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JGRG31 Program
This program is based on Japanese standard time (JST) = GMT+9. 

24  (Mon) 25 (Tue) 26 (Wed) 27 (Thu) 28 (Fri)

SOC meeting

Short talks
(9:00-10:45)

Short talks
(11:05-12:05)

Award & Closing
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Edward Porter
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Mairi

Sakellariadou
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(9:45-10:45)
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(11:05-12:35)

Short talks
(13:40-15:25)

Short talks
(15:45-17:00)

Invited talk:
Robert Mann

Invited talk:
Aron Wall

Short talks
(10:50-11:05)

Poster flash
talks

(11:35-12:35)

Poster
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(15:25-16:40)
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Emanuela

Dimastrogiovanni
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(9:45-10:30)
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Karim Noui
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(13:40-14:55)
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(15:15-16:45)

Invited talk:
Haixing Miao

Invited talk:
Paolo Pani

15:00

16:00

17:00

18:00

Opening remarks

Invited talk:
Takahiro Sawada

Short talks
(13:40-15:25)

Short talks
(15:45-17:15)

9:00

10:00

11:00

12:00

13:00

14:00



Asterisk (*) is fixed to candidates for the award (non-tenure).

[o] is fixed to online speakers.

Oct 24th (Mon)

Morning session 1 (Chair: Kenta Hotokezaka)

10:00 - 10:10 Yasushi Suto (Director of RESCEU, U. of Tokyo)

Opening remarks

10:10 - 10:55 I01[o] Takahiro Sawada (Osaka Metropolitan U.)

KAGRA: Status and Prospects

Morning session 2 (Chair: Atsushi Nishizawa)

11:10 - 11:25 C01 Shi Pi (Institute of Theoretical Physics, Chinese Academy of Sciences)

Starobinsky's linear potential model revisited

11:25 - 11:40 C02* Hiroaki Tahara (Rikkyo U.)

Distance dependence of auto-pulsar correlations in pulsar timing arrays

11:40 - 11:55 C03*[o] Takahiro Yamamoto (Nagoya U.)

Deep learning for intermittent gravitational wave signals

11:55 - 12:10 C04*[o] Reginald Christian Bernardo (Institute of Physics, Academia Sinica)

Stochastic gravitational wave background phenomenology beyond Einstein

12:10 12:25 C05[o] Masaki Yamada (Tohoku U.)

Cosmic strings and gravitational waves from pure Yang-Mills theory

Afternoon session 1 (Chair: Chul-Moon Yoo)

13:40 - 13:55 C06* Minxi He (KEK)

Temperature Profile around a Primordial Black Hole

13:55 - 14:10 C07* Yo Toda (Hokkaido U.)

Varying electron mass solution to the Hubble tension and Big Bang Nucleosynthesis

14:10 - 14:25 C08* Daiki Saito (Nagoya U.)

Spins of primordial black holes with soft EoS parameter

14:25 - 14:40 C09[o] Ying-li Zhang (Tongji U.)

From the merger rate of Primordial Black Hole Binaries to the Power Spectrum of primordial curvature

perturbation

14:40 - 14:55 C10*[o] Koichiro Uehara (Nagoya U.)

Numerical simulation of type II primordial black hole formation

14:55 - 15:10 C11*[o] Yasutaka Koga (Nagoya U.)

Effective inspiral spin distribution of primordial black hole binaries

15:10 - 15:25 C12*[o] Kentaro Kasai (U. of Tokyo)

Primordial black holes from Affleck-Dine mechanism

Afternoon session 2 (Chair: Tsutomu Kobayashi)

15:45 - 16:00 C13* Kazufumi Takahashi (YITP, Kyoto U.)

Generalized disformal Horndeski theories: cosmological perturbations and consistent matter coupling

16:00 - 16:15 C14* Tomohiro Fujita (Waseda U.)

UV divergence in DHOST and its renormalization by EFT of LSS

16:15 - 16:30 C15*[o] Kota Numajiri (Nagoya U.)

Revisiting TOV Problems in F(R) Gravity

16:30 - 16:45 C16*[o] Yu-Qi Dong (Lanzhou U.)

Polarizations of gravitational waves in Palatini-Horndeski theory

16:45 - 17:00 C17*[o] Shin'ichi Hirano (Tokyo Institute of Technology)

Scalar Gauss-Bonnet and dynamical Chern-Simons black holes in EFT extension of GR

17:00 - 17:15 C18*[o] Yusuke Manita (Kyoto U.)

Spin-2 dark matter from Bianchi type-I Universe in ghost-free bigravity

Afternoon session 3 (Chair: Shinji Mukohyama)

17:30 - 18:15 I02[o] Karim Noui (IJCLab, Paris Saclay University)

TBA



Oct 25th (Tue)

Morning session 1 (Chair: Shuichiro Yokoyama)

9:00 - 9:15 C19* Yuichiro Tada (Nagoya U.)

Hybrid metric-Palatini Higgs inflation

9:15 - 9:30 C20* Ann Nakato (Kobe U.)

Anisotropic warm inflation

9:30 - 9:45 C21* Tomoaki Murata (Rikkyo U.)

SU(N)-natural inflation in axisymmetric background

9:45 - 10:00 C22* Jason Kristiano (RESCEU,  U. of Tokyo)

One-loop perturbativity bound in single-field inflation

10:00 - 10:15 C23* Tatsuki Kodama (Saga U.)

Multi-field inflation with non-minimal coupling in the metric/Palatini formalism

10:15 - 10:30 C24*[o] Ippei Obata (Kavli IPMU)

Inflation with two-form field: the production of primordial black holes and gravitational waves

10:30 - 10:45 C25[o] Ryo Namba (RIKEN, iTHEMS)

Resummed formulation of particle production as gravitational wave source

Morning session 2 (Chair: Teruaki Suyama)

11:05 - 11:20 C26* Ricardo Cesar Giorgetti Landim (Technical U. of Munich)

New constraints on (holographic) interacting dark energy

11:20 - 11:35 C27* Michiru Niibo (Ochanomizu U.)

Neutrino lines from MeV dark matter annihilation and decay in JUNO

11:35 - 11:50 C28*[o] Siyi Zhou (Kobe U.)

Superheavy Dark Matter Production from Symmetry Restoration First-Order Phase Transition During

Inflation

11:50 - 12:05 C29*[o] Ren Tsuda (Chuo U.)

A Proposal for Simple Model of Acoustic Black Hole

12:05 - 12:20 C30* Daisuke Miki (Kyushu U.)

Generating quantum entanglement between macroscopic objects with continuous measurement and

feedback control

12:20 - 12:35 C31* Youka Kaku (Nagoya U.)

Quantum gravity witness of harmonics oscillator system using Leggett-Garg inequality

Afternoon session 1 (Chair: Hayato Motohashi)

13:40 - 13:55 C32* Hidetoshi Omiya (Kyoto U.)

Gravitational waves from the self-interacting axion cloud

13:55 - 14:10 C33* Takuya Takahashi (Kyoto U.)

Can we detect the signature of axion clouds in extreme mass ratio inspirals?

14:10 - 14:25 C34* Kimihiro Nomura (Kobe U.)

Axion emission from photon spheres of black holes due to photon-axion conversion

14:25 - 14:40 C35* Kohei Fujikura (Kobe U.)

Microlensing constraints on axion stars including finite lens and source size effects

14:40 - 14:55 C36* Siyao Li (Tokyo Institute of Technology)

Interaction between cosmic strings with point sources approximation

Afternoon session 2 (Chair: Naoki Seto)

15:15 - 15:30 C37 Hayato Motohashi (Kogakuin U.)

Quasinormal modes of Schwarzschild black holes on the real axis

15:30 - 15:45 C38* Paul Martens (YITP, Kyoto U.)

Stability of the Fundamental Quasinormal Mode in Time-Domain Observations

15:45 - 16:00 C39*[o] Norichika Sago (Kobe U. / Osaka Metropolitan U.)

Observation of quasi-normal mode overtones in ringdown gravitational waves

16:00 - 16:15 C40*[o] Nami Uchikata (ICRR,  U. of Tokyo)

Searching for gravitational wave echo signals from binary black hole mergers

16:15 - 16:30 C41*[o] Tatsuya Narikawa (ICRR,  U. of Tokyo)

Follow-up analyses of the binary-neutron-star signals GW170817 and GW190425 by using post-

Newtonian waveform models

16:30 - 16:45 C42*[o] Ryoto Inui (Nagoya U.)

Induced stochastic gravitational waves associated with primordial black holes as dark matter in the

exponential-tailed case

Afternoon session 3 (Chair: Hirotaka Yoshino)

17:00 - 17:45 I03[o] Haixing Miao (Tsinghua U.)

Probing the nature of gravity via quantum correlation of light

17:45 - 18:30 I04[o] Paolo Pani (Sapienza U. of Rome)

Exotic compact objects: what we have learned so far



Oct 26th (Wed)

Morning session 1 (Chair: Takahiro Tanaka)

9:00 - 9:45 I05[o] Luis Lehner (Perimeter Institute)

Gravitational waves, contrasting the 'standards' (BHs/NSs in GR) with 'beyond standard' scenarios

(ECOs and/or extensions to GR)

9:45 - 10:00 C43* Naritaka Oshita (RIKEN, iTHEMS)

Thermal ringdown and the excitation of Kerr overtones

10:00 - 10:15 C44* Kazushige Ueda (Kyushu U.)

Conversion of squeezed gravitons into photons during inflation

10:15 - 10:30 C45* Yuki Sugiyama (Kyushu U.)

Consistency between causality and complementarity guaranteed by Robertson inequality in quantum

field theory

Morning session 2 (Chair: Kohei Kamada)

10:50 - 11:05 C46 Yoshiyuki Watabiki (Tokyo Institute of Technology)

Accelerating Expansion of the Universe by Porcupinefish-like spacetime

11:05 - 11:20 C47* Yuki Hashimoto (Fukushima U.)

Non-singular bouncing universe under the null energy condition

11:20 - 11:35 C48*[o] Hiroki Matsui (YITP, Kyoto U.)

DeWitt boundary condition is consistent in Hořava-Lifshitz quantum gravity

11:35 - 12:35 Poster flash talks

Afternoon session 1 (Chair: Kohei Kamada)

13:40 - 15:10 Poster presentations

Afternoon session 2 (Chair: Ryo Saito)

15:25 - 15:40 C49* Fumio Uchida (RESCEU, U. Tokyo)

The magneto-hydrodynamic evolution of the cosmological magnetic fields

15:40 - 15:55 C50* Sravan Kumar (Tokyo Institute of Technology)

Hemispherical asymmetry of primordial power spectra

15:55 - 16:10 C51* Morifumi Mizuno (Tokyo Institute of Technology)

Weak lensing of gravitational waves in wave optics: Beyond Born approximation

16:10 - 16:25 C52* Fumihiro Naokawa (RESCEU, U. Tokyo)

Gravitationally Lensed Cosmic Birefringence

16:25 - 16:40 C53*[o] Shao-Jiang Wang (Institute of Theoretical Physics, Chinese Academy of Sciences)

Hubble tension and local environment of SNe Ia host galaxies

Afternoon session 3 (Chair: Jun'ichi Yokoyama)

17:00 - 17:45 I06[o] Emanuela Dimastrogiovanni (U. of Groningen)

Testing the early universe with small-scale anisotropies

17:45 - 18:30 I07[o] Edward Porter (APC, Observatoire de Paris)

The status of Einstein Telescope



Oct 27th (Thu)

Morning session 1 (Chair: Masahide Yamaguchi) 

9:00 - 9:45 I08 Mairi Sakellariadou (King's College London)

Hunting for the gravitational-wave background: Detection methods and implications for astrophysics,

high energy physics, and the early Universe

9:45 - 10:00 C54* Lorenzo Valbusa Dall'Armi (Università degli Studi di Padova)

Cosmology with cross-correlation of Gravitational Waves

10:00 - 10:15 C55* Zhen-Yuan Wu (Yamaguchi U.)

Angular correlations of the inflationary stochastic gravitational-wave background

10:15 - 10:30 C56* Jun'ya Kume (RESCEU, U. Tokyo)

Multi-messenger constraints on the Abelian-Higgs cosmic string model

10:30 - 10:45 C57* Mostafizur Rahman (Indian Institute of Technology, Gandhinagar)

Prospects for determining the nature of the secondaries of extreme mass-ratio inspirals using the

spin-induced quadrupole deformation

Morning session 2 (Chair: Shinji Tsujikawa)

11:05 - 11:20 C58 Keisuke Nakashi (Kochi KOSEN)

Time evolution and quasinormal modes of odd parity perturbations of stealth black holes in DHOST

theory

11:20 - 11:35 C59* Katsuki Aoki (YITP, Kyoto U.)

Effective field theory of vector-tensor theories

11:35 - 11:50 C60* Yuichi Miyashita (Tokyo Institute of Technology)

Gravitational field of scalar lumps in higher-derivative gravity

11:50 - 12:05 C61* Sebastian  Bahamonde (Tokyo Institute of Technology)

New black hole solutions with a dynamical traceless nonmetricity tensor in Metric-Affine Gravity

12:05 - 12:20 C62*[o] Tact Ikeda (Rikkyo U.)

Vector-tensor theories in the metric-affine formalism

12:20 - 12:35 C63*[o] Hsu-Wen Chiang (LeCosPA)

Long-lived quasinormal modes of a black hole with matter inflow

Afternoon session 1 (Chair: Tomohiro Harada)

13:40 - 13:55 C64* Kota Ogasawara (Kyoto U.)

Photon escape probability and near-horizon extremal Kerr geometry

13:55 - 14:10 C65* Diego Soligon (Nagoya U.)

Maximum size of black holes in the accelerating universe

14:10 - 14:25 C66* Ryotaku Suzuki (Toyota Technological Institute)

Rotating black holes at large D in Einstein-Gauss-Bonnet theory

14:25 - 14:40 C67*[o] Che-Yu Chen (Institute of Physics, Academia Sinica)

Geometric-optics correspondence of deformed black holes

14:40 - 14:55 C68*[o] Takuya Katagiri (Tohoku University)

Vanishing Love of Black Holes in General Relativity: From Spacetime Conformal Symmetry in a Two-

dimensional Reduced Geometry

14:55 - 15:10 C69*[o] Audrey Trova (ZARM, U. of Bremen)

Quasi-periodic oscillations of a particle in the background of a deformed compact object

15:10 - 15:25 C70*[o] Shokoufe Faraji (ZARM, U. of Bremen)

Magnetized tori configurations and epicyclic oscillations near an accelerated black hole

Afternoon session 2 (Chair: Keisuke Izumi)

15:45 - 16:00 C71 Keiju Murata (Nihon U.)

Creating stars orbiting in AdS

16:00 - 16:15 C72* Kunihito Uzawa (Kwansei Gakuin U.)

De-singularizing the extremal GMGHS black hole via higher derivatives corrections

16:15 - 16:30 C73* Ratchaphat Nakarachinda (Naresuan U.)

Holographic dark energy from the anti-de Sitter black hole

16:30 - 16:45 C74* Norihiro Tanahashi (Chuo U.)

Brane Dynamics of Holographic BCFTs

16:45 - 17:00 C75*[o] Naoki Ogawa (YITP, Kyoto U.)

Wedge Holography in Flat Space and Celestial Holography

Afternoon session 3 (Chair: Akihiro Ishibashi [o])

17:15 - 18:00 I09[o] Robert Mann (U. of Waterloo)

Signatures of Quantum Superpositions of Black Holes

18:00 - 18:45 I10[o] Aron Wall (U. of Cambridge)

Cauchy slice holography

19:00 - 19:30 SOC meeting



Oct 28th (Fri)

Morning session 1 (Chair: Keiju Murata)

9:00 - 9:15 C76*[o] Torben Frost (ZARM, U. of Bremen)

Gravitational Lensing in the NUT Metric

9:15 - 9:30 C77*[o] Ryuya Kudo (Hirosaki U.)

Photon cylinder in a static cylindrically symmetric spacetime

9:30 - 9:45 C78* Masaya Amo (YITP, Kyoto U.)

Generalization of the photon sphere referring to null infinity

9:45 - 10:00 C79* Kangjae Lee (Nagoya U.)

Four types of attractive gravity probe surfaces

10:00 - 10:15 C80*[o] Keita Takizawa (Hirosaki U.)

Gravitational lens on the optical constant-curvature background

10:15 - 10:30 C81*[o] Kun Hu (Central China Normal U.)

ADM formulation and Hamiltonian analysis of f(Q) gravity

10:30 - 10:45 C82*[o] Kyosuke Tomonari (Tokyo Institute of Technology)

On boundary conditions for constraint systems

Morning session 2 (Chair: Yousuke Itoh)

11:05 - 11:20 C83 Sinya Aoki (YITP, Kyoto U.)

Colliding gravitational waves and singularities

11:20 - 11:35 C84 Tomohiro Harada (Rikkyo U.)

Periapsis shift of a quasi-circular orbit in a general, static and spherically symmetric spacetime

11:35 - 11:50 C85 Jose Senovilla (U. of the Basque Country / YITP, Kyoto U.)

Ultra-massive spacetimes

11:50 - 12:05 C86 Paolo Gondolo (U. of Utah, Tokyo Institute of Technology, Kavli IPMU)

Surface stress tensor and junction conditions on a rotating null horizon

12:05 - 12:25 Kenta Hotokezaka

Award

12:25 - 12:35 Jun'ichi Yokoyama

Closing



Posters

P01* Kouji Nakamura (NAOJ)

Gauge-invariant perturbation theory on the Schwarzschild background spacetime including l=0.1 modes

--- Realization of exact solutions ---

P02 Keisuke Izumi (Nagoya U., KMI & Dept. of Math.)

Generalization of Riemannian Penrose inequality in weak gravity region

P03* Hiroki Asami (Nagoya U.)

The Einstein-Vlasov system with a R×SU(2)×U(1) symmetry

P04 Yuki Watanabe (NIT, Gunma College)

Gravitational Wave from Axion-SU(2) Gauge Fields in Kinetically Driven Inflation

P05 Takashi Mishima (Nihon U.)

Mode conversion phenomena of the Einstein-Maxwell system in the cylindrically symmetric spacetime

by full nonlinearity

P06 Chulmoon Yoo (Nagoya U.)

Threshold of Primordial Black Hole Formation against Velocity Dispersion in Matter-Dominated Era

P07* Hideo Furugori (Nagoya U.)

Soft Graviton Theory and Infrared Triangle

P08 Kazuharu Bamba (Fukushima U.)

Generation of helical magnetic fields and baryogenesis from the coupling of electromagnetic fields with a

higher curvature term in inflationary cosmology

P09* Masahiko Taniguchi (Hiroshima U.)

Cartan F(R) gravity and Inflaition

P10* Jin Saito (Rikkyo U.)

Black hole perturbations in modified gravity with two tensorial degrees of freedom

P11 CANCELED

P12[o] Hideki Asada (Hirosaki U.)

Time-domain reconstruction of pulsar GW polarizations

P13[o] Takayuki Tatekawa (NIT, Kochi college)

High-Precision Simulations for Collisional Self-Gravitating Systems Incorporating Relativistic Effects

P14*[o] Ken Matsuno (Osaka Metropolitan U.)

