: Sch. mass at  
Radius: Surface radius


‣ Curves “rotate clockwise”  
as  increases.


‣ Maximum mass increases  
about  
as  increases.

r2

α

(( 10−2 M⊙)
α

→ Consistent with prev. works. 
[S. S. Yazadjiev+, 2014]

[A. V. Astashenok+, 2018]
Etc…

��
α=���
α=�
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α=��
α=���
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���

���

���

���

���

�� [��]

�
[�
��
��
�
��
�]
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Results – Scalar Distribution

10

Scalar (=curvature) radial distribution can be understood from chameleon potential.

Scalar field “tries to get out” of the potential when it is traced from center.

Outside

<latexit sha1_base64="qJC6qiKwy8gYKbIZPrv1RR+siy8="></latexit>

* ⇤� =
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Results – Scalar Distribution

11

Scalar (=curvature) radial distribution can be understood from chameleon potential.

Scalar field “tries to get out” of the potential when it is traced from center.

Inside Outside

<latexit sha1_base64="qJC6qiKwy8gYKbIZPrv1RR+siy8="></latexit>

* ⇤� =
dVe↵

d�
= m2

�(�� �min) + · · ·where
<latexit sha1_base64="KOaR5WhJhXsTBaR3bZ/WLth8Dd4="></latexit>

Ve↵(�, T ) =
1

12↵
�
�
�� 2 + 42↵T

�

Now considering  dependence → metric: +r

→ Radial distribution is determined by   (concave func. now).  
　 Asymp. flat sol is one that scalar gets to “potential maximum” for large .

−Veff
r
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Summary

12

‣ We re–examined TOV problem in  gravity. 

‣ We especially focused on the asymptotic behaviors of solutions, and  
scalar (=curvature) profile including its effective potential (chameleon mechanism).  
These have not been well investigated.


‣ By checking scalar effective mass, the asymptotic solutions can be predicted.  
In other words, the calculated numerical solutions should be consistent with it.


‣ Radial distribution of scalar (=curvature) is determined from sign–flipped chameleon  
potential. 

R2

Future Work

‣ Other model of  gravity  
(now tackling on the non-integer power model, whose scalar is massless in vacuum.)


‣ Inverse–TOV problem 
(Reconstruction of IVs from the asymptotic solutions)

F(R)



B–Slides
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Chameleon Mechanism in  GravityR2

14

Jordan frame

Einstein frame

<latexit sha1_base64="KOaR5WhJhXsTBaR3bZ/WLth8Dd4="></latexit>
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Depend on energy–momentum

→ It is up to frame whether mechanism works



Polarizations of gravitational waves in 
Palatini-Horndeski theory
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➢1. Motivation

➢2. Polarization modes

➢3. Polarizations of Palatini-Horndeski theory

Content
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➢1. Motivation

➢2. Polarization modes

➢3. Polarizations of Palatini-Horndeski theory

Content

Why polarizations

The polarization modes allowed by various modified gravity
theories are different [1].

Some of modified gravity could be excluded from the detection
of polarization modes of gravitational waves in Lisa [2], Taiji [3]
and TianQin [4] in the future.

4/18

[1] D. M. Eardley, D. L. Lee, and A. P. Lightman, Phys. Rev. D 8, 3308 (1973)
[2] P. Amaro-Seoane, et al. (LISA Team), arXiv:1702.00786
[3] Z. Luo, et al. , Prog. Theor. Exp. Phys. 2021, 05A108 (2021)
[4] J. Luo, et al., Classical Quantum Gravity 33, 035010 (2016)



Why Palatini-Horndeski theory

In 2021, a tentative indication for scalar transverse gravitational
waves was reported [1].

In the metric formalism, the most general scalar-tensor theory
that can obtain second-order field equations is Horndeski theory
[2].

5/18

[1] Z. Chen, C. Yuan, and Q. Huang, Sci. China Phys. Mech. Astron. 64, 120412 (2021)
[2] G. W. Horndeski, Int. J Theor. Phys. 10, 363 (1974)

Action of Horndeski theory

Where □ = ∇𝜇∇𝜇, 𝑋 = − 1
2
∇𝜇𝜙∇𝜇𝜙。

6/18



GW 170817

GW170817 and GRB 170817A require that the speed of tensor mode
gravitational wave is limited:

−3 × 10−15 ≤
𝑐𝑔𝑤
𝑐

− 1 ≤ 7 × 10−16.

If in the FRW background, the speed of the tensor mode wave is c, then
only

𝑆 = න𝑑4𝑥 −𝑔 [𝐾 𝜙, 𝑋 − 𝐺3 𝜙, 𝑋 □𝜙 + 𝐺4 𝜙 𝑅]

meets the above condition.

7/18

[1] B. P. Abbottet et al. Astrophys. J. 848, L13 (2017); Phys. Rev. Lett. 123, 011102 (2019)
[2] P. Creminelli and F. Vernizzi, Phys. Rev. Lett. 119, 251302 (2017)

GW170817 / GRB 170817A severely constrain the possible
parameter space of metric Horndeski theory.

Taking the Horndeski action in the Palatini formalism may be a
way to beyond the metric Horndeski theory.

We consider the polarizations of gravitational waves in Palatini-
Horndeski theory.

8/18



➢1. Motivation

➢2. Polarization modes

➢3. Polarizations of Palatini-Horndeski theory

Content

Consider

(1) weak gravitional field
(2) Minkowski background
(3) relative displacement 𝜼𝝁 of two test particles

𝒅𝟐𝜼𝒊
𝒅𝒕𝟐

= −𝑹𝒊𝟎𝒋𝟎𝜼𝒋 (𝐢, 𝐣 = 𝟏, 𝟐, 𝟑)

10/18



𝑹𝒊𝟎𝒋𝟎 = 𝑨 𝑬𝒊𝒋 𝒆𝒊𝒌𝒙

𝑬𝒊𝒋 =
𝑷𝟒 + 𝑷𝟔 𝑷𝟓 𝑷𝟐

𝑷𝟓 −𝑷𝟒 + 𝑷𝟔 𝑷𝟑
𝑷𝟐 𝑷𝟑 𝑷𝟏

11/18

Gravitational Wave

polarization

Define 𝑷𝟏,… , 𝑷𝟔

12/18D. M. Eardley, D. L. Lee, and A. P. Lightman, Phys. Rev. D 8, 3308 (1973)



1. + and × mode, speed is c

2. A mixed mode of breathing mode and longitudinal mode
(when = 𝟎, degenerate to breathing mode)

13/18

Polarizations of metric Horndeski theory

S. Hou, Y. Gong and Y. Liu, Eur. Phys. J. C 78, 378 (2018)

➢1. Motivation

➢2. Polarization modes

➢3. Polarizations of Palatini-Horndeski theory

Content



In the Palatini formalism, we assume the connection is torsion free:

For the action of the Palatini-Horndeski theory：

15/18

Taking perturbations

We obtain the linearized field equation

Where

16/18



17/18

The Newman-Penrose formalism can be used to analyze the polarizations

Future work

18/18

➢Ostrogradsky instability

➢Tensor gravitational wave speed in
cosmological background



Thanks !



JGRG31, October 24-28th 2022 

Shin’ichi Hirano (Titech: Tokyo inst. of Tech.)

Scalar Gauss-Bonnet and  
dynamical Chern-Simons BHs 
in EFT extension of GR  

with M. Kimura (Daiichi Inst. of Tech.), M. Yamaguchi (Titech）

in preparation

GR and EFT

1

▪︎ GWs from binary BHs merger (LIGO, VIRGO)

observed wave forms would correspond to that predicted by  
numerical relativity

→ general relativity (GR) is almost correct

▪︎ GR might be corrected from UV physics

e.g.）GR is non-renormalizable. We need inflaton.

→ including higher curvature corrections 
(Effective Field Theory: EFT)

e.g.）R2, 1
Λ2 R3

C17



2

▪︎ BH physics？

corrections become effective on small scale due to ？rH ≫ 1
Λ

▪︎ BH solutions can be changed thanks to corrections: EFT BHs

(Riemann)4 : Cardoso+ (2018)

(Riemann)3 : de Rham+ (2020), Cano+ (2021)

EFT Black Holes

Non-linear Maxwell: K. Nomura+ (2021)

No!

→ interesting to explore UV physics by using BH!

Solving above perturbatively as gμν = gGR
μν + ϵgEFT1

μν + ϵ2gEFT2
μν

Rμν − 1
2 gμνR = ϵ (corrections)

3

Mpl, Λ, rg (:= 2M)combination of

Image



3

: $(ϵ0) Rμν − 1
2 gμνR = 0 gμν = gGR

μν

Image
Rμν − 1

2 gμνR = ϵ (corrections)
Mpl, Λ, rg (:= 2M)combination of

gμν = gGR
μν + ϵgEFT1

μν + ϵ2gEFT2
μνSolving above perturbatively as 

3

: $(ϵ0) Rμν − 1
2 gμνR = 0 gμν = gGR

μν

Image
Rμν − 1

2 gμνR = ϵ (corrections)
Mpl, Λ, rg (:= 2M)combination of

gμν = gGR
μν + ϵgEFT1

μν + ϵ2gEFT2
μνSolving above perturbatively as 

Rμν − 1
2 gμνR = ϵ (corrections)

gμν = gGR
μνgμν = ϵgEFT1

μν

: $(ϵ1)



3

: $(ϵ0) Rμν − 1
2 gμνR = 0 gμν = gGR

μν

Image
Rμν − 1

2 gμνR = ϵ (corrections)
Mpl, Λ, rg (:= 2M)combination of

gμν = gGR
μν + ϵgEFT1

μν + ϵ2gEFT2
μνSolving above perturbatively as 

Rμν − 1
2 gμνR = ϵ (corrections)

gμν = gGR
μνgμν = ϵgEFT1

μν

: $(ϵ1)

Rμν − 1
2 gμνR = ϵ (corrections)

gμν = ϵgEFT1
μνgμν = ϵ2gEFT2

μν

: $(ϵ2)

 Our work

・parity violating terms

・additional DoFs as EFT of GR

→ scalar field & metric tensor couplings as a first step

(1) action and leading operators

(2) static spherically symm. BH and perturbation (QNM)

Hirano, Kimura, Yamaguchi, in prep. 

※ bonus: other terms outside modified gravity models

4

Our work



construction of action

1. We can use Ricci flat (scalar vanishes in vacuum) at $(ϵ0)

→　in EoM,  we need not to consider , and its derivativesR, Rμν

e.g.)　  in actionR2
μν, R3, RR2

μν

2.  ( : scalar, : tensor) can be pushed toRX, RμνYμν X Yμν

higher order via  ( : tensor)gμν → gμν + ϵZμν Zμν

Hirano＋

3. We can choose one from terms proportional to same Weyl comp.

e.g.)　RabcdRcdμνR ab
μν , RabcdRcdμνR a b

μ ν ∝ WabcdWcdμνW ab
μν

5

Effective action
ℒEFT

−g
=

M2
pl

2 R − 1
2 (∂μϕ)2 − 1

2 m2ϕ2

6

+ b1
Λ ϕR2

μναβ + b2
Λ ϕR̃μναβRμναβ

+ c1
Λ3 □ ϕR2

μνρσ + c2
Λ3 ϕR3

μνρσ

+$ ( 1
Λ4 )

+ d1
Λ3 □ ϕR̃μν

αβRαβ
μν + d2

Λ3 ϕR̃μν
αβRαβ

abRab
μν

Hirano＋



Effective action
ℒEFT

−g
=

M2
pl

2 R − 1
2 (∂μϕ)2 − 1

2 m2ϕ2

+ b1
Λ ϕR2

μναβ + b2
Λ ϕR̃μναβRμναβ

+ c1
Λ3 □ ϕR2

μνρσ + c2
Λ3 ϕR3

μνρσ

+$ ( 1
Λ4 )

6

+ d1
Λ3 □ ϕR̃μν

αβRαβ
μν + d2

Λ3 ϕR̃μν
αβRαβ

abRab
μν

converted to  by combiningϵ
with Mpl and rg

 scalar Gauss-Bonnet
/dynamical Chern-Simons

leading operators:
←

← new sub-leading operators

←

Hirano＋

Effective action
ℒEFT

−g
=

M2
pl

2 R − 1
2 (∂μϕ)2 − 1

2 m2ϕ2

+ b1
Λ ϕR2

μναβ + b2
Λ ϕR̃μναβRμναβ

+ c1
Λ3 □ ϕR2

μνρσ + c2
Λ3 ϕR3

μνρσ

+$ ( 1
Λ4 )

6

+ d1
Λ3 □ ϕR̃μν

αβRαβ
μν + d2

Λ3 ϕR̃μν
αβRαβ

abRab
μν

converted to  by combiningϵ
with Mpl and rg

← new sub-leading operators

←

this talk

Hirano＋

 scalar Gauss-Bonnet
/dynamical Chern-Simons

leading operators:
←



Static spherically sym. sol.

7

b1
Λ ϕR2

μνρσ,
b2
Λ ϕR̃μν

αβRαβ
μν

ds2 = − A(r)dt2 + 1
B(r) dr2 + r2(dθ2 + sin2 θdϕ2)

A(r) = 1 −
rg

r
+ ϵ2 f(r), B(r) = 1 −

rg

r
+ ϵ2 g(r)

Ansatz▪︎

ϕ = 0 + ϵ π(r) (no hair at )$(ϵ0)

, ϵ := 1
ΛM2

plr3g

Hirano+
cf) Yunes+ (2008)

Static spherically sym. sol.
b1
Λ ϕR2

μνρσ,
b2
Λ ϕR̃μν

αβRαβ
μν

ds2 = − A(r)dt2 + 1
B(r) dr2 + r2(dθ2 + sin2 θdϕ2)

A(r) = 1 −
rg

r
+ ϵ2 f(r), B(r) = 1 −

rg

r
+ ϵ2 g(r)

Ansatz▪︎

ϕ = 0 + ϵ π(r) (no hair at )$(ϵ0)

Hirano+

parity term (no effect at BG)

, ϵ := 1
ΛM2

plr3g

cf) Yunes+ (2008)

7



ds2 = − A(r)dt2 + 1
B(r) dr2 + r2(dθ2 + sin2 θdϕ2)

A(r) = 1 −
rg

r
+ ϵ2 f(r), B(r) = 1 −

rg

r
+ ϵ2 g(r)

Ansatz▪︎

Static spherically sym. sol.
b1
Λ ϕR2

μνρσ,
b2
Λ ϕR̃μν

αβRαβ
μν

ϕ = 0 + ϵ π(r) (no hair at )$(ϵ0)

, ϵ := 1
ΛM2

plr3g2nd 2nd

1st

Hirano+
cf) Yunes+ (2008)

7

parity term (no effect at BG)

Static spherically sym. sol.
b1
Λ ϕR2

μνρσ,
b2
Λ ϕR̃μν

αβRαβ
μν

ds2 = − A(r)dt2 + 1
B(r) dr2 + r2(dθ2 + sin2 θdϕ2)

A(r) = 1 −
rg

r
+ ϵ2 f(r), B(r) = 1 −

rg

r
+ ϵ2 g(r)

Ansatz▪︎

ϕ = 0 + ϵ π(r) (no hair at )$(ϵ0)

Substituting ansatz into EoMs, we can determine unknown funcs. ▪︎

π(r) =
4b1M2

plr2
g

r (1 +
rg

2r
+

r2
g

3r2 ) (massless, regular at )r → rg, ∞

parity term

, ϵ := 1
ΛM2

plr3g

f(r) =
4b2

1 M2
plr5

g

3r3 (1 +
13rg

r
+ ⋯), g(r) =

8b2
1 M2

plr4
g

r2 (1 +
rg

2r
+ ⋯)

(EoMs)

(field eq.) ( □ − m2)ϕ = ϵ (RabcdRabcd + ⋯)

Rμν − 1
2 gμνR = ϵ (ϕR2

abcdgμν + ⋯)
ϵ π(r)

$(ϵ2)

gSch
μνϵ π(r)

ϵ2f(r), ϵ2g(r) gSch
μν

Hirano+
cf) Yunes+ (2008)

7



Hirano+

▪︎ scalar GB coupling ϕR2
μνρσ

▪︎ gμν = gSch
μν + ϵ2ḡsGB

μν + hodd/even
μν , ϕ = ϵϕ̄sGB + δϕ

scalar GB coupling

8

cf) Pani+ (2009)

(EoMs) Rμν − 1
2 gμνR = ϵ(ϕR2

abcdgμν + ⋯)
heven

μν δϕ

▪︎ scalar GB coupling

Hirano+

$(ϵ) ,

ϕR2
μνρσ scalar-even couplings

(field eq.) ( □ − m2)ϕ = ϵ RabcdRabcd

heven
μνδϕ

gSch
μν

▪︎ gμν = gSch
μν + ϵ2ḡsGB

μν + hodd/even
μν , ϕ = ϵϕ̄sGB + δϕ

scalar GB coupling

8

cf) Pani+ (2009)



(EoMs) Rμν − 1
2 gμνR = ϵ(ϕR2

abcdgμν + ⋯)
heven

μν

gSch
μν , heven

μν , hodd
μν

δϕ

▪︎ scalar GB coupling

Hirano+

$(ϵ) ,

ϕR2
μνρσ scalar-even couplings

(field eq.) ( □ − m2)ϕ = ϵ RabcdRabcd

heven
μνδϕ

ϵ2ḡsGB
μν

$(ϵ2)
+ϵ δϕ

ϵ2ḡsGB
μν , heven

μν , hodd
μν

+ϵϕ̄sGB + ϵ heven
μν

▪︎ gμν = gSch
μν + ϵ2ḡsGB

μν + hodd/even
μν , ϕ = ϵϕ̄sGB + δϕ

scalar GB coupling

8

kinetic terms, potential terms

cf) Pani+ (2009)

c2 = (
1 + ϵ2(1 − rg/r)c2

s 0
0 1 + ϵ2(1 − rg/r)c2

e )

, Ψ = (Ψs

Ψe),

scalar GB coupling
▪︎ gμν = gSch

μν + ϵ2ḡsGB
μν + hodd/even

μν , ϕ = ϵϕ̄sGB + δϕ

▪︎ scalar GB coupling

Hirano+

ϕR2
μνρσ scalar-even couplings

kinetic terms, potential terms

d2Ψo

dr2
*

+ ω2c2
oddΨo − (1 −

rg

r )(Vo
GR + ϵ2Vo

EFT)Ψo = 0,

d2Ψ
dr2

*
+ ω2c2Ψ − (1 −

rg

r ) VΨ = 0

, V = (VKG + ϵ2Vs
EFT ϵVs,e

ϵVs,e Ve
GR + ϵ2Ve

EFT),

, dr
dr*

= 1 −
rg

r
+ ϵ2(⋯)c2

odd = 1 + ϵ2(1 − rg/r)(⋯)

Ψo ∼ hodd
μν

Ψe ∼ heven
μν

Ψs ∼ δϕ

8

cf) Pani+ (2009)



, Ψ = (Ψscalar

Ψo ),

dynamical CS coupling
▪︎ gμν = gSch

μν + ϵ2ḡsGB
μν + hodd/even

μν , ϕ = ϵϕ̄sGB + δϕ

▪︎ dynamical CS coupling

Hirano+

ϕR̃μνρσRμνρσ scalar-odd couplings

d2Ψe

dr2
*

+ ω2Ψe − (1 −
rg

r ) Ve
GRΨe = 0,

d2Ψ
dr2

*
+ ω2Ψ − (1 −

rg

r ) VΨ = 0

kinetic terms, potential terms

dr
dr*

= 1 −
rg

r
V = (VKG + ϵ2Vs

EFT ϵVs,o

ϵVs,o Vo
GR ),

cf) Kimura (2019)

9

, Ψ =
Ψs

Ψo

Ψe
,

sGB-dCS coupling
▪︎ gμν = gSch

μν + ϵ2ḡsGB
μν + hodd/even

μν , ϕ = ϵϕ̄sGB + δϕ

10

▪︎

Hirano+

ϕR2
μνρσ, ϕR̃μνρσRμνρσ scalar-odd/-even couplings, kinetic terms

d2Ψ
dr2

*
+ ω2c2Ψ − (1 −

rg

r ) VΨ = 0

potential terms, new even-odd coupling

c2 =
1 + ϵ2(1 − rg/r)c2

s 0 0
0 1 + ϵ2(1 − rg/r)c2

o 0
0 0 1 + ϵ2(1 − rg/r)c2

e

V =
VKG + ϵ2Vs

EFT ϵVs,o ϵVs,e

ϵVs,o Vo
GR + ϵ2Vo

EFT ϵ2Vo,e

ϵVs,e ϵ2Vo,e Ve
GR + ϵ2Ve

EFT

, dr
dr*

= 1 −
rg

r
+ ϵ2(⋯)

leading order 
in QMN!!!



QUASI-NORMAL MODE

eigenvalues  of Master eqs. with B.C.s ω

scalar-odd/-even coupling

:non-degenerate(
Vs ϵVs,i

ϵVs,i Vi )

(
VGR ϵ2Vo,e

ϵ2Vo,e VGR )
even-odd coupling

: degenerate

e.g) quantum mechanics

rH ∞
r

V(r)

Vs −
V2

s,i
Vs − Vi

ϵ2, Vi +
V2

s,i
Vs − Vi

ϵ2 (Vs > Vi)

VGR ± Vo,eϵ2

(i = o/e)

same (leading) 
order

Hirano+

11
(iso-spectrality of )VGR

11

Hirano+QUASI-NORMAL MODE

eigenvalues  of Master eqs. with B.C.s ω
e.g) quantum mechanics

rH ∞
r

V(r)

Ryan+ (2019)

Vo,e =
2b1b2 (94080 + 199626r − 47306r2 − 223293r3 − 22080r4 + 21760r5 + 51840r6)

5r9(4r + 3)2l = 2,

(rg = 1, Mpl = 1)

→ δω = (−10.5681 + 95.996i)b1b2ϵ2 (preliminary)

▪︎ Demo: parametrized QNM formula

For  high precision, we are computing with continued fraction method
(multi ver. of Leaver’s method) cf) Nomura+ (2021)



Summary

■ Our work

▪︎ Future prospects

✔ action, leading operators:  sGB-dCS couplings

✔ coupled Schrodinger eqs.: new odd-even coupling 

scalar-tensor couplings with parity violating terms

✔ Quasi-normal mode: leading effect from o-e coupling

▪︎ GR might be corrected from UV physics

BH solutions can be changed thanks to corrections: EFT BH

rotating case , overtone, fermion, ….
12



Spin-2 dark matter from 
anisotropic Universe

Yusuke Manita 
(Kyoto University)

Collaborators:Katsuki Aoki(YITP), Tomohiro Fujita(WIAS),  
and Shinji Mukohyama(YITP)

Overview
“Spin-2 dark matter”

Observation

Testing by GW detectors.

Theory
✔Spin-2 DM is regarded as 

a massive graviton.

✔DM production from the 
anisotropic Universe.implication!

C18



Ultra-light DM
[Ferreira, 2020]

•Boson
•Light

•Classical wave

Verifiable by  
GW detector! f ≈ 200Hz ( 10−12eV

m )

Ultraligh spin-2 DM can be tested by GW detector!

Spin-2 dark matter
• Spin-2 DM is a tensor dark matter originating 
from bigravity.  
Maeda, Volkov (2013), Aoki, Mukohyama (2017), Babichev et al. (2017)

→ Ultralight Spin-2 DM can be searched  
     by the GW detector! 
Armaleo, Nacir, Urban, (2021); YM, Aoki, Fujita, Mukohyama, in prep.

• Spin-2 DM is regarded as a massive graviton.
ℒint ∼ 1

MG
φμνTμν



Production mechanism

•Production from 
 phase transition of anisotropy 
Manita, Aoki, Fujita, Mukohyama in prep.

Today’s topic

• Anisotropic perturbation of the massive 
graviton can be regarded as a spin-2 DM.

✔Anisotropy behaves as a dust fluid [Maeda, Volkov, 2013]. 
✔Structure formation [Aoki, Maeda, 2017].

Anisotropic fixed point in 
bigravity



Bigravity
•Bigravity is a gravity theory with two metrics . 

• It is a theory of massive graviton which couples to the 
massless graviton. 
→ Bigravity describes spin-2 particles in a 
gravitational field.

{gμν, fμν}

 Einstein-Hilbert term

S = 1
2κ2g ∫ d4x −gR(g) + 1

2κ2
f ∫ d4x −fR( f ) + m2

κ2 ∫ d4xℒint[gμν, fμν]

Interaction term
Hassan-Rosen bigravity[Hassan, Rosen, 2012], 
Minimal theory of bigravity [De Felice, Larrouturou, Mukohyama, Oliosi, 2020]  

Set up
•Homogeneous anisotropic Universe 
→ Bianchi type-I universe:

•We assume vacuum configuration.

gμνdxμdxν = − N2
gdt2 + a2

g [e4βgdx2 + e−2βg (dy2 + dz2)] ,

fμνdxμdxν = − N2
f dt2 + a2

f [e4βf dx2 + e−2βf (dy2 + dz2)]

 are anisotropy.βg , βf

•Anisotropies are relatively large.



Background equation
H2

g = σ2
g +

mg

3
2

[b0 + b1 (e−2β + 2eβ) ξ + b2 (2e−β + e2β) ξ2 + b3ξ3] ,

Friedmann equation

→ Cosmic expansion is sourced by anisotropy.

1
a3g

d
dt (a3

gσg) + κ2
g

∂U
∂β

= 0 , 1
a3g

d
dt (a3

f σf) − κ2
f

∂U
∂β

= 0

→ The anisotropies behave as two fluids.

Hg :=
·ag

agNg
, Hf :=

·af

af Nf
, σg :=

·βg

Ng
, σf :=

·βf

Nf
, ξ :=

af

ag
, β := βg − βf .

U := m2

6κ2 [ξ (2eβ + e−2β) (b1 + b2Nf) + ξ2 (e2β + 2e−β) (b2 + b3Nf)]

Constraint equation

The background equation are nonlinear ODE. 
→ First, let’s look at the fixed point!

Equations of anisotropies

σg = ·βg,
β = βg − βf

 is a potential of U β

Anisotropic fixed point

·Hg = ·Hf = ·βg = ·βf = ·ξ = 0

[Condition of fixed point]

c4e12β + c3e9β + c2e6β + c1e3β + c0 = 0
ξ = (Function of β)

(NEW)

Hg , Hf = (Function of β and ξ)

→ stationary solution

• Self-accelerating branch
• Normal branch

(Hg − Hf ξ)(b1 + 2b2ξ + b3ξ2) = 0

Strauss+, 2012, De Felice+, 2020, etc.

β ≠ 0
Anisotropic fixed point

β = 0
Isotropic fixed point

[result]



Local stability
Linearizing around each fixed point,

Hg → Hg0 + ϵHg1 , β → β0 + ϵβ1 , ⋯

··β1 + 3Hg0
·β1 + M2β1 = 0 .

• Equation of the massive anisotropy

M2 > 0Stability condition:

 is determined for each fixed point.M

Isotropic 
fixed point

Anisotropic 
fixed point

↓ ↓ ↓



Global behavior

β

·β

stable-spiral (damped-oscillation)saddle(unstable)

Anisotropic fixed point Isotropic fixed point

-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1
-0.2

-0.1

0.0

0.1

0.2

�

� m

Dust!

Spin-2 dark matter production



An
iso
tro
py

β Anisotropic FP 

Time Spin2 DM 
production!

Isotropic FP 

DM from anisotropic Universe
The external fields (inflaton, radiation) occurs a phase 
transition from Isotropic to anisotropic FP.

 Phase transition →

-0.4 -0.3 -0.2 -0.1 0.0 0.1
-0.10

-0.05
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0.05

0.10
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� m

Iso FPAni FP
Stage1

Stage2

Stage3
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Iso FPAni FP

Spin2 DM!
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Estimate of DM abundance
• Order estimate. 
The exact abundance cannot be 
determined without solving for 
the time evolution of the outer 
field. 
• [asumption] 
Phase transition 
occurs at radiation 
dominant. 

。β(atr) = )(1)

fg ≡
Ωspin−2

ΩDM
∼ α2Ω3/4

r,0 ( m
H0 )

1/2

Spin-2 DM mass[eV]

 is a coupling constant.α :=
κg

κf

10-20 10-18 10-16 10-14 10-12
10-20

10-15

10-10

10-5

100

M

f g
�2

fg = 1

fg = 10−3

fg = 10−6

LISA
DECIGO

LIGO

The spin-2 DM can be produced 
by the phase transition of the 
anisotropic Universe! 

It can be Verified by the GW 
detectors!

TAKE HOME MESSAGE



Hybrid metric-Palatini Higgs inflation
25th Oct..2022 @ JGRG31

Yuichiro TADA    IAR, Nagoya, KEK
w/ Minxi He & Yusuke Mikura  2209.11051 

(Mikura & YT ’21)

2Hybrid metric-Palatini Higgs inflation Yuichiro TADA

Higgs inflation

g̃μν = (1 + ξ
|ℋ |2

M2
Pl ) gμν

Ṽ(ℋ) = λ
4

|ℋ |4

(1 + ξ |ℋ |2 /M2
Pl)2

Bezrukov & Shaposhnikov ’07, Barvinsky, Kamenshchick, & Starobinsky ‘08

ℋ

V
∝ |ℋ |4

S = ∫ d4x −g [ 1
2 (M2

Pl + ξ |ℋ |2 )R − 1
2 |∂μℋ |2 − λ

4 |ℋ |4 ]
non-minimal coupling

/10
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3Hybrid metric-Palatini Higgs inflation Yuichiro TADA

Higgs inflation Bezrukov & Shaposhnikov ’07, Barvinsky, Kamenshchick, & Starobinsky ‘08

S = ∫ d4x −g [ 1
2 (M2

Pl + ξ |ℋ |2 )R − 1
2 |∂μℋ |2 − λ

4 |ℋ |4 ]
non-minimal coupling

- Unique scalar we really found 

-  

- no free param.   →   full predictable

ns ≃ 0.96, r ∼ 10−3

Planck Collaboration: Constraints on Inflation

Fig. 7. Marginalized joint two-dimensional 68 % and 95 % CL regions for combinations of (✏1 , ✏2 , ✏3) (upper panels) and (✏V , ⌘V , ⇠2V )
(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK15 (blue
contours).
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK15 or BK15+BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized joint
68 % and 95 % CL regions assume dns/d ln k = 0.

data we use the full constraining power of Planck, i.e., Planck
TT,TE,EE+lowE+lensing, in combination with BK15.

The ��2 and the Bayesian evidence values for a selec-
tion of inflationary models with respect to the R2 model

17

Planck ‘18

????
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Unitarity issue

ℋ = 1
2 (ϕ1 + iϕ2

ϕ3 + iϕ4)

- large non-minimal coupling

ξ ≃ λ
72π2'ζ

N ∼ 5 × 104 λ

- 4 real scalar d.o.f.

g̃μν = (1 + ξ
|ℋ |2

M2
Pl ) gμν → − 1

2 Gij(ϕ)∂μϕi∂μϕj

curved target space

ℛ−1/2
G ϕ∼0

∼ MPl
ξ

V1/4
end ∼ MPl

ξ
≪

PTB UV cutoff dynamical scale

PTB QFT breaks down!!
Ema+ ‘16

/10
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 as  mesonR2 σ
Ema+ ‘20

ξϕ2R ξ2R2

renorm.

⊃

dynamical scalaron σ

e.g., Salvio & Mazumdar ‘15

ϕ1ϕ2

σsur(ϕ)
Veff(σ, ϕ) → σ = σsur(ϕ)

mσ ∼ MPl/ξ

scalars can deviate from the hypersurface @ high E

regularized

/10
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Palatini variation

S = ∫ d4x −g [ 1
2 (M2

Pl + ξ |ℋ |2 )R(g, Γ) − 1
2 |∂μℋ |2 − λ

4 |ℋ |4 ]
Γμ

νρ = 1
2 gμσ (gνσ,ρ + gρσ,ν − gνρ,σ)

 s.t.     (Palatini)Γ ∂ℒ
∂Γ = 0

Bauer & Demir ‘08

-  

-

ns ≃ 0.96, r ≪ 10−3

ℛ−1/2
G ∼ MPl

ξ
∼ V1/4

end ∼ MPl

ξ
marginal?

/10
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Direct embedding
Mikura & YT ‘21

S
Gmetric

ij (ϕ)

GPalatini
ij (ϕ)

ϕ̃metric
sur (σ)

ϕ̃Palatini
sur (σ)

λ̃
4 (ϕ̃2 − ϕ̃2

sur(σ))
2

renorm. up to -suppressed op.?MPl

Λmetric ≳ MPl

ΛPalatini ∼ MPl/ ξ

/10
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Hybrid metric-Palatini

S = ∫ d4x −g [ 1
2 M2

PlRPalatini + 1
2 (ξgRmetric + ξΓRPalatini) |ℋ |2 − 1

2 |∂μℋ |2 − λ
4 |ℋ |4 ]

- Palatini Higgs inflation 

-

ξg = 0 →

ξΓ = 0

S ⊃ ∫ d4x −g [ 1
2 M2

PlRPalatini + 1
2 ξgRmetric |ℋ |2 ]

Rmetric
EL const.

metric Higgs inflation

Inf. pheno.

ns ≃ 0.96, r ≲ 10−3
COBE norm.

ξg
ξΓ

/10
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Hybrid metric-Palatini

Λ5 Λ6 Λ7 Λ8 Λ9 Λ10

Λφ2 σn Λσn+2 ℛG-1/2 Eend

0.01 0.10 1 10 100 1000

10-3

1
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109

ξg

Λ
/M

Pl

*

*
*

* * * * * * * * * * * * * * *

●

●

●

●
● ●

●
●

● ● ● ● ● ● ● ● ● ●

* Λφ2 σn

● Λσn+2

Metric-Higgs Limit

5 10 15 20

10

100

1000

4502

n
ξ g
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Conclusions

- metric Higgs is UV-completed up to  

- cutoff in Palatini Higgs does not change so much 

- cutoff in hybrid mP Higgs can be uplifted,  

but -completion is realized only in the metric limit

MPl

MPl

by direct embedding
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Cosmic no-hair theorem 

3

[Wald’1983]

1. the energy density of ordinary matter vanish 

2. anisotropy of the spacetime vanish 

3. spatial curvature vanish

Irrespective of initial conditions, rapid cosmic expansion 

driven by a positive cosmological constant makes

• A dynamical cosmological constant due to a gauge field can make 
anisotropic universe  

• Anisotropic inflation predicts statistical anisotropy

Anisotropic inflation and warm inflation

S = ∫ d4x −g [
M2

pl

2 R − 1
2 (∂μϕ)(∂μϕ) − V(ϕ) − 1

4 f 2(ϕ)FμνFμν]

4

[Watanabe-Kanno-Soda’09]

• A coupling between inflaton and ordinary matter cause to the decay 
of the inflaton during inflation 

• Warm inflation provides an automatic reheating

Anisotropic inflation

Warm inflation

S = ∫ d4x −g [
M2

pl

2 R − 1
2 (∂μϕ)(∂μϕ) − V(ϕ) + ℒfree (ψmatter) + ℒint (ϕ, ψmatter)]



Motivation

5

Isotropy Anisotropy

Cold 
(No dissipation)

○ 
Standard inflation

○ 
Anisotropic inflation

Warm 
(dissipation)

○ 
Warm inflation

？

We study whether anisotropic warm inflation can occur

Counterexamples give the following situation

Warm inflation review

S = ∫ d4x −g [
M2

pl

2 R − 1
2 (∂μϕ)(∂μϕ) − V(ϕ) + ℒfree (ψmatter) + ℒint (ϕ, ψmatter)]

ds2 = − dt2 + a(t)2 δij dxidxj

Υ = 3HQ

6

ρR Radiation by inflaton decay

Basic equation

[Berghaus-Graham-Kaplan’20]

Warm inflation set up

• “Q” is a dissipation term for the dissipation caused by the decay of the inflaton into matter 

• In general, Q depends on Inflaton field, temperature, etc., but  we analyze it as a constant.

H2 = 1
3M2

pl (V(ϕ) + 1
2

·ϕ2 + ρR)
·ρR + 4HρR = Υ ·ϕ2

··ϕ + 3H (1 + Q) ·ϕ + V′ (ϕ) = 0



S = ∫ d4x −g [
M2

pl

2 R − 1
2 (∂μϕ)(∂μϕ) − V(ϕ) − 1

4 f 2(ϕ)FμνFμν + ℒfree (ψmatter) + ℒint (ϕ, ψmatter)]

Anisotropic warm inflation
• A combination of anisotropic inflation and warm inflation 

• A gauge   ,   and the direction does not change during 

inflation 
• The metric is also anisotropic in the x-axis direction

A0 = 0 Aμ = (0,A(t),0,0)

ds2 = − dt2 + e2α(t) [e−4σ(t)dx2 + e2σ(t)(dy2 + dz2)]

f(ϕ) = exp [ 2c
M2

pl ∫ V
V′ 

dϕ]

Anisotropic warm inflation set up

Gauge kinetic function

Gauge field Ordinary matter  field

c : Coupling constant of gauge field

By solving the basic equation series, under the condition of ,  
degree of anisotropy is

c > 1 + Q

Evolution of anisotropy of anisotropic warm inflation

Σ
H

≡
·σ
·α = 2

3
ρA

V(ϕ)
α→∞ 1

3
(c − 1 − Q)(1 + Q)

c2 ϵV

Anisotropy exists under the condition

No dissipation Q=0

Dissipation Q≠0

c > 1

c > 1 + Q

→The condition for anisotropy growth gets tight in the presence of dissipation

c : Coupling constant of gauge field

    Expansion rate of anisotropy 
    Hubble parameter

·σ
·α



9

Dynamical system approach for power-law potential

X =
·σ
·α Y = 1

Mpl

·ϕ
·α

Z = pA
f −1(ϕ)
Mpl

·α e−2α−2σ W = ρR
M2

pl
·α2

Anisotropy Energy density of gauge field Energy density of radiation

V(ϕ) = V0 exp [λ
ϕ

Mpl ] f(ϕ) = f0 exp [κ
ϕ

Mpl ]

dimensionless variables

κ = 2c
λ

power-law potential

velocity of Inflaton

• Calculate fixed points 

→Exact analytical solution was obtained and two fixed points were found, 
which are warm inflation and anisotropic warm inflation

10

Dynamical system approach for power-law potential

dX
dα

= 1
3 Z2(X + 1) + X[3(X2 − 1) + 1

2 Y2 + 2
3 W ]

dY
dα

= κZ2 + λ[3(X2 − 1) + 1
2 Y2 + 1

2 Z2 + W] + Y[ − 3(1 + Q) + 3X2 + 1
2 Y2 + 1

3 Z2 + 2
3 W]

dZ
dα

= Z[−κY − 2(X + 1) + 3X2 + 1
2 Y2 + 1

3 Z2 + 2
3 W ]

dW
dα

= 3QY2 − 4W + 6WX2 + WY2 + 2
3 WZ2 + 4

3 W2

Basic equation X     Anisotropy 
Y     Velocity of Inflaton 
Z     Energy density of gauge field 
W    Energy density of radiation



Phase structure of anisotropic warm inflation under  c > 1 + Q
Dissipation : Q=0.3 
Gauge filed : κ=50  

Inflaton potential : λ=0.1

• Two fixed points appear 

• Universe evolves to warm inflation first, after that, toward the anisotropic warm inflation 

• If Inflation period is enough long, we can see anisotropic warm inflation

warm inflation warm inflation 

Anisotropic warm 
inflation 

Anisotropic warm 
inflation 

Anisotropy

Energy density 
of gauge filed

Velocity of 
inflaton 

Energy density 
of radiation

Anisotropy

Velocity of 
inflaton 

• The fixed point of anisotropic warm inflation disappears 

•  Warm inflation becomes attractor 

• it was confirmed that large dissipation tends to erase the anisotropy

Dissipation : Q=3 
Gauge filed : κ=50 

Inflaton potential λ=0.1

warm inflation 
warm inflation 

Anisotropy

Velocity of 
inflaton 

Anisotropy

Velocity of 
inflaton 

Phase structure of anisotropic warm inflation with large dissipation under c < 1 + Q

Energy density 
of gauge filed

Energy density 
of radiation



Summary

13

Isotropy Anisotropy

Cold 
(No dissipation)

○ 
Standard inflation

○ 
Anisotropic inflation 

c>1

Warm 
(dissipation)

○ 
Warm inflation

△ 
Anisotropic warm inflation 

c>1+Q

Very slow 

Slow

Rapid

Anisotropy is realized

No  anisotropic inflation occurs

Anisotropy tend to be hard to grow enough within the duration of inflation

Phase space structure tells us that decay speed of inflaton is

The following situation is updated 

• In this paper, we assumed the dissipation Q is constant. In general, the 
dissipation depends on the inflaton field, temperature and the mass of the 
inflaton field. It would be worth investigating more realistic models in detail 

• Particle production during inflation produces a thermal bath. Therefore, the 
e"ect of thermal fluctuations should remain in the CMB on the top of the 
quantum fluctuations. So the spectrum of fluctuations should be calculated 
in future

Next step

End
14



Rikkyo University (D1) : Tomoaki Murata  iiii iiiiii 
Collaborator : Tomohiro Fujita (WIAS) 

Tsutomu Kobayashi  iiii

SU(N)-natural inflation 
in axisymmetric background

JGRG31 2022/10/25

Based on work with 
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Introduction
Inflation: accelerated expansion in the early universe

Initial conditions of the standard big-bang model  
…homogeneity, isotropy, spatially flat  
　 → Inflation can explain in a natural way

Starting from generic initial conditions?  
…inhomogeneity, anisotropy, spatial curvature

2

Do anisotropic initial conditions  
lead to an isotropic solution?

C21



Introduction

3

  Cosmic no-hair theorem [R. Wald(1983)] 
   Positive cosmological constant + standard matter 
    → All Bianchi type (except type IX)  
         evolve toward de Sitter solution

Scalar field + vector field [M. Watanabe, et al.(2009)] 
accelerated expansion but remain anisotropy

SU(N)-natural inflation model [T. Fujita, et al.(2021)] 
Scalar field + SU(N) gauge field  
 → It is non-trivial to isotropize

Does SU(N)-natural model have an isotropic attractor solution?
 Motivation 1 

Outline
Introduction

SU(N)-natural inflation model
SU(N)-natural inflation model 

Isotropic solution 

Axisymmetric background

Numerical result

Conclusion

4



SU(N) gauge fields： 
The SU(N) generator： 

Field strength of SU(N) gauge fields： 
 

Lagrangian： 
 
 
 
(N=2 → axion-SU(2) model)

: Structure constant of SU(N)fabc

SU(N)-natural inflation

5

F a
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + gAf

abcAb
µA

c
⌫

A = Aa
µdx

µT a

a, b, .. = 1, .., N2 � 1

µ, ⌫, .. = 0, .., 3
i, j, .. = 1, ..3

c = ~ = 1

L =
M2

Pl

2
R� 1

4
F a
µ⌫F

µ⌫
a � 1

2
(@�)2 � V (�)� �

4f
F a
µ⌫

eFµ⌫
a

[T a, T b] = ifabcT c

: gauge couplinggA

Isotropic solution
The SU(2) subalgebra (SU(2)    SU(N))  
 
 
 
   is a value depending on the choice of the SU(2) subalgebra

Static solution of the gauge field (                              )

6

A0 = 0, Ai = a Ti

Ti := na
i T

a [Ti, Tj ] = i� ✏ijkTk, Tr(TiTj) =
1

2
�ij

Examples. SU(2) → 1 
Examples. SU(3) → 1 or 1/2

�

⇢
[T. Fujita, K. Murai & R. Namba(2022)]

 =

✓
� fV,�

3gA�H

◆1/3

/ ��1/3

�→ The amplitude of the gauge field is characterized by
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SU(N) vs SU(2)
However,       and     are degenerated  
 
 
 
 
This degeneracy also occurs at the linear perturbation level  
→ Qualitatively same as axion-SU(2) model

One way to break the degeneracy is  
the transition of the SU(2) subalgebra

7

Does SU(N)-natural model occur transitions?
 Motivation 2 

�gA

Fµ⌫ = @µA⌫ � @⌫Aµ � igA[Aµ, A⌫ ]

[Ti, Tj ] = i� ✏ijkTk/

[T. Fujita, K. Murai & R. Namba(2022)]

(gA� ! gA)
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SU(N) vs SU(2)
However,       and     are degenerated  
 
 
 
 
This degeneracy also occurs at the linear perturbation level  
→ Qualitatively same as axion-SU(2) model

One way to break the degeneracy is  
the transition of the SU(2) subalgebra

7

Does SU(N)-natural model occur transitions?
 Motivation 2 

�gA

Fµ⌫ = @µA⌫ � @⌫Aµ � igA[Aµ, A⌫ ]

[Ti, Tj ] = i� ✏ijkTk/

[T. Fujita, K. Murai & R. Namba(2022)]

(gA� ! gA)

Outline
Introduction

SU(N)-natural inflation model

Axisymmetric background
Axisymmetric metric  

Axisymmetric SU(3) gauge field 

Numerical result

Conclusion

8



Axisymmetric Bianchi type-I metric  
 
 
 
 
 
If           continues to be satisfied, the metric becomes FLRW

Anisotropic metric

9

ds2 = �dt2 + a2(t)
h
e�4�(t)dx2 + e2�(t)

�
dy2 + dz2

�i

: scale factor： 

: anisotropy of metric

a

�

�̇ = 0

Bianchi Type-Iisotropic (           ) � = 0

Configurations

The isotropic subset of this configuration has two branches

Axisymmetric SU(3) gauge field

10

 x =  1T
1 +  8T

8

 y =  4T
4 +  5T

5 +  6T
6 +  7T

7

 z = � 7T
4 +  6T

5 �  5T
6 +  4T

7

Ax = ae�2� x

Ay = ae� y

Az = ae� z

� =
1

2
!  8 = 0 and  4 6 +  5 7

� = 1 ! Otherwise



Configurations

The isotropic subset of this configuration has two branches

Axisymmetric SU(3) gauge field

10

 x =  1T
1 +  8T

8

 y =  4T
4 +  5T

5 +  6T
6 +  7T

7

 z = � 7T
4 +  6T

5 �  5T
6 +  4T

7

Ax = ae�2� x

Ay = ae� y

Az = ae� z

� =
1

2
!  8 = 0 and  4 6 +  5 7

� = 1 ! Otherwise

Outline
Introduction

SU(N)-natural inflation model

Axisymmetric background

Numerical result
Setup 

Result 

Conclusion
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Numerical setup
Normalized mean amplitude of the gauge field  
 
 
 
 
         converges to            when isotropic

12

 (t) ��1/3

 2(t) :=

✓
3gAH(t)

µ4

◆2/3 X

a

[ a(t)]
2

3
(a = 1, 4, 5, 6, 7, 8)

� = 1 !  = 1

� =
1

2
!  ' 1.26

Time evolution of the gauge field

13

: Normalized mean amplitude of the  gauge field 

� =
1

2

� = 1



Time evolution of the gauge field

13

: Normalized mean amplitude of the  gauge field 

� =
1

2

� = 1

Blue line: random initial conditions with 
 8 = 0

 4 6 +  5 7 = 0

Time evolution of the gauge field

13

: Normalized mean amplitude of the  gauge field 

� =
1

2

� = 1

Blue line: random initial conditions with 
 8 = 0

 4 6 +  5 7 = 0

These solutions are isotropize!



Transition of SU(2) subalgebra

14

� =
1

2

 8 = 0

 4 6 +  5 7 = 0

Transition of SU(2) subalgebra

14

� =
1

2

← perturbative 8 = 0

 4 6 +  5 7 = 0



Transition of SU(2) subalgebra

14

� =
1

2

← perturbative 8 = 0

 4 6 +  5 7 = 0

� =
1

2

� = 1

Stability analysis
The background gauge field realize  
 

Add the perturbation that breaking the condition of λ=1/2  
 

15

� = 1/2

 8 = 0

 4 6 +  5 7 = 0

 5 = � 5

 6 = � 6

 8 = � 8

 1,  4,  7 ' 2H

gA
m 

m : dimensionless gauge field amplitude

! � 5,6,8 / a�
3
2+

1
2

p
25�24m2

 

' a (m ⇠ 0.07)



Stability analysis
The background gauge field realize  
 

Add the perturbation that breaking the condition of λ=1/2  
 

15

� = 1/2

 8 = 0

 4 6 +  5 7 = 0

 5 = � 5

 6 = � 6

 8 = � 8

 1,  4,  7 ' 2H

gA
m 

m : dimensionless gauge field amplitude

! � 5,6,8 / a�
3
2+

1
2

p
25�24m2

 

' a (m ⇠ 0.07)

Stability analysis
The background gauge field realize  
 

Add the perturbation that breaking the condition of λ=1/2  
 

15

� = 1/2

 8 = 0

 4 6 +  5 7 = 0

 5 = � 5

 6 = � 6

 8 = � 8

 1,  4,  7 ' 2H

gA
m 

m : dimensionless gauge field amplitude

! � 5,6,8 / a�
3
2+

1
2

p
25�24m2

 

' a (m ⇠ 0.07)



Stability analysis
The background gauge field realize  
 

Add the perturbation that breaking the condition of λ=1/2  
 

15

� = 1/2

 8 = 0

 4 6 +  5 7 = 0

 5 = � 5

 6 = � 6

 8 = � 8

 1,  4,  7 ' 2H

gA
m 

m : dimensionless gauge field amplitude

! � 5,6,8 / a�
3
2+

1
2

p
25�24m2

 

' a (m ⇠ 0.07) Exist the growing mode!

Numerical result
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Numerical result

16

 5
, 

6
, 

8

 1, 4, 7

Pert
urb

ati
on

 (d
ash

ed
 lin

e)

Background

Ana
lyt

ica
l (b

lac
k l

ine
)

λ=1/2 λ=1

λ=1/2 is the unstable solution

Transition!

Conclusion
SU(N)-natural inflation model constructs isotropic solutions  
with SU(2) subalgebra

Isotropic solutions can be obtained even starting from 
axisymmetric configurations

λ=1/2 is the unstable solution

We found the possibility of transition  
→ It would be a distinctive signal of SU(N)-natural inflation

Future work: 
Primordial gravitational waves with transitions  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Numerical result

19

: Normalized mean amplitude of the  gauge field 

Random initial conditions

Transitions! � =
1

2

� = 1

A8
x = 0

A4
yA

6
y +A5

yA
7
y = 0



Commutation relation
Isotropic solution and the SU(2) subalgebra 

The isotropic gauge field satisfies the commutation relation: 

We solve algebraic equations 
 
 
 
 
※ Due to axisymmetric, we only consider these two equations

20

[Ti, Tj ] = i� ✏ijkTkAi =
p
2|A|Ti

[Ax, Ay]�
p
2i�|A|Az = 0

[Ay, Az]�
p
2i�|A|Ax = 0

[Ai, Aj ] =
p
2i�|A|✏ijkAk

Ax = A1
xT

1 +A8
xT

8

Ay = A4
yT

4 +A5
yT

5 +A6
yT

6 +A7
yT

7

Az = �A7
yT

4 +A6
yT

5 �A5
yT

6 +A4
yT
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Introduction

Quantum fluctuations stretched by cosmic inflation is 
currently the leading theory to explain the origin of CMB 
fluctuations and large scale structure.