Hawking radiation of scalar particles from four-dimensional Einstein-Gauss-Bonnet black holes based

on a generalized uncertainty principle

P15*[o] Keisuke Taira (Fukushima U.)

Cosmological evolution of gravitational leptogenesis with right-handed neutrinos

P16*[o] Yuta Murakoshi (Fukushima U.)

Spectrum of gravitational waves due to the axion-gravity Chern-Simons coupling

P17*[o] Kotaro Fujisawa (U. of Tokyo)

General relativistic rotating stars with arbitrary differential rotation

P18[o] Hideki Maeda (Hokkai-Gakuen U.)

Criteria for energy conditions

P19[o] Taishi Katsuragawa (Central China Normal U.)

Hunting dark energy with pressure-dependent photon-photon scattering

P20[o] Umpei Miyamoto (Akita Prefectural U.)

Determining parameters of a black-hole accretion-disk system by observing the shadow

P21[o] Kensuke Homma (Hiroshima U.)

Perspectives of a stimulated GHz-photon collider for probing gravitationally weak coupling scalar fields

P22[o] Yoshio Kamiya (U. of Tokyo)

Testing the equivalence principle using a gravitationally bound quantum system: with a short report of

technological developments

P23*[o] Ryo Kitaku (Nagoya U.)

Turbulence of Nambu-Goto string on AdS spacetime :Non linear perturbation analysis and Numerical

simulation

P24*[o] Kei-ichiro Kubota (YITP, Kyoto U.)

Propagation of scalar and tensor gravitational waves in Horndeski theory
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KAGRA: Status and Prospects

Takahiro Sawada (NITEP, Osaka Metropolitan University)

JGRG31, October 24th, 2022

on behalf of the KAGRA collaboration

Coalescing Binary Systems

Continuous Sources

・Asymmetric core 
collapse supernovae

©NAOJ

©NASA

©NASA

• Fundamental Physics

– Is GR the correct theory of gravity?
– Do black holes really have “no hair” ?
– What is the neutron star EOS?

• Astrophysics

– What is the black hole mass distribution?
– How did supermassive BHs grow?
– What are the progenitors of GRBs?

• Cosmology

– Can we directly see before the CMB era?
– Can we directly see before the BBN era?

Science Goals

Gravitational-Wave (GW) Observation
- New Eyes to Observe the Universe -

©NASA/WMAP

GW Sources

Bursts

・Spinning neutron stars 
(crustal deformation, accretion)

・Black Holes・Neutron Stars

Cosmic GW background・Stochastic・Incoherent background・Cosmic string
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Virgo 3 km

GEO 600 m

LIGO (Livingston) 4 km

LIGO (Hanford) 4 km

�� ��

TAMA    300 m

CLIO       100 m

3 km

�

International Gravitational Wave Observation Network

• Improvement of confidence in detection
• Improvement of duty cycle and sky coverage
• Improvement of sky localization and parameters estimation
• Etc.

Benefits of having more observatories in the network:

�

LIGO-India
4 km (Planned) 3

Low-Latency Alert Timeline during O3 (Typical case)

Time since gravitational-wave signal

Public Alerts User Guide
[https://emfollow.docs.ligo.org/userguide/]

���� ����� ��	�
 ��� �����

GW170817 on Aug. 17, 2017

GW detection alert with low latency can make 
significant contributions to multi-messenger

,�:8�73����.���2::��
���������) ��1804���)����(		�

Multi-messenger astrophysics with GW

4



• LIGO-Virgo-KAGRA (LVK) 
provides the public access to 
GW data products, tutorials, and 
software tools through
Gravitational Wave Open 
Science Center (GWOSC).

• Data from O1 to O3 and some 
earlier data are now available.

• KAGRA also publishes the data 
from O3GK.

Public access to GW data products

https://www.gw-openscience.org

5

Observing runs conducted so far

O3GK

O3a O3b

1st Observing Run  (O1)
2015. 9 - 2016. 1

• LIGO only
• GW150914: First direct detection of 

GWs – binary black hole merger (BH-BH)

2nd Observing Run  (O2) 
2016. 11 - 2017. 8

• First LIGO only, Virgo from August 1st 
onwards

• GW170814: First triple-detector GW 
detection

• GW170817: First binary neutron star 
merger detection (NS-NS)

• Birth of multi-messenger astronomy with 
GW

O3a O3b

O3GK

6



O3GK

O3a O3b

3rd Observing Run (O3)

• 2019. 4 - 2020. 3  (O3a, O3b)
• LIGO+Virgo

• Initially planned to complete at the end 
of April 2020, 

but due to a COVID-19 disaster, it 
ended in March 2020.

• 2020. 4   (O3GK)

• GEO+KAGRA

Observing runs conducted so far

O3a O3b

O3GK

7
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LIGO and Virgo have found a total of 90 convinced events* so far,
since the first discovery of GW in 2015

354483)��������� ����
����
 ������
	

* Candidate GW sources with probability of astrophysical origin greater than 50%.

8
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* Candidate GW sources with probability of astrophysical origin greater than 50%.

36 M☉

29 M☉

62 M☉

+

9
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11

?

• GWTC-1Phys.�Rev.�X�9,�031040�(2019),arXiv:1811.12907
• GWTC-2Phys.�Rev.�X�11,�021053�(2021),arXiv:2010.14527
• GWTC-2.1“Deep�Extended”�catalog

arXiv:2108.01045
• GWTC-3arXiv:2111.03606

Gravitational-Wave Transient Catalogs
(GWTCs)

GWTCs cover the convinced GW 
events during the observing runs

GWTC-1 GWTC-2�GWTC-2.1 GWTC-3
12



Observing Run Plans

O3GK

TODAY

O4a O4bO3a O3b

13

● Scheduled to start in March 2023.

● 1 year observation with 1 month mid-run 
commissioning break.

● GW alerts may be released during engineering 
running that precedes O4.

O4

● O4a (1-3 Mpc)
○ Join O4a from the beginning with LIGO and Virgo
○ Approx. 1 month of observation.

● mid-break
○ In the middle of O4a, step away for commissioning to improve the sensitivity toward O4b.

● O4b (3-10 Mpc)
○ In the middle of O4b, return to observing with a greater sensitivity.
○ Approx. 3 months (or longer) of observation in the latter half of O4b.

O4a O4b

KAGRA@O4

Observing Run Plans (Future)

14



● O5 schedule is still tentative.

● We anticipate the need in O5 for one or 
more commissioning breaks of a few 
month duration each.

● Post-O5 plans are being developed; 
observations will continue.

Beyond O4

● LVK will continue to review and update observing run plans periodically.

Next update:  November 15, 2022

https://observing.docs.ligo.org/plan/

Observing Run Plans (Future)

15

O4a O4b

Early Warning Alert (Negative Latency Alert) at O4
Public Alert User Guide: 
[https://emfollow.docs.ligo.org/userguide/early_warning.html]

End-to-end latencies across public alerts in the first 
three observing runs and the mock data challenge for 
EW.

Astrophys. J. Lett. 910:L21 (2021),  arxiv:2102.04555

And many other updates for O4 alert.
See the announcements at OpenLVKEM town hall telecon for details.

16



The calibrated strain data and data quality flags will be released 

18 months after each 6-month long observation period.

O4a (6 months)
Release of 
O4a data

Release of 
O4b dataO4b (6 months)

18 months

18 months

● O4a: Mar. 2023 - Sep. 2023   → Data Release:  Mar. 2025

● O4b: Oct. 2023 - Apr. 2024 → Data Release:  Oct. 2025

O4 Data Release Plan

17

Observing Run Plans

O3GK

TODAY

O4a O4bO3a O3b

18



Status of Detectors’ upgrade
● Scientists, Engineers, Technicians, and Students at LIGO, Virgo, and KAGRA 

working to:
○ Finalize the installation of upgrades.
○ Commission the detectors to reach the expected sensitivities with 

operational stability.

● Some technical uncertainties still remain, which may impact our schedule. 
(Potential risks)

● Explanatory Materials

○ LVK webinar held on 28 April 2022:
Recorded Video: https://www.youtube.com/watch?v=Ut7Ef5AiA_M

Slides: https://dcc.ligo.org/LIGO-G2200736/public

○ OpenLVKEM town hall telecon:
Web Home:  https://wiki.gw-astronomy.org/OpenLVEM

19

O3GK

TODAY

O4a O4bO3a O3b

Observing Run Plans (Past and Future)

20



©ICRR©Google

©Google

3 km
3 km

Entrance

KAGRA
research building（Mozumi）

KAGRA
Mt. Ikenoyama

(Altitude 1368m)

X-arm tunnel

Underground
= under the mountain

(Kamioka-cho, Hida-city, Gifu-prefecture, Japan) -200 ~�-1000m
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©ICRR©Google

©Google

3 km
3 km

Entrance

KAGRA
research building（Mozumi）

KAGRA
Mt. Ikenoyama

(Altitude 1368m)

X-arm tunnel

Underground
= under the mountain

(Kamioka-cho, Hida-city, Gifu-prefecture, Japan)

Tokyo

Kamioka

Amplitude of seismic motion

Features:
• Underground�to�reduce�seismic�noises

-200 ~�-1000m
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©ICRR©Google

©Google

3 km
3 km

Entrance

KAGRA
research building（Mozumi）

KAGRA
Mt. Ikenoyama

(Altitude 1368m)

X-arm tunnel

Underground
= under the mountain

(Kamioka-cho, Hida-city, Gifu-prefecture, Japan)

World's�first�“2.5th�generation”�GW�telescope.

Tokyo

Kamioka

Amplitude of seismic motion

Features:
• Underground�to�reduce�seismic�noises
• Cryogenic�to�reduce�thermal�noises�(T=20K�@mirrors)

-200 ~�-1000m

23

24©LIGO�Lab�Caltech:�MIT



Origin of the noise curve

 ��������
25

Mirror

Mirror

BeamSplitter

KAGRA system (design configuration)

Gravitational�wave�signal�output�portLaser light source
• 100~180W (Planned)
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Mirror

Mirror

Gravitational�wave�signal�output�port

Mirror

�main mirrors
• Approx. φ22cm
• Sapphire

3km Fabry-Perot cavity
• Intensity ~ 400kW
• Amplifies gravitational wave signals

Laser light source
• 100~180W (Planned)

BeamSplitter
Mirror

KAGRA system (design configuration)

27

Gravitational�wave�signal�output�port

�main mirrors
• Approx. φ22cm
• Sapphire

3km Fabry-Perot cavity
• Intensity ~ 400kW
• Amplifies gravitational wave signals

Laser light source
• 100~180W (Planned)

Signal�Recycling�Cavity

Mirror

Mirror
Mirror BeamSplitter

Mirror

Powe
r�Rec
yclin
g�

Cavit
y

KAGRA system (design configuration)

28



Cooling system
• Cools 4 main mirrors 

on both arms
• ~20K

Mirror

Mirror

Mirror
Mirror

�main mirrors
• Approx. φ22cm
• Sapphire

KAGRA system (design configuration)

29

13.5
m

Type-B

Type-A

Type-Bp Type-C

Vibration isolation 
system
• Isolates the mirrors 

by pendulum 
structure.

Cryogenic Mirror 
Suspension System

Main Mirror

KAGRA system (design configuration)

30



Type A suspension

Cooling system

31

History of KAGRA

2010 Funded by MEXT Japan
2012 Started Construction
2016 Test Operation @ room temp. (iKAGRA)
2018 Cryogenic Test Operation (bKAGRA)
2019/8  FPMI

2019/10 Joined Research MoA with LIGO-Virgo

2019/11  FPMI
2019/12  FPMI
2020/2 PRFPMI
2020/3 PRFPMI 

2020/3  Joined O3 PRFPMI @ room temp.
2020/4 Observation O3GK

FPMI = Fabry-Perot Michelson Interferometer
PRFPMI = Power Recycling Fabry-Perot 

Michelson Interferometer

KAGRA collaboration, PTEP ptaa125 (2020) 

(CLIO
)

8-25 Mpc

25-130 Mpc

(TAM
A)

Evolution of Sensitivity Curve
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History of KAGRA

2010 Funded by MEXT Japan
2012 Started Construction
2016 Test Operation @ room temp. (iKAGRA)
2018 Cryogenic Test Operation (bKAGRA)
2019/8  FPMI

2019/10 Joined Research MoA with LIGO-Virgo

2019/11  FPMI
2019/12  FPMI
2020/2 PRFPMI
2020/3 PRFPMI 

2020/3  Joined O3 PRFPMI @ room temp.
2020/4 Observation O3GK

FPMI = Fabry-Perot Michelson Interferometer
PRFPMI = Power Recycling Fabry-Perot 

Michelson Interferometer

KAGRA collaboration, PTEP ptaa125 (2020) 

(CLIO
)

8-25 Mpc

25-130 Mpc

(TAM
A)

Joint Research MoA with LIGO-VIRGO
Signed on Oct. 4, 2019

33

Evolution of Sensitivity Curve

KAGRA

LIGO

Virgo

Evolution of the BNS range: distance to which a 
binary neutron star (BNS) merger is detectable 
with S/N> 8 [Mpc]

KAGRA collaboration, PTEP ptaa125 (2020) 

KAGRA started 20 (17) years after LIGO (Virgo).  
Its sensitivity has been improving very rapidly 
since the start of its operation.

8-25 Mpc

25-130 Mpc

History of KAGRA
(CLIO

)
(TAM

A)

34

Evolution of Sensitivity Curve



Observing Run Plans (Past and Future)

O3GKiKAGRA
Michelsonat�room�temp.

Michelsonwith�cryogenicoperation

Power-RecyclingFabry-Perot�Michelson(PRFPMI)at�room�temp.

PRFPMIwith�cryogenic�operation

bKAGRAphase-1

TODAY

O4a O4bO3a O3b

bKAGRAphase-2

35

第1期観測 第2期国際共同観測 第4期国際共同観測

低温Power-RecyclingFabry-Perot�Michelson

KAGRA control�room
O3a O3b

In�late�March�2020,�achieved�a�sensitivity�of�over�1�Mpc and�joined�the�international�GW�observation�network.
In�April�2022,�conducted�international�joint�observation�“O3GK”�with�GEO600,�for�2�weeks.

Due�to�COVID-19,�LIGO-Virgo�ended�observations�in�late�March�2020,�earlier�than�originally�planned.

In�Oct.�2019,�Joined�Research�MoA with�LIGO-Virgo
Power-RecyclingFabry-Perot�Michelson(PRFPMI)at�room�temp.

O3GKiKAGRA bKAGRAphase-1 bKAGRAphase-2

36



O3GK;

l Observation Period: 2020/4/7 08:00 – 4/21 00:00 (UTC) 
(2 weeks)

l Observing time:  7.3 days (Duty cycle:  53 %)

l Achieved sensitivity：~0.66 Mpc（Max. ~ 1 Mpc, under 
test operation)

Joint observation by GEO600 and KAGRA
during the 3rd observation (O3)

• KAGRA's first joint observation with 
another GW detector.

• Achievements of O3GK:

• First full-scale experience of 
collaborative analysis and paper 
writing since KAGRA joined LV 
(GEO600 is a part of LIGO). 
KAGRA researchers played a key 
role.

• Building pipelines from 
acquisition to analysis of data 
from observation networks, 
incorporating KAGRA Data-
Quality.

• The GW search results are 
reported in a scientific paper. 37

https://doi.org/10.1093/ptep/ptac073

NGC 253 (~3.5 Mpc)

©ESO/J. Emerson/VISTA

D. Svinkin+, Nature 589, 211–213 (2021)

Example:  GRB200415A@NGC 253

The GW search results at O3GK
• LVK collaboration made a series of 

associated GW searches:

• all-sky searches for binary neutron 
star (BNS) coalescences and generic 
unmodelled bursts, 

• targeted searches for compact binary 
coalescences (CBCs) and unmodelled 
bursts associated with the GRBs 
reported during the run (GRB-
targeted searches). 

• No GW signals were identified from the 
resulting data, as expected given the 
sensitivity of the detectors.

• However, these analyses demonstrate that 
the analysis efforts are ready to 
incorporate KAGRA data, which will be 
increasingly important as KAGRA nears its 
design sensitivity. 

• During O3GK, several gamma-ray bursts (GRBs) were 
observed by astronomers.
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Noise budget at O3GK

https://doi.org/10.1093/ptep/ptac093

After the O3GK, the noise 
sources which limited the 
sensitivity have been properly 
identified. (Noise Budget)

à Improve the noises and 
increase sensitivity by the start 
of O4.

39

Damping control noise of 
other mirror suspensions

Acoustic noise

Shot noise
Laser noises

Test mass suspension
damping control noise

Measured (total) noise of 
KAGRA at O3GK

Noise budget at O3GK

40



Low frequency High frequency

・ Improvement of vibration isolation control
- Improvement of sensors
- Installation of additional accelerometers on Top filter
- Installation of additional sensors on the Platform and 

Marionette
- Replacement of the magnets that control the mirrors 

with more powerful ones
- Improvement of moving mass

・ Introduction of new angle sensor (Wavefront 
Sensing) for the interferometer mirrors

・ Prevention of stray light
- Installation of additional baffles

・ Reduction of environmental noise
- Installation of additional

environmental monitors
- Conducting noise injection test

・ Introduction of high-power laser
- Maximum power: 60 W    

(120 W in the future)

・ Realization of PRFPMI

Countermeasures toward O4  (work in progress)

What noise sources limited the sensitivity in each frequency range?

What is becoming apparent from O3GK

Coupling from auxiliary
degrees of freedom

Acoustic noise

Shot noise

Laser frequency fluctuationTest mass suspension
control noises

etc.

・ Improvement of cooling equipments and procedures
(Installation of defrosting heaters, Absorbing the frost onto the duct shield during cooling, Start cooling after confirming sufficient vacuum)

etc.

41

Suspension Upgrades

● Fixed mechanical failures

● Improved various local sensors
○ Accelerometers
○ LVDTs
○ Optical Levers

● Improved actuator balances

Better optimization of damping 
control filters

• We know what is limiting the current suspension noise 
and working on to improve it.
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F1

F0

Installation�of�better�sensors
Suspension�Upgrades

Re-installation�of�type-A�suspension.
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Installation of more and better Optical Levers

Suppresses intrinsic vibration 
modes at the upper stage

T
yp

e-
A

 s
u

sp
en

si
o

n

・Platform (PF) stage:３degree of freedom 
(Pitch/Yaw/Long)

・Marionette (MN) stage:  
6 degree of freedom
(Pitch/Yaw/Long/Roll/Trans/Vert)
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PRM

PR2

PR3

SR2

BS SR3

MCi/MCo SRM

à・improve 
sensitivity and 
operational 
stability・reduce non-
stationary noise 
and improve 
data quality for 
analysis

→Reduction of scattered light noise

Installation of additional baffles

45

Master�LaserNPROPower�Amplifier
60W

2�WTo�be�introducedin�the�future

NPRO60�W120�W

Power�amplifier(neoVAN-4S-HP)

2ndamplifier

Introduction of high-power laser

• 40 W → 60 W  (120 W in the future)

• Only 4 W used during O3GK
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We want to reduce thermal 
noise by cooling the mirror, but..