C22



Fluctuations in CMB

Observed by Planck 2018:


• Almost normally distributed (Gaussian).


• Almost scale-invariant.


• Correlated over super-horizon scale.


Fluctuation: ζ ≈ ⟨ δT2

T2 ⟩ ∼ 10−5

Model building of inflation

Physical mechanism of inflation is still unknown. How to determine it?

Unified theory  
(string theory?)

Most general inflation model

Energy scale

Mpl ∼ 1019 GeV

H ≤ 1014 GeV Inflation

Low energy limit

Correct inflation model

Observational and  
theoretical constraints

Top-down approach: Bottom-up approach:



Model building of inflation

An inflation model predicts:


• Deviation from scale-invariant (spectral tilt).


• Deviation from Gaussian distribution (non-Gaussianity).


Observational detection (or bound) of such deviations constrain parameters in an inflation model.


Can we constrain those parameters theoretically by requiring self-consistency of the theory? 


In this talk, I will show that requiring perturbativity of higher-order correction to the fluctuations power spectrum 
leads to a constraint on inflationary parameter space.

k-inflation

Consider k-inflation, the simplest model which can generate large spectrum of non-Gaussianity, with action


,


where ,  is spacetime metric,  is Ricci scalar,  is inflaton, and .

S = 1
2 ∫ d4x −g [M2

plR + 2P(X, ϕ)]
g = det gμν gμν R ϕ X = − 1

2 ∂μϕ∂μϕ

Armendariz-Picon et. al., PLB 1998



Cosmological perturbations

Small perturbations:


,





Gauge fixing condition (comoving gauge):  and 


Some parameters ( ): , and 

ϕ(x, t) = ϕ̄(t) + δϕ(x, t)

ds2 = gμνdxμdxν = − N2dt2 + γij(dxi + Nidt)(dxj + Njdt)

δϕ = 0 γij = a2(1 + 2ζ)δij

ϵ, η, s ≪ 1 ϵ = −
·H

H2 , η =
·ϵ

ϵH
, s =

·cs

csH
c2

s =
P,X

P,X + 2XP,XX

Two-point functions

Second-order action: .


Quantization:  where  and  is conformal 

time defined as  with domain .


Power spectrum: ,


where subscript  denotes horizon crossing  and .

S(2) = M2
pl ∫ dt d3x

ϵ
c2s

a3 [ ·ζ2 − c2
s

a2 (∂iζ)2]
ζ(k, τ) = ζk(τ)ak + ζ*k (τ)a†

−k ζk(τ) = ( H2

4M2
plϵcs )

1
2

H

e−icskτ

k3/2 (1 + icskτ) τ

dt = a dτ (−∞,0)

Δ2
s(0)(k) = k3

2π2 ⟨ζ(k,0)ζ(−k,0)⟩ = ( H2

8π2M2
plcsϵ )

H

= Δ2
s(0)(k*)( k

k* )
ns−1

H csk = aH ns − 1 = − 2ϵ − η − s



Feynman-Witten diagram

Three-point functions

Leading cubic-order action: 


, where .


Three-point functions: .


Sint = ∫ dt d3x
ϵM2

pl

Hc2s [ 2c̃3
3c2s

a3 ·ζ3 + a ·ζ(∂iζ)2]
ϵM2

plH2

3c4s
c̃3 = − X2P,XX − (2/3)X3P,XXX

f equil
NL = 5 ⟨ζζζ⟩

18 ⟨ζζ⟩2 = 1
c2s

(−0.275 − 0.520c̃3)

Chen et. al., JCAP 2009 and Cheung et. al., JHEP 2008



One-loop correction

One-loop correction generated by cubic-order action is computed using in-in perturbation theory:











Operator:  where .

⟨+(τ)⟩ = ⟨+(τ)⟩†
(0,2) + ⟨+(τ)⟩(1,1) + ⟨+(τ)⟩(0,2)

⟨+(τ)⟩(1,1) = ∫
τ

−∞
dτ1 ∫

τ

−∞
dτ2 ⟨Hint(τ1)+̂(τ)Hint(τ2)⟩

⟨+(τ)⟩(0,2) = − ∫
τ

−∞
dτ1 ∫

τ1

−∞
dτ2 ⟨+̂(τ)Hint(τ1)Hint(τ2)⟩

+(τ0) = ζ(p, τ0)ζ(−p, τ0) τ0 → 0

One-loop correction
Performing loop momentum integration over two regions:


: , means no infrared (IR) divergence.


: 


        

k ≪ p ⟨ζ(p)ζ(−p)⟩(1) ∝ ∫
p

0

d3k
(2π)3 k → 0

k ≫ p ⟨ζ(p)ζ(−p)⟩(1) ∝ ∫
∞

p

d3k
(2π)3 ⟨ζ(k)ζ(−k)⟩(0)

= ∫
∞

p
dk k2 1

k3 Δ2
s(0)(k*)( k

k* )
ns−1

=
Δ2

s(0)(p)
1 − ns

converge for , based on observation ns − 1 < 0 ns = 0.97
Kristiano and Yokoyama, PRL 2022



Constraint on parameter space

Total one-loop correction: .Δ2
s(1)(p) =

[Δ2
s(0)(p)]2

1 − ns

51
40c4s

+ 3
10c2s ( c̃3

c2s ) + 1
15 ( c̃3

c2s )
2

0.05 0.10 0.50 1
-20000

-10000

0

10000

20000

Kristiano and Yokoyama, JCAP 2022

large one-loop correction

Corrected spectral index

Total power spectrum: 


Explicit momentum dependence: , 


where .

Δ2
s(p) = Δ2

s(0)(p) 1 +
Δ2

s(0)(p)
1 − ns

51
40c4s

+ 3
10c2s ( c̃3

c2s ) + 1
15 ( c̃3

c2s )
2

.

Δ2
s(p) = Δ2

s(p*)( p
p* )

Ns−1

Ns − 1 = d log Δ2
s

d log p
= ns − 1 − Δ2

s(0)
51

40c4s
+ 3

10c2s ( c̃3
c2s ) + 1

15 ( c̃3
c2s )

2

Kristiano and Yokoyama, JCAP 2022



Conclusion

Perturbativity of a theory may not be taken for granted. 


Imposing perturbativity leads to a non-trivial constraints to the theory.


Even within the observationally allowed region of non-Gaussianity, one-loop correction can be greater than 0.1 
times tree-level contribution, although still smaller than the tree-level itself. If future observation find non-
Gaussianity inside this region, it will be important to consider one-loop correction in the cosmological 
perturbation theory.

The End. Thank You!

Backup slides



Exact scale-invariant limit
Performing dynamical dimensional regularization: .


Total power spectrum: .


Introducing renormalization factor  with 

, and perform renormalization 

.

∫ d3k
(2π)3k3 → μϵ ∫ d3k

(2π)3k3+ϵ ≈ 1
2π2 ( 1

ϵ
− log p

μ )

Δ2
s(p) = Δ2

s(0) 1 + ( 1
ϵ

− log p
μ ) Δ2

s(0)
51

40c4s
+ 3

10c2s ( c̃3
c2s ) + 1

15 ( c̃3
c2s )

2

Δ̃2
s(p) = ZΔ2

s(p)

Z = 1 − ( 1
ϵ

− log p̃
μ ) Δ2

s(0)
51

40c4s
+ 3

10c2s ( c̃3
c2s ) + 1

15 ( c̃3
c2s )

2

Δ̃2
s(p) = Δ2

s(0) 1 − Δ2
s(0)

51
40c4s

+ 3
10c2s ( c̃3

c2s ) + 1
15 ( c̃3

c2s )
2

log p
p̃

Exact scale-invariant limit

Requiring the total power spectrum to be independent of : 


.


Identifying  and redefining : , 


where .

p̃ 0 = ∂
∂ log p̃

log Δ̃2
s(p)

∂ log Δ2
s(0)

∂ log p̃
= − Δ2

s(0)
51

40c4s
+ 3

10c2s ( c̃3
c2s ) + 1

15 ( c̃3
c2s )

2

Δ2
s(0) = Δ̃2

s(p̃) p̃ → p Δ̃2
s(p) = Δ̃2

s(p*)( p
p* )

Ns−1

Ns − 1 = − Δ2
s(0)

51
40c4s

+ 3
10c2s ( c̃3

c2s ) + 1
15 ( c̃3

c2s )
2
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Multi-field inflation  
with non-minimal coupling  

in the metric /Palatini formalism
Tatsuki Kodama 

in corroboration with  
 Sang Chul Hyun (Yonsei .U), Jinsu Kim (Tongji U.),  

Seong Chan Park (Yonsei U.), Tomo Takahashi (Saga U.) 

(S. C. Hyun, J. Kim, TK,  S. C. Park, T. Takahashi  in preparation)

Introduction

2

P. A. R. Ade et al. 2110.00483

(chaotic inf., natural inf. ⇨)

Higgs inf. / F. L. Bezrukov, M. E. Shaposhnikov [0710.3755] 
Non-minimal natural inf. / R. Z. Ferreira et al. [1806,05511]( (

However…

 Many minimal single field slow-roll inflation models  
are excluded by current observational constraints.

✓

 Introducing  a scalar field with non-minimal  
coupling to gravity, some models can be alleviated.

✓
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Introduction

3

P. A. R. Ade et al. 2110.00483

 Many minimal single field slow-roll inflation models  
are excluded by current observational constraints.

✓

(chaotic inf., natural inf. ⇨)

 Introducing  a scalar field with non-minimal  
coupling to gravity, some models can be alleviated.

✓

Higgs inf. / F. L. Bezrukov, M. E. Shaposhnikov [0710.3755] 
Non-minimal natural inf. / R. Z. Ferreira et al. [1806,05511]( (

However…

Introduction

4

 If we consider the potential in the Einstein frame has a plateau, ✓
  The Metric formalism∙
  The Palatini formalism∙

 and  approach some attractor points.ns r

  is suppressed.r
(Single field inflation)

  Many high energy physics models involves  multiple scalar fields. ✓

Non-minimal coupling

Multi-field inflation

Metric vs Palatini

How inflationary  
predictions change?{

However…

10-4

10-3

10-2

10-1

100

 0.9  0.91  0.92  0.93  0.94  0.95  0.96  0.97  0.98  0.99  1

r

ns

(n, p)=(1, 2)
(n, p)=(2, 4)
(n, p)=(3, 6)
Planck2018

Planck2018+BK14
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-4

-3

-2

-1

 0
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 2

 3

 4

lo
g 1

0ξ
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10-2

10-1

100

 0.9  0.91  0.92  0.93  0.94  0.95  0.96  0.97  0.98  0.99  1

r

ns

(n, p)=(1, 2)
(n, p)=(2, 4)
(n, p)=(3, 6)
Planck2018

Planck2018+BK14
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-1
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 1

 2

 3

 4

lo
g 1

0ξ

Palatini

Metric

TK, T. Takahashi [2112.05283]



Multi-filed inflation with non-minimal coupling

5

SJ = ∫ d4x [A(ϕI)gμνRμν(Γ, gμν) − 1
2 GIJgμν∂μϕI∂νϕJ − V(ϕI)]

 Action in the Jordan frame (multi-field)✓

SE = ∫ d4x [ 1
2 gμνRμν(Γ, gμν) − 1

2 G̃IJgμν∂μϕI∂νϕJ − U(ϕI)]
G̃IJ = 1

2A (GIJ + 3κ
A,I A,J

A )

Conformal trans. gμν → Ω2(x)gμν , Ω2 = A

(MPl = 1)

 Action in the Einstein frame✓

Multi-filed inflation with non-minimal coupling

6

SJ = ∫ dx4 −g [ 1
2 A(ϕJ, χJ)gμνRμν(Γ, gμν) − 1

2 (∂ϕJ) − 1
2 (∂χJ)2 − VJ(ϕJ, χJ)]

 Action in the Jordan frame (two-field)✓

SE = ∫ dx4 1
2 gμνRμν(Γ) − 1

2
1
A

+ 3
2 κ (

A,ϕJ

A )
2

(∂ϕJ)2 − 1
2

1
A

+ 3
2 κ (

A,χJ

A )
2

(∂χJ)2 − 3
2 κ

A,ϕJ
A,χJ

A2 (∂ϕJ) ⋅ (∂χJ) − VJ(ϕJ, χJ)
A2

 Action (in the Einstein frame)✓
Conformal trans. gμν → Ω2(x)gμν , Ω2 = A

(MPl = 1)

       In this talk, we consider the case that the only field  is non-minimal coupling to gravity.∙ ϕJ

: the metric formalism  ( )κ = 1 Γλ
μν = 1

2 gλρ(∂μgρν + ∂νgμρ − ∂ρgμν)

: the Palatini formalism (  and  are independent from each other)κ = 0 gμν Γλ
μν

∙
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 Action in the Jordan frame (two-field)✓

SE = ∫ dx4 1
2 gμνRμν(Γ) − 1

2
1
A

+ 3
2 κ (

A,ϕJ

A )
2

(∂ϕJ)2 − 1
2

1
A

+ 3
2 κ (

A,χJ

A )
2

(∂χJ)2 − 3
2 κ

A,ϕJ
A,χJ

A2 (∂ϕJ) ⋅ (∂χJ) − VJ(ϕJ, χJ)
A2

Conformal trans. gμν → Ω2(x)gμν , Ω2 = A

(MPl = 1)

       In this talk, we consider the case that the only field  is non-minimal coupling to gravity.∙ ϕJ

: the metric formalism  ( )κ = 1 Γλ
μν = 1

2 gλρ(∂μgρν + ∂νgμρ − ∂ρgμν)

: the Palatini formalism (  and  are independent from each other)κ = 0 gμν Γλ
μν

∙

SJ = ∫ dx4 −g [ 1
2 A(ϕJ, χJ)gμνRμν(Γ, gμν) − 1

2 (∂ϕJ) − 1
2 (∂χJ)2 − VJ(ϕJ, χJ)]

Multi-filed inflation with non-minimal coupling

 Action (in the Einstein frame)✓

8

SE = ∫ dx4 1
2 gμνRμν(Γ) − 1

2
1
A

+ 3
2 κ (

A,ϕJ

A )
2

(∂ϕJ)2 − 1
2

1
A

+ 3
2 κ (

A,χJ

A )
2

(∂χJ)2 − 3
2 κ

A,ϕJ
A,χJ

A2 (∂ϕJ) ⋅ (∂χJ) − VJ(ϕJ, χJ)
A2

Multi-filed inflation with non-minimal coupling

 Action (in the Einstein frame)✓
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SE = ∫ dx4 1
2 gμνRμν(Γ) − 1

2
1
A

+ 3
2 κ (

A,ϕJ

A )
2

(∂ϕJ)2 − 1
2

1
A

+ 3
2 κ (

A,χJ

A )
2

(∂χJ)2 − 3
2 κ

A,ϕJ
A,χJ

A2 (∂ϕJ) ⋅ (∂χJ) − VJ(ϕJ, χJ)
A2

 Action (in the Einstein frame)✓

The kinetic term for  is complicatedϕJ … Canonicalize!

P(ϕJ) ≡ dϕJ

dϕE
= 2A2

2A + 3κ(A′ )2

(The difference between the metric formalism and the Palatini formalism, one is appeared in  )P(ϕJ)

SE = ∫ d4x [gμνRμν(Γ) − 1
2 (∂ϕE)2 − e2b(ϕ)

2 (∂χE)2 − U(ϕE, χE)]
U(ϕ, χ) = V(ϕ, χ)

A2(ϕ)

b2b(ϕ) = 1
A(ϕ)

Multi-filed inflation with non-minimal coupling

Slow-roll analysis

10

 Equation of motions✓

··ϕ + 3H ·ϕ + U,ϕ = b,ϕe2b(ϕ) ·χ2

··χ + (3H + 2b,ϕ
·ϕ) ·χ + e−2b(ϕ)U,χ = 0

e−2b(ϕJ) = A(ϕJ)U = V
A2

single field slow-roll inflation✓

Slow-roll parameter 

 ϵ = 1
2 (V′ 

V

2

), η = V′ ′ 

V

Spectral index ns = 1 − 6ϵ + 2η
Tensor-to-scalar ratio r = 16ϵ

P. A. R. Ade et al. 2110.00483

Prediction is modified 
in slow-roll approx.



Slow-roll analysis

11

 Two-field slow-roll inflation✓

ϵϕ = 1
2

U,ϕ

U
, ϵχ = 1

2
U,χ

U
e−2b(ϕ) , ϵb = 8b2

,ϕ

ηϕ =
U,ϕϕ

U
, ηχ =

U,χχ

U
e−2b(ϕ) , ηb = 16b,ϕϕ

Now, we will focus on the case of the product-separable potential  below.V = V1(ϕ)V2(χ)
⟶ U = U1(ϕ)U2(χ) = V1(ϕJ)

A2(ϕJ)
⋅ V2(χJ)

ϵϕ
J = 1

2 ( V′ 1
V1 )

2

ηϕ
J = V′ ′ 1

V1
( (

ϵϕ = P2(ϕJ)[ϵϕ
J − 2 A′ 

A
V′ 1
V1

+ 2 (A′ 

A

2

)] , ϵχ = 1
2 ( V′ 2

V2 ) e−2b(ϕJ) , ϵb = 2P2 ( A′ 

A )
2

, ϵ = ϵϕ + ϵχ

ηϕ = P2(ϕJ)[ηϕ
J − 4 A′ 

A
V′ 1
V1

+ 6 ( A′ 

A )
2

− 2 A′ ′ 

A
+ P′ 

P (−2 A′ 

A
+ V′ 1

V1 )]
ηχ = V′ ′ 2

V2
e−2b(ϕJ) , ηb = 8P2(ϕJ)[ P′ 

P
A′ 

A
+ ( A′ 

A )
2

− A′ ′ 

A ]
(This expression is only product-separable case)

Slow-roll analysis

12

 Two-field slow-roll inflation✓

Now, we will focus on the case of the product-separable potential  below.V = V1(ϕ)V2(χ)

ϵϕ = P2(ϕJ)[ϵϕ
J − 2 A′ 

A
V′ 1
V1

+ 2 (A′ 

A

2

)] , ϵχ = 1
2 ( V′ 2

V2 ) e−2b(ϕJ) , ϵb = 2P2 ( A′ 

A )
2

, ϵ = ϵϕ + ϵχ

ηϕ = P2(ϕJ)[ηϕ
J − 4 A′ 

A
V′ 1
V1

+ 6 ( A′ 

A )
2

− 2 A′ ′ 

A
+ P′ 

P (−2 A′ 

A
+ V′ 1

V1 )]
ηχ = V′ ′ 2

V2
e−2b(ϕJ) , ηb = 8P2(ϕJ)[ P′ 

P
A′ 

A
+ ( A′ 

A )
2

− A′ ′ 

A ]

P(ϕJ) ≡ dϕJ

dϕE
= 2A2

2A + 3κ(A′ )2

The difference between the metric 
and the Palatini formulation are included in P

⟶ U = U1(ϕ)U2(χ) = V1(ϕJ)
A2(ϕJ)

⋅ V2(χJ)

ϵϕ = 1
2

U,ϕ

U
, ϵχ = 1

2
U,χ

U
e−2b(ϕ) , ϵb = 8b2

,ϕ

ηϕ =
U,ϕϕ

U
, ηχ =

U,χχ

U
e−2b(ϕ) , ηb = 16b,ϕϕ

(This expression is only product-separable case)



Slow-roll analysis
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10-1

100

101

102

100 101 102 103

φ E

φJ

numerical(metric)
numerical(Palatini)

approx. (SC)

ξ=1  vs ✓ ϕJ ϕE

P(ϕJ) ≡ dϕJ

dϕE
= 2A2

2A + 3κ(A′ )2

= 2(1 + ξϕJ)2

2(1 + ξϕJ) + 3κξ2

A = 1 + ξϕJ

≃ ξϕJ

ϕJ ≫ ξ

Non-minimal function

ϕE = 2
ξ

ϕJ

⋯

Inflationary Observables

14

r = 16e−4be+4b*

u2α2/ϵϕ
* + v2/ϵχ

*

(M. Sasaki, E. D. Stewart. astro-ph/9507001)
(J. Kim et al. 1301.5472)

ns − 1 = − 2ϵ* − 4e−2be+4b*

u2α2/ϵϕ
* + v2/ϵχ

*
− 1

12
( ϵχ

*

ϵϕ
*

uα − ϵϕ
*

ϵχ
*
v)

2

u2α2/ϵϕ
* + v2/ϵχ

*

+ 2
u2α2/ϵϕ

* + v2/ϵχ
* [ u2α2

ϵϕ
*

ηϕ
* + v2

ϵχ
*

ηχ
* + 4uvα + sϕsb

2 v ϵϕ
* ϵb

* ( v
ϵχ

*
− 2uα

ϵϕ
* )]

  The spectral index  and the Tensor-to-scalar ratio ✓ ns r

/ζ(k) = As ( k
k* )

ns−1
/h(k) = AT ( k

k* )
nT

r = /T

/ζ

u = ϵϕ

ϵ
, v = ϵχ

ϵ

α = e−2be+2b* [1 + ϵχ
e

ϵϕ
e

(1 − e2be−2b*)]



An example model
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 Minimal case✓

V(ϕJ, χJ) = μ2ϕ2
J [1 + cos ( χJ

f )]
[ V1(ϕJ) = μ2ϕ2 , V2(χJ) = 1 + cos ( χJ

f ) ]

ξ = 0

ξ = 1

χJ
ϕJ

χJ
ϕJ

A = 1 + ξϕJ

Non-minimal function

U(ϕJ, χJ) = μ2ϕ2
J

(1 + ξϕJ)2 [1 + cos ( χJ

f )]

 the potential in the Einstein frame✓

Chaotic Natural

Result

16

   -  plane✓ ns r ←Metric ←PalatiniPoints

U(ϕJ, χJ) = μ2ϕ2
J

(1 + ξϕJ)2 [1 + cos ( χJ

f )]
μ = 10−5 , f = 10
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100
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Placnk+BK18
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χe = 0.5fπ

χe = 0.1fπ
Single field

Palatini

Metric

Metric

Palatini

Metric
&

Single field

Palatini
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 χe = 0.01fπ
χe = 0.001fπ

Placnk+BK18
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 1
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lo
g 1

0ξχe = 0.01 ∼ 0.001fπ

Inflation predictions are getting broken due to the effects of the multi-field model.

As same as  
``single” field case 
when χe ≪ 1
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Result
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   -  plane✓ ns r ←Metric ←PalatiniPoints

U(ϕJ, χJ) =
1
4 λϕ4

J

(1 + ξϕ2
J )2 [1 + cos ( χJ

f )]

χe = 0.1fπ
Single field

Palatini

Metric

Metric
Palatini

Metric
&

Single field

Palatini
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Summary
• We have investigated the multi-field inflation with non-

minimal coupling in the metric formalism & the Palatini 
formalism. 

• The difference between the metric & the Palatini depends 
not only on  but also the field values.  

• Predictions of non-minimal inflation (even for the attractor 
case) can be affected by the existence of multiple field. 