Frost on the view port

KAGRA collaboration, PTEP ptaa125 (2020) 

Problems occurred in the preparations for O3

A beam spot blurred by frost 
on the mirror.

Vacuum & Cryogenic Upgrades

• Additional vacuum pumps
• 12 more ion-pumps
• 10 more turbo molecular pumps

• Better vacuum

• Avoid molecular adsorption on mirrors during 
cooling

• Defrosting heaters

Cooling

47

• Reduce noises in low frequency bands by improving 
the vibration isolation system control.

• Reduce scattered light by installing additional baffles.
• Increase laser power and replace photodetectors.
• Reduce quantum noise by non-reflection of signal-

recycling mirror.

• Reduces noise in the low-frequency band. 
• Reduces thermal noise by cooling the 

mirror below 100 K.

O4a O4b

Expected improved sensitivities by commissioning towards O4a/b

1-3 Mpc 3-10 Mpc

O3GK

3 Mpc
1 Mpc

3 Mpc
10 Mpc

O3GK
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One Example for other LVK joint efforts

A�framework�for�practical�coordination�with�LV�has�been�formalized.
• Preparations�are�underway�to�share�various�information�in�addition�to�the�h(t)�and�status�flags�provided�in�O3.
• Preparations�and�tests�for�GW�alert�in�O4�are�underway.�Discussion�on�Rapid�Response�Team�has�also�started.

T.Yamamoto,�H.Yuzurihara

49
Flow�to�accept/retract�when�the�low-latency�search�pipeline�triggers�a�GW�candidate.

Once KAGRA achieves its full sensitivity,
it will significantly contribute to sky localization

LIGO-Hanford�+�LIGO-Livingston�+�Virgo(54�deg2) LIGO-Hanford�+�LIGO-Livingston�+�Virgo�+�KAGRA(3.4�deg2)

In�addition,
• Better confidence in detection of signals
• Better duty cycle and sky coverage for searches
• Better resolving degeneracy of polarization, orbital plane 

inclination angle and distance 50



Summary
● LIGO - Virgo - KAGRA (LVK) collaboration has been launched.

● O3GK
○ International joint observation O3GK with GEO600 was conducted for two weeks 

in April 2020. 

● Upgrade works for the next observing run O4 are currently in progress.

● Next joint observation O4
○ It is scheduled to start in March 2023.

○ KAGRA will join the observation with the improved sensitivity with LIGO-Virgo for 
part of the period.

○ We will aim for the first detection of GW from KAGRA data.

⇓
Contributions to multi-messenger astrophysics, astronomy, fundamental physics, etc.
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A Study of Black Hole Perturbations in

Modified Gravity

Karim Noui

IJCLab, Paris-Saclay - JGRG31, October 2022, 24th

? ? ?

ANR StronG

Talk based on articles in collaboration with D. Langlois and H. Roussille

Our works rely on many important contributions by other authors

Plan of the talk

I02



Purpose of the talk : a short review and new results (as the audience is rather broad)

My apologies to those who know and are working on this topic.

1. Motivations : Era of Gravitational Waves
• Ringdown Phase of Black Hole Binaries : Possibility to see deviations from GR ?

2. Modified Gravity : Scalar-Tensor Theories
• Adding one more scalar degree of freedom in addition to gravitational modes

• Lagrangian and Disformal transformations of the metric

3. Modified Black Holes : a study of their perturbations
• New (non-rotating) Hairy Black Hole solutions

• Axial Perturbations and the effective metric

• Even Perturbations : coupling to the scalar field perturbations (no time !) 3

Some references in a very active field of research !

References list from D. Langlois, K. Noui and H. Roussile : Phys.Rev.D 104 (2021) 12, 124044
Many new references almost everyday... 4



A lot of important contributions from Japanese laboratories

Part on Gravitational Waves
LIGO-Virgo-KAGRA Collaborations

Part on Scalar-Tensor Theories
A. De Felice, Y. Fujii, K. Izumi, T. Kobayashi, K. Maeda, H. Motohashi, S. Mukohyama, M.

Sasaki, N. Tanahashi, S. Tsujikawa, T. Suyama, K. Takahashi, M. Yamaguchi, etc.

Part on Black Hole Perturbations
• On solutions : Ben Achour, T. Fujita, T. Kobayashi, M. Minamitsuji, H. Motohashi, S.

Mukohyama, K. Numajiri, T. Suyama, K. Takahashi, K. Tomokawa, etc.

• On perturbations : same researchers + S. Hirano, V. Yingcharoenrat, etc.

I apologize for my (probably many) omissions...
5

1. Motivations



Ringdown of Black Hole Binaries

The era of Gravitational Wave Astronomy [Illustration from LIGO-Virgo]

The Ringdown phase is the simplest and fully understood in General Relativity
For a Schwarzschild Black Hole, two types of perturbations (axial and polar) described
in terms of a function decomposed as follows [Regge-Wheeler, Zerilli],

 (t, r , ✓,') =  (r)Y`m(✓,')e
�i!t

The radial component satisfies a Schrödinger-like equation

� 00 + V (r) = !2  =) Spectral Problem 7

Perturbations and Quasi-Normal Modes : a few results

Dynamics of perturbations and Quasi-Normal-Modes
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Kokkotas & Schmidt, 1999

• Perturbations are shown to be stable [Vishveshwara (’70) ; Wald (’80)]

• Perturbations can be decomposed into Quasi-Normal Modes [see Nollert (’99) for instance]

• Quasi-Normal Modes are in-going at horizon and out-going at infinity

• Discrete spectrum with a negative imaginary part [see Kokkotas et al (’99) for instance]

• Similar results for a Kerr Black Hole [Teukolsky (’73)] 8



Ringdown : a window onto Strong Gravity (see Berti et al. [1801.03587])

We want to test General Relativity in the strong gravity regime
! Could we see deviations from General Relativity in the ringdown phase ?

The strategy one follows in general consists in several steps
! Considering Modified Theories of Gravity

! Adapting the methods developed in General Relativity to study perturbations

! Predict and/or Constrain deviations from General Relativity

Problem : Most of the “nice” features of General Relativity are lost !

• Each step is involved

• But, this also makes the study of deviations physically very interesting ! 9

What are the difficulties ?

General Relativity is unique [Lovelock] !

• Modified Gravity is not unique. What type of modifications shall we consider ?

• Many approaches : massive gravity, scalar-tensor theories, EFT of modified
gravity...

Black Holes in General Relativity have no hair !

• Black Hole solutions are (in general) hairy and no more unique in modified gravity.

• How to find them ? How to classify them ?

�! All this makes the study of the dynamics of perturbations more involved, due to
the presence of extra degrees of freedom

�! Here we restrict ourselves to scalar-tensor theories

10



2. Scalar-Tensor Theories

Modified Gravity and scalar-tensor theories

Beyond General Relativity : Relaxing hypothesis of Lovelock Theorem
! Lovelock : A massless spin 2 field (with Diff-invariance) in 4 dimensions is uniquely
described by GR with a cosmological constant
! Relaxing one hypothesis leads to a huge landscape of modified gravity theories !

Classification of most general scalar-tensor theories : (U-) DHOST theories
•  Traditional theories: 

•  Generalized theories:  
 
 
 
 
 

 
  

 
   
 
 

 

  
   

  
 
 

  
 

Higher order scalar-tensor theories 

 
 
 
 
 
 
 

 
 
 

 

  
   

  
 

 

  
 

Beyond Horndeski (GLPV) DHOST 

L(rµr⌫�, r��, �)

Extra DOF 

L(r��, �)

Degenerate 
Higher-Order 
Scalar-Tensor 

Horndeski 

Credit: D. Langlois

Rediscovered by C. Deffayet,
G. Esposito-Farese, D. Steer etc…

1974

2014

2015

Classique
…1960…

…2010

TraditionnellesTraditional

Credit: D. Langlois

Action S [gµ⌫ ,�] involves higher

derivatives rµr⌫� but only one

scalar dof propaging in addition

to the tensor modes.

! Long history with a renewal of ST theories in ’00 due to the problem of dark energy
12



A few words on Horndeski theories : the cornerstone !

Horndeski theories [rediscovered by Deffayet et al, Kobayashi et al, after Nicolis et al.]

The most general S [gµ⌫ ,�] whose Eq.of Motion are second order

L[gµ⌫ ,�] = F (�,X )R + P(�,X ) + Q(�,X )⇤�+ 2FX (�µ⌫�
µ⌫ � ⇤�2) + · · ·

With X = �µ�µ, �µ = rµ� and �µ⌫ = rµr⌫�.

Important Properties of Horndeski theories [see reviews by Kobayashi, Deffayet-Steer or Langlois]

! EFT for dark energy (motivated by brane cosmology scenarii) where � is dark energy
! Metric not uniquely defined due to disformal transformations [Bekenstein]

gµ⌫ �! g̃µ⌫ ⌘ C (�,X )gµ⌫ + D(�,X )�µ�⌫ .

! Possibility of non-minimal couplings to matter : Lmat[ ] = g̃µ⌫@µ @⌫ + · · ·
13

From Horndeski to DHOST theories and then U-DHOST theories

Case of Quadratic DHOST Theories

The DHOST action S [gµ⌫ ,�] whose E.o.M. are not necessarily second order

L[gµ⌫ ,�] = F (�,X )R + P(�,X ) + Q(�,X )⇤�+
5X

i=1

Ai (�,X )Li

L1 = �µ⌫�
µ⌫ , L2 = ⇤�2 , L3 = �µ�µ⌫�

⌫⇤� , L4 = (�µ�µ⌫)
2 , L5 = (�µ�µ⌫�

⌫)2

With degeneracy conditions relating the functions Ai and F =) 2 classes of theories.

14



Geometric Formulation of quadratic DHOST theories

Type I are physically viable (with no gradient instabilities, nor ghosts)

• Disformally related to Horndeski theories : S [gµ⌫ ,�] = SH [g̃µ⌫ ,�]

• DHOST theories are not equivalent to Horndeski theories in the presence of matter

Geometric Formulation

! Let ⌃� be the hypersurface of constant � (� plays the role of time when X < 0)
! Then, Type I theories are disformally related to the simple action

S [gµ⌫ ,�] =
M2

P

2

Z
d4x

p
�g

�
4R + �(�,X ) 3R

�

! 3R is the 3-dimensional Ricci scalar on ⌃�.
15

3. Black Hole Perturbations



DHOST Theories as EFT of Hairy Black Holes

Evading the No-Hair Theorem [Babichev-Charmousis]

New static and spherically symmetric black holes with (for shift-symmetric theories)

ds2 = �A(r)dt2 +
1

B(r)
dr2 + C (r)d⌦2 , �(t, r) = qt +  (r) .

A few analytic solutions [Mukohyama, Babichev-Charmousis-Lehebel, Lu-Pang]

• Stealth solutions with A(r) = B(r) = 1 � 2M/r , C (r) = r2 and X = cst

• BCL solution with A(r) = B(r) = (1 � r+/r)(1 + r�/r) and C (r) = r2

• D ! 4 Gauss-Bonnet solution with

A(r) = B(r) = 1 � 2M(r)

r
, M(r) =

2M
1 +

p
1 + 8↵M/r3

, C (r) = r2

17

Dynamics of Linear Perturbations [see list of authors in introduction]

Modified Einstein equations at linear order
gµ⌫ = gµ⌫ + hµ⌫ , � = �+ ��

• Axial perturbations : �� = 0 while haxial
µ⌫ depend on � =  (r)e�i!tY`m(✓,')

�d2 

dr2
+ V (r) =

!2

c(r)2
 

• Polar perturbations : �� and hpolar
µ⌫ are coupled with no explicit decoupling

Effective metric of axial perturbations

Dynamics of haxial
µ⌫ about gµ⌫ in DHOST are equivalent to those in GR with g̃µ⌫

g̃µ⌫r̃µr̃⌫ � m2

eff = 0 .
18



On the effective metric of Axial perturbations

Physical interpretation : coupling between the metric and the scalar field

! (Minimally coupled) photons and Gravitons do not see the same space-time
! Photons are sensitive to the background metric gµ⌫ while gravitons evolve in g̃µ⌫

! Consequence of the interactions between gravitons and the scalar field (as if
gravitons were evolving in a medium)

Disformal transformations

In quadratic DHOST theories, g̃µ⌫ is disformally related to gµ⌫ by

g̃µ⌫ =
p

F (F � XA1)

✓
gµ⌫ +

A1

F � XA1

�µ �⌫

◆

Where the functions are evaluated on the background solution.
19

Causal structures of the background and effective metrics

Examples of effective metrics

The effective metric can be very different from the background metric

• Stealth solutions : g̃µ⌫ is still a black hole with a different horizon

Rs = 2GM/c2

� , Rg = 2GM/c2

g , cg < c�

• BCL solution : g̃µ⌫ is a black hole with the same horizon

• D ! 4 Gauss-Bonnet solution : g̃µ⌫ is a naked singularity

=) Eventual strong physical pathologies and/or instabilities ?

20



Case of the stealth solution : causal structures are compatible

No instabilities between the two horizons following 1803.11444 [Babichev et al]

confirmed by [K. Nakashi et al]
21

On the stability of Axial Perturbations in DHOST Theories [To appear]

The general effective metric takes the generic form

ds̃2 = �Ã(r) dt2⇤ +
1

B̃(r)
dr2 + C̃ (r) d⌦2 .

Essentially Self-Adjoint Schrödinger operator

The potential associated with Axial perturbations takes the general form

V = S2 � @⇤S + 2�
Ã

C̃
, S =

1
2
@⇤C̃

C̃
, (Ã(r)B̃(r))1/2

@r⇤
@r

= 1

The Schrödinger operator is positive

! Eliminate the S-part which is a so-called S-deformation
! Ã and C̃ are positive if we assume one horizon and no-signature change
=) Axial perturbations are generically stable.

22



4. Conclusion

Deviations from GR in the Strong Gravity regime : background/perturbations

DHOST Theories as EFT of gravity in the Strong Gravity regime

• Background solutions : Hairy Black Holes or Exotic compact objects

• Axial perturbations : effective metric different from background metric

• Polar perturbations : interactions between the graviton and the scalar
! not easy to handle and to decouple
! needs new techniques to study the coupled dynamics : asymptotic analysis

Going further....

B Compute Quasi-Normal Modes and Deviations from General Relativity

B Constrain theories from the systematic study of pathologies and instabilities

24



Thank you for your attention



Probing the Nature of Gravity via 
Quantum Correlation of Light 

Haixing Miao

In collaboration with
Yanbei Chen, Animesh Datta, Yubao Liu, Yiqiu Ma, Denis Martynov, and Huan Yang

JGRG31

Some backgrounds
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LIGO Hanford

VIRGO

1
LIGO-Virgo-KAGRA collaboration, GWTC-2.1: Deep Extended Catalog of Compact Binary Coalescences Observed by 
LIGO and Virgo During the First Half of the Third Observing Run, arXiv: 2108.01045 (2021). 

4 km

3 km

KAGRA

3 km

Gravitational-wave Discoveries

de Broglie wavelength of kg size test mass:

Quantum effects are indeed important!

Strain sensitivity of km size detector:

40 kg LIGO Mirror

�L ⇠
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Advanced LIGO design sensitivity curve:
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LIGO Scientific Collaboration, Advanced LIGO, Class. Quantum Grav. 32, 74001 (2015). 3

Why Quantum? A Quantitative Measure

Optomechanics & Macroscopic Quantum Mechanics (MQM)

Y. Chen, MQM: theory and experimental concepts of optomechanics, J. Phys. B: AMO Phys. 46 104001 (2013).
M. Aspelmeyer et al., Cavity optomechanics, Rev. Mod. Phys. 86, 1391 (2014).

From nanogram to kilogram

Caltech

UCSB` LIGOMITViennaYale

JILA AEILKBEPFL

Laser
Optical cavity

Mechanical oscillator
(mirror)

Optomechanics
Mechanics modulates the optical phase;

Radiation pressure affects the mechanics.

4



Optomechanical
cooperativity:

Laser
Optical cavity

Mechanical oscillator
(mirror)

Optomechanics
Mechanics modulates the optical phase;

Radiation pressure affects the mechanics.

5

Characteristic parameters:

C / PcavFQm

m
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Thermal
occupation number:

Quantum radiation pressure dominated regime [1-3]:

C � n̄th
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Optomechanics & Macroscopic Quantum Mechanics (MQM)

One Motivation of MQM with Optomechanics

To study gravity



x1 x2

+ +

One classical gravity model

Classical
spacetime

Quantum
matter

Entanglement

Gµ⌫ =
8⇡G

c4
h |T̂µ⌫ | i
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Quantum effect of gravity

Interaction between two objects

Single object but in a superposition 

Neither producing superposed spacetime 
nor creating bipartite quantum entanglement

C. Møller, Colloques Internationaux CNRS 91, 1 (1962).
L. Rosenfeld, Nuclear Physics 40, 353 (1963).

Experimental proposals with matter-wave interferometers

[1] S. Bose, A. Mazumdar, G. Moley, H. Ulbricht, M. Toros, M. Paternostro, A. Geraci, P. Barker, M. Kim, and G. 
Milburn, Spin Entanglement Witness for Quantum Gravity, Phys. Rev. Lett. 119, 240401 (2017).

[2] C. Marletto, and V. Vedral, Gravitationally Induced Entanglement between Two Massive Particles is Sufficient   
Evidence of Quantum Effects in Gravity, Phys. Rev. Lett. 119, 240402 (2017).

Also see Youka Kaku’s 
talk and study
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Our Proposed Scheme

Using two optomechanical devices

Characteristic 
frequency:

(typically 0.1 mHz)

A B

(Q̂A,B ⌘ x̂A,B

p
2m!m/~)
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Gravitational interaction rate is low

!g =
p
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Condition for entanglement
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A BXA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

VA
<latexit sha1_base64="YUEj2MWiBR2LYGAvRRFPk8O3/ME=">AAACA3icbVDLSgMxFL3js9bXqEtBgkVwVWbcKK4qblxWsA9ph5JJM21okhmSjFCGLv0Ct/oF4kbc+iHu3Pgfpp0ubOuBwOGce7knJ0w408bzvpyl5ZXVtfXCRnFza3tn193br+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDq7HfuOBKs1ieWeGCQ0E7kkWMYKNle6zdhih+qhz1XFLXtmbAC0Sf0pKFffo7RsAqh33p92NSSqoNIRjrVu+l5ggw8owwumo2E41TTAZ4B5tWSqxoDrIJoFH6MQqXRTFyj5p0ET9u5FhofVQhHZSYNPX895Y/M9rpSa6CDImk9RQSfJDUcqRidH496jLFCWGDy3BRDGbFZE+VpgY29HMlTxp0fbiz7ewSOpnZd/yW1vQJeQowCEcwyn4cA4VuIEq1ICAgCd4hhfn0Xl13p2PfHTJme4cwAycz1+jtZn9</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="XhQ+HNa2c2LdXT1t4zskzMze0CU=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrs2ilXExjKCeUiyhNnJbDJkHsvMrBCWlH6BrX6Bndj6IX6A/+Ek2cIkHhg4nHMv98yJEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56zLpRjJqT3k2vXPGr/gxolQQ5qUCOeq/80+0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmzWeAJOnNKH8VKuyctmql/NzIsjBmLyE0KbIdm2ZuK/3md1MZXYcZkkloqyfxQnHJkFZr+HvWZpsTysSOYaOayIjLEGhPrOlq4Mk9acr0Eyy2skuZFNXD83q/UrvOGinACp3AOAVxCDe6gDg0gIOAFXuHNe/bevQ/vcz5a8PKdY1iA9/UL0oaYAg==</latexit>

VAB
<latexit sha1_base64="mm0GAzzEZ07QNp+v8rdR2Kie/yw=">AAACBnicbVDLSsNAFL3xWesr6lKQwSK4KokbxVXVjcsK9gFNKJPppB06mYSZiVBC9n6BW/0B3Ylbf8OdG//DadOFbT1w4XDOvdzDCRLOlHacL2tpeWV1bb20Ud7c2t7Ztff2mypOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdjv/VApWKxuNejhPoR7gsWMoK1kbzMC0LUzLvZ1XXetStO1ZkALRJ3Sio1++j1GwDqXfvH68UkjajQhGOlOq6TaD/DUjPCaV72UkUTTIa4TzuGChxR5WeTzDk6MUoPhbE0IzSaqH8vMhwpNYoCsxlhPVDz3lj8z+ukOrzwMyaSVFNBikdhypGO0bgA1GOSEs1HhmAimcmKyABLTLSpaeZLkbRsenHnW1gkzbOqa/idKegSCpTgEI7hFFw4hxrcQh0aQCCBJ3iGF+vRerPerY9idcma3hzADKzPXxE7m1U=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="+hH2hnjkcAuJKtpX+R/YYdKH71E=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRuFFdVNy4r2Ac0oUymk3boZDLMTIQSsvcL3OoXuBO3/oYf4H84bbOwrQcuHM65l3s4oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo5lIGsR4KFjECDZW8jM/jFA772c3t3m/WnPr7gxolXgFqUGBZr/64w8SksZUGMKx1j3PlSbIsDKMcJpX/FRTickYD2nPUoFjqoNsljlHZ1YZoChRdoRBM/XvRYZjrSdxaDdjbEZ62ZuK/3m91ERXQcaETA0VZP4oSjkyCZoWgAZMUWL4xBJMFLNZERlhhYmxNS18mSet2F685RZWSfui7ln+4NYa10VDZTiBUzgHDy6hAffQhBYQkPACr/DmPDvvzofzOV8tOcXNMSzA+foFQAyZWg==</latexit>

V0
AB

<latexit sha1_base64="BZrDaOYduKcDxAEY6JAR7qiNtXc=">AAACB3icbVDLTsJAFL1FRcQX6k43E4nRFWnZaHSDunGJiTwSaMh0mMKE6bTOTE1I0w/wC9zqF7gzbv0MP8D/cKAsBDzJTU7OuTf35HgRZ0rb9reVW1ldy68XNoqbW9s7u6W9/aYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtxG89UalYKB70OKJugAeC+YxgbSQ36Xo+aqa95PomPe2VynbFngItE2dGyrXDqzwY1Huln24/JHFAhSYcK9Vx7Ei7CZaaEU7TYjdWNMJkhAe0Y6jAAVVuMg2dohOj9JEfSjNCo6n69yLBgVLjwDObAdZDtehNxP+8Tqz9CzdhIoo1FSR75Mcc6RBNGkB9JinRfGwIJpKZrIgMscREm57mvmRJi6YXZ7GFZdKsVhzD701Bl5ChAEdwDGfgwDnU4A7q0AACj/ACr/BmPVvv1of1ma3mrNnNAczB+voFhSiaJg==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="Ov+/1FVLIRmGYx8xjHH4dbYJgBg=">AAACB3icbVBLTsMwFHwuv1J+BZZsLCoEqyphA2JVYMOySPQjtVHluE5r1XGC7SBVUQ7ACdjCCdghthyDA3AP3DYL2jLSk0Yz7+mNxo8F18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj24nfuuJKc0j+WDGMfNCMpA84JQYK3lp1w9wM+ul1zfZaa9ccarOFHiZuDmpQI56r/zT7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2kunoTN8YpU+DiJlRxo8Vf9epCTUehz6djMkZqgXvYn4n9dJTHDppVzGiWGSzh4FicAmwpMGcJ8rRo0YW0Ko4jYrpkOiCDW2p7kvs6Ql24u72MIyaZ5XXcvvnUrtKm+oCEdwDGfgwgXU4A7q0AAKj/ACr/CGntE7+kCfs9UCym8OYQ7o6xenhpmL</latexit>

VB
<latexit sha1_base64="1eN4JDBZycE6Vgs3F4dRFuci0Y0=">AAACBXicbVDLSsNAFL2pr1pfUZeCDBbBVUncKK6KblxWsA9IQ5lMJ+3QySTMTIQSsvYL3OoXdCdu/Q53bvwPp00XtvXAwOGce7lnTpBwprTjfFmltfWNza3ydmVnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN1N/fYTlYrF4lGPE+pHeCBYyAjWRvKybhCiVt7LbvOeXXVqzgxolbhzUq3bp5NvAGj07J9uPyZpRIUmHCvluU6i/QxLzQineaWbKppgMsID6hkqcESVn80i5+jcKH0UxtI8odFM/buR4UipcRSYyQjroVr2puJ/npfq8NrPmEhSTQUpDoUpRzpG0/+jPpOUaD42BBPJTFZEhlhiok1LC1eKpBXTi7vcwippXdZcwx9MQTdQoAwncAYX4MIV1OEeGtAEAjG8wCu8Wc/WxHq3PorRkjXfOYYFWJ+/gNybCg==</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="P8XnPy59C2yqYkFgYKHh5rOQJDc=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsy4sbgqunFZwT5gOpRMmmlDM8mQZIQyzNovcKtf4E7c+h1+gP9h2s7Cth4IHM65l3tywoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZv53SeqNJPi0UwTGsR4JFjECDZW8rN+GKFOPshu80G15tbdOdA68QpSgwKtQfWnP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrJ55BxdWGWIIqnsEwbN1b8bGY61nsahnYyxGetVbyb+5/mpiRpBxkSSGirI4lCUcmQkmv0fDZmixPCpJZgoZrMiMsYKE2NbWrqySFqxvXirLayTzlXds/zBrTVviobKcAbncAkeXEMT7qEFbSAg4QVe4c15dt6dD+dzMVpyip1TWILz9QuvrZkP</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

Covariance
Matrix:

Consider optical modes near the mechanical frequency  

<latexit sha1_base64="Ob6bvx38XKkw+OM4WSyXnp0YJiM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQ5lsN+3S3STuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBI9Yy3AjWDdRDGUgWCeY3M79zhNTmsfRg5kmzJc4injIKRordfsjlBIHclCuuFV3AbJOvJxUIEdzUP7qD2OaShYZKlDrnucmxs9QGU4Fm5X6qWYJ0gmOWM/SCCXTfra4d0YurDIkYaxsRYYs1N8TGUqtpzKwnRLNWK96c/E/r5ea8MbPeJSkhkV0uShMBTExmT9PhlwxasTUEqSK21sJHaNCamxEJRuCt/ryOmlfVb16tXZfqzTqeRxFOINzuAQPrqEBd9CEFlAQ8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QMKho/y</latexit>�m <latexit sha1_base64="qu04BwfLAMxCnMGUUqnNfon54Pk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjwmkBckS5iddJIxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXEAuujet+O7mt7Z3dvfx+4eDw6PikeHrW1lGiGLZYJCLVDahGwSW2DDcCu7FCGgYCO8H0fuF3nlBpHsmmmcXoh3Qs+YgzaqzUaA6KJbfsLkE2iZeREmSoD4pf/WHEkhClYYJq3fPc2PgpVYYzgfNCP9EYUzalY+xZKmmI2k+Xh87JlVWGZBQpW9KQpfp7IqWh1rMwsJ0hNRO97i3E/7xeYkZ3fsplnBiUbLVolAhiIrL4mgy5QmbEzBLKFLe3EjahijJjsynYELz1lzdJ+6bsVcuVRqVUq2Zx5OECLuEaPLiFGjxAHVrAAOEZXuHNeXRenHfnY9Wac7KZc/gD5/MHrvuM1Q==</latexit>

T
(Thermal environment)

<latexit sha1_base64="ALY1Wr7UYgC3ImVMAepDPJZSkPE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXjxGMA9IljA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk7q9pWgIzwQg3LFr/oLoHUS5KQCOZqD8ld/qEgqqLSEY2N6gZ/YMMPaMsLprNRPDU0wmeAR7TkqsaAmzBb3ztCFU4YoVtqVtGih/p7IsDBmKiLXKbAdm1VvLv7n9VIb34QZk0lqqSTLRXHKkVVo/jwaMk2J5VNHMNHM3YrIGGtMrIuo5EIIVl9eJ+2ralCv1u5rlUY9j6MIZ3AOlxDANTTgDprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwAT2I/4</latexit>!m

<latexit sha1_base64="EbLb/Z1bBqsUgC9NNEkVfr7aLgI=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZmRUt0IBTcuW7AP6AxDJs1MQ5PJkGSEMnTpxl9x40IRt36CO//GtJ2Fth64l8M595LcE6aMKu0431ZpbX1jc6u8XdnZ3ds/sA+PukpkEpMOFkzIfogUYTQhHU01I/1UEsRDRnrh+Hbm9x6IVFQk93qSEp+jOKERxUgbKbBPvRhxjgIOb6AXSYRzT3ASG2Gat00L7KpTc+aAq8QtSBUUaAX2lzcUOOMk0ZghpQauk2o/R1JTzMi04mWKpAiPUUwGhiaIE+Xn80Om8NwoQxgJaSrRcK7+3sgRV2rCQzPJkR6pZW8m/ucNMh1d+zlN0kyTBC8eijIGtYCzVOCQSoI1mxiCsKTmrxCPkIlDm+wqJgR3+eRV0r2suY1avV2vNhtFHGVwAs7ABXDBFWiCO9ACHYDBI3gGr+DNerJerHfrYzFasoqdY/AH1ucPqD+ZvA==</latexit>

�m =
!m

Qm

Condition for Entanglement 
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Gaussian bipartite entanglement:

VA
<latexit sha1_base64="YUEj2MWiBR2LYGAvRRFPk8O3/ME=">AAACA3icbVDLSgMxFL3js9bXqEtBgkVwVWbcKK4qblxWsA9ph5JJM21okhmSjFCGLv0Ct/oF4kbc+iHu3Pgfpp0ubOuBwOGce7knJ0w408bzvpyl5ZXVtfXCRnFza3tn193br+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDq7HfuOBKs1ieWeGCQ0E7kkWMYKNle6zdhih+qhz1XFLXtmbAC0Sf0pKFffo7RsAqh33p92NSSqoNIRjrVu+l5ggw8owwumo2E41TTAZ4B5tWSqxoDrIJoFH6MQqXRTFyj5p0ET9u5FhofVQhHZSYNPX895Y/M9rpSa6CDImk9RQSfJDUcqRidH496jLFCWGDy3BRDGbFZE+VpgY29HMlTxp0fbiz7ewSOpnZd/yW1vQJeQowCEcwyn4cA4VuIEq1ICAgCd4hhfn0Xl13p2PfHTJme4cwAycz1+jtZn9</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="XhQ+HNa2c2LdXT1t4zskzMze0CU=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrs2ilXExjKCeUiyhNnJbDJkHsvMrBCWlH6BrX6Bndj6IX6A/+Ek2cIkHhg4nHMv98yJEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56zLpRjJqT3k2vXPGr/gxolQQ5qUCOeq/80+0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmzWeAJOnNKH8VKuyctmql/NzIsjBmLyE0KbIdm2ZuK/3md1MZXYcZkkloqyfxQnHJkFZr+HvWZpsTysSOYaOayIjLEGhPrOlq4Mk9acr0Eyy2skuZFNXD83q/UrvOGinACp3AOAVxCDe6gDg0gIOAFXuHNe/bevQ/vcz5a8PKdY1iA9/UL0oaYAg==</latexit>

VAB
<latexit sha1_base64="mm0GAzzEZ07QNp+v8rdR2Kie/yw=">AAACBnicbVDLSsNAFL3xWesr6lKQwSK4KokbxVXVjcsK9gFNKJPppB06mYSZiVBC9n6BW/0B3Ylbf8OdG//DadOFbT1w4XDOvdzDCRLOlHacL2tpeWV1bb20Ud7c2t7Ztff2mypOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdjv/VApWKxuNejhPoR7gsWMoK1kbzMC0LUzLvZ1XXetStO1ZkALRJ3Sio1++j1GwDqXfvH68UkjajQhGOlOq6TaD/DUjPCaV72UkUTTIa4TzuGChxR5WeTzDk6MUoPhbE0IzSaqH8vMhwpNYoCsxlhPVDz3lj8z+ukOrzwMyaSVFNBikdhypGO0bgA1GOSEs1HhmAimcmKyABLTLSpaeZLkbRsenHnW1gkzbOqa/idKegSCpTgEI7hFFw4hxrcQh0aQCCBJ3iGF+vRerPerY9idcma3hzADKzPXxE7m1U=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="+hH2hnjkcAuJKtpX+R/YYdKH71E=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRuFFdVNy4r2Ac0oUymk3boZDLMTIQSsvcL3OoXuBO3/oYf4H84bbOwrQcuHM65l3s4oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo5lIGsR4KFjECDZW8jM/jFA772c3t3m/WnPr7gxolXgFqUGBZr/64w8SksZUGMKx1j3PlSbIsDKMcJpX/FRTickYD2nPUoFjqoNsljlHZ1YZoChRdoRBM/XvRYZjrSdxaDdjbEZ62ZuK/3m91ERXQcaETA0VZP4oSjkyCZoWgAZMUWL4xBJMFLNZERlhhYmxNS18mSet2F685RZWSfui7ln+4NYa10VDZTiBUzgHDy6hAffQhBYQkPACr/DmPDvvzofzOV8tOcXNMSzA+foFQAyZWg==</latexit>

V0
AB

<latexit sha1_base64="BZrDaOYduKcDxAEY6JAR7qiNtXc=">AAACB3icbVDLTsJAFL1FRcQX6k43E4nRFWnZaHSDunGJiTwSaMh0mMKE6bTOTE1I0w/wC9zqF7gzbv0MP8D/cKAsBDzJTU7OuTf35HgRZ0rb9reVW1ldy68XNoqbW9s7u6W9/aYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtxG89UalYKB70OKJugAeC+YxgbSQ36Xo+aqa95PomPe2VynbFngItE2dGyrXDqzwY1Huln24/JHFAhSYcK9Vx7Ei7CZaaEU7TYjdWNMJkhAe0Y6jAAVVuMg2dohOj9JEfSjNCo6n69yLBgVLjwDObAdZDtehNxP+8Tqz9CzdhIoo1FSR75Mcc6RBNGkB9JinRfGwIJpKZrIgMscREm57mvmRJi6YXZ7GFZdKsVhzD701Bl5ChAEdwDGfgwDnU4A7q0AACj/ACr/BmPVvv1of1ma3mrNnNAczB+voFhSiaJg==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="Ov+/1FVLIRmGYx8xjHH4dbYJgBg=">AAACB3icbVBLTsMwFHwuv1J+BZZsLCoEqyphA2JVYMOySPQjtVHluE5r1XGC7SBVUQ7ACdjCCdghthyDA3AP3DYL2jLSk0Yz7+mNxo8F18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj24nfuuJKc0j+WDGMfNCMpA84JQYK3lp1w9wM+ul1zfZaa9ccarOFHiZuDmpQI56r/zT7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2kunoTN8YpU+DiJlRxo8Vf9epCTUehz6djMkZqgXvYn4n9dJTHDppVzGiWGSzh4FicAmwpMGcJ8rRo0YW0Ko4jYrpkOiCDW2p7kvs6Ql24u72MIyaZ5XXcvvnUrtKm+oCEdwDGfgwgXU4A7q0AAKj/ACr/CGntE7+kCfs9UCym8OYQ7o6xenhpmL</latexit>

VB
<latexit sha1_base64="1eN4JDBZycE6Vgs3F4dRFuci0Y0=">AAACBXicbVDLSsNAFL2pr1pfUZeCDBbBVUncKK6KblxWsA9IQ5lMJ+3QySTMTIQSsvYL3OoXdCdu/Q53bvwPp00XtvXAwOGce7lnTpBwprTjfFmltfWNza3ydmVnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN1N/fYTlYrF4lGPE+pHeCBYyAjWRvKybhCiVt7LbvOeXXVqzgxolbhzUq3bp5NvAGj07J9uPyZpRIUmHCvluU6i/QxLzQineaWbKppgMsID6hkqcESVn80i5+jcKH0UxtI8odFM/buR4UipcRSYyQjroVr2puJ/npfq8NrPmEhSTQUpDoUpRzpG0/+jPpOUaD42BBPJTFZEhlhiok1LC1eKpBXTi7vcwippXdZcwx9MQTdQoAwncAYX4MIV1OEeGtAEAjG8wCu8Wc/WxHq3PorRkjXfOYYFWJ+/gNybCg==</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="P8XnPy59C2yqYkFgYKHh5rOQJDc=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsy4sbgqunFZwT5gOpRMmmlDM8mQZIQyzNovcKtf4E7c+h1+gP9h2s7Cth4IHM65l3tywoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZv53SeqNJPi0UwTGsR4JFjECDZW8rN+GKFOPshu80G15tbdOdA68QpSgwKtQfWnP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrJ55BxdWGWIIqnsEwbN1b8bGY61nsahnYyxGetVbyb+5/mpiRpBxkSSGirI4lCUcmQkmv0fDZmixPCpJZgoZrMiMsYKE2NbWrqySFqxvXirLayTzlXds/zBrTVviobKcAbncAkeXEMT7qEFbSAg4QVe4c15dt6dD+dzMVpyip1TWILz9QuvrZkP</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

Covariance
Matrix:

[1] R. Simon, Phys. Rev. Lett. 84, 2726 (2000).
[2] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, Rev. Mod. Phys. 81, 865 (2009). 
[3] S. Qvarfort, S. Bose, and A. Serafini, arXiv: 1812.09776 (2018).