• The predictions of non-minimal multi-field inflation should 
be more systematically and analytically explored.
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Inflation with 2-form field: 
the production of primordial black holes and 
gravitational waves

In collaboration with 
Tomohiro Fujita, Hiromasa Nakatsuka, Sam Young

JCAP 09 (2022) 017 [arXiv: 2202.02401]

Ippei Obata (MPA, Germany → Kavli IPMU (2022.10.1-))

2022.10.25 JGRG31, Hongo
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Standard prediction from inflation
n Primordial density perturbation (curvature perturbation)

dl2 = a(t)2 [1 + 2⇣(t,x)] [�ij + hij(t,x)] dx
idxj

<latexit sha1_base64="NEFTEovgGBH1G2A4zgwaYLpftgc="></latexit>
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P⇣(kCMB) ⇠ 10�9
<latexit sha1_base64="Lj+IqiJabnmdhzOnZMVYgyDNxpk="></latexit>

As ' 2⇥ 10�9 , ns ' 0.96

<latexit sha1_base64="6qvHEn4+LQGQZo4qahZXKpNPxtc="></latexit>

P⇣ =
H

2

8⇡2M2
p
✏H

����
k=aH

⌘ As

✓
k

k⇤

◆ns�1

<latexit sha1_base64="k9WsHO1xusI4KRbeY/3H57d8Gj4="></latexit>

h⇣k⇣k0i ⌘ (2⇡)3�(k + k0)
2⇡2

k3
P⇣(k)provides a nearly scale-invariant power spectrum:

(CMB scales)

n Obtained by the 
vacuum fluctuation

(no matter sectors are included)

C24
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Inflation with form fields
n In higher dimensional theories, scalar sectors are naturally coupled to 

matter sectors (e.g. form fields):

<latexit sha1_base64="libQVJHtNc6dVeLizu4p777gfUU="></latexit>

Fµ⌫ = @µA⌫ � @⌫Aµ

<latexit sha1_base64="pD4dl2vO07lNRDKRb0R1CMerPVI="></latexit>

Hµ⌫⇢ = @µB⌫⇢ + @⌫B⇢µ + @⇢Bµ⌫

<latexit sha1_base64="3VtoZrod8pLMjGjjDazQVojxsMg="></latexit>

L � I(')2Fµ⌫F
µ⌫
, I(')2Hµ⌫⇢H

µ⌫⇢

: vector field (1-form field)

: antisymmetric tensor field (2-form field) 

n Time variation of the kinetic function could trigger 
the particle production of form fields during inflation
→ enhance the coupled cosmological perturbations

4 / 15

Rich cosmological phenomena

Ø Generation of primordial magnetic fields

Ø Generation of primordial BHs & GWs

Ø Statistically-anisotropic primordial GWs

Ø Anisotropic inflation models

<latexit sha1_base64="d8ASBrQS4xCi1MAWybZ/UrJd8XA="></latexit>

I2FF model

<latexit sha1_base64="sz3+BJ9oMm30PbFKsSGi05uy56E="></latexit>

I
2
HH model

Ø Statistically-anisotropic primordial GWs

Ø Generation of Primordial BHs & GWs

Ø Anisotropic inflation models

Ratra (1992); Martin, Yokoyama (2008);
Fujita, Mukohyama (2012);… (a lot)

Kawasaki, Nakatsuka, IO (2019)

Watanabe, Kanno, Soda (2009)…; Ito, Soda (2015);

Fujita, IO, Tanaka, Yokoyama (2018);
Hiramatsu, Murai, IO, Yokoyama (2020);

IO, Fujita (2018);

Ohashi, Tsujikawa, Soda (2013)…; Ito, Soda (2015);

Fujita, Nakatsuka, IO, Young (2022);
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Inflation with two-form field

<latexit sha1_base64="tI8NSiq7zI64bIum9uzWlTlwtj4="></latexit>

L =
1

2
M

2
pR� 1

2
(@µ')

2 � V (')� 1

12
I(')2Hµ⌫⇢H

µ⌫⇢

<latexit sha1_base64="PbIADSTlyDFj96ZKaBBOT1JLcW0="></latexit>

ds2 = �dt2 + a(t)2dx2 = a(⌧)2(�d⌧2 + dx2)FLRW Metric:

Gauge conditions:
<latexit sha1_base64="rfsNY7MhTI4eJpa965oiQlRjb0s="></latexit>

@iBij = 0 , @iB0i = 0

n Consider the Fourier decomposition of dynamical component: 

n Consider the two-form field kinetically coupled to inflaton

<latexit sha1_base64="5lpV48zSOcfEfII9p9WDBdMQq0w="></latexit>

Bij(t,x) =

Z
dk

(2⇡)3
B̂k✏ij(k̂)e

ik·x

<latexit sha1_base64="DRS25QqzvxsnEO7k9ZFe3w3ec10="></latexit>

B̂k = Bkak +B⇤
ka

†
�k

<latexit sha1_base64="DlfhTb88BZ4ezGjvuWAc36k56tc="></latexit>

[ak, a†�k0 ] = (2⇡)3�(k + k0)

↑ find a solution of mode function 
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Solution of mode function (1)

<latexit sha1_base64="DlDLQ6ZptS7dHmGmM8fZJHvy384="></latexit>
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⌧ + k2 � @2

⌧ I
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� 2@⌧ I
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�✓
IBk

a

◆
= 0

n Define the following index: →

n EOM for the mode function:

<latexit sha1_base64="CKudN1R7SMuS8DN5y2UPniJGxSY="></latexit>

n ⌘ � İ

HI

<latexit sha1_base64="5iU7JxKZh/v/kb6Si4ks4B99+gw="></latexit>

I('(⌧)) / a(⌧)�n

<latexit sha1_base64="7matAZ6cF1yu+RwLGoK3MFmcELo="></latexit>
@2
⌧ + k2 � n0(n0 + 1)
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�✓
IBk

a

◆
= 0
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IBk

a
=

e
i(n0+1)⇡/2

p
2k

r
�⇡k⌧

2
H

(1)
n0+1/2(�k⌧)

when

Then, we obtain

<latexit sha1_base64="IGfnPmebQQJl/FiClE9z0ekMnTw="></latexit>

n = n0 (const.), EOM leads to 

(Banch-Davies initial condition is chosen)

(Bessel-type equation)
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Solution of mode function (2)
n Then, using the following asymptotic form in the super-horizon limit:

<latexit sha1_base64="Asp+nG1I3HXVEUB2BQaVaiQOnnw="></latexit>

Ek =
IḂk

a2
, Mk =

kIBk

a3
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The “electromagnetic-like” component of two-form field

are computed as
<latexit sha1_base64="aKx19MoKClVbj4BKuqSaD+WribM="></latexit>
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(ak ⌘ k/H ⌧ a)

n Electric (magnetic) field is amplified when
<latexit sha1_base64="j9+yq3CbD0l6UQ1lNk3OHNmBALg="></latexit>

n0 > 1 (n0 > 2)
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However…

<latexit sha1_base64="ku0jVd2LPpGXwP3dwHMbEv1Bcv4="></latexit>

I(') = I0 exp
⇣'
⇤

⌘ <latexit sha1_base64="NPc/Bora+FbklDqrAhdbHTjCJXo="></latexit>

n =
'̇

H⇤
6= const.

n In most cases, the index “n” is not a constant but a dynamical value

Ex) consider the simplest configuration

→

Since the speed of scalar field naturally increases in time, 
we need to solve the EOM with dynamical “n”:

<latexit sha1_base64="AVGz7bHibf3c+h4rh5I/YNzgR2k="></latexit>

@2
⌧Vk +

✓
k2 � n(⌧)(n(⌧) + 1)

⌧2

◆
Vk = 0

n The occurrence of particle production could be scale-dependent 
depending on the time evolution of 

<latexit sha1_base64="vDjkxxaDrYbgsm2uVdsImG511yU="></latexit>

n(t)
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Model setup Fujita, Nakatsuka, IO, Young (2022);

Inflaton potential

Kinetic function
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NCMB ⇠ 55
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Perturbation dynamics
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Evolutions of the electric field component on super-horizon regime

exiting horizon at

<latexit sha1_base64="DZaqBMwd4AnOZmxWhcZDpdMKUkk="></latexit>

n(t) > 1
<latexit sha1_base64="DZaqBMwd4AnOZmxWhcZDpdMKUkk="></latexit>

n(t) > 1
<latexit sha1_base64="DZaqBMwd4AnOZmxWhcZDpdMKUkk="></latexit>

n(t) > 1

around peak:

<latexit sha1_base64="tu/s6StiaJc8QNrlCYsMsC2T4PA="></latexit>

N ⇠ 35
<latexit sha1_base64="Wl5fF1vSJLWi9cnh+RVOkJqUQRU="></latexit>

N ⇠ 20
<latexit sha1_base64="cP8fk/qwa4c+WZHzZrrAAochEsw="></latexit>

N ⇠ 10

super-horizon ← super-horizon ← super-horizon ←
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Generation of scalar mode
<latexit sha1_base64="CavCw1CDGeW1tTzVsCgSjYw/4Hk="></latexit>

⇣n Curvature perturbation is sourced by the 
two-form field at second-order level

<latexit sha1_base64="YWf/ykdb41e2F6nOWZqMk+oeQ7A="></latexit>

Bij

The fitting function around the peak:

<latexit sha1_base64="XGc043VwdriyUpefbz+uAmC7Fhk="></latexit>

P⇣(k) ' A exp

"
� (ln(k/kp))2

�2
⇣

#
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⇣

<latexit sha1_base64="YWf/ykdb41e2F6nOWZqMk+oeQ7A="></latexit>

Bij
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n Assuming ζ obeys χ-squared distribution:

Generation of PBHs as DM
<latexit sha1_base64="kaD6VsaSzldy2whwjPk/UZTCJPw="></latexit>

⇣ = �2

Hawking (1971); Carr, Hawking (1974); …
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Generation of tensor modes
Induced GWs by PBHs

n Secondary GWs are sourced by scalar perturbations after re-entering the horizon

<latexit sha1_base64="FebFYPBKw2k/RmF+hEVd8vqQ3i0="></latexit>

 k(⌧) = �2

3
⇣k (k⌧)

n 2-point function of induced GWs is given by the 8-point function of two-form field

→ Three diagram contributes the spectrum 

<latexit sha1_base64="AGFVz1o7Ivr86IqNErEevPTNeSc="></latexit>

hhhi / h⇣⇣⇣⇣i / hBBBBBBBBi

“Reducible” “Planar” “Non-Planar”

Garcia-Bellido, Peloso, Unal (2017);
Cai, Pi, Sasaki (2019);
Adshead, Lozanov, Weiner (2021);

Saito, Yokoyama (2008);…
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Power spectrum of indued GWs

(Non-Planar is sub-dominant)
Adshead, Lozanov, Weiner (2021);
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Summary
• We proposed an inflationary model where a two-form field is 

kinetically coupled with an inflaton, and explored the particle 
production of two-form field occurring at an intermediate 
scale during inflation.

• The amplified two-form field enhances the curvature 
perturbation at second order and produces the sizable 
amount of PBHs as dark matter after inflation.

• The enhanced curvature perturbation also provides induced 
GWs after inflation and the spectral amplitudes are 
potentially testable with future laser interferometers.
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Universal form of equation describing particle production

Lscalar-scalar = *g '2�2

Lscalar-vector = eA�J
�
scalar

Lscalar-tensor = ⇠ '2R

Schrödinger-type equation

4

)2

)t2
+ !2(t, ⌘)

5

 (t) = 0

Í'Î = '(t)

LEFT, scalar-vector = *
I2(')
4 F�⌫F �⌫

LEFT, pseudo S-vector =
'
4f F�⌫ ÉF �⌫

LEFT, pseudo S-tensor =
'
8f R�⌫⇢� ÉR�⌫⇢�
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Broad goals

Analytical approach to strong couplings and/or nonlinear regimes

. Clear parameter dependence

. Broader parameter space

. Most of phenomena in nature are nonlinear after all

Backreaction of particle production onto the background dynamics

. Naïve perturbative analysis may break down

. Particle production Ì coupled system of multiple fields by nature

Ryo Namba (RIKEN iTHEMS) Particle production & exact WKB 6 / 23

Outline

1 Introduction

2 Particle Production via exact WKB
Borel summation and exact WKB

3 Application to more realistic scenarios (work in progress)
Connection to observables from particle production

4 Summary & Outlook

Ryo Namba (RIKEN iTHEMS) Particle production & exact WKB 7 / 23



Standard WKB technology

1-D Schrödinger-type equation
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)x2
+ ⌘2Q(x)
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 (x, ⌘) = 0

⌘ í `*1: Small ` = large ⌘ expansion
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Formal WKB solution
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The standard WKB is divergent

Formal WKB solution

 ±(x, ⌘) =
1

˘

Sodd
exp

4

±
 

x
dx®Sodd(x®, ⌘)

5

The standard WKB solution is often a divergent series around Q(x) = 0

Sodd = ⌘S*1 + ⌘*1S1 + ⌘*3S3 +… , S*1 =
˘

Q(x)

Textbook solution is to expand Q(x) ˘ x * xc around Q(xc ) = 0

. Solve the equation using the Airy functions Ai(x), Bi(x)

. Connect WKB and Airy solutions

More general, sophisticated approach?

Borel sum
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Some applications of Borel sum in physics

Instantons: some singularities of B[ ] are associated with instanton solutions

Resurgence: “unification of perturbation theory and non-perturbative physics”
by G. Dunne’s talk

. Quantum mechanics: degenerate vacua, level splitting (Ì instantons)

. Quantum field theory: asymptotically free renormalons ?

Schwinger effect: pair creation in strong electric fields

ImS Ì exp
0

*m
2⇡
eE

1

⇤⇥ ��Exact WKB

Ryo Namba (RIKEN iTHEMS) Particle production & exact WKB 10 / 23



Borel re-summation of the standard WKB solution

Formal WKB solution

 ±(x, ⌘) = e±s(x) ⌘
ÿ
…

j=0
 ±,j (x) ⌘

*j* 1
2 s(x) í

 

x
dx®

˘

Q(x®)

Method of Borel sum

Borel transform:

B
⌅

 ±
⇧

í  ±,B(x, y) =
ÿ
…

j=0

 ±,j (x)
�(j + 1_2)

⌅

y ± s(x)
⇧j*1_2

Laplase integration:

 ±(x, ⌘) í
 

ÿ

-s(x)
e*y⌘  ±,B(x, y) dy

 is called the Borel sum of the original series  

i Borel sum = a representation of inverse Laplace transform
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 is called the Borel sum of the original series  

i Borel sum = a representation of inverse Laplace transform
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Borel summation of the standard WKB solution

4

* )2

)x2
+ ⌘2Q(x)

5

 (x, ⌘) = 0

Turning points xtp:

Q(xtp) = 0

Simple turning points:

dQ
dx

Û

Û

Û

Ûx=xtp
ë 0

Stokes curves:

Im
 

x

xtp

˘

Q(x®) dx® = 0
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Borel summation of the standard WKB solution

Stokes curves

Im
 

x

xtp

˘

Q(x®) dx®

≠́≠≠≠≠≠≠≠Ø≠≠≠≠≠≠≠≠̈
s(x)

= 0

Borel transform

 ±,B(x, y) =
…

j=0

 ±,j (x)
�(j + 1_2)

⌅

y ± s(x)
⇧j*1_2

Laplase integration

 ±(x, ⌘) í
 

ÿ

-s(x)
e*y⌘  ±,B (x, y) dy

�

�

⌧

�
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Crossing Stokes curves

What happens if crossing a Stokes curve?

Original x-space Borel y-space
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Connection formula

Ÿ

 (III)
+ (x, ⌘)
≠́≠Ø≠≠̈
Im[x]<0

=  (I)
+ (x, ⌘) + i  (I)

* (x, ⌘)
≠́≠≠≠≠≠≠≠≠≠≠≠≠Ø≠≠≠≠≠≠≠≠≠≠≠≠≠̈

Im[x]>0

In the limit xô ±ÿ,  ± correspond to the Bogolyubov coefficients ↵, �

↵ = 1 , � = 0 ⌃ ↵ ë 0 , � ë 0

This connection formula implies particle production is equivalent to the
crossings of the Stokes curve
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Limitation of the connection formulae

An assumption: Turning points are never connected by Stokes lines

Q(x) = x

OK

Q(x) = E * x2_4 (Re[E] > 0)

Not OK

Q.: What goes wrong with connected T.P.’s ?

A.: Non-conservation of ↵2 * �2

Equation of motion guarantees the conservation of Bogolyubov coefficients

)x
�

↵2 * �2
�

= 0

Connected T.P.’s with the above connection formulae do not respect E.o.M.
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Outline

1 Introduction

2 Particle Production via exact WKB
Borel summation and exact WKB

3 Application to more realistic scenarios (work in progress)
Connection to observables from particle production

4 Summary & Outlook
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Oscillating field

Coherent oscillation of fields in the universe

Inflaton

Axion (dark matter)

Higgs field ? (BSM)

Electroweak/QCD phase transition ? (BSM)

Fluid in neutron stars ?

. . .

φ

V(φ)

φ

V(φ)

time

field value

Q(x) = *A * 2q cos 2x

Ryo Namba (RIKEN iTHEMS) Particle production & exact WKB 18 / 23

Repeated crossings of Stokes lines

Q(x) = *A * 2q cos 2x

Narrow/non-tachyonic Broad/tachyonic

  

Time evolution

  

Time evolution

0 ↵n+1
�n+1

1

= Un

0 ↵n
�n

1

= UnUn*1

0 ↵n*1
�n*1

1

= 5 = Vn

0 ↵0
�0

1

, Vn í

n
«

j=0
Uj
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General consideration of sourcing effects from particle production

Sourced equation

∏'I = SI

Curvature perturbations: 'I = ⇣

Gravitational wave: 'I = hij

Linear sourcing (mixing)

SI = OI ‰  

Quadratic sourcing (3-point vertex)

SI = OI ‰   

Formal solution using Green function

'I ,k =
 

ÿ

*ÿ
dt® Gk(t, t®) ÉSI ,k(t®)

∏tGk(t, t®) = �(t * t®)
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Outline

1 Introduction

2 Particle Production via exact WKB
Borel summation and exact WKB

3 Application to more realistic scenarios (work in progress)
Connection to observables from particle production

4 Summary & Outlook
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Summary

Resonant/tachyonic production is ubiquitous in cosmology

. Reheating, dark matter production, phase transition, Schwinger effect, . . .

WKB method – a systematic approach to Schrödinger-type equations

. Infinite series is often divergent around Q(x) = 0

Exact WKB = WKB + Borel sum

. Particle production = crossing Stokes curves

Connection formulae
H

 (III)
+
 (III)
*

I

=
0

1 i
0 1

1

H

 (I)
+
 (I)
*

I
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H

 (III)
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 (III)
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I

=
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H
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Issues & Outlook

More rigorous, more “exact” calculation for periodic Q(x)

  

Time evolution

  

Time evolution

More complete framework for generation of observables, e.g. gravitational waves

∏'I = SI , SI = OI ‰  , OI ‰   

Consistent treatment of backreaction from particle production
. To other fields coupled to  

. To spacetime geometry

Strong coupling regime
. Resurgence framework

Other applications
. Hawking radiation, vacuum decay, strong gravity phenomena, . . .
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Ruling out Interacting Holographic Dark Energy with Hubble scale
cutoff

+
New constraints on Interacting dark energy

Ricardo G. Landim

Technical University of Munich

JGRG 31 – October 25, 2022
Based on 2206.10205 [Phys.Rev.D 106 (2022)] and work in progress (in collaboration with F. Abdalla, G.

Hoerning, L. Ponte)
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Physics and the dark side

The best theories so far . . .

Gravitational interaction:
General Relativity is running well . . . [GR-Result: 0 Errors, xx Warnings, yy
Bad Boxes]

Strong and Electro-Weak interactions:
Standard Model of particle physics is running . . . [SM-Result: xx Errors, yy
Warnings, zz Bad Boxes] (+ neutrino masses + . . . )

https://xkcd.com/2301/

\make{ theory SM+GR} . . . [fatal error occurred! no output produced ]
BUT there is not only light, there is the dark side

SU(3)⇥ SU(2)⇥ U(1) (5% )
Universe is expanding at accelerated rate (68%)
Dark matter (27%)
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Motivation Cosmological constant problem

Cosmological constant problem

Universe expanding at an accelerated rate.

⇢
(obs)
⇤ ⇡ 10�47GeV4.

⇢vac ⇡ 1074GeV4.
Famous 120-orders-of-magnitude discrepancy.
Coincidence ‘problem’ - why are dark energy and matter densities of the same order today?

Source: Wikipedia
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Motivation Cosmological constant problem

Dark energy models

Long list:
Scalar or vector fields
Modified gravity
Metastable DE
Extra dimensions
Exotic fluids
etc
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Coupled dark energy

Interacting dark energy

⇢̇d + 3H(⇢d + pd ) = �Q, (1)

˙⇢m + 3H⇢m = Q, (2)

⇢̇r + 4H⇢r = 0, (3)

The case of Q > 0 corresponds to dark energy transformation into dark matter, while Q < 0 is the
transformation in the opposite direction.
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Coupled dark energy Holographic principle

Holographic principle

Degrees of freedom of a physical system scales with its boundary area rather than its volume.
’t Hooft
Susskind
Thorn and Bekenstein

Cohen, Kaplan & Nelson [1998] suggested the following relationship:

L
3⇤4 . LM

2
P

(4)

⇢D = 3c
2
M

2
pl

L
�2 (5)
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Holographic dark energy

HDE Hubble cutoff

First (obvious )choice [Hsu, 2004]: L ⇠ H�1 , BUT

3H
2 = ⇢D + ⇢m = 3c

2
H

2 + ⇢m (6)

⇢m = 3H
2(1 � c

2) (7)

⇢m scales with a�3, as so ⇢D ! wD = 0

Ricardo G. Landim October 20, 2022 7 / 25

Holographic dark energy

HDE Particle horizon

L = RH

⇢D = 3c
2
M

2
pl

L
�2, RH = a

Z
t

0

dt

a
, wD = �

1
3
+

2
3c

> �
1
3

(8)
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Holographic dark energy

HDE Future event horizon

L = RE [Li 2004]

⇢D = 3c
2
M

2
pl

L
�2, RE = a

Z 1

t

dt

a
, wD = �

1
3
�

2
3c

(9)
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Holographic dark energy

Interacting HDE

⇢d = 3c
2
M

2
pl

H
2 (10)

Constant c.
Q = H(�1⇢dm + �2⇢de)

w = �
1
3

⇣
�1 +

�2

r

⌘
(1 + r) . (11)

r ⌘ ⇢m/⇢d = (1 � c2)/c2
! c2 = (1 + r0)

�1

Equation of state is no longer a free parameter
When the coupling constants are zero, a pressureless fluid is recovered
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Holographic dark energy

⇢dm = ⇢dm,0a
�3+�1+

�2
r0 , (12)

⇢de = ⇢de,0a
�3+�1+

�2
r0 . (13)

) weff
de = weff

dm = �1/3(�1 + �2/r0)

Both fluids will have the same evolution
CDM (with �1 = �2 ' 0) (remember previous slides)
DE (w eff

de < �1/3)

Ricardo G. Landim October 20, 2022 11 / 25

Holographic dark energy
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Holographic dark energy

�̇dm =� ✓dm �
ḣ

2
+H�2

⇢de,0

⇢dm,0
(�de � �dm) +

✓
�1 + �2

⇢de,0

⇢dm,0

◆✓
kvT

3
+

ḣ

6

◆
, (14)

✓̇dm =�H✓dm �

✓
�1 + �2

⇢de,0

⇢dm,0

◆
H✓dm , (15)

�̇de =� (1 + w)

✓
✓de +

ḣ

2

◆
� 3H(1 � w)�de +H�1

⇢dm,0

⇢de,0
(�de � �dm)

� 3H(1 � w)


3(1 + w) + �1

⇢dm,0

⇢de,0
+ �2

�
H✓de

k2 �

✓
�1

⇢dm,0

⇢de,0
+ �2

◆✓
kvT

3
+

ḣ

6

◆
, (16)

✓̇de =2H✓de


1 +

1
1 + w

✓
�1

⇢dm,0

⇢de,0
+ �2

◆�
+

k2

1 + w
�de , (17)

(1 + wT )vT =
X

a

(1 + wa)⌦ava . (18)

Inclusion of term �H for interaction (absent in other works!)
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Holographic dark energy

�
(i)
de = �

(i)
dm =

3
4
�
(i)
r

✓
1 �

�1

3
�

�2

3
1
r0

◆
, (19)

v
(i)
de = v

(i)
r , (20)
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Holographic dark energy

Planck 2018
Ricardo G. Landim October 20, 2022 15 / 25

Holographic dark energy

Results
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Holographic dark energy
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Holographic dark energy
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New constraints on IDE

Why new constraints?

– (Not very) New data (Planck 2018, BAO, Pantheon)
– Inclusion of term �H for interaction (absent in other works!)

⇢̇dm + 3H⇢dm = a
2
Q

0
dm = aQ , (21)

⇢̇de + 3H(1 + w)⇢de = a
2
Q

0
de = �aQ , (22)

Q = H(�1⇢dm + �2⇢de)

�1 6= 0, �2 = 0
�1 = 0, �2 6= 0
�1 = �2
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New constraints on IDE

�1 6= 0, �2 = 0

⇢dm = ⇢dm,0a
�3(1+w

eff
1 ) , (23)

⇢de = ⇢de,0a
�3(1+w) + �1

⇢dm,0a�3(1+w)

3(w � weff
1 )


1 � a

3(w�w
eff
1 )

�
, (24)

where weff
1 = ��1/3.

�1 = 0, �2 6= 0 [Lucca, 2020]

⇢dm = ⇢dm,0a
�3 + �2

⇢de,0a�3

3weff
2


1 � a

�3w
eff
2

�
, (25)

⇢de = ⇢de,0a
�3(1+w

eff
2 ) , (26)

where weff
2 = w + �2/3.
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New constraints on IDE

�1 = �2 [Olivares, 2005]

⇢dm = w
�1
eff

⇢✓
1 + w +

�

3

◆
⇢dm,0 +

�

3
⇢de,0

�
(aS� � a

S+) + ⇢dm,0(S�a
S� � S+a

S+)

�
, (27)

⇢de = w
�1
eff

⇢
�

3
⇢dm,0 �

✓
1 �

�

3

◆
⇢de,0

�
(aS+ � a

S� ) + ⇢de,0(S�a
S� � S+a

S+)

�
, (28)

where weff = (w2 + 4�w/3)1/2 and S± = �(1 + w/2)⌥ weff/2.