Applying Simon’s entanglement criterion [1, 2, 3] leads to 

�mkBT  ~!2
g

<latexit sha1_base64="Bj5Vfxzq1fZ0Hf+s3DqqLyWr/lU=">AAACI3icbZA7TsNAEIbHvAmvABIFNAsIQYGQTQGUCBpKkAggxcGMNxNnlV3b7K6RoogjcAxOQAsnoEM0FJTcg01CweuXVvr0z4xm9o9zKYz1/TdvYHBoeGR0bLw0MTk1PVOenTszWaE5VXgmM30RoyEpUqpYYSVd5JpQxZLO49Zht35+Q9qILD217ZxqCpNUNARH66yovB4mqBRGirWiA3bKQknXLGzGqMNNFmaKEoySy+1SVF71t/ye2F8IvmB1f3lh8QoAjqPyR1jPeKEotVyiMdXAz22tg9oKLum2FBaGcuQtTKjqMEVFptbpfeiWrTmnzhqZdi+1rOd+n+igMqatYtep0DbN71rX/K9WLWxjr9YRaV5YSnl/UaOQzGasmw6rC03cyrYD5Fq4WxlvokZuXYY/tvQv7eYS/E7hL5xtbwWOT1xAO9DXGCzBCmxAALuwD0dwDBXgcAcP8AhP3r337L14r/3WAe9rZh5+yHv/BKEEpCk=</latexit><latexit sha1_base64="mn26u2ABAIWX/h5RxbgiKNrtjz8="></latexit><latexit sha1_base64="mn26u2ABAIWX/h5RxbgiKNrtjz8="></latexit><latexit sha1_base64="b8eq0nosDc+ObREavBYPbLM0+Hg=">AAACI3icbZA7TsNAEIbXvAmvACXNighBgZBNAZQIGsog5YEUG2u8mTir7Npmd40URRyBY3ACWjgBHaKhoOQerJMUkPBLK336Z0Yz+0eZ4Nq47qczMzs3v7C4tFxaWV1b3yhvbjV0miuGdZaKVN1EoFHwBOuGG4E3mUKQkcBm1Lss6s17VJqnSc30MwwkxAnvcAbGWmF5349BSggl7YUXtEZ9gXfU70ag/EPqpxJjCOPb41JYrrhH7lB0GrwxVMhY1bD87bdTlktMDBOgdctzMxMMQBnOBD6U/FxjBqwHMbYsJiBRB4Phhx7onnXatJMq+xJDh+7viQFIrfsysp0STFdP1grzv1orN52zYMCTLDeYsNGiTi6oSWmRDm1zhcyIvgVgittbKeuCAmZshn+2jC4tcvEmU5iGxvGRZ/narZyfjBNaIjtklxwQj5ySc3JFqqROGHkkz+SFvDpPzpvz7nyMWmec8cw2+SPn6wdJkaM4</latexit>

Only determined by mechanical property! 

Condition for Entanglement 
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In terms of temperature  to quality factor ratio:

T

Qm
 1.5⇥ 10

�18
K

✓
⇤

2.0

◆ ✓
1Hz

!m/2⇡

◆✓
⇢

19 g/cm3

◆

<latexit sha1_base64="qlW/YDBD92tGmnhylcR5HrBvmeI="></latexit><latexit sha1_base64="eiJFu4zrSlJwpjZzb/ZqYOqotv0="></latexit><latexit sha1_base64="eiJFu4zrSlJwpjZzb/ZqYOqotv0="></latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="RXhxy6yvMq1Hn9zPiMif1xIEpp8="></latexit><latexit sha1_base64="RXhxy6yvMq1Hn9zPiMif1xIEpp8="></latexit><latexit sha1_base64="upvc5RrXD0YX6tPMpQ0onWqdqDQ="></latexit><latexit sha1_base64="upvc5RrXD0YX6tPMpQ0onWqdqDQ="></latexit><latexit sha1_base64="eiJFu4zrSlJwpjZzb/ZqYOqotv0="></latexit><latexit sha1_base64="eiJFu4zrSlJwpjZzb/ZqYOqotv0="></latexit><latexit sha1_base64="eiJFu4zrSlJwpjZzb/ZqYOqotv0="></latexit><latexit sha1_base64="eiJFu4zrSlJwpjZzb/ZqYOqotv0="></latexit><latexit sha1_base64="upvc5RrXD0YX6tPMpQ0onWqdqDQ="></latexit>

A B

This is beyond the state-of-the-art of optomechanics. 

�mkBT  ~!2
g

<latexit sha1_base64="Bj5Vfxzq1fZ0Hf+s3DqqLyWr/lU=">AAACI3icbZA7TsNAEIbHvAmvABIFNAsIQYGQTQGUCBpKkAggxcGMNxNnlV3b7K6RoogjcAxOQAsnoEM0FJTcg01CweuXVvr0z4xm9o9zKYz1/TdvYHBoeGR0bLw0MTk1PVOenTszWaE5VXgmM30RoyEpUqpYYSVd5JpQxZLO49Zht35+Q9qILD217ZxqCpNUNARH66yovB4mqBRGirWiA3bKQknXLGzGqMNNFmaKEoySy+1SVF71t/ye2F8IvmB1f3lh8QoAjqPyR1jPeKEotVyiMdXAz22tg9oKLum2FBaGcuQtTKjqMEVFptbpfeiWrTmnzhqZdi+1rOd+n+igMqatYtep0DbN71rX/K9WLWxjr9YRaV5YSnl/UaOQzGasmw6rC03cyrYD5Fq4WxlvokZuXYY/tvQv7eYS/E7hL5xtbwWOT1xAO9DXGCzBCmxAALuwD0dwDBXgcAcP8AhP3r337L14r/3WAe9rZh5+yHv/BKEEpCk=</latexit><latexit sha1_base64="mn26u2ABAIWX/h5RxbgiKNrtjz8="></latexit><latexit sha1_base64="mn26u2ABAIWX/h5RxbgiKNrtjz8="></latexit><latexit sha1_base64="b8eq0nosDc+ObREavBYPbLM0+Hg=">AAACI3icbZA7TsNAEIbXvAmvACXNighBgZBNAZQIGsog5YEUG2u8mTir7Npmd40URRyBY3ACWjgBHaKhoOQerJMUkPBLK336Z0Yz+0eZ4Nq47qczMzs3v7C4tFxaWV1b3yhvbjV0miuGdZaKVN1EoFHwBOuGG4E3mUKQkcBm1Lss6s17VJqnSc30MwwkxAnvcAbGWmF5349BSggl7YUXtEZ9gXfU70ag/EPqpxJjCOPb41JYrrhH7lB0GrwxVMhY1bD87bdTlktMDBOgdctzMxMMQBnOBD6U/FxjBqwHMbYsJiBRB4Phhx7onnXatJMq+xJDh+7viQFIrfsysp0STFdP1grzv1orN52zYMCTLDeYsNGiTi6oSWmRDm1zhcyIvgVgittbKeuCAmZshn+2jC4tcvEmU5iGxvGRZ/narZyfjBNaIjtklxwQj5ySc3JFqqROGHkkz+SFvDpPzpvz7nyMWmec8cw2+SPn6wdJkaM4</latexit>

(�m = !m/Qm , !2
g = ⇤G⇢)

<latexit sha1_base64="I5QgiSiPtmvVNetWGLVLGl/lFbU="></latexit><latexit sha1_base64="L8gyUxPwrpP8rlPOxlXV53xibEU="></latexit><latexit sha1_base64="L8gyUxPwrpP8rlPOxlXV53xibEU="></latexit><latexit sha1_base64="M1pgDVtmiHjBnr28w72me7Bsp0g="></latexit>

Condition for Entanglement 

“Less quantum” figures of merit
(not quantumless:-)

v Cross correlation

v Quantum discord

v Conditional squeezing

quantum 
correlation

quantum 
entanglement



Cross-correlation measurement

VA
<latexit sha1_base64="YUEj2MWiBR2LYGAvRRFPk8O3/ME=">AAACA3icbVDLSgMxFL3js9bXqEtBgkVwVWbcKK4qblxWsA9ph5JJM21okhmSjFCGLv0Ct/oF4kbc+iHu3Pgfpp0ubOuBwOGce7knJ0w408bzvpyl5ZXVtfXCRnFza3tn193br+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDq7HfuOBKs1ieWeGCQ0E7kkWMYKNle6zdhih+qhz1XFLXtmbAC0Sf0pKFffo7RsAqh33p92NSSqoNIRjrVu+l5ggw8owwumo2E41TTAZ4B5tWSqxoDrIJoFH6MQqXRTFyj5p0ET9u5FhofVQhHZSYNPX895Y/M9rpSa6CDImk9RQSfJDUcqRidH496jLFCWGDy3BRDGbFZE+VpgY29HMlTxp0fbiz7ewSOpnZd/yW1vQJeQowCEcwyn4cA4VuIEq1ICAgCd4hhfn0Xl13p2PfHTJme4cwAycz1+jtZn9</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="XhQ+HNa2c2LdXT1t4zskzMze0CU=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrs2ilXExjKCeUiyhNnJbDJkHsvMrBCWlH6BrX6Bndj6IX6A/+Ek2cIkHhg4nHMv98yJEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56zLpRjJqT3k2vXPGr/gxolQQ5qUCOeq/80+0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmzWeAJOnNKH8VKuyctmql/NzIsjBmLyE0KbIdm2ZuK/3md1MZXYcZkkloqyfxQnHJkFZr+HvWZpsTysSOYaOayIjLEGhPrOlq4Mk9acr0Eyy2skuZFNXD83q/UrvOGinACp3AOAVxCDe6gDg0gIOAFXuHNe/bevQ/vcz5a8PKdY1iA9/UL0oaYAg==</latexit>

VAB
<latexit sha1_base64="mm0GAzzEZ07QNp+v8rdR2Kie/yw=">AAACBnicbVDLSsNAFL3xWesr6lKQwSK4KokbxVXVjcsK9gFNKJPppB06mYSZiVBC9n6BW/0B3Ylbf8OdG//DadOFbT1w4XDOvdzDCRLOlHacL2tpeWV1bb20Ud7c2t7Ztff2mypOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdjv/VApWKxuNejhPoR7gsWMoK1kbzMC0LUzLvZ1XXetStO1ZkALRJ3Sio1++j1GwDqXfvH68UkjajQhGOlOq6TaD/DUjPCaV72UkUTTIa4TzuGChxR5WeTzDk6MUoPhbE0IzSaqH8vMhwpNYoCsxlhPVDz3lj8z+ukOrzwMyaSVFNBikdhypGO0bgA1GOSEs1HhmAimcmKyABLTLSpaeZLkbRsenHnW1gkzbOqa/idKegSCpTgEI7hFFw4hxrcQh0aQCCBJ3iGF+vRerPerY9idcma3hzADKzPXxE7m1U=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="+hH2hnjkcAuJKtpX+R/YYdKH71E=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRuFFdVNy4r2Ac0oUymk3boZDLMTIQSsvcL3OoXuBO3/oYf4H84bbOwrQcuHM65l3s4oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo5lIGsR4KFjECDZW8jM/jFA772c3t3m/WnPr7gxolXgFqUGBZr/64w8SksZUGMKx1j3PlSbIsDKMcJpX/FRTickYD2nPUoFjqoNsljlHZ1YZoChRdoRBM/XvRYZjrSdxaDdjbEZ62ZuK/3m91ERXQcaETA0VZP4oSjkyCZoWgAZMUWL4xBJMFLNZERlhhYmxNS18mSet2F685RZWSfui7ln+4NYa10VDZTiBUzgHDy6hAffQhBYQkPACr/DmPDvvzofzOV8tOcXNMSzA+foFQAyZWg==</latexit>

V0
AB

<latexit sha1_base64="BZrDaOYduKcDxAEY6JAR7qiNtXc=">AAACB3icbVDLTsJAFL1FRcQX6k43E4nRFWnZaHSDunGJiTwSaMh0mMKE6bTOTE1I0w/wC9zqF7gzbv0MP8D/cKAsBDzJTU7OuTf35HgRZ0rb9reVW1ldy68XNoqbW9s7u6W9/aYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtxG89UalYKB70OKJugAeC+YxgbSQ36Xo+aqa95PomPe2VynbFngItE2dGyrXDqzwY1Huln24/JHFAhSYcK9Vx7Ei7CZaaEU7TYjdWNMJkhAe0Y6jAAVVuMg2dohOj9JEfSjNCo6n69yLBgVLjwDObAdZDtehNxP+8Tqz9CzdhIoo1FSR75Mcc6RBNGkB9JinRfGwIJpKZrIgMscREm57mvmRJi6YXZ7GFZdKsVhzD701Bl5ChAEdwDGfgwDnU4A7q0AACj/ACr/BmPVvv1of1ma3mrNnNAczB+voFhSiaJg==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="Ov+/1FVLIRmGYx8xjHH4dbYJgBg=">AAACB3icbVBLTsMwFHwuv1J+BZZsLCoEqyphA2JVYMOySPQjtVHluE5r1XGC7SBVUQ7ACdjCCdghthyDA3AP3DYL2jLSk0Yz7+mNxo8F18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj24nfuuJKc0j+WDGMfNCMpA84JQYK3lp1w9wM+ul1zfZaa9ccarOFHiZuDmpQI56r/zT7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2kunoTN8YpU+DiJlRxo8Vf9epCTUehz6djMkZqgXvYn4n9dJTHDppVzGiWGSzh4FicAmwpMGcJ8rRo0YW0Ko4jYrpkOiCDW2p7kvs6Ql24u72MIyaZ5XXcvvnUrtKm+oCEdwDGfgwgXU4A7q0AAKj/ACr/CGntE7+kCfs9UCym8OYQ7o6xenhpmL</latexit>

VB
<latexit sha1_base64="1eN4JDBZycE6Vgs3F4dRFuci0Y0=">AAACBXicbVDLSsNAFL2pr1pfUZeCDBbBVUncKK6KblxWsA9IQ5lMJ+3QySTMTIQSsvYL3OoXdCdu/Q53bvwPp00XtvXAwOGce7lnTpBwprTjfFmltfWNza3ydmVnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN1N/fYTlYrF4lGPE+pHeCBYyAjWRvKybhCiVt7LbvOeXXVqzgxolbhzUq3bp5NvAGj07J9uPyZpRIUmHCvluU6i/QxLzQineaWbKppgMsID6hkqcESVn80i5+jcKH0UxtI8odFM/buR4UipcRSYyQjroVr2puJ/npfq8NrPmEhSTQUpDoUpRzpG0/+jPpOUaD42BBPJTFZEhlhiok1LC1eKpBXTi7vcwippXdZcwx9MQTdQoAwncAYX4MIV1OEeGtAEAjG8wCu8Wc/WxHq3PorRkjXfOYYFWJ+/gNybCg==</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="P8XnPy59C2yqYkFgYKHh5rOQJDc=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsy4sbgqunFZwT5gOpRMmmlDM8mQZIQyzNovcKtf4E7c+h1+gP9h2s7Cth4IHM65l3tywoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZv53SeqNJPi0UwTGsR4JFjECDZW8rN+GKFOPshu80G15tbdOdA68QpSgwKtQfWnP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrJ55BxdWGWIIqnsEwbN1b8bGY61nsahnYyxGetVbyb+5/mpiRpBxkSSGirI4lCUcmQkmv0fDZmixPCpJZgoZrMiMsYKE2NbWrqySFqxvXirLayTzlXds/zBrTVviobKcAbncAkeXEMT7qEFbSAg4QVe4c15dt6dD+dzMVpyip1TWILz9QuvrZkP</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

Amplitude
fluctuation of A

Quantum
radiation pressure

Test 
mass A

Test 
mass B

Phase
fluctuation of B

Gravitational 
interaction

Phase
modulation

A B

Measure the off-
diagonal term in the 

covariance matrix 
VAB =


0 G⇤

G 0

�

<latexit sha1_base64="5okvGdXuhEP7Ra0pGfpHA/VYz1A="></latexit><latexit sha1_base64="crnU5QyjmmsPI8b0h12XBpGjoBo="></latexit><latexit sha1_base64="crnU5QyjmmsPI8b0h12XBpGjoBo="></latexit><latexit sha1_base64="iRVB2JCaEWQh/OL1CYKcA5u+6Cc="></latexit>
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Cross-correlation measurement

Amplitude
fluctuation of A

Quantum
radiation pressure

Test 
mass A

Test 
mass B

Phase
fluctuation of B

Gravitational 
interaction

Phase
modulation

A B

VAB =


0 G⇤

G 0

�

<latexit sha1_base64="5okvGdXuhEP7Ra0pGfpHA/VYz1A="></latexit><latexit sha1_base64="crnU5QyjmmsPI8b0h12XBpGjoBo="></latexit><latexit sha1_base64="crnU5QyjmmsPI8b0h12XBpGjoBo="></latexit><latexit sha1_base64="iRVB2JCaEWQh/OL1CYKcA5u+6Cc="></latexit>

|G| = 2
p
CACB Qm

✓
!g

!m

◆2

<latexit sha1_base64="nz1ZaVM9sFc3tyBmzA2L67RWQXU="></latexit><latexit sha1_base64="zGxqDaxPGVPEnnWI2Otd+FdEfqU="></latexit><latexit sha1_base64="zGxqDaxPGVPEnnWI2Otd+FdEfqU="></latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="uifrNrN71ibcelNPaDiN0LAHjXY="></latexit><latexit sha1_base64="uifrNrN71ibcelNPaDiN0LAHjXY="></latexit><latexit sha1_base64="MbWirO6Gh2ed6zPSzZdESYOv9BY="></latexit><latexit sha1_base64="MbWirO6Gh2ed6zPSzZdESYOv9BY="></latexit><latexit sha1_base64="zGxqDaxPGVPEnnWI2Otd+FdEfqU="></latexit><latexit sha1_base64="zGxqDaxPGVPEnnWI2Otd+FdEfqU="></latexit><latexit sha1_base64="zGxqDaxPGVPEnnWI2Otd+FdEfqU="></latexit><latexit sha1_base64="zGxqDaxPGVPEnnWI2Otd+FdEfqU="></latexit><latexit sha1_base64="MbWirO6Gh2ed6zPSzZdESYOv9BY="></latexit>