Olivares 2005
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New constraints on IDE

) ṙ = 0

�1r+ = �
3
2

✓
w +

�1

3
+

�2

3

◆
+

3
2

r
w2 +

2
3

w(�1 + �2) +
1
9
(�1 � �2)2 , (29)

�1r� = �
3
2

✓
w +

�1

3
+

�2

3

◆
�

3
2

r
w2 +

2
3

w(�1 + �2) +
1
9
(�1 � �2)2 . (30)

�̇dm =� ✓dm �
ḣ

2
+H�2

⇢de

⇢dm
(�de � �dm) +

✓
�1 + �2

⇢de

⇢dm

◆✓
kvT

3
+

ḣ

6

◆

| {z }
/ �H

, (31)

✓̇dm =�H✓dm �

✓
�1 + �2

⇢de

⇢dm

◆
H✓dm , (32)

�̇de =� (1 + w)

✓
✓de +

ḣ

2

◆
� 3H(1 � w)�de +H�1

⇢dm

⇢de
(�de � �dm)

� 3H(1 � w)


3(1 + w) + �1

⇢dm

⇢de
+ �2

�
H✓de

k2 �

✓
�1

⇢dm

⇢de
+ �2

◆✓
kvT

3
+

ḣ

6

◆

| {z }
/ �H

, (33)

✓̇de =2H✓de


1 +

1
1 + w

✓
�1

⇢dm

⇢de
+ �2

◆�
+

k2

1 + w
�de , (34)
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New constraints on IDE

Q / ⇢dm + ⇢de

�
(i)
de =

3
4
�
(i)
r

✓
1 + w +

�1

3
r +

�2

3

◆
, (35)

�
(i)
dm =

3
4
�
(i)
r

✓
1 �

�1

3
�

�2

3
1
r

◆
, (36)

v
(i)
de = v

(i)
r , (37)

Q / ⇢dm

�
(i)
de = �

(i)
dm =

3
4
�
(i)
r

✓
1 �

�1

3

◆
, (38)

Q / ⇢de

�
(i)
de =

3
4
�
(i)
r

✓
1 + w +

�2
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Neutrino Lines  
from MeV Dark Matter 
Annihilation and Decay in JUNO
Michiru NIIBO (TiTech., Ochanomizu Univ.) 
2022/10/25, JGRG31(c27)@Univ. of Tokyo

1

Based on: [arXiv: 2206.06755], accepted for publication in JCAP, with 
K.Akita, G.Lambiase(Salerno Univ., Italy) , M.Yamaguchi(TiTech, Japan)

•Introduction: 

• Dark matter detection strategies   

•Analysis 

•Neutrino lines from dark matter 

• Current constraints 

• JUNO experiment and detection principle 

•Results  

•Summary

2

Outline
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Disk

3

DM

γ

SM

γ

DM

(1) Direct Detection

(2) Optical Detection

Scatter DM particles with atoms (nuclei, electrons…)

Detect photons from DM or from standard 
model particles produced from DM

Unfortunately, we have not detected 
any signals of DM and strong 
constraints on DM- standard model 
particle interactions are discovered.

DM

DM

Dark matter(DM) detection strategies

Milky Way

DM Halo

Disk

4

ν

• Complementary strengths of neutrino detection 
• Detectable on the ground 
• Less background than optical signals 
• Electrically neutral -> stable, straight signal 

• Next-generation neutrino detectors  
• JUNO (2023 ? -)  
• Super - Kamiokande (+ Gd )(2020 -) 
• Hyper - Kamiokande (2027 -)

Would undiscovered DM signals be finally 

found through neutrino observation?

DM

DM

DM
ν

ν ν

Detection strategy (3) Neutrino observation



Neutrino productions in Milky Way (MW) Neutrino production in the whole MW

 gets smaller as  gets larger.Φ mDM

5

DM

ν
ν

DM ν

DM
ν

ν

One to one correspondence 

between  and   Eν mDM

dΦanni
dEν

= Φanniδ (Eν − mDM)

dΦdec
dEν

= Φdecδ (Eν − mDM
2 )

nDM = ρDM
mDM

: DM number density : DM profileρDM

Φanni = 1
6 ∫ ds dΩ

4π
⟨σanniv⟩ n2

DM ∝ m−2
DM

Φdec = 1
6 ∫ ds dΩ

4π
2τ−1 n1

DM ∝ m−1
DM

Neutrino lines from DM

6

The largest uncertainty of our work: DM profile ρ = ρ(r)
Φanni = 1

6 ∫ ds dΩ
4π

⟨σanniv⟩ n2
DM,

Φdec = 1
6 ∫ ds dΩ

4π
2τ−1 n1

DM, ' = ∫ ds dΩ ρDM .

( = ∫ ds dΩ ρ2
DM , …Annihilation

…Decay

Factor 5 of uncertainty in 
annihilation case 

Generalized NFW 2.3 2.5
NFW 0.88 1.9
Moore 2.7 2.5
Isothermal 0.53 1.9

( '

, ( [1023 GeV2cm−5] ' [1023 GeVcm−2]

Disk

Dark Matter Halo

Milky Way

r

0.050.10 0.50 1 5 10
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generalized NFW
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DM

ν
ν

DM ν
Current constraint on annihilation

Dotted line:  (WIMP) 
Thermal Relic Abundance

… Has NOT been tested

⟨σanniv⟩ ∼ (3 − 4) × 10−26 cm3 sec−1

Colored areas:  
constraints from the current 
observations 
Dashed lines:  
anticipated constraints from the 
future observations

[Arguelles et al. [1912.09486]]

[Palomares-Ruiz [0712.1937]]

Super-Kamiokande

Shaded area: [0209028]
Colored：[0501064] 

8

DM
ν

ν

τ > tU ≃ 4 × 1017sec
Age of our universe

τ ≥ 1023 sec
Current constraint in MeV

Current constraint on decay



Wikipedia

9

• Channel : Inverse beta decay (IBD) 

• Main channel in  

• Little smearing effect  

10 MeV < Eν < 100 MeV

Ee+

dN
dEe+ ΔEe+ ∼ .(1 MeV)

BG

dΦ
dEν

∝ δ(Eν − mDM)
dΦ
dEν

Eν
BG

IBD

Easy to distinguish signals from background

ν̄e + p → n + e+

ΔEe+ ≡ Emax − Emin ∼ 5 MeV ( Eν

50 MeV )
2

JUNO experiment
Super Kamiokande JUNO

Detection Water liquid scintillator

Volume

Resolution 3 % at 1 MeV≃ 40 % at 1 MeV
17 kton

[Palomares-Ruiz et al. [0710.5420]]

≃ 22.5 kton

20 years
20 40 60 80 100

m DM [MeV]

10 -26

10 -25

10 -24

<
<

an
n

v>
 [c

m
3  se

c
-1

]

generalized NFW
NFW
Moore
Isothermal

* Black line: thermal relic abundance
(Detectable region)

DM

ν

ν
DM ν

Annihilation cross section (20years, 90% C.L.)

• JUNO may test the thermal relic 

abundance in   

• Factor 5 of uncertainty due to DM profile 

•  : 

 weaker constraint in the higher energy

10 MeV ≤ mDM ≤ 60 MeV

Φanni ∝ m−2
DM
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e
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Reactor neutrino

atmospheric neutrino(NC)
atmospheric neutrino(CC)
Diffused Supernova Neutrino Background

Sum



20 years

20 40 60 80 100 120 140 160 180 200
m DM [MeV]

10 21

10 22

10 23

10 24

10 25

= 
[s

ec
]

generalized NFW
NFW
Moore
Isothermal

(Detectable region)

Lifetime (20years, 90% C.L.)

•   in 

 

• Factor 2 of uncertainty due to DM profile 

•  :  

weaker constraint in the higher energy 

… Compared to annihilation, weakening 

effect is little

τ ≃ 1 × 1024 sec
30 MeV ≤ mDM ≤ 200 MeV

Φdec ∝ m−1
DM
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atmospheric neutrino(NC)
atmospheric neutrino(CC)
Diffused Supernova Neutrino Background

Sum

DM

ν

ν

• Dark Matter (DM) 
• Unknown massive substances which 

contribute to the structure formation 
• Thermal relic abundance 

• JUNO experiment：

⟨σanniv⟩ ∼ (3 − 4) × 10−26cm2 sec−1

12

Super Kamiokande JUNO
Detection Water liquid scintillator
Volume

Resolution 3 % at 1 MeV
17 kton≃ 22.5 kton

≃ 40 % at 1 MeV
[Palomares-Ruiz et al. [0710.5420]]

• Discussion and results 
• Neutrino lines in Milky Way 

1. Successfully update the constraints 
　JUNO may detect DM signals!! 

2. Test thermal relic abundance ? 
3. Profile uncertainty : factor 2-5 
4. Constraints get weaker as  gets 

larger.

mDM

• Channel :  Inverse beta decay  
• Main channel in MeV region 
• Little smearing effect  

Summery



Superheavy Dark Matter Production 
from Symmetry Restoration First-Order 
Phase Transition During Inflation

with Haipeng An, Xi Tong

arXiv:2208.14857 [hep-ph]

Siyi Zhou

Kobe University

Outline

Superheavy Dark Matter

Symmetry Restoration First-Order Phase Transition During Inflation

Observational Signatures: Stochastic gravitational wave background

Conclusion and Outlook

C28



Dark Matter
Most (85%) of the matter in our universe is made of dark 
matter

Does not interact with the electromagnetic field

Has huge influence on cosmology & large scale structure

We know its existence through its gravitational effects

!"#$ Cosmology 
68.3% Dark Energy 
26.8% Dark Matter 
4.9% Ordinary Matter

Dark Matter
Many dark matter candidates

Wide range of masses & cross sections

The nature of dark matter and its production 
mechanism remains unknown

Particle vs wave?

Most popular dark matter model
Weakly Interacting Massive Particles (WIMPs)

WIMPs are produced from the early universe through 
the freeze out mechanism



Superheavy Dark Matter
Many WIMP models are strictly constrained by direct detection experiments

Search for dark matter heavier than Griest-Kamionkowski bound
Different dark matter production mechanism

Freeze in
E. Kolb, D. Chung, A. Riotto, AIP Conf. Proc. 484 (1999) 91-105

D. J. H. Chung, P. Crotty, E. W. Kolb, A. Riotto, Phys. Rev. D 64 (2001) 043503

Phase transitions
D. Marfatia, P. Y. Tseng JHEP 02 (2021) 022

A. Azatov, M. Vanvlasselaer, W. Yin, JHEP 03 (2021) 288

Freeze in

During inflation  from vacuum 

At inflation to matter dominated/radiation dominated era

Production Rate

Ford 1987

Chung 2003

Production Time

Production mechanism  freeze in

Properties

Stable a lifetime much greater than the age of the universe
Non-thermal it must not have been in equilibrium when it froze out

!! ∼ exp(−#)!/+))! ≫ +
)! ≪ + !! ∼ +



Phase transitions

A more efficient superheavy dark matter 

production mechanism during inflation

Symmetry restoration first order phase transition during 

inflation

Enough dark matter can be produced from large latent 

heat during first order phase transition

Outline

Superheavy Dark Matter

Symmetry Restoration First-Order Phase Transition During 

Inflation

Observational Signatures

Conclusion and Outlook



First Order Phase Transition

Inflation ends
Symmetry restoration phase

Dark matter is produced, relativistic

Dark matter becomes non-relativistic

" = 0

" = 0" = 0

Inflation begins
Symmetry broken phase

" ≠ 0

Symmetry restoration first order 
phase transition happens GW generated

First Order Phase Transition

! ≡ ∫ $!% −'[−
1
2
+, " −

1
2
+- " −.(,, -)]

. ,, - ≡ 3 ,, - + 3#$(,)

3 ,, - ≡
1
2
5%&&" , -" +

6
4
-! +

1
8Λ"

-'

5%&&" , ≡ 5" − :","

During inflation, the inflaton field typically travels Δ' ∼ )! * +"#

The change in the inflaton field value will induce the change in the effective potential in the " sector



First Order Phase Transition
Typical mass scale of the " particle is ,$

The bubble nucleation rate per physical volume 
%

&!"#$
= - 1 ×,$

'0()%

1' is the classical action of the bounce solution

Bubble nucleate at 2′, the comoving radius at 2 is

4 2, 2* =
1
6
(0(+,

&
− 0(+,)

The fraction of the space that remains at the false vacuum at 
time 2

: 2 = exp(−>
(-

?2*
4A
36. 0(+,

&
− 0(+,

.
0.+,

&
C,$0()%)~-(1)

First Order Phase Transition
Conditions on the parameter space

• Phase transition is strong first order 1' ≫ 1
,$
' ≫ F'

• The energy density of the spectator sector is subdominant

,$
' ∼ G ', " ≪ G/0 ' ∼ +"#

1 61

We need
;
<

!

<" <" ≪>(
! ≪?)*

" <"



First Order Phase Transition
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F describes how fast the phase transition happens

; ≡ −
$!!
$@

= B 100 |
,̇

, − 5"
:",

|

F ≫ 6 phase transition completes during inflation
F also determines the bubble radius

42322#! ∼ F(4 ≪ 6(4
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First Order Phase Transition

After the phase transition

! particles are formed in the "! symmetric phase
! particles are stable and can be the dark matter candidate



First Order Phase Transition
Latent heat F ≡ G+,>(

! G+, ≤ 0.6

G+,>(
! = ∫ -!.

"/ ! >(
" + K"L0

"#$%&$

'

Just after the phase transition ends

Highly relativistic G+, ≤ 0.6 T = 1.2>( NO = 4>(

After a while, Marginal relativistic NO = 2>( T = 0.48>( G∗ ≃ 0.01

Dark matter relic abundance

Q23
(5) = Ω(Q5 =

0.11923
0.68"

3?)
"<5" ℏ":! = 1.76×1007"GeV !

The energy density of dark matter today 

Q(
(5) ∼ G∗×>(

!L08(9()*+,:9-'0
.
/ ;<(=-'/=∗)) Q(

(5) = Q23
(5)

Typical parameter choice < = 107"GeV The e-folding number from end 
of inflation to today is \?@-AB = 65 The e-folding number from phase 
transition to end of inflation is \+, = 18

C! D =
F! D G" D
F! D∗ G" D∗

-H#
-?
∼ ^ H#/I#! ?∗

J#1
L0KL ?0?∗ − H#/I#$ ?∗

J#!323
$ L0'L ?0?∗ − H#$I# ?∗

323
/ L08L ?0?∗

Dark Matter Decay Rate
Particle number decreases!   Decay channels

Most dominant contribution



Dark Matter Decay Rate

Dark matter decay is protected by global "! symmetry via symmetry 

restoration first order phase transition

What about symmetry broken first order phase transition?

As long as there are "! symmetry left, there are will be enough dark 

matter left after the phase transition

Dark Matter Decay Rate
No global symmetry in quantum gravity

" particles will decay, unable to serve as dark matter
Local I1 symmetry 

1 = ∫ ?'K −L[−
1
2
O' 1 + OQ − 2RLSQ 1 − T ', Q − O" − RLS" 1 − ,$

1 " 1 −
1
4
U56U56]

Rolling of ' generates a VEV for Q
Symmetry breaking phase transition, " particle production

W 1 → local I1
" → 078 9 " = ±"
Q → 0178 9 Q = Q

S → S + 4
:
O^ K ^ K = 0, A

" can serve as dark matter 6 ≪ ,$ ≪ ,; , ,<



Outline

Superheavy Dark Matter

Symmetry Restoration First-Order Phase Transition During 

Inflation

Observational Signatures

Conclusion and Outlook

Stochastic Gravitational Wave 
Very low frequency: CMB B mode

Low frequency: Pulsar timing array

Middle frequency: LISA

High frequency: LIGO, VIRGO



Stochastic Gravitational Wave  
Sources that can generate stochastic gravitational 
wave
Inflation Quantum fluctuations of GW that went outside 
horizon and became classical
Cosmic strings one-dimensional topological defects
First order phase transitions GW from bubble nucleations
Pre big bang models an extension of the standard inflationary 
cosmology
Binary black holes GWs
Binary neutron stars GWs
Supernovae if a supernova has some asymmetry, then GWs 
will be produced
Pulsar and magnetars Non-axisymmetric spinning neutron 
stars are expected to be a detectable source of GWs

Gravitational wave from first order phase transitions

Arthur Kowsowsky, Michael S. Turner
PRD Volume 47, Number 10
Two bubbles

Stephan J. Huber, Thomas Konstandin
JCAP 0809:022,2008
More bubbles

The IR spectrum rises as _.

The UV spectrum decreases as _(4
The UV spectrum decreases as _(4.>



Gravitational wave from first order phase transitions during 
inflation

First order phase transition happen during inflation. The first order phase transition will produce bubbles. Bubbles will collide 
and thus generate gravitational waves. 

H. Jiang, T. Liu, S. Sun, Y. Wang Physics Letters B, Volume 765, Pages 339-343

First order phase transition at the beginning of inflation and its detectability at cosmic microwave background (CMB)

Y. Wang, Y. Cai, Y. Piao Phys.Lett.B789(2019)191-196 

First order phase transition during inflation and its detectability at gravitational wave interferometers, such as LISA and LIGO

H. An, K. Lyu, L. Wang, S. Zhou Chin.Phys.C 46 (2022) 10, 101001

First order phase transition during inflation, its associated gravitational wave signal and how it can be distinguished from the
first order phase transition after inflation

H. An, K. Lyu, L. Wang, S. Zhou JHEP 06 (2022) 050

First order phase transition during inflation, its associated gravitational wave signal and how it can reflect the cosmological 
time evolution

How GW propagates in spacetime

The equation of motion of the transverse and traceless GW perturbation is

ℎMNOO +
2`O

`
ℎMNO − ∇"ℎMN = 16bc9`"-MN

FRW metric  $d" = `"(e)(−$e" + fMN + ℎMN $%M$%N) During inflation ` e = − 7

LP

Typical time scale of the problem

1. The phase transition happens at conformal time e∗
2. The duration of the phase transition is ΔP ≪ e∗
Separate the problem into three regimes

1. IR h < |e∗|07

2. Intermediate e∗ 07 < h < ΔP07

Solution is ℎ ≃ − 7'/Q4L R,P
S

7

SP
− 7

SP∗
cos h e − e∗ + 1+ 7

S$PP∗
sinh e − e∗ →− 7'/Q4L R,

S$
(cos he∗ − sinhe∗ /he∗)

3. UV h > ΔP07 The details of bubble collision is essential 

ignore the details of the gravitational wave source, treat it 
as a delta function source "̀7? ∼

ab7?
@ c(. d∗ e(d − d∗)

Bubble wall collisions
Sound waves
MHD turbulence



How GW propagates in spacetime

If inflation is connected to a radiation dominated universe immediately after inflation 

ℎS = ℎS
#MISP

SP

The energy density of the gravitational wave has the form 

QQT ∼ 7

A$ ∫
-!S
"/ ! ℎO e "

Deeply inside the horizon he ≫ 1
$QQT
$ st' h

∼
1
h
cos he∗ −

sin he∗
he∗

"

1. IR regime h < |e∗|07
-U56
- *@V S

∼ h8 similar to GW signal from instantaneous source in radiation domination 

2. Intermediate regime oscillation

3. UV regime -U56
- *@V S

∼ h0! -U56
73+(

- *@V S2

R. Cai, S. Pi, M. Sasaki Phys. Rev. D 102, 083528 (2020)
C. Caprini, R. Durrer, T. Konstandin, and G. Servant, Phys. Rev. D 79, 083519 (2009)

Gravitational wave from first order phase transitions during 
inflation

IR

Intermediate

UV

Inflation Radiation Domination



Gravitational wave from first order phase transitions during 
inflation

Final spectrum 

ΩBC g,DEFG = ΩH1 2A_∗
I

J'()

EJ*+
,-./

I E #K L!
GW spectrum in flat space 

EJ*+
,-./

I E #K L!
= h1 I

J'()

+
M

1
Δ 2A_" Δ 2A_" = iΔ×3.8

NO!O!0.2

NO!
3.2
P1.> O!3.2

GW frequency 
_,DEFG = _QR 0(S45(S/67.# 0(S/67.# = R89:

3;
<∗
> ?0

3@A0
2?*B

C
%

Due to the distortion from inflation, highest peak 
_∗
"!FO ≃ +

1T

If " particles constitute all the dark matter today  _,DEFG
"!FO = 4

1T
U45
U∗

C
C0 I

J'()

(C3 VD9+ +;0

WE -

4/.

m = nQR,$
' : Latent heat

Gravitational wave frequency
Low scale inflation

< = 1007W ∼ 1007!cL3

Signal may be detected by PTA

Intermediate scale inflation
< = 10" ∼ 107"cL3

Signal may be detected by 
Space-based GW detectors

High scale inflation
< = 107" ∼ 107!cL3

Signal may be detected by 
Terrestrial detectors



Gravitational wave signature 
Magnitude of the signal is controlled by the latent heat released during first order phase transition

The frequency of the gravitational wave is linked to the Hubble parameter during inflation

Outline

Superheavy Dark Matter

Symmetry Restoration First-Order Phase Transition During 

Inflation

Observational Signatures

Conclusion and Outlook



Conclusion and Outlook
Dark matter can be heavy, the production rate is generically 
small

A mechanism to produce enough superheavy dark matter 
during inflation via symmetry restoration first order phase 
transition

Complementary gravitational wave signals



A Proposal for Simple Model  
of Acoustic Black Hole

Chuo University 
Ren Tsuda

With Shinya Tomizawa* and Ryotaku Suzuki* 
* Toyota Technological Institute

25 October 2022

The 31st Workshop on General Relativity and Gravitation in Japan - JGRG31 
24 - 28 October, 2022 @Kobayashi Hall, The University of Tokyo

What is “Acoustic Black Hole” ?
• Subsonic region 
      Flow speed < Sonic speed 
      
• Sonic horizon 
      Flow speed = Sonic speed 
      
• Supersonic region 
      Flow speed > Sonic speed

“Transonic flow” is considered as 
Acoustic analogue of black hole

C29



Sound wave equation

(∂0 + ∂ivi
bg + vi

bg∂i) [
ρbg

c2s
(∂0ϕ̃ + vj

bg∂jϕ̃)] − δij∂i (ρbg∂jϕ̃) = 0

Background flow velocity

vi
bg = − δij∂jϕbg ϕbg → ϕbg + ϕ̃

Perturbation of flow velocity potential

Wave equation of ϕ̃

Acoustic metric

ds2
(ac) =

αρbg(x)
cs(x) [−(c2

s (x) − v2
bg (x)) dt2 − 2vbg (x) dtdx + dx2 + dy2 + dz2]

yields “the acoustic metric” as

Regarding the sound wave equation  
as a Klein-Gordon equation

0 = □ ϕ̃ = (∂0 + ∂ivi
bg + vi

bg∂i) [
ρbg

c2s
(∂0ϕ̃ + vj

bg∂jϕ̃)] − δij∂i (ρbg∂jϕ̃)

Acoustic metric can be interpreted  
as representing a space-time for a sound wave

Black hole can be examined in the laboratory 



How to make transonic flow in laboratory
Laval nozzle: 

Major equipment for transonic flow model 
which makes use of the Bernoulli theorem

M = 1
M < 1 M > 1

At the throat, fluid velocity locally becomes sonic

 is the Mach numberM

M = flow speed
sonic speed

Today we propose an another model without a throat

Our proposal:  
Wavy toroidal waterway model

1. Consider a tube with the length 2πL

-axis is drawn along the tubex

2. Bend the tube  
with the height given by 

h (x) = λ sin2 x
L

+ hmin

3. Assume periodicity  
of 2πL

1D flow vi
bg = (vbg , 0 , 0)



Equation of motion for the model

where  is the external force acting  along the waterway μ

Euler equation:  E.O.M of fluid dynamics

μ = − g
dh
dx

= − g
λ
L

sin 2x
L

∂0vbg + vbg∂1vbg = − 1
ρbg

∂1p + μ

h (x) = λ sin2 x
L

+ hmin
μ

Transonic flow solution
vbg = ̂cs −2 cos3 ϕ

3 + 3 cos ϕ −
cos2 x

L

cos x
L

−3 cos ϕ
3 + cos ϕ (2 + cos ϕ sec3 ϕ

3 )
with ϕ = arccos (1 + gλ

̂c2s
cos2 x

L )
2

BH-like horizon

WH-like horizon Bottom speed point

Top speed point

Sonic point

Top speed point

Bottom speed point

WH-like horizonBH-like horizon



Solving sound wave equation on the model

(∂0 + ∂ivi
bg + vi

bg∂i) [
ρbg

c2s
(∂0ϕ̃ + vj

bg∂jϕ̃)] − δij∂i (ρbg∂jϕ̃) = 0

Sound wave equation

Ansatz
• Forward propagation・・・goes the same direction with  

 
• Backward propagation・・goes the opposite 

vbg

ϕ̃(for) (t, x) = A (x) exp [−i (ωt − k (x) x)]

ϕ̃(back) (t, x) = B (x) exp [−i (ωt + k (x) x)]

 background solution vbg :  are given by ρbg, cs vbg

Assumption cs ≈ vbg

Appearances of the propagations
Forward propagation Backward propagation

In the case of backward propagation, 
the propagation is trapped across the BH horizon 

and WH horizon.



Summary

Future work

We have proposed a wavy toroidal waterway model
• Stationary 1D flow 
• Possesses two sonic points corresponding to BH horizon 
and WH horizons 

• Background is easily solved analytically  
• Forward and backward propagation are solved analytically 
under the assumption of the near-sonic flow

• Exploring causal structure of a space-time represented by 
an acoustic metric



Generating quantum entanglement 
between macroscopic objects with 

continuous measurement and feedback control

Kyushu University
Daisuke Miki

Collaborators
A.Matsumura, T.Shichijo, Y.Sugiyama, K.Yamamoto
N.Matsumoto(Gakushuin), N.Yamamoto(Keio)

2022/10/25/JGRG31

*

* * * *
Contents
1. Introduction
2. Optomechanical system
3. Macroscopic entanglement
4. Conclusion

arXiv:2210.13169

Main conclusion

2Main summary

We investigate the feasibility of generating 
entanglement between two mg-scale mirror in 
optomechanical system.

This study will be a first step towards verifying 
the quantum nature of gravity. 

We will show that it is possible to detect the 
entanglement between such massive objects 
experimentally in the near future.
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1．Introduction
• Is a superposition of gravitational field realized?

3Introduction

• Current measurement in quantum mechanics and gravity

However, because gravity is weak, we must realize macroscopic 
object in quantum state to test the quantum nature of gravity.

The region where both the effects of gravity 
and quantum mechanics appear is important.

Macroscopic quantum state of mirror
• Quantum control of mirror in optomechanical system

4Introduction

N.Matsumoto and N.Yamamoto (2020)

• When we measure the mirror’s position through the photons, 
the position uncertainty is small.

The mg-scale mirror is squeezed near quantum 
regime through the photon measurement. 

position

momentum

position

momentum
vacuum state squeezed state

measurement



オプトメカ 5

2．Optomechanical system
• Hamiltonian

mirror photon interaction laser

• Langevin equation for fluctuation part

coupling

mirror

photon

linearization

decay noise interaction

Continuous measurement and feedback
• optical decay

6Optomechanical system

• Langevin equation

We continuously get the information 
of mirror position through the 
measurements of output photons.

The mirror position is estimated by observation signal. → Squeezing

frequency

• The feedback control effectively 
lowers the bath temperature.



3．Macroscopic entanglement
• Fabry-Perot-Michelson interferometer

7Macroscopic entanglement

H. Muller-Hebhardt, et al. (2013)..

When the different squeezed 
states pass the HBS, the state 1 
and 2 is entangled.

Power-Recycled Mirror (PMR) makes the asymmetry between the 
common and differential modes.

We measure the common and differential modes of two mirrors.

When the common mode and the differential mode are in 
different squeezed states, the mirrors 1 and 2 are entangled.

common

differential

common

differential

1

2

Covariance matrix of mirror 1 and 2
• Covariance matrix: second-order moments of

8Macroscopic entanglement

• When the common mode and differential mode are 
symmetrical, the correlation                             .

：4×4 matrix

：2×2 matrix

Both matrices are exactly derived from the Langevin equation.

Generation of the entanglement between 
mirror 1 and mirror 2 requires the asymmetry 
of the common mode and differential mode.

mirror1

mirror2

correlation



Entanglement between mirror 1 and 2
• Logarithmic negativity

9Macroscopic entanglement

The state is entangled.

: quantum cooperativity

: detuning

is advantageous in generating entanglement.

characterize the quantumness of 
the system

thermal no squeezesqueeze

Experimentally feasible parameter

Entanglement between mirror 1 and 2
• Logarithmic negativity

10Macroscopic entanglement

Both modes are in different squeezed states and the 
entanglement is generated.

The state is entangled.

N.Matsumoto and N.Yamamoto (2020)
S.B.Catano-Lopez et al. (2020)

→ realize in near future



4．Conclusion
• We investigated the feasibility of generating a macroscopic 

entanglement between mechanical mirrors coupled with 
cavity photons under continuous measurement and 
feedback control.

11Conclusion

• We analyzed the logarithmic negativity, assuming tabletop 
experiments with the experimentally feasible parameters.

• This study is a first step to verify the quantum nature of 
gravity.

Entanglement between mirror 1 and 2
• Logarithmic negativity

12Macroscopic entanglement

The state is entangled.



Gravitational effects
Signatures of the quantum nature of gravity in the differential 
motion of two masses

13Experimental parameters

A.Datta and H.Miao (2021)

Optomechanical interaction
• Interaction

14オプトメカ

coupling

mirror



Experimental parameters
Experimentally feasible parameter expected from [1,2]

15Experimental parameters



Quantum gravity witness 
of harmonic oscillator system 
using Leggett-Garg inequality
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Introduction
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Introduction

! We need experimental evidence to explore quantum gravity

! Quantum gravity theory ∋ non-relativistic gravity in QM regime

1

Our focus

First proposed by Bose, Marletto, Vederal, et al.

⇒ BMV proposal Our focus

Plank const.

Gravitational 
const.1/ light velocity

Quantum 
gravity

How to test the quantum nature
of non-relativistic gravity?

Quantum Gravity witness
! “Is gravity also superposed when the quantum state of mass source is superposed?”

– Observation of gravity-induced entanglement is good criteria to judge superposed gravity.
– How to observe entanglement?      —— Interference experiment etc.⋯
– We propose an alternative way to test gravity-induced entanglement using Leggett-Garg 

inequality.

If Yes, Quantized Gravity (QG) If No, Semiclassical Gravity (CG)

c-number

of the source systemOperator

of the source system

Probe: Mass source: 

Entanglement No entanglement
Gravitational field 

Probe: Mass source: 

Gravitational field 

Feynman (1957)
Marletto, Vedral (2017), Bose et al. (2017)



Bell inequality
!Bell inequality (CHSH inequality)

– Measurement on 2 observables at 2 spacelike points

– Macroscopic realism: Probability is defined locally, and the system is fundamentally classical.

Bell inequality: Inequality of correlations between spacelike points

Clauser, Horne, Shimony, Holt (1965)

Leggett-Garg inequality (LGI)
! LGI (Modified version): Timelike version of Bell inequality

– Measurement on 1 observable at 2 timelike points

– Assume

– Macroscopic realism: the system is fundamentally classical

LGI: Inequality of correlations between timelike points

• Non-invasive measurement
: the measurement does not affect the future

• Causality

Here,

Quasi-probability: Similar to the conditional probability to measure      at      and      at      .

Leggett, Garg (1985), Haustein (2017)



Our work:
Quantum gravity witness 

in harmonic oscillator system using LGI

Quantum gravity witness using LGI
!Why do we consider LGI?

– Violation of LGI in quantum system has been investigated well experimentally.
– We can capture unique feature of gravity by post-Newtonian calculation (as future work!)

→ LGI contains timelike correlation, so it maybe interesting observable!

!What do we expect to see?

Can we distinguish QG and CG by observing how much LGI is violated??

Probe: Mass source: 

Gravity-induced 
Entanglement

QG

No entanglement

Probe: Mass source: 

Particle decoheres (loss quantum coherence) due 
to gravity-induced entanglement.

→ LGI of probe tends to be less-violated.

Particle does not decohere.

→ LGI of probe is still violated.

CG

Knee et al. (2012)



Setup
!Gravitational interacting hybrid system on 2 dim space

– Hamiltonian: Gravity: QG or CG

Initial state

Initial state

Measurement
!Projective measurement: +1 for % > 0, −1 for % < 0

– Observable

– Measurement value

– Projection op.

!Calculate quasi-probability and estimate LGI violation

Quantum system violates LGI

How does LGI violation differs w.r.t. quantumness of gravity?



Results
!Typical behavior of quasi-probability

– QG suppress the LGI violation compared to CG in this case: Gravity-induced decoherence
– We analyzed the behavior of the maximal violation value and the violated area.

Violated

QG
CG

QG

CG

Violated area

The maximal violation value

We focus only on this today.

Results: Maximal violation point
!Difference of maximal violation value: 

– Default parameters:

– Difference of maximal violation value (QG−CG) is always positive.
– QG always suppress the maximal violation of LGI because of gravity-induced decoherence.
– Observation of the maximal violation value of LGI is a good criteria to distinguish QG and CG.

Initial momenta dependence Strength of gravity dependence First measurement time dependence



Conclusion
!Summary

– We investigated the gravity interacting hybrid system of the harmonically 
trapped particle and the mass source in a cat state.

– We estimated the LGI violation for 2 cases; QG & CG.
– The maximal violation is always suppressed in QG case compared to CG case 

due to gravity-induced decoherence of the particle system.

!On-going work: The analysis of violation area also gives interesting results.

– There is a slight region where QG promote the violation counterintuitively!
– This results from the quantum effect called quantum backflow.
– LGI violation is determined by the balance of decoherence and quantum 

backflow.

Backup



Setup
• Hamiltonian

We calculated 2 cases;
when gravity is superposed (QG), or not (CG).

• Initial state

• Probe: Ground state with initial momenta

• Source: Well-localized cat state

Results: Violation area
!Violated region on plane

– Surprisingly, there is a slight parameter region where QG promote the LGI violation.
– This results from quantum backflow effect.

QG

CG

! Area of QG is smaller than CG
– QG suppress the violation;

Gravity induced decoherence

! Area of QG is smaller than CG
– QG promote the violation;

Counterintuitive!



Quantum backflow
!Quantum backflow

– Quantum effect that the state with positive momenta has a negative current.
e.g. The superposition of 2 Gaussian states with initial positive momenta

The probability to exist at # > %Time evolution of wave function

Classically, we expect to see 

monotonically increasing.

Yearsly, Halliwell (2015)
Halliwell(2019)

Quantum backflow
!Formulation of quantum backflow

– Current op.

– Flux op.

– Backflow op.

– The state with is in backflow.
For instance, consider the state with positive momenta:

Then,

This means that the state with positive momenta has a negative flux, namely backflow.

– Backflow is also related to negative Wigner function.

– The spectrum of backflow eigenvalue takes −0.04~1.

Yearsly, Halliwell (2015)
Halliwell(2019)

Bracken, Melloy (1994)



Quantum backflow
!Relation between quasi-probability

Suppose       to be an eigenstate of backflow op. with a positive momenta.

When , quasi-probability is rewritten using the backflow eigenvalue. 
When the state is in backflow, the backflow eigenvalue takes  

and quasi-probability will be violated.

Halliwell(2019)

Results: Violation area
!The expectation value of backflow operator

– Since backflow is also related with negative Wigner function, backflow promotion by QG 
implies the cat state of a particle state in QG case.

– More backflow effect by QG leads to LGI violation.

Backflow is 
promoted by QG

Backflow is 
suppressed by QG



Results: Violation area

– Suppression of violation by QG corresponds to the region where entanglement is created.
– The LGI violation is determined by the balance of backflow and decoherence.

Backflow expectation value Log negativity of QG

Results: Violated area
! Log-negativity and violated area



Feasibility
!We evaluated the maximal violation value with realistic parameters.

– Parameters are set as follows.

– The difference of the maximal violation value between QG and CG is given by

– This means that we can test quantumness of gravity if we can perform a 2-
level measurement with an uncertainty below 10!"#. 



Gravitational wave from 
the axion cloud

Hidetoshi Omiya(Kyoto U) 
Ongoing Work with  

T. Takahashi, T. Tanaka, and H. Yoshino 

2022/10/25@JGRG

Introduction
•Axion is attracting many interests! 
- Possible solution to strong CP problem 
-Dark Matter candidates 
- Appears in low energy effective theory of string theory 
-Can be observed by cosmological/astrophysical 
phenomena

(Arvanitaki et. al., 2010)Axion Mass(eV)

CMB 
Polarization

Step in Matter 
 Power Spectrum

GW from  
Axion cloud 

around rotating BH

∼ 10−10∼ 10−20∼ 10−33 ∼ 10−28

This Talk!!Signature of the axion 
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Axion cloud

BH

ω = ωR + iωI

ωI > 0, ωR ∼ μ ≫ ωI, ωR − mΩH < 0

Superradiance conditionInstability

Energy and angular 
momentum extraction

τ = ω−1
I ∼ 1min(M = M⊙)

•GW from the cloud 
•Characteristic 
distribution of BH spin

Observable Signal 

Axion cloud = Condensate of axion around rotating BH 
spontaneously formed by superradiance

Bounded by 
gravitational potential

ϕ = Rlmω(r)Slmω(θ)e−i(ωt−mφ)

+c . c .

Self-interaction

S = ∫ d4x −g − 1
2 (∂μϕ)2 − μ2F2

a (1 − cos ϕ
Fa ) ,

∼ 1
2 μ2ϕ2 − μ2

4!F2a
ϕ4 + …

Attractive

After the cloud gets dense, self-interaction plays important role.

1. Excitation of dissipative modes. 
Saturate instability. 

2. Collapse of cloud and burst of 
GW (Bosenova). Accelerate 
instability.

(Arvanitaki et. al.,2010)

ϕ(1)
cl

ϕhor

m = 0

ωhor = 2ω(1) − ω(2) < μ

ϕ(1)
cl

ϕ(2)*
cl

1.



Dissipation by Multiple mode
Mode coupling induce efficient dissipation channel

(Baryakhtar et. al. 2020) 

ϕ(1)
cl

ϕhor

ϕ(1)
cl

ϕ(2)
cl

ϕhor

BH

ϕinf

ϕinf

 ϕ(1)
cl : l = m = 1,ω(1)

R < μ

ϕ(2)
cl : l = m = 2,ω(1)

R < ω(2)
R < μ

m = 0

ωhor = 2ω(1) − ω(2) < μ

m = 3
ωinf = 2ω(2) − ω(1) > μ

※  is also excited 
since  is real

m = − 1,ω = − ω(1)*

ϕ

ϕ(1)
cl

ϕ(2)
cl

ϕ(2)
cl

ϕ(2)*
cl

ϕ(1)*
cl

Instability caused by 
attractive self-interaction. 
Burst of GW.

Evolution with self-interaction

Accerelation of 
instability

Bosenova

Time

Ecl

Quantum 
fluctuation

Quasi-stationary state
Energy gain by superradiance and 
dissipation by self-interaction balance. 
Continous GW.

BH
Q:Which one is expected in 
realistic situation?

BH

Break down of 
perturbation 

theory

Suggested by nonperturbative 
single mode calculation.
(Yoshino&Kodama, 2012, 
HO et. al. 2022) 

Suggested by perturbative & non-
relativistic calculation.



Time evolution with multiple mode

Nonperturbative l=m=1
Perturbative l=m=1
Nonperturbative l=m=2
Perturbative l=m=2

0 2 4 6 8 10
1

5
10

50
100

500
1000

ω1,It

E/
(F
a2
M
)

a/M=0.99,μM=0.3
Energy of the cloud 
where instability sets in

Strong dissipation due to 
self-interaction

Under the adiabatic approximation

(HO et. al. 2022) 

Dependence on initial energy
For small initial , the 
maximum of  gets larger．

E2

E1

Nonperturbative,E2(tini)=10-10

Nonperturbative,E2(tini)=10-12

Nonperturbative,E2(tini)=10-14

Perturbative,E2(tini)=10-10

Perturbative,E2(tini)=10-12

Perturbative,E2(tini)=10-14

1.0 1.5 2.0 2.5
5
10

50
100

500
1000

ω1,It

E 1
/(
F a
2 M

)

a/M=0.99,μM=0.3

What is the maximum of  
for the realistic situation?

E1



Estimation of maximum energy

Nonperturbative
Perturbative

500 1000 1500 2000 2500 3000

1.× 10-90

1.× 10-70

1.× 10-50

1.× 10-30

1.× 10-10

E1max/(Fa2M)

E 2
(t i
ni
)/
(F
a2
M
)

a/M=0.99,μM=0.3
Starting from the single axion

Dissipation is enhanced 
due to attractive nature

Saturation occurs even starting with quantum fluctuation.

Higher multipole cloud
Let’s consider case starting with  ( )l = m = 2 GμM ≳ 0.45

ϕ(1)
cl

ϕhor

ϕ(1)
cl

ϕ(2)
cl

ϕhor

BH

ϕinf
ϕinf

 ϕ(1)
cl : l = m = 2,ω(1)

R < μ

ϕ(2)
cl : l = m = 3,ω(1)

R < ω(2)
R < μ

m = 1

ωhor = 2ω(1) − ω(2) < μ

m = 4
ωinf = 2ω(2) − ω(1) > μ

ϕ(1)
cl

ϕ(2)
cl

ϕ(2)
cl

ϕ(2)*
cl

ϕ(1)*
cl



For μ ≲ 0.8

Higher multipole cloud
 が最初のsuperradiant modeに

なるときを考える( )
l = m = 2

GμM ≳ 0.45
ϕ(1)

cl

ϕhor

ϕ(1)
cl

ϕhor

BH

ϕinf
ϕinf

 ϕ(1)
cl : l = m = 2,ω(1)

R < μ

ϕ(2)
cl : l = m = 3,ω(1)

R < ω(2)
R < μ m = 1

ωhor = 2ω1 − ω2 < μ

m = 4
ωinf = 2ω2 − ω1 < μ

ϕ(1)
cl

ϕ(2)
cl

ϕ(2)
cl

ϕ(2)*
cl

ϕ(1)*
cl

0.4 0.5 0.6 0.7 0.8 0.9
-0.001

0.000

0.001

0.002

0.003

μM

(2
ω
43
3-

ω
32
2-

μ)
M

a/M=0.99

ϕ(2)
cl

l=m=2
l=m=3
l=m=4

1 10 100 1000 104
10-7
10-5
0.001

0.100

10

1000

ω1,It

E/
(F
a2
M
)

a/M=0.99,μM=0.6
Higher multipole cloud

 keeps growing. 
Might be bosenova.
l = m = 3



Higher multipole cloud

Growth of the  
mode is stopped due to 
mode coupling

l = m = 3

l=m=2
l=m=3
l=m=4

5 10 50 100 5001000
10-8

10-6

10-4

0.01

1

100

ω,It

E/
(F
a2
M
)

a/M=0.99,μM=0.88

GW from saturated configuration

ϕ(1)
cl

ϕ(2)
cl

ϕhor

BH

ϕinf

ϕ(2)
cl

g

g

Annihilation

Level transition

ϕ(1)
cl

ϕ(1)
cl

ϕ(1)
cl

Two types of GWs are expected from the quasi-stationary 
configuration.



GW from saturated configuration 

Level Transition 322->211
Annihilation 211
Level Transition 433->322
Annihilation 322

0.2 0.4 0.6 0.8
1.×10-26

5.×10-26
1.×10-25

5.×10-25
1.×10-24

5.×10-24
1.×10-23

μM

h g
w
(1
kp
c/
r)(
F a

/M
pl
/1
0-
3 )
2

GW from saturated configuration 

Level Transition 322->211
Annihilation 211
Level Transition 433->322
Annihilation 322

0.001 0.010 0.100 1
1.×10-26

5.×10-26
1.×10-25

5.×10-25
1.×10-24

5.×10-24
1.×10-23

Mωgw

h g
w
(1
kp
c/
r)(
F a

/M
pl
/1
0-
3 )
2

Multi-frequency continuous 
GW from same place!



BH

Summary
Bosenova

Time

Ecl

• Most of the case, quasi-stationary 
configuration is expected. 

• Attractive nature of self-interaction 
enhance the dissipation. 

• (Lowest multipole) and (2nd lowest) 
are dominant modes.

Maybe possible if 
axion mass is 
heavy. BH

•Continuous GWs with different frequencies are 
expected from the same sky position.

Back up



Non-Perturbative analysis of 
cloud evolution

Time

Time scale for 
amplitude growth 

ϕ(A2)

ϕ(A1)

Stationary  
configuration 
gives good 
approximation

Impose
:Energy of  
:Total Energy flux

E(A0) ϕ(A0)

Ftot(A0)

•Because of adiabatic growth , locally ( ), 
cloud can be approximated to be stationary

(ωR ≫ ωI) Δt ≪ ω−1
I

(Omiya et. al.,2022)

Main Idea
Construct the one parameter family of stationary configuration 

 by varying amplitude  and join them by energy conservation.{ϕ(A0)}A0
A0

Non-perturbative analysis with 
multiple mode

• Growth is adiabatic 
　→Extension of single mode calculation is possible. 
• Assume 2nd mode do not grow so much 
　→Configuration of 1st mode is not altered by 2nd mode. 
Self-interaction of second mode can be  neglected.

Time

Time scale of 
amplitude growth

ϕ(1)(A2)

ϕ(1)(A1)

ϕ(2)(A2)

ϕ(2)(A1)

Known 
configuration

( □g − μ2 cos(ϕ(1)(A0)))ϕ(2)(A0) = 0Configuration of 2nd mode:

(Work in progress)

Impose energy conservation + angular momentum conservation



Estimation of maximum energy
Nonlinear l=m=1
Linear l=m=1
Nonlinear l=m=2
Linear l=m=2

-100 -50 0 50 100 150 200
0.00

0.02

0.04

0.06

0.08

0.10

0.12

r*/M

|R
lm

ω
|

E1/(Fa2M)~660,E2/(Fa2M)~660

Overlap becomes larger due to 
the attractive self-interaction



Can we detect
the signature of axion clouds

in extreme mass ratio inspirals?

Takuya Takahashi (Kyoto University)

with Hidetoshi Omiya and Takahiro Tanaka
Based on [arXiv: 2211.xxxxx]

JGRG31,  Oct 25th, 2022
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•Introduction

•Formulation

•Results

•Summary

Axion Clouds around BHs

BH

Ultralight bosons are closely
related to the phenomena in the universe.
axion, axion-like particles,…

Superradiant instability
Energy and angular momentum
extraction from the rotating BH

(Compton wavelength) ~ (BH radius) 

Axions can form a cloud around a BH.

BH mass M axion mass μ

1/13



Observational Signatures

① Gravitational Wave

It is important for observations to consider binary systems.

Modification of the waveform
due to the presence of axion clouds

② BH parameter
“Forbidden region” in mass and  
spin distribution of BHs due to the 
extraction of angular momentum

B
H

 sp
in

BH massR.Brito et al., 2017

2/13

Resonance in the Binary Inspiral

Clouds are described by
the bound state solutions

(Energy gap)
= (Orbital frequency)

Resonant Transition|n1 l1 m1⟩

|n2 l2 m2⟩Energy 
level Tidal field

3/13

D.Baumann et al., 2019



Our Work

• Extreme (or small) mass ratio inspiral
• Hyperfine resonance

Previously, we investigated equal mass binaries

|211⟩

|21 − 1⟩

n = 2

• Hyperfine resonance can be neglected
• Axion clouds evaporate through the emission

Hyperfine
splitting

Energy 
level

This talk

• Long timescales
• Backreaction to the orbital motion and the BH
• Impacts on observational signatures

4/13

T.Takahashi et al., 2021

•Introduction

•Formulation

•Results

•Summary



Background
EoM for axions

BH

Background part
• Non-relativistic approx.

Gravitational coupling α = Mμ BH mass  , 
axion mass 

M
μ

• Hydrogen atom-like structure
• This approximation is good for α ≪ 1

5/13

Perturbation
EoM for axions

① Tidal interaction

② GW emission

Tidal potential

Two level system
|1⟩

|2⟩

Axions pair-annihilation

6/13

H.Yoshino & H.Kodama, 2013



Evolutions of the System
(timescales involved in transition) ≫ τBH = M

Adiabatic approximation
Variables

1. Energy flux balance
at the horizon

2. Angular momentum flux 
balance at the horizon

3. Total angular momentum
conservation

4,5. Time evolution of the
number of particles 

in each mode

All backreactions, decaying process, GW emission are included!

7/13

Evolutions of the System

1. Energy flux balance
at the horizon

2. Angular momentum flux 
balance at the horizon

3. Total angular momentum
conservation

4,5. Time evolution of the
number of particles 

in each mode

(timescales involved in transition) ≫ τBH = M
Adiabatic approximation

Variables

Difficulty:
Long timescales & Oscillating behavior

All backreactions, decaying process, GW emission are included!

7/13



Adiabatic Elimination
The decay rate  is large compared
to the tidal mixing term  

|ω(2)
I |

η
Transferred axions are immediately
absorbed by the BH

|1⟩

|2⟩ BH

You can effectively discuss only with the 
particle number in the first mode

Equation not for  but for  !c1(t) n1(t)

8/13

Evolutions of the System ~Improved ver.~

1. Energy flux balance
at the horizon

2. Angular momentum flux 
balance at the horizon

3. Total angular momentum
conservation

4. Time evolution of the
number of particles 

in each mode

Variables
BH mass, 
BH angular momentum, 
Binary orbital frequency,
Particle number

Now, we can solve them for wide parameter region!

9/13



•Introduction

•Formulation

•Results

•Summary

Setup

• The cloud is composed of 
• BH spin is saturated at the critical spin

|211⟩
Initial conditions

Parameters

• (Initial) gravitational coupling 
• Mass ratio 
• Initial cloud mass 

α = Mμ
q = M*/M

Mc,0

Evolution of the system around the hyperfine
transition |211⟩ → |21 − 1⟩

10/13



Evolution of the Cloud

Normalized particle number

① ② ③

① GW emission 

② Transition

③ BH absorption

Tidal effect

BH spin down

11/13

BH spin
Deviation from the critical spin

• Almost clouds are dissipated through GW emission
• The spin-down due to the absorption can be large
    to deplete the cloud, but would not affect the constraints
    on axions from the spin measurements

Superradiance condition
ω < mΩH

12/13



GW form the binary orbital motion
Angular momentum is
transferred to the orbital motion
Stagnation around the
resonance frequency

• Timescale of the 
    binary evolution
    is large

•  can be
   largely affected

f ··f / ·f2

13/13

• Introduction

•Formulation

•Results

•Summary



Summary
The evolution of binary systems associated
with axion clouds inspiraling around the 
hyperfine resonance frequency, for small
mass ratio case.

Formulation:
• Adiabatic approximation
• All backreactions, decaying process, GW emission 

Results:
• If tidal effect works, the cloud disappear
• Impact on the BH spin is tiny
•  can be largely affectedf ··f / ·f2

Parameter dependence

(Tidal effect) ~ (Tidal coupling) 
                       × (Time passing through the resonance)
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Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

- from string theory [Arvanitaki+ 2010]  

 ma ∼ μ2

fa
e−S / 2 ≲ 10−10 eV

- explains strong CP: QCD axion  

   ma ∼ 10−9 eV( 1016 GeV
fa )

Introduction
2

decay constant: U(1)PQ scale 

μ2 ∼ ΛSUSYMPl

fa ∼ MPl /S instanton action S ≳ 200

[Peccei, Quinn 1977]
[Weinberg 1978]
[Wilczek 1978] …

- roles in cosmology
‣ inflation
‣ dark matter
‣ dark energy

• Axion (or axion-like particle): hypothetical scalar particle

C34



Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

• Photons are converted to axions in a magnetic field. 

    ℒint = − 1
4 gaγ ϕ FμνF̃μν

Introduction
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• Conversion becomes e#cient under
- Strong magnetic field

- Long distance propagation

gaγ

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

• Photons are converted to axions in a magnetic field. 

    ℒint = − 1
4 gaγ ϕ FμνF̃μν
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photon axion

external B

• Conversion becomes e#cient around black holes because
- Strong magnetic field
‣ induced by flows of ionized gas.

- Long distance propagation
‣ holds for photons orbiting around BHs.

gaγ

➡ What is the signal?
- Modification of photon’s spectrum?
- Axion emission?