Signal-to-Noise Ratio

SNR / ⌧1/2int

✓
CA
n̄B
th

◆1/2

<latexit sha1_base64="cIj3gRb5/UNMzQBxXfRZRRq0MT0="></latexit><latexit sha1_base64="pvy2obcmpmJVoz7J/sF1tfZA1qQ="></latexit><latexit sha1_base64="pvy2obcmpmJVoz7J/sF1tfZA1qQ="></latexit><latexit sha1_base64="cYdQj973RsEaMms0JaCi709e5Gw="></latexit>

increases as the integration time
Optomechanical

cooperativity: C / PcavFQm

m
<latexit sha1_base64="YByedCUtyQAnVvyVhcUPcnK4cLs=">AAACG3icbVDLSsNAFL3xWeur6tLNYBFclaQLdVkoiMsW7AOaEifTSTt0Jgkzk0IJ+Q83/oobF4q4ElwIfozTpgttPTBwOOdc7tzjx5wpbdtf1tr6xubWdmGnuLu3f3BYOjpuqyiRhLZIxCPZ9bGinIW0pZnmtBtLioXPaccf12d+Z0KlYlF4p6cx7Qs8DFnACNZG8krV1CWYo3rmxjKKdYTcQGKSNrzUlQIRPMnywE2Gmp5AWSoyr1S2K/YcaJU4C1KuVYLvewBoeKUPdxCRRNBQE46V6jl2rPsplpoRTrOimygaYzLGQ9ozNMSCqn46vy1D50YZoCCS5oUazdXfEykWSk2Fb5IC65Fa9mbif14v0cF1P2VhnGgaknxRkHBkOpgVhQZMUqL51BBMJDN/RWSETTna1Fk0JTjLJ6+SdrXiGN40bVxCjgKcwhlcgANXUINbaEALCDzAE7zAq/VoPVtv1nseXbMWMyfwB9bnD/bJo34=</latexit><latexit sha1_base64="N4zf/AoUj8eWgoAebuC3fNsgLHo=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykwX6rJQEJct2Ad0hiGTZtrQZDIkmUIZZu8nuPFX3LhQxJXgQvBjTDtdaOuBwOGcc7m5J0wYVdpxvqy19Y3Nre3STnl3b//g0D467iiRSkzaWDAheyFShNGYtDXVjPQSSRAPGemG48bM706IVFTEd3qaEJ+jYUwjipE2UmDXMg8jBhu5l0iRaAG9SCKcNYPMkxxiNMmLwE0OWwGHecbzwK44VWcOuErcBanUq9G3j++jZmB/eAOBU05ijRlSqu86ifYzJDXFjORlL1UkQXiMhqRvaIw4UX42vy2H50YZwEhI82IN5+rviQxxpaY8NEmO9EgtezPxP6+f6ujaz2icpJrEuFgUpQyaDmZFwQGVBGs2NQRhSc1fIR4hU442dZZNCe7yyaukU6u6hrdMG5egQAmcgjNwAVxwBergFjRBG2DwAJ7AC3i1Hq1n6816L6Jr1mLmBPyB9fkDtRKkzA==</latexit><latexit sha1_base64="N4zf/AoUj8eWgoAebuC3fNsgLHo=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykwX6rJQEJct2Ad0hiGTZtrQZDIkmUIZZu8nuPFX3LhQxJXgQvBjTDtdaOuBwOGcc7m5J0wYVdpxvqy19Y3Nre3STnl3b//g0D467iiRSkzaWDAheyFShNGYtDXVjPQSSRAPGemG48bM706IVFTEd3qaEJ+jYUwjipE2UmDXMg8jBhu5l0iRaAG9SCKcNYPMkxxiNMmLwE0OWwGHecbzwK44VWcOuErcBanUq9G3j++jZmB/eAOBU05ijRlSqu86ifYzJDXFjORlL1UkQXiMhqRvaIw4UX42vy2H50YZwEhI82IN5+rviQxxpaY8NEmO9EgtezPxP6+f6ujaz2icpJrEuFgUpQyaDmZFwQGVBGs2NQRhSc1fIR4hU442dZZNCe7yyaukU6u6hrdMG5egQAmcgjNwAVxwBergFjRBG2DwAJ7AC3i1Hq1n6816L6Jr1mLmBPyB9fkDtRKkzA==</latexit><latexit sha1_base64="yjTlbAfJ7HCRedyKeSupbzAaFh8=">AAACG3icbVDLSgMxFM34rPU16tJNsAiuykwX6rJQEJct2Ad0ypBJM21oMhmSTKGE+Q83/oobF4q4Elz4N6btLLT1QOBwzrnc3BOljCrted/OxubW9s5uaa+8f3B4dOyenHaUyCQmbSyYkL0IKcJoQtqaakZ6qSSIR4x0o0lj7nenRCoqkgc9S8mAo1FCY4qRtlLo1kyAEYONPEilSLWAQSwRNs3QBJJDjKb5MnCXw1bIYW54HroVr+otANeJX5AKKNAM3c9gKHDGSaIxQ0r1fS/VA4OkppiRvBxkiqQIT9CI9C1NECdqYBa35fDSKkMYC2lfouFC/T1hEFdqxiOb5EiP1ao3F//z+pmObweGJmmmSYKXi+KMQdvBvCg4pJJgzWaWICyp/SvEY2TL0bbOsi3BXz15nXRqVd/yllepXxd1lMA5uABXwAc3oA7uQRO0AQaP4Bm8gjfnyXlx3p2PZXTDKWbOwB84Xz8t+aFu</latexit>
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⌧int ⇡ 1.0 year

✓
n̄th/C
0.4

◆✓
!m/2⇡

1Hz

◆3 ✓
10

6

Qm

◆✓
19 g/cm3

⇢

◆2

<latexit sha1_base64="vHLbVzQHWv9Ph7rQUFsTTuDGfUw="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="eMv7HmwY6mNsy9HbN7t7RXfDkiE="></latexit><latexit sha1_base64="eMv7HmwY6mNsy9HbN7t7RXfDkiE="></latexit><latexit sha1_base64="y7JNspBedMn/JGueUoq5NCRDWZk="></latexit><latexit sha1_base64="y7JNspBedMn/JGueUoq5NCRDWZk="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="eMv7HmwY6mNsy9HbN7t7RXfDkiE="></latexit><latexit sha1_base64="eMv7HmwY6mNsy9HbN7t7RXfDkiE="></latexit><latexit sha1_base64="y7JNspBedMn/JGueUoq5NCRDWZk="></latexit><latexit sha1_base64="y7JNspBedMn/JGueUoq5NCRDWZk="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="2SNf/3XXy4DI490H5fbd2Nl/Gno="></latexit><latexit sha1_base64="y7JNspBedMn/JGueUoq5NCRDWZk="></latexit>

n̄th

C ⇡ 0.4

✓
m

1 g

◆✓
2 kW

Pcav

◆✓
6000

Finesse

◆✓
T

300K

◆

<latexit sha1_base64="IZ4VXq9kfMTXCk5ugrCqTLuliZg="></latexit><latexit sha1_base64="EDxykVSJyWviN2Y2bqZ98x3Ljs0="></latexit><latexit sha1_base64="EDxykVSJyWviN2Y2bqZ98x3Ljs0="></latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="URe8K0LTnkwmsjlZ9JIbDZFoobo="></latexit><latexit sha1_base64="URe8K0LTnkwmsjlZ9JIbDZFoobo="></latexit><latexit sha1_base64="9vnfZJRnn4oHJ7tIeaSweDbjO5c="></latexit><latexit sha1_base64="9vnfZJRnn4oHJ7tIeaSweDbjO5c="></latexit><latexit sha1_base64="EDxykVSJyWviN2Y2bqZ98x3Ljs0="></latexit><latexit sha1_base64="EDxykVSJyWviN2Y2bqZ98x3Ljs0="></latexit><latexit sha1_base64="EDxykVSJyWviN2Y2bqZ98x3Ljs0="></latexit><latexit sha1_base64="EDxykVSJyWviN2Y2bqZ98x3Ljs0="></latexit><latexit sha1_base64="9vnfZJRnn4oHJ7tIeaSweDbjO5c="></latexit>

Reaching SNR ~ 1 at room temperature:

m !m/2" Qm Pcav

1 g 1 Hz 106 2 kW

1 mg 10 Hz 109 2 W

1 #g 100 Hz 1012 2 mW

Cross-correlation measurement

A B

14

Cross-correlation affected by the classical amplitude noise

Need a better figure of merit

One Problem



Quantum discord

Amplitude
fluctuation of A

Quantum
radiation pressure

Test 
mass A

Test 
mass B

Phase
fluctuation of B

Gravitational 
interaction

Phase
modulation

VA
<latexit sha1_base64="YUEj2MWiBR2LYGAvRRFPk8O3/ME=">AAACA3icbVDLSgMxFL3js9bXqEtBgkVwVWbcKK4qblxWsA9ph5JJM21okhmSjFCGLv0Ct/oF4kbc+iHu3Pgfpp0ubOuBwOGce7knJ0w408bzvpyl5ZXVtfXCRnFza3tn193br+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDq7HfuOBKs1ieWeGCQ0E7kkWMYKNle6zdhih+qhz1XFLXtmbAC0Sf0pKFffo7RsAqh33p92NSSqoNIRjrVu+l5ggw8owwumo2E41TTAZ4B5tWSqxoDrIJoFH6MQqXRTFyj5p0ET9u5FhofVQhHZSYNPX895Y/M9rpSa6CDImk9RQSfJDUcqRidH496jLFCWGDy3BRDGbFZE+VpgY29HMlTxp0fbiz7ewSOpnZd/yW1vQJeQowCEcwyn4cA4VuIEq1ICAgCd4hhfn0Xl13p2PfHTJme4cwAycz1+jtZn9</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="XhQ+HNa2c2LdXT1t4zskzMze0CU=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrs2ilXExjKCeUiyhNnJbDJkHsvMrBCWlH6BrX6Bndj6IX6A/+Ek2cIkHhg4nHMv98yJEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56zLpRjJqT3k2vXPGr/gxolQQ5qUCOeq/80+0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmzWeAJOnNKH8VKuyctmql/NzIsjBmLyE0KbIdm2ZuK/3md1MZXYcZkkloqyfxQnHJkFZr+HvWZpsTysSOYaOayIjLEGhPrOlq4Mk9acr0Eyy2skuZFNXD83q/UrvOGinACp3AOAVxCDe6gDg0gIOAFXuHNe/bevQ/vcz5a8PKdY1iA9/UL0oaYAg==</latexit>

VAB
<latexit sha1_base64="mm0GAzzEZ07QNp+v8rdR2Kie/yw=">AAACBnicbVDLSsNAFL3xWesr6lKQwSK4KokbxVXVjcsK9gFNKJPppB06mYSZiVBC9n6BW/0B3Ylbf8OdG//DadOFbT1w4XDOvdzDCRLOlHacL2tpeWV1bb20Ud7c2t7Ztff2mypOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdjv/VApWKxuNejhPoR7gsWMoK1kbzMC0LUzLvZ1XXetStO1ZkALRJ3Sio1++j1GwDqXfvH68UkjajQhGOlOq6TaD/DUjPCaV72UkUTTIa4TzuGChxR5WeTzDk6MUoPhbE0IzSaqH8vMhwpNYoCsxlhPVDz3lj8z+ukOrzwMyaSVFNBikdhypGO0bgA1GOSEs1HhmAimcmKyABLTLSpaeZLkbRsenHnW1gkzbOqa/idKegSCpTgEI7hFFw4hxrcQh0aQCCBJ3iGF+vRerPerY9idcma3hzADKzPXxE7m1U=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="+hH2hnjkcAuJKtpX+R/YYdKH71E=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRuFFdVNy4r2Ac0oUymk3boZDLMTIQSsvcL3OoXuBO3/oYf4H84bbOwrQcuHM65l3s4oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo5lIGsR4KFjECDZW8jM/jFA772c3t3m/WnPr7gxolXgFqUGBZr/64w8SksZUGMKx1j3PlSbIsDKMcJpX/FRTickYD2nPUoFjqoNsljlHZ1YZoChRdoRBM/XvRYZjrSdxaDdjbEZ62ZuK/3m91ERXQcaETA0VZP4oSjkyCZoWgAZMUWL4xBJMFLNZERlhhYmxNS18mSet2F685RZWSfui7ln+4NYa10VDZTiBUzgHDy6hAffQhBYQkPACr/DmPDvvzofzOV8tOcXNMSzA+foFQAyZWg==</latexit>

V0
AB

<latexit sha1_base64="BZrDaOYduKcDxAEY6JAR7qiNtXc=">AAACB3icbVDLTsJAFL1FRcQX6k43E4nRFWnZaHSDunGJiTwSaMh0mMKE6bTOTE1I0w/wC9zqF7gzbv0MP8D/cKAsBDzJTU7OuTf35HgRZ0rb9reVW1ldy68XNoqbW9s7u6W9/aYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtxG89UalYKB70OKJugAeC+YxgbSQ36Xo+aqa95PomPe2VynbFngItE2dGyrXDqzwY1Huln24/JHFAhSYcK9Vx7Ei7CZaaEU7TYjdWNMJkhAe0Y6jAAVVuMg2dohOj9JEfSjNCo6n69yLBgVLjwDObAdZDtehNxP+8Tqz9CzdhIoo1FSR75Mcc6RBNGkB9JinRfGwIJpKZrIgMscREm57mvmRJi6YXZ7GFZdKsVhzD701Bl5ChAEdwDGfgwDnU4A7q0AACj/ACr/BmPVvv1of1ma3mrNnNAczB+voFhSiaJg==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="Ov+/1FVLIRmGYx8xjHH4dbYJgBg=">AAACB3icbVBLTsMwFHwuv1J+BZZsLCoEqyphA2JVYMOySPQjtVHluE5r1XGC7SBVUQ7ACdjCCdghthyDA3AP3DYL2jLSk0Yz7+mNxo8F18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj24nfuuJKc0j+WDGMfNCMpA84JQYK3lp1w9wM+ul1zfZaa9ccarOFHiZuDmpQI56r/zT7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2kunoTN8YpU+DiJlRxo8Vf9epCTUehz6djMkZqgXvYn4n9dJTHDppVzGiWGSzh4FicAmwpMGcJ8rRo0YW0Ko4jYrpkOiCDW2p7kvs6Ql24u72MIyaZ5XXcvvnUrtKm+oCEdwDGfgwgXU4A7q0AAKj/ACr/CGntE7+kCfs9UCym8OYQ7o6xenhpmL</latexit>

VB
<latexit sha1_base64="1eN4JDBZycE6Vgs3F4dRFuci0Y0=">AAACBXicbVDLSsNAFL2pr1pfUZeCDBbBVUncKK6KblxWsA9IQ5lMJ+3QySTMTIQSsvYL3OoXdCdu/Q53bvwPp00XtvXAwOGce7lnTpBwprTjfFmltfWNza3ydmVnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN1N/fYTlYrF4lGPE+pHeCBYyAjWRvKybhCiVt7LbvOeXXVqzgxolbhzUq3bp5NvAGj07J9uPyZpRIUmHCvluU6i/QxLzQineaWbKppgMsID6hkqcESVn80i5+jcKH0UxtI8odFM/buR4UipcRSYyQjroVr2puJ/npfq8NrPmEhSTQUpDoUpRzpG0/+jPpOUaD42BBPJTFZEhlhiok1LC1eKpBXTi7vcwippXdZcwx9MQTdQoAwncAYX4MIV1OEeGtAEAjG8wCu8Wc/WxHq3PorRkjXfOYYFWJ+/gNybCg==</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="P8XnPy59C2yqYkFgYKHh5rOQJDc=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsy4sbgqunFZwT5gOpRMmmlDM8mQZIQyzNovcKtf4E7c+h1+gP9h2s7Cth4IHM65l3tywoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZv53SeqNJPi0UwTGsR4JFjECDZW8rN+GKFOPshu80G15tbdOdA68QpSgwKtQfWnP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrJ55BxdWGWIIqnsEwbN1b8bGY61nsahnYyxGetVbyb+5/mpiRpBxkSSGirI4lCUcmQkmv0fDZmixPCpJZgoZrMiMsYKE2NbWrqySFqxvXirLayTzlXds/zBrTVviobKcAbncAkeXEMT7qEFbSAg4QVe4c15dt6dD+dzMVpyip1TWILz9QuvrZkP</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
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Quantum discord [1, 2, 3]:

[1] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901 (2001). 
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<latexit sha1_base64="YUEj2MWiBR2LYGAvRRFPk8O3/ME=">AAACA3icbVDLSgMxFL3js9bXqEtBgkVwVWbcKK4qblxWsA9ph5JJM21okhmSjFCGLv0Ct/oF4kbc+iHu3Pgfpp0ubOuBwOGce7knJ0w408bzvpyl5ZXVtfXCRnFza3tn193br+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDq7HfuOBKs1ieWeGCQ0E7kkWMYKNle6zdhih+qhz1XFLXtmbAC0Sf0pKFffo7RsAqh33p92NSSqoNIRjrVu+l5ggw8owwumo2E41TTAZ4B5tWSqxoDrIJoFH6MQqXRTFyj5p0ET9u5FhofVQhHZSYNPX895Y/M9rpSa6CDImk9RQSfJDUcqRidH496jLFCWGDy3BRDGbFZE+VpgY29HMlTxp0fbiz7ewSOpnZd/yW1vQJeQowCEcwyn4cA4VuIEq1ICAgCd4hhfn0Xl13p2PfHTJme4cwAycz1+jtZn9</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="XhQ+HNa2c2LdXT1t4zskzMze0CU=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrs2ilXExjKCeUiyhNnJbDJkHsvMrBCWlH6BrX6Bndj6IX6A/+Ek2cIkHhg4nHMv98yJEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56zLpRjJqT3k2vXPGr/gxolQQ5qUCOeq/80+0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmzWeAJOnNKH8VKuyctmql/NzIsjBmLyE0KbIdm2ZuK/3md1MZXYcZkkloqyfxQnHJkFZr+HvWZpsTysSOYaOayIjLEGhPrOlq4Mk9acr0Eyy2skuZFNXD83q/UrvOGinACp3AOAVxCDe6gDg0gIOAFXuHNe/bevQ/vcz5a8PKdY1iA9/UL0oaYAg==</latexit>

VAB
<latexit sha1_base64="mm0GAzzEZ07QNp+v8rdR2Kie/yw=">AAACBnicbVDLSsNAFL3xWesr6lKQwSK4KokbxVXVjcsK9gFNKJPppB06mYSZiVBC9n6BW/0B3Ylbf8OdG//DadOFbT1w4XDOvdzDCRLOlHacL2tpeWV1bb20Ud7c2t7Ztff2mypOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdjv/VApWKxuNejhPoR7gsWMoK1kbzMC0LUzLvZ1XXetStO1ZkALRJ3Sio1++j1GwDqXfvH68UkjajQhGOlOq6TaD/DUjPCaV72UkUTTIa4TzuGChxR5WeTzDk6MUoPhbE0IzSaqH8vMhwpNYoCsxlhPVDz3lj8z+ukOrzwMyaSVFNBikdhypGO0bgA1GOSEs1HhmAimcmKyABLTLSpaeZLkbRsenHnW1gkzbOqa/idKegSCpTgEI7hFFw4hxrcQh0aQCCBJ3iGF+vRerPerY9idcma3hzADKzPXxE7m1U=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="+hH2hnjkcAuJKtpX+R/YYdKH71E=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRuFFdVNy4r2Ac0oUymk3boZDLMTIQSsvcL3OoXuBO3/oYf4H84bbOwrQcuHM65l3s4oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo5lIGsR4KFjECDZW8jM/jFA772c3t3m/WnPr7gxolXgFqUGBZr/64w8SksZUGMKx1j3PlSbIsDKMcJpX/FRTickYD2nPUoFjqoNsljlHZ1YZoChRdoRBM/XvRYZjrSdxaDdjbEZ62ZuK/3m91ERXQcaETA0VZP4oSjkyCZoWgAZMUWL4xBJMFLNZERlhhYmxNS18mSet2F685RZWSfui7ln+4NYa10VDZTiBUzgHDy6hAffQhBYQkPACr/DmPDvvzofzOV8tOcXNMSzA+foFQAyZWg==</latexit>

V0
AB

<latexit sha1_base64="BZrDaOYduKcDxAEY6JAR7qiNtXc=">AAACB3icbVDLTsJAFL1FRcQX6k43E4nRFWnZaHSDunGJiTwSaMh0mMKE6bTOTE1I0w/wC9zqF7gzbv0MP8D/cKAsBDzJTU7OuTf35HgRZ0rb9reVW1ldy68XNoqbW9s7u6W9/aYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtxG89UalYKB70OKJugAeC+YxgbSQ36Xo+aqa95PomPe2VynbFngItE2dGyrXDqzwY1Huln24/JHFAhSYcK9Vx7Ei7CZaaEU7TYjdWNMJkhAe0Y6jAAVVuMg2dohOj9JEfSjNCo6n69yLBgVLjwDObAdZDtehNxP+8Tqz9CzdhIoo1FSR75Mcc6RBNGkB9JinRfGwIJpKZrIgMscREm57mvmRJi6YXZ7GFZdKsVhzD701Bl5ChAEdwDGfgwDnU4A7q0AACj/ACr/BmPVvv1of1ma3mrNnNAczB+voFhSiaJg==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="Ov+/1FVLIRmGYx8xjHH4dbYJgBg=">AAACB3icbVBLTsMwFHwuv1J+BZZsLCoEqyphA2JVYMOySPQjtVHluE5r1XGC7SBVUQ7ACdjCCdghthyDA3AP3DYL2jLSk0Yz7+mNxo8F18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj24nfuuJKc0j+WDGMfNCMpA84JQYK3lp1w9wM+ul1zfZaa9ccarOFHiZuDmpQI56r/zT7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2kunoTN8YpU+DiJlRxo8Vf9epCTUehz6djMkZqgXvYn4n9dJTHDppVzGiWGSzh4FicAmwpMGcJ8rRo0YW0Ko4jYrpkOiCDW2p7kvs6Ql24u72MIyaZ5XXcvvnUrtKm+oCEdwDGfgwgXU4A7q0AAKj/ACr/CGntE7+kCfs9UCym8OYQ7o6xenhpmL</latexit>

VB
<latexit sha1_base64="1eN4JDBZycE6Vgs3F4dRFuci0Y0=">AAACBXicbVDLSsNAFL2pr1pfUZeCDBbBVUncKK6KblxWsA9IQ5lMJ+3QySTMTIQSsvYL3OoXdCdu/Q53bvwPp00XtvXAwOGce7lnTpBwprTjfFmltfWNza3ydmVnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN1N/fYTlYrF4lGPE+pHeCBYyAjWRvKybhCiVt7LbvOeXXVqzgxolbhzUq3bp5NvAGj07J9uPyZpRIUmHCvluU6i/QxLzQineaWbKppgMsID6hkqcESVn80i5+jcKH0UxtI8odFM/buR4UipcRSYyQjroVr2puJ/npfq8NrPmEhSTQUpDoUpRzpG0/+jPpOUaD42BBPJTFZEhlhiok1LC1eKpBXTi7vcwippXdZcwx9MQTdQoAwncAYX4MIV1OEeGtAEAjG8wCu8Wc/WxHq3PorRkjXfOYYFWJ+/gNybCg==</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="P8XnPy59C2yqYkFgYKHh5rOQJDc=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsy4sbgqunFZwT5gOpRMmmlDM8mQZIQyzNovcKtf4E7c+h1+gP9h2s7Cth4IHM65l3tywoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZv53SeqNJPi0UwTGsR4JFjECDZW8rN+GKFOPshu80G15tbdOdA68QpSgwKtQfWnP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrJ55BxdWGWIIqnsEwbN1b8bGY61nsahnYyxGetVbyb+5/mpiRpBxkSSGirI4lCUcmQkmv0fDZmixPCpJZgoZrMiMsYKE2NbWrqySFqxvXirLayTzlXds/zBrTVviobKcAbncAkeXEMT7qEFbSAg4QVe4c15dt6dD+dzMVpyip1TWILz9QuvrZkP</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

VAB =


0 G⇤

G 0

�

<latexit sha1_base64="5okvGdXuhEP7Ra0pGfpHA/VYz1A="></latexit><latexit sha1_base64="crnU5QyjmmsPI8b0h12XBpGjoBo="></latexit><latexit sha1_base64="crnU5QyjmmsPI8b0h12XBpGjoBo="></latexit><latexit sha1_base64="iRVB2JCaEWQh/OL1CYKcA5u+6Cc="></latexit>

Quantum discord                    :
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Quantum discord

Amplitude
fluctuation of A

Quantum
radiation pressure

Test 
mass A

Test 
mass B

Phase
fluctuation of B

Gravitational 
interaction

Phase
modulation

VA
<latexit sha1_base64="YUEj2MWiBR2LYGAvRRFPk8O3/ME=">AAACA3icbVDLSgMxFL3js9bXqEtBgkVwVWbcKK4qblxWsA9ph5JJM21okhmSjFCGLv0Ct/oF4kbc+iHu3Pgfpp0ubOuBwOGce7knJ0w408bzvpyl5ZXVtfXCRnFza3tn193br+s4VYTWSMxj1QyxppxJWjPMcNpMFMUi5LQRDq7HfuOBKs1ieWeGCQ0E7kkWMYKNle6zdhih+qhz1XFLXtmbAC0Sf0pKFffo7RsAqh33p92NSSqoNIRjrVu+l5ggw8owwumo2E41TTAZ4B5tWSqxoDrIJoFH6MQqXRTFyj5p0ET9u5FhofVQhHZSYNPX895Y/M9rpSa6CDImk9RQSfJDUcqRidH496jLFCWGDy3BRDGbFZE+VpgY29HMlTxp0fbiz7ewSOpnZd/yW1vQJeQowCEcwyn4cA4VuIEq1ICAgCd4hhfn0Xl13p2PfHTJme4cwAycz1+jtZn9</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="ZpoASkRryvkH39MbV/wmICUCnvE=">AAACA3icbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UawiNpYRzEOSJcxOZpMhM7vLzKwQlpT2gq1+gaQRW8GfsPAD/A8n2RQm8cDA4Zx7uWeOH3OmtON8W7ml5ZXVtfx6YWNza3vH3t2rqSiRhFZJxCPZ8LGinIW0qpnmtBFLioXPad3vX439+j2VikXhrR7E1BO4G7KAEayNdJe2/ADVhu3Ltl10Ss4EaJG4U1Is24ejr8fPUaVt/7Q6EUkEDTXhWKmm68TaS7HUjHA6LLQSRWNM+rhLm4aGWFDlpZPAQ3RslA4KImleqNFE/buRYqHUQPhmUmDdU/PeWPzPayY6OPdSFsaJpiHJDgUJRzpC49+jDpOUaD4wBBPJTFZEelhiok1HM1eypAXTizvfwiKpnZZcw29MQReQIQ8HcAQn4MIZlOEaKlAFAgKe4BlerAfr1Xqz3rPRnDXd2YcZWB+/YfGb7w==</latexit><latexit sha1_base64="XhQ+HNa2c2LdXT1t4zskzMze0CU=">AAACA3icbVC7SgNBFL0bXzG+opY2g0GwCrs2ilXExjKCeUiyhNnJbDJkHsvMrBCWlH6BrX6Bndj6IX6A/+Ek2cIkHhg4nHMv98yJEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRqWa0AZRXOl2hA3lTNKGZZbTdqIpFhGnrWh0O/VbT1QbpuSDHSc0FHggWcwItk56zLpRjJqT3k2vXPGr/gxolQQ5qUCOeq/80+0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmzWeAJOnNKH8VKuyctmql/NzIsjBmLyE0KbIdm2ZuK/3md1MZXYcZkkloqyfxQnHJkFZr+HvWZpsTysSOYaOayIjLEGhPrOlq4Mk9acr0Eyy2skuZFNXD83q/UrvOGinACp3AOAVxCDe6gDg0gIOAFXuHNe/bevQ/vcz5a8PKdY1iA9/UL0oaYAg==</latexit>

VAB
<latexit sha1_base64="mm0GAzzEZ07QNp+v8rdR2Kie/yw=">AAACBnicbVDLSsNAFL3xWesr6lKQwSK4KokbxVXVjcsK9gFNKJPppB06mYSZiVBC9n6BW/0B3Ylbf8OdG//DadOFbT1w4XDOvdzDCRLOlHacL2tpeWV1bb20Ud7c2t7Ztff2mypOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjdjv/VApWKxuNejhPoR7gsWMoK1kbzMC0LUzLvZ1XXetStO1ZkALRJ3Sio1++j1GwDqXfvH68UkjajQhGOlOq6TaD/DUjPCaV72UkUTTIa4TzuGChxR5WeTzDk6MUoPhbE0IzSaqH8vMhwpNYoCsxlhPVDz3lj8z+ukOrzwMyaSVFNBikdhypGO0bgA1GOSEs1HhmAimcmKyABLTLSpaeZLkbRsenHnW1gkzbOqa/idKegSCpTgEI7hFFw4hxrcQh0aQCCBJ3iGF+vRerPerY9idcma3hzADKzPXxE7m1U=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="AdpQjgHAk+uFd1MrpwXiT6PK8q8=">AAACBnicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayiNpYRzAOyS5idzCZDZh/MzAph2d7SylZ/IHZim5+w8AP8DyfZFCbxwIXDOfdyD8eLOZPKsr6Nwsrq2vpGcbO0tb2zu2fuHzRklAhC6yTikWh5WFLOQlpXTHHaigXFgcdp0xvcTvzmIxWSReGDGsbUDXAvZD4jWGnJSR3PR42sk17fZB2zbFWsKdAysWekXDWPR1/P41GtY/443YgkAQ0V4VjKtm3Fyk2xUIxwmpWcRNIYkwHu0bamIQ6odNNp5gydaqWL/EjoCRWaqn8vUhxIOQw8vRlg1ZeL3kT8z2snyr90UxbGiaIhyR/5CUcqQpMCUJcJShQfaoKJYDorIn0sMFG6prkvedKS7sVebGGZNM4rtub3uqAryFGEIziBM7DhAqpwBzWoA4EYXuAV3own4934MD7z1YIxuzmEORjjX89onUc=</latexit><latexit sha1_base64="+hH2hnjkcAuJKtpX+R/YYdKH71E=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgqiRuFFdVNy4r2Ac0oUymk3boZDLMTIQSsvcL3OoXuBO3/oYf4H84bbOwrQcuHM65l3s4oeRMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vpv6nSeqNEvEo5lIGsR4KFjECDZW8jM/jFA772c3t3m/WnPr7gxolXgFqUGBZr/64w8SksZUGMKx1j3PlSbIsDKMcJpX/FRTickYD2nPUoFjqoNsljlHZ1YZoChRdoRBM/XvRYZjrSdxaDdjbEZ62ZuK/3m91ERXQcaETA0VZP4oSjkyCZoWgAZMUWL4xBJMFLNZERlhhYmxNS18mSet2F685RZWSfui7ln+4NYa10VDZTiBUzgHDy6hAffQhBYQkPACr/DmPDvvzofzOV8tOcXNMSzA+foFQAyZWg==</latexit>

V0
AB

<latexit sha1_base64="BZrDaOYduKcDxAEY6JAR7qiNtXc=">AAACB3icbVDLTsJAFL1FRcQX6k43E4nRFWnZaHSDunGJiTwSaMh0mMKE6bTOTE1I0w/wC9zqF7gzbv0MP8D/cKAsBDzJTU7OuTf35HgRZ0rb9reVW1ldy68XNoqbW9s7u6W9/aYKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtxG89UalYKB70OKJugAeC+YxgbSQ36Xo+aqa95PomPe2VynbFngItE2dGyrXDqzwY1Huln24/JHFAhSYcK9Vx7Ei7CZaaEU7TYjdWNMJkhAe0Y6jAAVVuMg2dohOj9JEfSjNCo6n69yLBgVLjwDObAdZDtehNxP+8Tqz9CzdhIoo1FSR75Mcc6RBNGkB9JinRfGwIJpKZrIgMscREm57mvmRJi6YXZ7GFZdKsVhzD701Bl5ChAEdwDGfgwDnU4A7q0AACj/ACr/BmPVvv1of1ma3mrNnNAczB+voFhSiaJg==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="HBDBXmq+RYuNG9GnhHeWZfIW6K4=">AAACB3icbVC7SgNBFL2rRpP4itppMxhEq7Bro2gTtbGMYB6QLGF2MpsMmZ1dZ2aFsOQD/AJb/QI7sRX8CT/Ayj+wcpJNYRIPXDiccy/3cLyIM6Vt+9NaWFzKLK9kc/nVtfWNzcLWdk2FsSS0SkIeyoaHFeVM0KpmmtNGJCkOPE7rXv9q5NfvqVQsFLd6EFE3wF3BfEawNpKbtDwf1Ybt5OJyeNguFO2SPQaaJ86EFMu755mf749cpV34anVCEgdUaMKxUk3HjrSbYKkZ4XSYb8WKRpj0cZc2DRU4oMpNxqGH6MAoHeSH0ozQaKz+vUhwoNQg8MxmgHVPzXoj8T+vGWv/1E2YiGJNBUkf+TFHOkSjBlCHSUo0HxiCiWQmKyI9LDHRpqepL2nSvOnFmW1hntSOS47hN6agM0iRhT3YhyNw4ATKcA0VqAKBO3iEJ3i2HqwX69V6S1cXrMnNDkzBev8FU9Cc1w==</latexit><latexit sha1_base64="Ov+/1FVLIRmGYx8xjHH4dbYJgBg=">AAACB3icbVBLTsMwFHwuv1J+BZZsLCoEqyphA2JVYMOySPQjtVHluE5r1XGC7SBVUQ7ACdjCCdghthyDA3AP3DYL2jLSk0Yz7+mNxo8F18ZxvlFhZXVtfaO4Wdra3tndK+8fNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj24nfuuJKc0j+WDGMfNCMpA84JQYK3lp1w9wM+ul1zfZaa9ccarOFHiZuDmpQI56r/zT7Uc0CZk0VBCtO64TGy8lynAqWFbqJprFhI7IgHUslSRk2kunoTN8YpU+DiJlRxo8Vf9epCTUehz6djMkZqgXvYn4n9dJTHDppVzGiWGSzh4FicAmwpMGcJ8rRo0YW0Ko4jYrpkOiCDW2p7kvs6Ql24u72MIyaZ5XXcvvnUrtKm+oCEdwDGfgwgXU4A7q0AAKj/ACr/CGntE7+kCfs9UCym8OYQ7o6xenhpmL</latexit>

VB
<latexit sha1_base64="1eN4JDBZycE6Vgs3F4dRFuci0Y0=">AAACBXicbVDLSsNAFL2pr1pfUZeCDBbBVUncKK6KblxWsA9IQ5lMJ+3QySTMTIQSsvYL3OoXdCdu/Q53bvwPp00XtvXAwOGce7lnTpBwprTjfFmltfWNza3ydmVnd2//wD48aqk4lYQ2Scxj2QmwopwJ2tRMc9pJJMVRwGk7GN1N/fYTlYrF4lGPE+pHeCBYyAjWRvKybhCiVt7LbvOeXXVqzgxolbhzUq3bp5NvAGj07J9uPyZpRIUmHCvluU6i/QxLzQineaWbKppgMsID6hkqcESVn80i5+jcKH0UxtI8odFM/buR4UipcRSYyQjroVr2puJ/npfq8NrPmEhSTQUpDoUpRzpG0/+jPpOUaD42BBPJTFZEhlhiok1LC1eKpBXTi7vcwippXdZcwx9MQTdQoAwncAYX4MIV1OEeGtAEAjG8wCu8Wc/WxHq3PorRkjXfOYYFWJ+/gNybCg==</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="UpVROcIvt588g0U8tBFvn8mLMNw=">AAACBXicbVC7SgNBFL0bXzG+Vi0FGQyCVdi1UayCNpYRzAM2IcxOZpMhs7PLzKwQlq1tbWz1C9KJrf6EhR/gfzjJpjCJBwYO59zLPXP8mDOlHefbKqysrq1vFDdLW9s7u3v2/kFDRYkktE4iHsmWjxXlTNC6ZprTViwpDn1Om/7wZuI3H6hULBL3ehTTToj7ggWMYG0kL237AWpk3fQ669plp+JMgZaJOyPlqn08/nr6HNe69k+7F5EkpEITjpXyXCfWnRRLzQinWamdKBpjMsR96hkqcEhVJ51GztCpUXooiKR5QqOp+ncjxaFSo9A3kyHWA7XoTcT/PC/RwWUnZSJONBUkPxQkHOkITf6PekxSovnIEEwkM1kRGWCJiTYtzV3Jk5ZML+5iC8ukcV5xDb8zBV1BjiIcwQmcgQsXUIVbqEEdCETwDC/waj1aY+vNes9HC9Zs5xDmYH38Aj8YnPw=</latexit><latexit sha1_base64="P8XnPy59C2yqYkFgYKHh5rOQJDc=">AAACBXicbVDLSgMxFL1TX7W+qi7dBIvgqsy4sbgqunFZwT5gOpRMmmlDM8mQZIQyzNovcKtf4E7c+h1+gP9h2s7Cth4IHM65l3tywoQzbVz32yltbG5t75R3K3v7B4dH1eOTjpapIrRNJJeqF2JNORO0bZjhtJcoiuOQ0244uZv53SeqNJPi0UwTGsR4JFjECDZW8rN+GKFOPshu80G15tbdOdA68QpSgwKtQfWnP5QkjakwhGOtfc9NTJBhZRjhNK/0U00TTCZ4RH1LBY6pDrJ55BxdWGWIIqnsEwbN1b8bGY61nsahnYyxGetVbyb+5/mpiRpBxkSSGirI4lCUcmQkmv0fDZmixPCpJZgoZrMiMsYKE2NbWrqySFqxvXirLayTzlXds/zBrTVviobKcAbncAkeXEMT7qEFbSAg4QVe4c15dt6dD+dzMVpyip1TWILz9QuvrZkP</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>

YB
<latexit sha1_base64="1ChZzdlV4DqTG0wf3+T19MECK7Q=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfgyXuA==</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="Yts+EVLSueHG81LqYV1NxjQ+1vo=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WhJtLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEX1JmQ</latexit><latexit sha1_base64="fsAi+IoPKFKvKCPAGaEn2omDAVE=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2uiS6cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C15qlYY=</latexit>

XA
<latexit sha1_base64="RRF/d2PVxEGUU0VXKb98zDs+deY=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELetyXtg==</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="MCFBfCQEg2oARU0UUOPUy0aQ1q0=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UmJsLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxSkmY4=</latexit><latexit sha1_base64="sqlEjnkRn4/WXFgtyefeI0KdlMY=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6BLjxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1s6lYQ=</latexit>