This talk



Photon-Axion Conversion

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)
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• Consider an electromagnetic wave propagating in a magnetic field:

Photon-Axion Conversion
6

✓ We assume a background magnetic field, not background axions.

z

photon:                
(relativistic) axion: 

A∥(t, z) = Ã(z) e−iω(t−z) + h.c.
ϕ(t, z) = ϕ̃(z) e−iω(t−z) + h.c.

A∥

A⊥

• One of the polarizations  mixes with the axion.A∥

external  B

plane wave with frequency ω

amplitudes vary by interaction 



Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

• Evolution of  and :  

            

Ã(z) ϕ̃(z)

i
d
dz (Ã(z)

ϕ̃(z)) = (
Δpla − Δvac −ΔM

−ΔM Δa ) (Ã(z)
ϕ̃(z))

Photon-Axion Conversion
7

  : photon-axion mixing e%ectΔM ≡ 1
2 gaγB

  : photon’s e%ective mass due to surrounding plasma

  : electron’s 1-loop correction in an external B

  : e%ect from axion mass

Δpla ≡ 2παne

ω me

Δvac ≡ 14α2

45m4e
ωB2

Δa ≡ m2
a

2ω
 : fine-structure constant,   : electron number density,
 : electron mass,   : axion mass

α ne
me ma

[Ra%elt, Stodolsky 1988]

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

Conversion Probability
8

[Ra%elt, Stodolsky 1988]

Pγ→a(z; ω) = |⟨ϕ(z) |A(0)⟩ |2 = ( ΔM
Δosc/2 )

2
sin2( Δosc

2 z)
Δosc = (Δpla − Δvac − Δa)2 + 4Δ2

M

z

initial state: photon
axion
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Conversion Probability
9

z

initial state: photon
axion

• Maximum of  becomes unity (at least) if .

- Vicinity of BHs can be the case for hard X-rays ( ).

Pγ→a ΔM ≫ Δpla, Δvac, Δa

ω ≳ 10 keV

ΔM = 3 × 10−21 eV (
gaγ

10−11 GeV−1 )( B
30 G ) ≫

Δpla = 7 × 10−22 eV ( ne

104 cm−3 )( 10 keV
ω )

Δvac = 8 × 10−25 eV ( ω
10 keV )( B

30 G )
2

Δa = 5 × 10−23 eV ( ma

neV )
2
( 10 keV

ω )
{

[Ra%elt, Stodolsky 1988]

(Parameters are for M87* from 
Event Horizon Telescope.)

( ΔM
Δosc/2 )

2

Pγ→a(z; ω) = |⟨ϕ(z) |A(0)⟩ |2 = ( ΔM
Δosc/2 )

2
sin2( Δosc

2 z)
Δosc = (Δpla − Δvac − Δa)2 + 4Δ2

M

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

Conversion Probability
10

• Conversion length for M87*:  

- longer than Schwarzschild radius.
- but, photons can orbit near the BH 

 (strong magnetic field) for a long period.

πΔ−1
osc ≃ 11 × (6.2 × 109GM⊙)( 30 G

B )( 10−11 GeV−1

gaγ
)

[Ra%elt, Stodolsky 1988]

BH

strong B region

z

initial state: photon
axion

πΔ−1
osc

Pγ→a(z; ω) = |⟨ϕ(z) |A(0)⟩ |2 = ( ΔM
Δosc/2 )

2
sin2( Δosc

2 z)
Δosc = (Δpla − Δvac − Δa)2 + 4Δ2

M
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Orbits around Photon Sphere
11

BH
M

• Photon sphere:  — unstable circular orbits exist. r = 3GM

critical impact parameter
bcrit = 27GM

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

Orbits around Photon Sphere
12

BH
M

• Photon sphere:  — unstable circular orbits exist. r = 3GM

• Photons with impact parameter  (close to ) can stay in 

 for a distance .

b bcrit

3GM < r < (3 + ϵ)GM z(b) = 3GM ln 3 ϵ2GM
2 |b − bcrit |

large |b − bcrit |

small |b − bcrit |

observer

➡ Pγ→a(z(b); ω) = ( ΔM
Δosc/2 )

2
sin2( Δosc

2 z(b))
[Yoshino, Takahashi, Nakao 2019]

critical impact parameter
bcrit = 27GM
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Spectra
14

• We assume that the source of photons approaching the photon 
sphere is thermal bremsstrahlung of surrounding plasma.
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• Number of photons decreases by conversion to axions.
➡ The image near the photon sphere becomes dark.
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Spectra
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- Spectra from the photon sphere of M87*
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• Number of photons decreases by conversion to axions.
➡ The image near the photon sphere becomes dark.

ma = 10−9eV ma = 10−8eV

• Conversion frequency 
depends on axion mass.
➡ Shape of spectra has 

information on axion mass.

• We assume that the source of photons approaching the photon 
sphere is thermal bremsstrahlung of surrounding plasma.
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Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

• Photon-axion conversion can e#ciently occur in the vicinity of 
black holes.
- Strong magnetic field is present.
- Photons can propagate over a long distance by orbiting around 

the photon sphere.
• Number of photons decreases by conversion to axions.
➡ The image near the photon sphere becomes dark.

Summary
16
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Conversion Probability
19

Pγ→a(z; ω) = |⟨ϕ(z) |A(0)⟩ |2 = ( ΔM
Δosc/2 )

2
sin2( Δosc

2 z)
Δosc(ω) = (Δpla − Δvac − Δa)2 + 4Δ2

M

•  in the ω-ne plane( ΔM
Δosc/2 )

2

Δpla = Δa ≫ Δvac

Δpla = Δa ≫ Δvac

( ΔM
Δosc /2 )

2

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

Orbits around Photon Sphere
20

10-6 10-5 10-4 0.001 0.010 0.100 1
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30

40

• Photons with impact parameter  (close to ) can stay in 

 for a distance .

b bcrit

3GM < r < (3 + ϵ)GM z(b) = 3GM ln 3 ϵ2GM
2 |b − bcrit |

z(b)

|b − bcrit |

2π ⋅ 3GM

4π ⋅ 3GM

(GM = 1)

(1-rotation)

(2-rotation)
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• Let    be the number of photons approaching the photon 

sphere per unit time , unit frequency , unit impact parameter .

d3Nγ

dt dω db
t ω b

Dimming of Photon Sphere
21

• Number of photons converted to axions reads 

  
d2Nγ→a

dt dω
= ∫ db

1
2

d3Nγ

dt dω db
Pγ→a(z(b); ω)

conversion probability
Only one polarization  converts to axions.A∥

• Number of photons decreases:  

                       10%.
d2Nγ→a

dt dω /
d2Nγ

dt dω
= ( ΔM

Δosc/2 )
2 (3GMΔosc)2

1 + (3GMΔosc)2 × 25%  for X-ray 
in M87*

Axion emission from photon spheres of black holes due to photon-axion conversion Kimihiro Nomura (Kobe U.)

Dimming of Photon Sphere
22

• Number of photons decreases:  

 

           

      

d2Nγ→a

dt dω /
d2Nγ

dt dω
= ( ΔM

Δosc/2 )
2 (3GMΔosc)2

1 + (3GMΔosc)2 × 25% 

ΔM=Δosc/2 (6GMΔM)2

1 + (6GMΔM)2 × 25% 

6GMΔM = 0.8 ( M
6.2 × 109M⊙

)( B
30 G )(

gaγ

10−11 GeV−1 )
most e#cient case

d2Nγ→a

dt dω /
d2Nγ

dt dω

6GMΔM
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Computation of Spectra
23

• Assuming a spherical source of photons surrounding the BH,  

  

,  Emitted photon number per unit time, frequency, volume, solid angle

d3Nγ

dt dω db
= 4π2

3 ∫
rout

rin

dr J(N)( ω
3f(r)

, r) b r
(r2/f(r)) − b2

f(r) = 1 − 2GM
r

J(N) =

BH

rin

rout

• Assuming thermal bremsstrahlung,  
  

 = electron temperature,   = electron number density,
 = velocity averaged Gaunt factor

J(N)(ω, r) = 4α3

3πme
( 2π

3me
)

1/2
ω−1T−1/2

e n2
e e−ω/Teḡff

Te ne
ḡff ( ∼ 1)

• Furthermore, we assume
-   : virial temperature

-  : free-fall
Te ∝ r−1

ne ∝ r−3/2
p e-
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Photon

Axion

• From ,3GM < r < (3 + ϵ)GM

Lω0 = 1.6 × 1034ϵ2( M
109M⊙

)
3
( Te

1011 K )
−1/2

( ne

104 cm−3 )
2
ḡff keV ⋅ sec−1 ⋅ keV−1

( ,  are electron temperature, number density on the photon sphere.)Te ne
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Axion Number Flux
25

• From ,3GM < r < (3 + ϵ)GM

F(N)
a,ω ∼ 1.4 × 10−16ϵ2( Mpc

D )
2
( M

109M⊙
)

3
( Te

1011 K )
−1/2

× ( ne

104 cm−3 )
2
( keV

ω ) cm−2 ⋅ sec−1 ⋅ keV−1

( ,  are electron temperature, number density on the photon sphere.)Te ne



Microlensing constraints on axion stars 
including finite lens and source size effects

Kohei Fujikura (Kobe U.)

In collaboration with:

Mark P. Hertzberg (Tufts U.)

Enrico D. Schiappacasse (Rice U. )

Masahide Yamaguchi (TiTech)

JGRG31(2022/10/25)

This talk is based on arXiv:2109.04283 [Phys. Rev. D 104, 123012]

C35

Axions in the early Universe

2

• Axions are produced with high occupancy and can be DM!

• Axion Bose-Einstein condensate (BEC) may take place.
[Sikivie, Yang (2009); Erken, Sikivie, Tam, Yang (2011); Saikawa, Yamaguchi (2013); Noumi, Saikawa, Sato, Yamaguchi (2014)]

… and so many works …

• The QCD axion is introduced to solve the strong CP problem. 
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Gµ⌫
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G̃µ⌫

Quark
<latexit sha1_base64="fL16Vg7vOq4jJEraybfMSEPuE4g="></latexit>
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: initial misalignment angleθ*
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V (a) ' ⇤4
QCD (1 � cos(a/Fa))

; Abbott, Sikivie (1983)[Preskill, Wise, Wilczek (1983) ; Dine, Fischler (1983)]

[Kawasaki, Nakayama (2013)]

: the QCD axion,a(x) Field strength of Gμν : SU(3)C

Decay constantFa : ΛQCD ∼ 0.1 GeV

[Peccei, Quinn (1977)]
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“Localized clumps” made of axions bounded by 
gravity (axion stars) are formed.

Axion Stars

[Guth, Hertzberg, Weinstein (2014)]

A consequence of BEC dark matter:

<latexit sha1_base64="5By0nx1+NArSJH/r4qotVC96E4M="></latexit>

r/R

[Schiappacasse, Hertzberg (2017)]

<latexit sha1_base64="wN+5oF0gwhg+w5oVWFRicOiZ608="></latexit>

R

: The wavefunction of the ground stateψ

JCAP01(2018)037

Figure 3. Field  ̃ versus radius r̃ for the ground state at a fixed number of particles (Ñ = 3.565) on
the stable (blue) branch of figure 1 in the non-relativistic theory. Blue is the exact numerical result,
green is the exponential approximation, and orange is the sech approximation.

can be a few percent worse. The exact numerical result for the phase diagram is indicated by
the individual dots in figure 1. For the blue stable branch, the sech does considerably better
than the exponential; while on the red unstable branch, the exponential does marginally
better than the sech. In section 6, we will study the lower left corner of the phase diagram,
and exploit the exponential ansatz to obtain some understanding of its behavior.

4 Numerical solution for time evolution

In this section we would like to compute the full nonlinear evolution of the axion field numeri-
cally (within the spherically symmetric phase space). We will demonstrate that by perturbing
away from the above clump solutions, there is indeed a “stable” branch and an “unstable”
branch, in agreement with the above descriptions.

4.1 Numerical recipe

We would like to solve the full equation of motion for the axion field, eq. (2.13), within the
spherically symmetric ansatz. For gravitation it is useful to make use of the Poisson equation
for the Newtonian potential. Working with dimensionless variables, this pair of equations is
given by

i
@ ̃

@ t̃
= �

1

2r̃

@
2

@r̃2

⇣
r̃  ̃

⌘
+ �̃N  ̃ �

1

8
| ̃|

2
 ̃ , (4.1)

1

r̃

@
2

@r̃2

⇣
r̃ �̃N

⌘
= 4⇡| ̃|2 , (4.2)

where  ̃(r̃, t̃) and �̃N (r̃, t̃) are the axion field and the Newtonian potential, respectively, and
r̃ and t̃ are the radial and time coordinates, respectively, all in dimensionless variables.

– 11 –

Blue: Numerical
<latexit sha1_base64="h02L7Xvv0ChMZh5g0KB3ZUf6qeM="></latexit>

 / e�r/R

<latexit sha1_base64="NdAVHhCewP8uB5+H831lELPOOKQ="></latexit>

 / sech(r/R)

Gravity Self-couplingPressure

<latexit sha1_base64="HxTy/ZhcukAXtdVRbVcb/2iQFII="></latexit>

i ̇ = �
1

2ma
r2 � Gm2

a 

Z
d3x0 | (x0)|2

|x � x0|
�

�

8m2
a

| |2 

Equation of motion:

<latexit sha1_base64="4cUSqFE/+SgfPsoscCA5x7tSB44="></latexit>

 

Typical radius and mass of (QCD) axion stars

4
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N ' 1.7 ⇥ 1060 ⇥ ↵

 
10�5eV

ma

!2

⇥
✓

Fa

1012GeV

◆

<latexit sha1_base64="fJ5BHtP7/ZwYzSeHc/UU5YYEj5o="></latexit>

R ' 1.8 ⇥ 104 m ⇥
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◆

<latexit sha1_base64="eDU/AJJ9b73mdymstntPJF1WEiA="></latexit>

Mclump = Nma ' 1.5 ⇥ 10�11M� ⇥ ↵

 
10�5eV

ma

!
⇥
✓

Fa

1012GeV

◆

• Total number of axions in axion stars

• Length scale of axion stars

• Mass of axion stars (not axion itself!)

<latexit sha1_base64="TIzX0T5lt9sUPlpHXrg9MPW2HlM="></latexit>

0  ↵  1

 axion clump densityα :
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Microlensing constraints?
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Mclump = Nma ' 1.5 ⇥ 10�11M� ⇥ ↵
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✓

Fa

1012GeV
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Microlensing events

6

Image of a background source star is 
distorted when massive objects 

pass close to its line-of-sight.

One can observe time varying 
amplification of the source star. 

(Microlensing events)

Massive compact objects are 
constrained by microlensing events!
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Figure 25 The solid curve shows the 95% C.L. upper bound when ignoring the wave optics effect or equiv-
alently taking into account only the effect of finite source size on the event rate of microlensing, assuming a
solar radius for stars in M31. For comparison, the dotted curve shows the result for a point source, i.e. when
ignoring both effects of the finite source size and the wave optics, while the dashed curve shows the results
including both the effects, which is our default result shown in Fig. 5.
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Microlensing constraints on compact object

7[Niikura et al. (2017)]

How about axion stars?
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Figure 5 The red shaded region corresponds to the 95% C.L. upper bound on the PBH mass fraction to DM
in the halo regions of MW and M31, derived from our search for microlensing of M31 stars based on the
“single-night” HSC/Subaru data and fills a large gap in the existing constraints by closing the PBH DM
window around lunar mass scale. To derive this constraint, we took into account the effect of finite source
size, assuming that all source stars in M31 have a solar radius, as well as the effect of wave optics in the
HSC r-band filter on the microlensing event (see text for details). The effects weaken the upper bounds
at M <⇠ 10�7M�, and give no constraint on PBH at M <⇠ 10�11M�. Our constraint can be compared
with other observational constraints as shown by the gray shaded regions: extragalactic �-rays from PBH
evaporation [32], femtolensing of �-ray burst (“Femto”) [33], microlensing search of stars from the satellite
2-years Kepler data (“Kepler”) [18], MACHO/EROS/OGLE microlensing of stars (“EROS/MACHO”) [15],
and the accretion effects on the CMB observables (“CMB”) [34], updated from the earlier estimate [35].
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Microlensing constraints on 
axion stars?

<latexit sha1_base64="j+doP9Zjy1/opGXNn8aIW1CaDs0="></latexit>

MPBH ! Mclump(ma, Fa,↵)

<latexit sha1_base64="FgQoScDu1HBwyTkIlAIiJGKwXRM="></latexit>

⌦PBH/⌦DM ! ⌦clump/⌦DM

We are not satisfied this argument since… 

[Niikura et al. (2017)]
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Axion Stars may not be “compact”
A detectable amplification occurs when compact 

object enters “microlensing tube”.
Radius of tube (point-like Einstein ring radius): 

 Schwarzschild radius of compact object  distance from sourceRE ∼ GMDL∼( × )1/2

Our numerical detailed analysis shows that 
microlensing events do not occur for !RE ≲ R

Axion Stars(?)Compact massive object

<latexit sha1_base64="sVUmcdb2l7J8OQYD3M+rIS9slng="></latexit>

DL

<latexit sha1_base64="MCp3hgkoaW03aq+AxHWk2wpFFg4="></latexit>

RE

Answer: How about axion stars?
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Figure 5 The red shaded region corresponds to the 95% C.L. upper bound on the PBH mass fraction to DM
in the halo regions of MW and M31, derived from our search for microlensing of M31 stars based on the
“single-night” HSC/Subaru data and fills a large gap in the existing constraints by closing the PBH DM
window around lunar mass scale. To derive this constraint, we took into account the effect of finite source
size, assuming that all source stars in M31 have a solar radius, as well as the effect of wave optics in the
HSC r-band filter on the microlensing event (see text for details). The effects weaken the upper bounds
at M <⇠ 10�7M�, and give no constraint on PBH at M <⇠ 10�11M�. Our constraint can be compared
with other observational constraints as shown by the gray shaded regions: extragalactic �-rays from PBH
evaporation [32], femtolensing of �-ray burst (“Femto”) [33], microlensing search of stars from the satellite
2-years Kepler data (“Kepler”) [18], MACHO/EROS/OGLE microlensing of stars (“EROS/MACHO”) [15],
and the accretion effects on the CMB observables (“CMB”) [34], updated from the earlier estimate [35].
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<latexit sha1_base64="j+doP9Zjy1/opGXNn8aIW1CaDs0="></latexit>

MPBH ! Mclump(ma, Fa,↵)

<latexit sha1_base64="FgQoScDu1HBwyTkIlAIiJGKwXRM="></latexit>

⌦PBH/⌦DM ! ⌦clump/⌦DM

<latexit sha1_base64="Vt65aO/YmRDltkuwp4pNICSWZJk="></latexit>

RE(Mclump) & R(ma, Fa,↵)

Very roughly speaking, this is (one of the) main 
conclusions of our paper.

Microlensing constraints on 
axion stars:

[Niikura et al. (2017)]
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I would like to show you results obtained by 
detailed numerical calculations.
We focus on EROS-2 and Subaru HSC 

observations.

 the breaking scale of axionFa :
 the axion massma :
 the clump densityα :
 Fraction of dark matter collapsed into clumpsΩclump/ΩDM :

Free Parameters:
 

for the QCD axion
ma ∼ Λ2

QCD/Fa

12

Result1

Fa=1011[GeV]

Fa=1011.5[GeV]

Fa=1012[GeV]

Fa=1012.5[GeV]
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Ω
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Ω
D
M

α=1

Fa=1012.5[GeV]

Fa=1013[GeV]

Fa=1013.5[GeV]

Fa=1014[GeV]

QCD axion

10-5 0.001 0.100 10
0.01

0.05

0.10

0.50

1

Mclump/M⊙

Ω
cl
um
p/
Ω
D
M

α=1

with fixed .Fa, α<latexit sha1_base64="Uat3eOPwj9jHu0Y5bRYXOCXEUTw="></latexit>

(Mclump(ma), Fa, ⌦clump/⌦DM, ↵)

Subaru HSC EROS-2



13

Result2 (1)
with fixed .Ωclump/ΩDM, α

<latexit sha1_base64="Uat3eOPwj9jHu0Y5bRYXOCXEUTw="></latexit>

(Mclump(ma), Fa, ⌦clump/⌦DM, ↵)

Ωclump /ΩDM=1

Ωclump /ΩDM=0.1

QCD axion
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<latexit sha1_base64="d1W7yohFmoJw8d8MnXOX1RVaTEM="></latexit>

R ⇠ RE

<latexit sha1_base64="d1W7yohFmoJw8d8MnXOX1RVaTEM="></latexit>

R ⇠ RE

Subaru HSC EROS-2
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Result2 (2)
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R ⇠ RE

<latexit sha1_base64="d1W7yohFmoJw8d8MnXOX1RVaTEM="></latexit>

R ⇠ RE

High breaking scale  can be constrained!Fa ≳ 1012 GeV
Subaru HSC EROS-2



Conclusions

•We give microlensing constraints on axion stars 
including an effect of the finite extent.

• In the early Universe, axions may form 
localized clumps called axion stars.

15

•A finite lens size effect can be neglected when a 
radius of the axion star is much shorter than the 
point-like Einstein ring radius.



Interaction between cosmic strings 
with point sources approximation
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! Introduction

! Apply source method* to derive interaction energy of two 
strings for:
" Bosonic Superconducting Cosmic Strings

" Global cosmic string

" Fermionic Superconducting Cosmic Strings
*originated by J. M. Speight in Phys. Rev. D 55, 3830 (1997) for abelian-Higgs model

! Numerical results for two-string system

! Summary
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Introduction

Upper limit of 
current experiment

Natural high energy 
experiment lab

Cosmic strings 
(topological defects)

Spontaneous symmetry 
breaking during phase 

transition

21

!（t）: Correlation length

Φn

Independent regions

Φ1 Φ2

Phase 
variation2"#
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Introduction

[Takashi.H et al. 2013]

Cosmic strings network

Purpose of this work:
to investigate 

interaction between 
two cosmic strings

stochastic 
gravitational wave

interactions, 
dynamics... reconnect, collapse… kinks, cusps, 

Y-junctions

Y-junction
+ gravitational wave 

burst
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Local string models

!(1)×&!(1)
gauge 

symmetry

! 1 symmetry to be spontaneously broken

#!(1) symmetry to be unbroken outside the string

giving rise to ANO string 

making the string carry persistent current 

Abrikosov-Nielsen-Olsen(ANO) string solution:

& = |& ) |*$%& ,

,' = ,' ) -&
'

static, straight, circular symmetric

in cylindrical coordinate system ', ), *

[Nielsen, Olesen P. Nuclear Physics B, 1973]

Abelian-Higgs	model

ℒ!" = −
1

4
>#$>#$ + @#A

%
− B A ,

B A =
1

4
C A % − D% % "(1) gauge 

symmetry

Bosonic	superconducting	model

ℒ&' = −
1

4
>#$>#$ + @#A

%
−
1

4
E>#$E>#$ + E@# FA

%
− B A, FA ,

B A, FA =
1

4
C( A % − D(%

%
+
1

4
C)( FA

%
− D)(

% %
+ β A % FA

%

[Witten, Nuclear Physics B, 1985]

Siyao Li JGRG31, Tokyo 2022.10.25 5/12

Bosonic superconducting strings

Parameter space:

# &!(1) symmetry unbroken outside 

string

H)(
% ∞ = JD(

% −
1

2
C)(D)(

% > 00

# A = D( , FA = 0 should be global 

minimum

C(D(
* > C)(D)(

*

# To make FA ≠ 0 energy favorable 

rather than trivial solution FA = 0

J < C)(D)(
% /D(

%
(existence of negative energy state)

Note the lowest energy solutions as >& = >&( ) , ?,' = 0.

Then a general ansatz is 

>& = >&( ) *)$* ( +(-), ?,' = − /
0
B C D'E()).

static, straight, circular symmetric

zero mode, modulation of gauge transformation

FA = FA+ ' , EQ# =
,
- R ' S#T(*).

gauge transformation

'S+RS.%T = 0

1

'
S+ 'S+ R ' − 2U%R ' FA+% = 0

T(*) = V*

London equation with penetration 
depth &!(') = 1/* +,"(') W. = ∫ Y%Z[−2UVR ' FA+%]

[Alford M, Benson K, Coleman S, et al. Nuclear 
Physics B, 1991] 
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Asymptotic solutions
Boundary conditions:

# Regularity at the origin

A = 0, Q# = 0, S+|EA| → 0, S+ R̃(') → 0, at ' = 0

# Finite energy

A → D( , @#A → 0, FA → 0 , at ' → ∞

with parameterization

# $ = &! +
( $
2

* "#$ , ,$ $ = U$ $ + .
*

Asymptotic solutions at large distance:

F ) = G1H2(I1))

U&()) = G3)H/(I3))

>&(()) = G41H2(I41))

E()) = G* ln )
modified Bessel function 5! 67 ∝ 9"#$ at 7 → ∞

=̃ > = @=(>) AB% > ∝
1
>

`( ∝ |b|

`/ ∝ −b

`)( ∝ V

`0 ∝ V

Field configurations

-/ ≡ /0
-0 ≡ 220

Siyao Li JGRG31, Tokyo 2022.10.25 7/12

K$%D = 2M ∫OC [−G1/G1EH2 I1O + GF/GFEH2 I3O

−G41/G41EH2 I41O + G GF/G GFE ln O]

Interaction with source method

We look for the external sources representing the 

asymptotic fields by linearized field theory, 

ℒ =
1

2
S#c

%
−
1

2
H(
%c% −

1

4
>#$>#$ +

1

2
H/%!#!# − W1c − d#!#

+
1

2
S# FA+

%
−
1

2
H)(
% FA+

%
−
1

4
E>#$E>#$ − W)( FA+ − &d#EA#

point-like sources in 
2-dimensions

xy-plane

string 1 string 2

We assume superposition of two sources

312134 4 = 35 4 − 45 + 36 4 − 46

xy-plane
point sources 1

point sources 2

7 > string widths

`( ∝ |b|

`/ ∝ −b

`)( ∝ V

`0 ∝ V
always attractive 

contribution

determined by winding 

direction of vortex

determined by direction 

of flowing current

W1 = −2e`(f % g

d2 = −2e
`/
H/

S+f % g

W)( = −2e`)(f
% g

&d# = −2e
`0
U
f % g

parallel, well-separated strings
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Numerical calculation
# The solutions we are looking for are the static, lowest 

energy states of the system.

# Method: Gradient Flow

• initial guess satisfying boundary conditions

• evolve the fields with time

field !h ", $ → !h &, ", $
'() *+ !h = 0 → '() *+ !h = .i!h

• converge symbol: .i!h = 0
• fix the string centers by hand (two-string system)

Siyao Li JGRG31, Tokyo 2022.10.25 9/12

Numerical result for two-string system 
Field configurations of a two bosonic superconducting 

string system without current ( jQ# = 0) , with b = 1.

(H9 I , K6 I ) L&

x x

yy
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Global string
ℒ = |S#A|% − B A ,

B A =
1

4
C A % − D% %

c ' = −
2b%D
H%'%

W1 =
2b%D
'%

W3 = 2ebDf % g

global !(1)

symmetry

A ' = D +
c '

2
k43(2), e ) = b)

K$%D = 2MSE ∫ OC [−T/TE ln IO − /
M
T/ETEE

/
N7
ln IEOE ]

98 = 2:06 ∫7< [−>5>6 ln A7 ]

massless Nambu-Goldston boson

cutoff at & = 5
9

suppressed at large distance

Fig. Log plot of total energy of two–string system with respective 
to separation d. Blue line is the numerical results , while red line is 
source method result.

m ≡ CD
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Fermionic superconducting strings

ℒ = |.m1|n + 3 45o6m.m5p + 3 45p6m.m5q
−81 45o5p −81∗ 45o5p −9 1 ,

B A =
1

4
C A % − D% %

The fermion is defined as 

s7t8,: = ±t8,:
A zero-mode solution is found as 

t8(') = v exp(−Uy
;

+
A '< Y'′)

t: = −{s,t=
the solutions are eigenstates of two-dimensional 

chirality operator

Γ7 ≡ {s,s%

Γ7t8,: = ±t8,:

UVOVP = −VO
QW2ΓRVP = − UVOVP = 0

[ΓR , W2] = 0

at large distance
t8(') = v exp(−UD')

t: = −{s,t=

[Callan & Harvey, 

Nuclear Physics B, 1985]

source current YS = 0
no contribution to interaction

Solution to A remains the 
same as global string
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Summary
# We investigated interaction between two straight, static, cylindrical symmetric cosmic strings .

# Method

# Conclusions

• Bosonic superconducting string: asymptotic configurations can be represented by scalar monopoles at 

string center and a static current flowing along string. Long-distance force is dominated by the 

logarithmic contributions from massless gauge field.

• Global string: dominant by logarithmic contributions from NG-boson

• Fermionic superconducting: fermionic zero mode has no contribution, interaction same as global string

# Future work

" Numerical calculation of bosonic superconducting strings with currents

" Cosmic string dynamics; Formation and distribution of substructures; Prospective observations…

asymptotic solutions interaction energypoint sources string models 

numerical calculation

2-dimension

source method approximation

Thank you very much for attention.



Siyao Li JGRG31, Tokyo 2022.10.25 15/12

SSB and Topological defects
Goldstone model for real scalar field

ℒ =
1

2
S#A

%
− B ϕ

B A =
1

4
C A% + D% %

Topological solution:

A Z = ±D ~�bℎ
>
%DZ

−

Complex scalar field

ℒ = S#A∗ S#A −B A ,  B A =
,
*C A

% − D% %

global U(1) symmetry A → A< = Ak42

Topological solution:

A ≈ Dk4@2 �~ ' → ∞

φ = 0 at center high energy cosmic strings

invariant for A → − A

Phase variation 
2"#
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Abelian-Higgs Cosmic Strings
Continuous symmetry: abelian-Higgs model

ℒ = −
,
* >

#$>#$ + @#A ∗@#A − B A , B A =
,
* C A

∗A − D% %

>#$ = S#Q$ − S$Q# , @# ≡ S# − {kQ# .  Local U(1) symmetry.

Cylinder symmetric static solutions are found to be Nielson-Olesen vortices

A Ç = A+ ' k4@2 , É Ç =
Ç×Ñ.
'

É Ç

Finite energy conditions:

B A → 0, @#A → 0   �~  ' → ∞

Boundary conditions:

A+ → D,   T ' → 1,   ' → ∞

A+ 0 = T 0 = 0,   ' = 0

EOM: 

S%

S'%
A+ ' +

1

'

S

S'
A+ ' −

b%

'%
T − 1 %A+ −

1

2
CA+ A+% − D% = 0,

S%

S'%
T −

1

'

S

S'
T − 2k%A+% T − 1 = 0

Q2 ' =
b

k'
T '

Mass of scalar and gauge fields

HA ≡ CD

H! ≡ 2kD
(-! comes from absorption of 
Goldstone boson by Higgs 
mechanism)

Width of string core

fA ≈ H0B,

f! ≈ H!
B,

Analogous to superconductor

J ≡ C/2k% = f!/fA %

J < 1, Type-I cosmic string

J > 1, Type-II cosmic string

Siyao Li JGRG31, Tokyo 2022.10.25 17/12

Abelian-Higgs Cosmic Strings

Field configurations with n = 1, λ = 1, β ≡ λ/2e^2 = 1 at 
critical coupling, with finite difference numerical method

Asymptotic behavior at r →∞

T ' ≈ 1 − `!'Ü, H!' ∼ 1 − à 'kBC'+

A+ ' ≈ 1 − `(Ü; HA' ∼ 1 − à kBC(+/ '

C:: second kind of modified Bessel functions

Asymptotic behavior at r →0

A+ ' ≈ �,' + à 'D

T ' ≈ â%'% + à '*

In a special case, critical coupling, J = 1, it is 

found 

`( = 2|b|D, `! = 2bD

;%
;$% #& $ + 1

$
;
;$ #& $ − .%

$% > − 1 %#& −
1
2 ?#& #&

% − &% = 0,

;%
;$% > −

1
$
;
;$ > − 2*%#&% > − 1 = 0

#& → &,   > $ → 1,   $ → ∞
#& 0 = > 0 = 0,   $ = 0

Fitting with the asymptotic solutions
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Ψ =#
ℓ,#

$ℓ(&, ()
( *ℓ#(+, ,)

− .$
.&$ +

.$
.(∗$

− 0&' ( $ℓ(&, () = 0

0&' ( = 1 − 24(
ℓ(ℓ + 1)
($ − 64((

!!"

"∗

"∗ → ∞
(" → ∞)

"∗ → −∞
(Event horizon)

Regge-Wheeler equation Regge, Wheeler (1957)
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Ringdown

(

Vishveshwara (1970)

! ∼ #!"#/% sin'&(

Ringdown

(

! ∼ #!"#/% sin'&(



Ringdown

Credit: NASA

LIGO Collaboration

.$
.(∗$

+7$ − 0&' ( $(7, () = 0

!!"

"∗

)$%&(($)∗))$%&((+)∗)

"∗ → ∞
(" → ∞)

"∗ → −∞
(Event horizon)

QNMs: *, = *,- − ,Γ,/2
Discrete complex eigenvalues satisfying the boundary condition.
Poles of the Green’s function.

Quasinormal modes (QNMs)
Review papers:

Kokkotas, Schmidt, gr-qc/9909058

Berti, Cardoso, Starinets, 0905.2975

Konoplya, Zhidenko, 1102.4014



Schwarzschild QNMs Leaver (1985)

−
Im

*

Re *

ℓ = 2

ℓ = 3

Fundamental mode 

= Longest lived mode

Overtones

−
Im

*

Re *

!!"

"∗

QNM spectrum Ringdown signal

Potential



−
Im

*

Re *

!!"

"∗

QNM spectrum Ringdown signal

Potential ← “Small” change 
−
Im

*

Re *

!!"

"∗

QNM spectrum
→ Large change

Ringdown signal
→ Change at late time only

Potential ← “Small” change 



“Elephant & flea”
Cheung, Destounis, Macedo, Berti, Cardoso, 

PRL 128, 111103 (2022), [arXiv:2111.05415]

Potential ← “Small” change 

QNM spectrum
→ Large change

QNM spectral instability

Same

Different, but 
observationally 
irrelevant

But why?

Nollert, gr-qc/9602032 Step potential

Nollert, Price, gr-qc/9810074 " function 

Barausse et al, 1404.7149 Double rectangular barriers

Jaramillo et al, 2004.06434, 2105.03451 High freq. pert.

Cheung et al, 2111.05415, Berti et al, 2205.08547, 

Kyutoku, HM, Tanaka, 2206.00671 Tiny bump

However, the instability 
of exact QNM spectrum
does not destabilize 
observable ringdown 
signals.



Green’s function

Re 0
Im 0

4(", "3) ∼ 7
$4

4 8*
29 )

$%&( :56("):78("
3)

;(*)

Re 0
Im 0

Integral along the real axis Sum of infinite residues

Green’s function

$,- = 89
./01∗ ((∗ → −∞)
<,-9./01∗ + <2349./01∗ ((∗ → ∞)

4(", "3) ∼ 7
$4

4 8*
29 )

$%&( :56("):78("
3)

;(*)
; * = 2,*<56 on the real axis is almost unchanged.

!"

Re
(&

!"
)

Im
(&

!"
)

!"
Kyutoku, HM, Tanaka, 2206.00671



Quantum resonance

−
ℏ9

2>
89

8"9 −
ℓ ℓ + 1
"9 + ! " Bℓ = CBℓ

Bℓ →
,
2 [Eℓ F )

$% ;)$ℓ</9 − Eℓ F ∗)% ;)$ℓ</9 ]

Breit-Wigner peak around 
C = C- − ,Γ/2
8Hℓ
8C ≈

Γ/2
C − C! + Γ/2 9

*#

Γ/2

Eℓ F : Jost function

Jℓ = Eℓ F ∗/Eℓ F : S matrix

)$%>ℓ = Eℓ F /|Eℓ F | : phase shift

Phase shift for QNM

*#

Γ/2

Analogously, let us introduce a phase shift by 
)$%> = <56/|<56|

We then expect that around QNM * = *- − ,Γ/2
8H
8* ≈

Γ/2
C − *! + Γ/2 9



Phase shift for QNM
8H/8* captures the unperturbed fundamental mode.

Kyutoku, HM, Tanaka, 2206.00671

Summary
• While perturbations to the potential causes the QNM 

spectral instability, the observable ringdown signal is 
stably characterized by unperturbed QNMs, except for 
very late-time echo signals. 

• One way to understand the difference between the 
frequency- and time-domain analyses is to focus on the 
real axis values of the Wronskian, which we confirmed is
almost unaltered in the presence of the perturbations.

• Using analogy from quantum resonance, we introduced
a phase shift analysis to extract the QNM characterizing 
observable ringdown signals in an approximate but 
stable manner.



Stability of the Fundamental Quasinormal Mode in
Time-Domain Observations

Paul Martens

Center for Gravitational Physics and Quantum Information (CGPQI),
Yukawa Institute for Theoretical Physics (YITP), Kyoto University

JGRG 31

October, the 25th, 2022 — Phys. Rev. D 106, 084011 — arXiv:2205.08547

in collaboration with Emmanuele Berti, Vitor Cardoso, Mark Ho-Yeuk Cheung,
Francesco Di Filippo, Francisco Duque & Shinji Mukohyama

Context, motivation and goal

Quasinormal modes (QNMs)
The late-time gravitational wave signal produced by binary mergers. These ringdown
waves are described by damped exponentials with complex frequencies.

• QNMs can be used to test predictions of GR, provided they remain spectrally stable

• Some studies—e.g. arXiv:2111.05415—have asserted that they are unstable under
small perturbations, but. . . these were looking at the frequency domain

Goal of this study
Consider the time-domain as the signal-to-noise ratio may hide the above di�erences
beyond current observational capabilities

arXiv:2205.08547 1
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Initial conditions

Wave equation

@2™

@r2
?

° @2™

@t2 °VZ = 0

Initial wavepacket

™(t = 0,r) = 0

@™

@t
(t = 0,r) = exp

0
@°

(r?°5)2

2

1
A

arXiv:2205.08547 2

Setup

Choice of potential

V = VRW+≤Vbump

where

VRW = 3
µ
1° 1

r

∂µ
2
r2 ° 1

r3

∂
Vbump = exp

0
@°

(r?°a)2

2æ2

1
A

arXiv:2205.08547 3



Potential pro�le
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arXiv:2205.08547 4

Part I
The time domain observations



Di�erent parameters a
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Observation 1
If a increases, the damping
time increases

arXiv:2205.08547 5

Stability with respect to th perturbation amplitude ≤
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Observation 2
A bump of size ≤ entails a
proportionately sized
perturbation of order ≤ on
the ringdown waves

arXiv:2205.08547 6



Part II
The frequency-domain observations

Comparison procedure

Frequency !n inferred theoretically
Eigenfrequencies computed directly from the wave equation

Frequency !n given by the �t of the numerical results

™(t) =
N°1X

n=0
An exp(°ı(!nt °¡n))

=
N°1X

n=0
An exp(!nI t)cos(!nRt °¡n)

arXiv:2205.08547 7



Fitting range highlight
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QNMs �tted on the �rst train of the initial ringdown only
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QNMs �tted on the full range
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� = 0.001, clean waveform subtracted
arXiv:2205.08547 10

Conclusion and outlook

Main message
• Spectral instability results obtained in the frequency domain should not be used naively

in the interpretation of time-domain signals.

• In particular, the spectral instability of the fundamental QNM does not imply an instability
of the “physical” fundamental ringdown QNM.

Outlook
• Overtones may exhibit a di�erent behaviour and shall be investigated in another study

Thank you!

Phys. Rev. D 106, 084011 — arXiv:2205.08547

arXiv:2205.08547 11



. . .

arXiv:2205.08547

Summary of the plots obtained in the time-domain
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Shooting method

• The eigenfrequencies !n can be computed directly from the wave equation with a
Laplace transform, i.e. by solving the equation

@2™

@r2
?

+
°
!2 °V

¢
™= 0

• The QNM frequencies !n correspond to the poles of the Green’s function of the above
equation, with the appropriate boundary conditions of ingoing waves at r? =°1 and
outgoing waves at r? =+1.

• The frequencies can be found by a shooting method: we start from each of the two
boundaries and numerically integrate inwards or outwards iteratively, searching for the
roots of the Wronskian i.e. the values of ! for which the two solutions match smoothly
in an intermediate region.

arXiv:2205.08547 3

QNMs obtained via �tting the full range, at a = 10 and a = 30
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QNMs obtained via improved �tting and the shooting method, for ≤= 0.0010.2 0.3 0.4 0.5 0.6 0.7 0.8
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Observation of quasi-normal 
mode overtones in ringdown 
gravitational waves

Norichika Sago (Kyoto U./Osaka Metropolitan U.)
Collaborator: Takahiro Tanaka, Hiroyuki Nakano

2022.10.25 JGRG31 (online)

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

Ringdown (RD) GW

 Damped oscillation GW just after the merger phase.
 Expressed well by quasi-normal modes (QNMs).

ℎ 𝑡𝑡 = 𝐴𝐴𝑒𝑒−(𝑡𝑡−𝑡𝑡0)/𝜏𝜏 cos[2𝜋𝜋𝑓𝑓0 𝑡𝑡 − 𝑡𝑡0 + 𝜙𝜙0]
 The frequency and decay time (𝑓𝑓0, 𝜏𝜏) are determined by the mass 

and spin of the remnant BH.
C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"
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Effects of overtones on RD
Giesler et al. (2019)

Waveform model  (l=m=2)
fundamental tone + N overtones

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

𝑡𝑡 − 𝑡𝑡peak [𝑀𝑀]
0            20           40           60           80 

[arXiv:1903.08284]

𝜔𝜔𝑛𝑛 : (complex) QNM frequency

𝐴𝐴𝑛𝑛,𝜙𝜙𝑛𝑛 : model parameters
𝑡𝑡𝑐𝑐 : starting time of fit

The RD part of SXS data is expressed 
well by the model with overtones 
even near the peak time.

Overtones cannot be negligible.

ℎ𝑁𝑁 𝑡𝑡 = �
𝑛𝑛=0

𝑁𝑁

𝐴𝐴𝑛𝑛 exp[−𝑖𝑖𝜔𝜔𝑛𝑛 𝑡𝑡 − 𝑡𝑡𝑝𝑝 + 𝜙𝜙𝑛𝑛]

Aim of this work

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

Question
How accurately can we determine the model parameters 
from the real data of GW observation?

Errors in the model parameters
 Systematic errors due to

―Ambiguity of the model (how many overtones 
included in the model)

―Effect of source/non-linearity.

 Statistical error due to the detector noise.



Robustness of the model parameters

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

If the linear perturbation is relevant, the model parameters are 
constant, regardless of the starting time of fit.

Mock data (fundamental + 1st and 2nd overtones)

ℎmock =𝑊𝑊(𝑡𝑡 − 𝑡𝑡𝑝𝑝)�
𝑛𝑛=0

2

𝑒𝑒− ⁄(𝑡𝑡−𝑡𝑡𝑝𝑝) 𝜏𝜏𝑛𝑛 cos[𝜔𝜔𝑛𝑛 𝑡𝑡 − 𝑡𝑡𝑝𝑝 ]

𝑡𝑡

1

0

Window func.

𝑊𝑊(𝑡𝑡)

linearnon-linear

𝑡𝑡 − 𝑡𝑡peak [𝑀𝑀]

Dependence on the starting time (Mock data)

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"



NR data

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

 SXS:BBH:0305 ⋯ GW150914-like data
 We focus only on 𝑙𝑙,𝑚𝑚 = (2,2) mode.

[NS, Isoyama, Nakano (2021)]

Dependence on 𝑡𝑡𝑐𝑐（SXS:BBH:0305）

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"



Dependence on 𝑡𝑡𝑐𝑐（SXS:BBH:0305）

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

Estimate the model parameters

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

We estimate the model parameters, �̅�𝐴𝑛𝑛, �𝜙𝜙𝑛𝑛, by taking the 
average in late time (20 ≤ 𝑡𝑡𝑐𝑐 − 𝑡𝑡𝑝𝑝 ≤ 50).

Δ𝐴𝐴𝑛𝑛 ≡ 𝐴𝐴𝑛𝑛 − �̅�𝐴𝑛𝑛
Δ𝜙𝜙𝑛𝑛 ≡ 𝜙𝜙𝑛𝑛 − �𝜙𝜙𝑛𝑛

Systematic errors



Estimate the systematic error

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

Δ𝐴𝐴𝑛𝑛 ≡ 𝐴𝐴𝑛𝑛 − �̅�𝐴𝑛𝑛 Δ𝜙𝜙𝑛𝑛 ≡ 𝜙𝜙𝑛𝑛 − �𝜙𝜙𝑛𝑛

Statistical errors of the model parameters

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

𝑛𝑛 𝑡𝑡 𝑛𝑛(𝑡𝑡′) = 𝛿𝛿(𝑡𝑡 − 𝑡𝑡′)

Estimate the statistical errors assuming the white noise of detector.

Black solid line:
∆𝐴𝐴0 (systematic error)

Shaded region:
𝛿𝛿𝐴𝐴0 (statistical error)



Optimal starting time for fit

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"

𝑡𝑡opt

StatisticalSystematic
total

We find the optimal starting time, 𝑡𝑡opt, at which the total error of 
the parameter is minimized.

Err[𝐴𝐴0] = ∆𝐴𝐴0 2 + 𝛿𝛿𝐴𝐴0 2

Err[𝜙𝜙0] = ∆𝜙𝜙0 2 + 𝛿𝛿𝜙𝜙0 2

Parameter estimation error

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"



Summary
 We try to read the model parameters of QNM fit from 

GW150914-like signal (SXS:BBH:0305).
Fundamental mode: OK         Overtones: Difficult?

 We estimate the systematic, statistical and total errors of the 
model parameters for the fundamental tone.
total error～10% (amplitude) and  ～4% (phase) for SNR=20

 The model parameters of the overtones cannot be determined?
(even in the case that the spin of the remnant BH is large)
higher multipoles, late-time tail, changes of mass/spin …

 Analysis for more realistic noise of detectors
(non-Gaussian, frequency dependence, etc)

Open issues

C39 N.Sago "Observation of quasi-normal mode overtones in ringdown gravitational waves"



Searching for gravitational wave echoes from 
binary black hole mergers 

Nami Uchikata (ICRR)

Hiroyuki Nakano (Ryukoku Univ.), Tatsuya Narikawa (ICRR), Norichika Sago 
(Kyoto Univ.), Hideyuki Tagoshi (ICRR), and Takahiro Tanaka (Kyoto Univ.)

1

JGRG31 October 25, 2022

Introduction

• ~ 90 gravitational wave signals from binary black hole (BBH) mergers (LIGO-Virgo-
KAGRA collaborations 2021)

• Any possibility of other compact objects?
• Search for possible sequences of  pulse-like signals after the compact binary 

coalescence

2

Gravitational wave echoes
Cardoso et al. (2016)

?

Abedi et al. (2017)Binary black hole merger

C40



Possible source objects

• Theoretical compact object models 
Ex) Boson stars, gravastars, wormholes, …
• (Quantum black holes )

• Existence of unstable photon orbit 
• Absence of the event horizon

• Observation 
à the modification of the classical horizon?

3
Abedi et al. (2017)

time

radius
Merger

BBH signal

distance from the 
surface to the barrier 

~ 1 s for GW190521 
< 0.1 s for GW190924

Previous analyses:

Search 
method

O1 O2 O3a O3b

Template 
based

• 2.5 ! evidence 
(Abedi et al. 2017)

• Low significance 
(Westerweck et al. 2017,  
Uchikata et al. 2018, 
Nielsen et al. 2019)

• Low significance 
(LVC 2021, Uchikata
et al. 2018)

• Low significance 
(LVC  2021)

• Bayes factor = 7 
for  GW190521 
(Abedi et al. 2022)

• This study

• This study

Model 
independent

• Low significance 
(Salemi et al. 2019, Tsang 
et al. 2020)

• 4.2 ! evidence 
for GW170817 
(Abedi & Afshordi
2019)

• Low significance 
(Salemi et al. 2019, 
Tsang et al. 2020)

• 2.5 ! evidence 
but inconclusive 
for GW190521 
(Abedi et al. 2022)

• Low 
significance 
(LVK 2022)

4
• Evidence of echoes for GW190521 is motivated from the Hawking radiation (Abedi et al. 2022).
• Significance depends on models.



This study

Search for echo signals in O1 ~ O3 events using two templates:
1. Originally given by Abedi et al. 2017: Simple model

2. Taking into account physical effects (black hole perturbations) (Nakano et al. 
2017): BHP model

Common assumptions:
• The spacetime is Kerr with a modification in the vicinity of the horizon. (Mass !

and spin ")
• Perfect reflection at the surface of the object.

5

Method of analysis : templates (Abedi et al. 2017, Nakano et al. 2017)

66

1. Simple model: repetition of a cutoff IMR waveform with a constant reflection rate γ and an 
interval of each echo Δt!"#$

2.  BHP model: Frequency dependent reflection rate !(#; %,')

N: Number of echoes depends on the length of Δ%%&'( , (10, 15, 20, 30).

phase shift is )

Search parameters: (*, Δt!"#$(%,'))
Initial phase is fixed to 0.

Search parameters: (%,', -(#) ≈ -%)
Optimize the initial phase.

cutoff function

phase shift

phase shift
Θ "! ℎ"#$ "

Black hole perturbation

Inspiral-merger-ringdown
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Method of analysis : Evaluation of significance (Abedi et al. 2017)

• Search for the maximum of matched filter signal-to-noise ratio (SNR) 
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$%:   data
&'%:  template (Simple/BHP)
(&: noise power spectrum

∆0&'()
±1%

,'(')*
↑

merger

1000 segments

9∆0&'()

event data

0.02∆0&'()

Background 5*+, (i = 1~1000)

P-value: # = #(;!"# <;$%$&')
=>>>

Larger p-value: likely to be noise



Events and data

• O1, O2 and O3 events 
• with FAR < 10-3 yr -1 (cf. LVK  testing GR papers)
• Observed by Livingston and Hanford.
• Compute p-value for each event.

• Data are from GWOSC. (https://www.gw-openscience.org/eventapi/html/allevents/)

• Data length: 32 or 64 seconds for each event. (depends on the length of Δ&?@AB )
• Welch’s method for estimation of power spectrum density.

• KAGALI is partly used.
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Results: Distribution of p-values for all events
• Consistent with noise = uniform distribution (null hypothesis)
• On source data: search for echo signals 
• Off source data: do not contain possible GW signals. (subsequent data)

10

On source data Off source data 

Slight deviation from 
the Null hypothesis for 
both templates.
But consistent with the 
off source data (noise 
only data).
No evidence of echo 
signals.



Summary

• We have analyzed gravitational wave echo signals from O1, O2 and O3 events 
using two templates.
• Simple model: Repetition of the same waveform. 
• BHP model: Includes black hole perturbations. Suppresses lower frequency 

signals.

• P-value distributions slightly deviate from the null hypothesis, but consistent with 
the distributions obtained from the noise only data.

• No evidence for echo signals modeled by Simple/BHP models.
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