XB
<latexit sha1_base64="YyDSukszhToZ+iASE36rG6c/jb8=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXRjUuI8khgQjqlAw2ddtJ2TMiE+AVu9QvcGbdu/Q3j2v+wMCwEPEmTk3PuzT09QcyZNq775eQ2Nrfy24Wd4u7e/sFh6ei4pWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2Mb2Z++4EqzaS4N5OY+hEeChYygo2V7jr9636p7FbcOdA68RakXMs3vj8BoN4v/fQGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq3ygCFUtknDJqrfzdSHGk9iQI7GWEz0qveTPzP6yYmvPJTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG1n6UqWtGh78VZbWCetasWzvGELqkKGApzCGVyAB5dQg1uoQxMIDOEJnuHFeXRenTfnPRvNOYudE1iC8/ELfHOXtw==</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="HrQ3r/O8ZEMgW1rPsuikFccX3ZA=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0UhJtLCHKI4ENmR1mYcLs7GZm1oRsiF9gYYNfYGyMrf/gHxhr/8OBpRDwJJOcnHNv7pnjRZwpbdtfVmZjcyu7ndvJ7+7tHxwWjo6bKowloQ0S8lC2PawoZ4I2NNOctiNJceBx2vJG1zO/dU+lYqG40+OIugEeCOYzgrWRbtu9q16haJfsOdA6cRakWM3Wvz+nT6+1XuGn2w9JHFChCcdKdRw70m6CpWaE00m+GysaYTLCA9oxVOCAKjeZR52gc6P0kR9K84RGc/XvRoIDpcaBZyYDrIdq1ZuJ/3mdWPsVN2EiijUVJD3kxxzpEM3+jfpMUqL52BBMJDNZERliiYk27SxdSZPmTS/OagvrpFkuOYbXTUFlSJGDUziDC3DgEqpwAzVoAIEBPMIUnq0H68V6s97T0Yy12DmBJVgfvxY7mY8=</latexit><latexit sha1_base64="yEDPMJ/bWvLFhoClTY5MhJcVdYM=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWbY6JLoxiVGeSQwIZ3SgYZOZ9LeMSET4he41S9wZ9z6LX6A/2GBWQh4kiYn59ybe3qCRAqDrvvtFDY2t7Z3irulvf2Dw6Py8UnLxKlmvMliGetOQA2XQvEmCpS8k2hOo0DydjC+nfntJ66NiNUjThLuR3SoRCgYRSs9dPo3/XLFrbpzkHXi5aQCORr98k9vELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+ZRp+TCKgMSxto+hWSu/t3IaGTMJArsZERxZFa9mfif100xvPYzoZIUuWKLQ2EqCcZk9m8yEJozlBNLKNPCZiVsRDVlaNtZurJIWrK9eKstrJNWrepZfu9W6rW8oSKcwTlcggdXUIc7aEATGAzhBV7hzXl23p0P53MxWnDynVNYgvP1C1zRlYU=</latexit>

YA
<latexit sha1_base64="2JzI/K5fMjDfr27cqs+l5tBLtLo=">AAAB/XicbVDLTgIxFL2Diogv1KWbRmLiisyw0SXGjUuI8jAwIZ3SgYZOO2k7JmRC/AK3+gXujFu3/oZx7X9YGBYKnqTJyTn35p6eIOZMG9f9dHJr6xv5zcJWcXtnd2+/dHDY0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7GVzO/fU+VZlLcmklM/QgPBQsZwcZKN3f9y36p7FbcOdAq8RakXMs3vj4AoN4vffcGkiQRFYZwrHXXc2Pjp1gZRjidFnuJpjEmYzykXUsFjqj203nUKTq1ygCFUtknDJqrvzdSHGk9iQI7GWEz0sveTPzP6yYmvPBTJuLEUEGyQ2HCkZFo9m80YIoSwyeWYKKYzYrICCtMjG3nz5UsadH24i23sEpa1YpnecMWVIUMBTiGEzgDD86hBtdQhyYQGMIjPMGz8+C8OK/OWzaacxY7R/AHzvsPfHWXtw==</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="/FJyyvx/YFvd31WUSPtWbipwoug=">AAAB7HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5rYNzWSG5I5Qhr6AW5/AnfhGPoDvYfqzsK0XAh/nJNyTE+dKWgqCb6+yt39weFQ99k9q/unZeb3WsVlhBLZFpjLTi7lFJTW2SZLCXm6Qp7HCbjx9XPjdVzRWZvqFZjlGKR9rOZKCk5Naw3ojaAbLYbsQrqEB6xnWfwZJJooUNQnFre2HQU5RyQ1JoXDuDwqLORdTPsa+Q81TtFG5jDln105J2Cgz7mhiS/Xvi5Kn1s7S2N1MOU3strcQ//P6BY3uo1LqvCDUYrVoVChGGVv8mSXSoCA1c8CFkS4rExNuuCDXzMaWVVLf1RJul7ALndtm6Pg5gCpcwhXcQAh38ABP0II2CEjgDd690vvwPlf1Vbx1jxewMd7XLybcki0=</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="l50T/vpO8KEZFOBhxdIBn9jXhbg=">AAAB8nicbZDNSgMxFIXv1L9aq1a3boJFcFVm3OhSceOyov2RdiiZ9E4bmkmGJCOUofgEbvUJ3Inv4wP4HqY/C9t6IfBxTsI9OVEquLG+/+0VNja3tneKu6W98v7BYeWo3DQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsa3U791jNqw5V8tOMUw4QOJI85o9ZJD0+9m16l6tf82ZB1CBZQhcXUe5Wfbl+xLEFpmaDGdAI/tWFOteVM4KTUzQymlI3oADsOJU3QhPks6oScOaVPYqXdkZbM1L8vcpoYM04idzOhdmhWvan4n9fJbHwV5lymmUXJ5oviTBCryPTfpM81MivGDijT3GUlbEg1Zda1s7RlnrTkeglWW1iH5kUtcHzvQxFO4BTOIYBLuIY7qEMDGAzgFd7g3XvxPrzPeYMFb1HlMSyN9/UL8ImUMQ==</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="nixr0TXu9TV/bDyTuPZuCmwZ1r4=">AAAB/XicbVC7TgJBFL2Liogv1NJmIjGxIrs0WmJsLCHKw8CGzA6zMGF2djMza0I2xC+wsMEvMDbG1n/wD4y1/+HAUgh4kklOzrk398zxIs6Utu0vK7O2vpHdzG3lt3d29/YLB4cNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXrDq6nfvKdSsVDc6lFE3QD3BfMZwdpIN3fdy26haJfsGdAqceakWMnWvj8nT6/VbuGn0wtJHFChCcdKtR070m6CpWaE03G+EysaYTLEfdo2VOCAKjeZRR2jU6P0kB9K84RGM/XvRoIDpUaBZyYDrAdq2ZuK/3ntWPsXbsJEFGsqSHrIjznSIZr+G/WYpETzkSGYSGayIjLAEhNt2lm4kibNm16c5RZWSaNccgyvmYLKkCIHx3ACZ+DAOVTgGqpQBwJ9eIQJPFsP1ov1Zr2noxlrvnMEC7A+fgEWPZmP</latexit><latexit sha1_base64="I3o07hg+N71weu0OxgN+j8p+3yY=">AAAB/XicbVDLTgIxFL3jE/GFunTTSExckRk2usS4cYlRHgYmpFM60NDpTNo7JmRC/AK3+gXujFu/xQ/wPywwCwFP0uTknHtzT0+QSGHQdb+dtfWNza3twk5xd2//4LB0dNw0caoZb7BYxrodUMOlULyBAiVvJ5rTKJC8FYxupn7riWsjYvWA44T7ER0oEQpG0Ur3j73rXqnsVtwZyCrxclKGHPVe6afbj1kacYVMUmM6npugn1GNgkk+KXZTwxPKRnTAO5YqGnHjZ7OoE3JulT4JY22fQjJT/25kNDJmHAV2MqI4NMveVPzP66QYXvmZUEmKXLH5oTCVBGMy/TfpC80ZyrEllGlhsxI2pJoytO0sXJknLdpevOUWVkmzWvEsv3PLtWreUAFO4QwuwINLqMEt1KEBDAbwAq/w5jw7786H8zkfXXPynRNYgPP1C1zTlYU=</latexit>
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Quantum discord                    :

Very sensitive to measurement errors :-( 16

Need an even better figure of merit



Conditional squeezing

Amplitude fluctuation is at the 
vacuum level

(independent of mirror motion)

H. Miao, D. Martynov, H. Yang, and A. Datta, Phys. Rev. A 101, 063804 (2020).
17

Conditional squeezing

In the quantum-radiation-pressure-limited regime:

18



Conditional squeezing

19

“Optical subtraction”: ponderomotive squeezing

A. Datta, and H. Miao, Quantum Science and Technology 6, 045014 (2021)

ponderomotive squeezing for the differential mode (homodyne readout) 

20
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Predictions of Some Classical Gravity Models

Non-relativistic 
limit [1]

Semi-classical Gravity:

Emergent gravity [3, 4, 5]:

Gµ⌫ =
8⇡G

c4
h |T̂µ⌫ | i
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!
2
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2!m

⇣
hQ̂AiQ̂B + Q̂AhQ̂Bi

⌘
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Zero Correlation
/Squeezing

(for preselection [2])

ĤAB = TS(Q̂A � Q̂B) + �ĤAB
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HAB = TS(hQ̂Ai � hQ̂Bi)
<latexit sha1_base64="FD19WuX7s6klUf2dsGQfu8ftDdw="></latexit><latexit sha1_base64="deGtdbnyqNJIznReQTBLTsCbPbI="></latexit><latexit sha1_base64="deGtdbnyqNJIznReQTBLTsCbPbI="></latexit><latexit sha1_base64="dJuebq6U75ky+276LgRJVwJ7jOE=">AAACOHicbVDLSgMxFM3UV62vqks3wSLUhWVGBF0otHXTZYt9QWcYMmmmDc1khiQjlKE/42f4BW51586NiFu/wLSdhW09EDj3nHu5N8eLGJXKNN+NzNr6xuZWdju3s7u3f5A/PGrLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxvdT/3OIxGShrypxhFxAjTg1KcYKS25+VtYc5NKdQLvYBM+FG2G+IARe4gUbLgVW8zKi0W5msrnbr5glswZ4CqxUlIAKepu/tPuhzgOCFeYISl7lhkpJ0FCUczIJGfHkkQIj9CA9DTlKCDSSWa/nMAzrfShHwr9uIIz9e9EggIpx4GnOwOkhnLZm4r/eb1Y+TdOQnkUK8LxfJEfM6hCOI0M9qkgWLGxJggLqm+FeIgEwkoHu7BlfmlO52Itp7BK2pclS/OGWShfpQllwQk4BUVggWtQBjVQBy2AwRN4Aa/gzXg2Powv43vemjHSmWOwAOPnF6xkq5o=</latexit>

or

Zero
Correlation/squeezing

Reduced
correlation SNR

[1] H. Yang, H. Miao, D. Lee, B. Helou, and Y. Chen, Phys. Rev. Lett. 110, 170401 (2013).
[2] Y. Liu, H. Miao, Y. Chen, and Y. Ma, arXiv: 2207.05966 (2022). 
[2] T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995).
[3] E. Verlinde, Journal of High Energy Physics 2011, 29 (2011).
[4] T. Padmanabhan, Modern Physics Letters A 30, 1540007 (2015).

Conclusions

v Squeezing can be served as an intermediate step towards entanglement.

v Some classical models of gravity predict testable levels of squeezing.

v Low-frequency, high-quality factor oscillators are required.

v More detailed design studies of the experimental schemes are needed. 

Thank you!
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Exotic Compact Objects
What we have learned so far

http://www.DarkGRA.org

There’s a crack in everything – that’s how the light gets in.
     Leonard Cohen

https://web.uniroma1.it/gmunu

P. Pani - Exotic Compact Objects @ JGRG-31 - 25/10/2022

Black Holes (BHs) are now everywhere!

Why (still) testing the BH picture?

2017 2020Event Horizon Telescope Collaboration

LIGO-Virgo-KAGRA Collaboration

I04
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Why?
 Are there compact objects other than black holes and neutron stars?

 LIGO/Virgo mass-gap (GW190814, GW190521) events?

 Supermassive BH seeds?

 (Dark) matter compact objects? (e.g. boson/axion stars)
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Why?
 Are there compact objects other than black holes and neutron stars?

 LIGO/Virgo mass-gap (GW190814, GW190521) events?

 Supermassive BH seeds?

 (Dark) matter compact objects? (e.g. boson/axion stars)

 Observational signatures of quantum BHs? (if not now, when?)

 Information loss, singularities, Cauchy horizons…

 New physics at the horizon (e.g. =rewalls, nonlocality) [Almheri+, Giddings+, 2012-2017]

 Regular, horizonless compact objects (e.g. fuzzballs) [Lunin+, Mathur+, Bena+, Bianchi+, Giusto+, …]

  Quantifying the “BH-ness” across mass ranges (e.g. Bayesian model selection)

Observations of exotic compact objects (ECOs) would imply new physics / new matter
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The zoo of ECOs

Solutions to GR 
with exotic matter sources

(e.g. anisotropic stars, boson stars, 
axion stars, gravastars, wormholes)

Solutions to modi'ed gravity
(e.g. fuzzballs/microstates, 2-2 holes, 

superspinars, wormholes)

 No sharp distinction in some cases

 Modi=ed gravity required for true BH mimickers?

 Some models require modi=ed gravity only in the interior / close to the 

horizon C assuming GR in the exterior is often a good approx.

 Some models are phenomenological (formation, dynamics, stability?)

 There are also coherent and well-motivated ab-initio models 

[Cardoso-Pani, LRR 2019; Carballo-Rubio+ PRD 2018; Maggio+ 2021 for ECO models, constraints, and details]
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Quantifying the shades of darkness
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Compactness
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Quantifying the shades of darkness
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~Small compactness

No absorption

(e.g. boson stars)

~Small compactness
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(e.g. di+use fuzzballs)
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Light ring Quantum

How do current and future 

observations constrain this 

parameter space?
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A compass to navigate the ECO atlas
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Evading Buchdhal #1:Boson stars

 Well-motivated and consistent: Self-gravitating solutions to GR + (complex) boson

 Max. mass and compactness depend on self-interactions

  Spinning (scalar) boson stars are unstable unless 

strongly interacting [Sanchis-Gual+ PRL 2019, Siemonsen-East PRD 2021]

Liebling & Palenzuela Living Rev. Rel. (updated 2022)

[Siem
onsen &

 E
ast, P

hys. R
ev. D

 103 (2021)] Strong interactions give rise to multiple stable branches [Guerra, Macedo, PP, JCAP 2019] 

and peculariar multipolar structrure [Ryan 1997, Vaglio+, PRD 2022]

~light-ring
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Evading Buchdhal #2a: anisotropic stars
Raposo+, Phys. Rev. D 99, 104050 (2019)

 Covariant framework for anisotropic Euids 

in GR, ready for 3+1 simulations

 Consistent proxy for ultracompact objects

 Satisfy WEC and SEC; highly-anisotropic 

con=gurations violate DEC

 How about causality?

Anisotropies are key to build ultracompact horizonless objects
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Evading Buchdhal #2b: elastic stars
Alho, Natario, Pani, Raposo, 

PRD 106 (2022) 4, L041502; 

PRD 105 (2022) 4, 044025

 Anisotropic TOV equations + stored energy function for elastic matter

 Two extra equation-of-state parameters 

 Evades Buchdahl but only for superluminality

 Causal limit:

 Stability:  
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Evading Buchdhal #3: fuzzballs

 Fuzzball paradigm: classical BHs are ensembles of a 

huge number of regular, horizonless, microstates 

geometries [Lunin+ 2001, Mathur 2005+, Bena+, Bianchi+, Giusto+, ...] 

 BH entropy explained by the number of microstates. 

BH entropy accounted for in special cases 
[Strominger 1996, Horowitz 1996, Maldacena 1997] 

 (Low-energy truncations of) string theory admits 

huge families of solutions [Bena+ 2007, 2015-2017]

 Pros: well motivated, mass is free parameter

 Cons: complicated, mostly extremal charged BHs  
[but see Bah+ 2021-2022 for recent non-SUSY extension]

 Open issues: measurement problem (typical vs 

atypical states, averaging?), phenomenology 
[Mayerson 2020]

BH
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GW-based tests of ECOs
Slide concept by T. Hinderer and A. Maselli

multipolar

structure
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 GR BHs have dimensionless spin

 ECOs (eg. fuzzballs, boson stars) can evade this bound

 Microstates of static BHs are generically (slowly?) spinning

 Quantum gravity generically admits “superspinars” [Gimon-Horava PRD 2009]

Testing the Kerr bound
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 GR BHs have dimensionless spin

 ECOs (eg. fuzzballs, boson stars) can evade this bound

 Microstates of static BHs are generically (slowly?) spinning

 Quantum gravity generically admits “superspinars” [Gimon-Horava PRD 2009]

 Kerr bound can be tested in a model-independent way:

1. Point particle PN phase up to 1.5PN depends only on masses & spins 

 but no consistent PN inspiral or IMR waveforms

2. Measuring secondary spin in an EMRI with LISA? [Piovano+ PLB 2020]

 but correlated with other parameters! [Piovano+ PRD 2021]

 can spin precession and generic orbits break degeneracy?

Testing the Kerr bound
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Post-Newtonian inspiral: BH vs ECO 

Blanchet, Living Rev. Relativity 17, 2 (2014)

P. Pani - Exotic Compact Objects @ JGRG-31 - 25/10/2022

Post-Newtonian inspiral: BH vs ECO 

Blanchet, Living Rev. Relativity 17, 2 (2014)
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Post-Newtonian inspiral: BH vs ECO 

Blanchet, Living Rev. Relativity 17, 2 (2014)

 2PN: Point-particle phase depends on multipole moments of the bodies

 Tests of the BH no-hair theorem [Hansen 1974] 

Mass moments Spin moments
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Post-Newtonian inspiral: BH vs ECO 

Blanchet, Living Rev. Relativity 17, 2 (2014)

 2PN: Point-particle phase depends on multipole moments of the bodies

 Tests of the BH no-hair theorem [Hansen 1974] 

 ECOs (axisymmetric case): 

 3G/LISA can constrain mass quadrupole (M
2
) and spin octupole (S

3
) [Krishnendu+ 2018] 

 In the BH limit C “hair conditioner” theorem [Raposo, PP, Emparan, PRD 2019] 

(assumes exterior is ~ GR and curvature near the surface is small)

Mass moments Spin moments

C
redits: G

. R
ap

oso
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The multipolar structure of ECOs
 Tests of the BH no-hair theorem [Hansen 1974] 

 ECOs (axisymmetric case): 

 Bounds on the M
2
 based on EM and GW probes [Bambi-Barausse, ApJ 2010, Psaltis-Johanssen 2010s, EHT 

2019, Cardenas-Avendano+ CQG 2020, Psaltis+ PRL 2020] 

 In the BH limit C “hair conditioner” theorem [Raposo, PP, Emparan, PRD 2019] 

(assumes exterior is ~ GR and curvature near the surface is small)

Mass moments Spin moments

Credits: G. Raposo

Several families of analytical ECO solutions with soft hair available 

@ www.darkgra.org

Credits: G. Raposo
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 Stationary ECOs can break: [fuzzballs: Bena+ 2020-2021; Bianchi+ PRL-JHEP 2020; boson stars: Herdeiro+ PLB 2020] 

 equatorial symmetry: e.g. S
2

0, M�
3

0�

 axial symmetry: e.g. M
20

0, M�
21

0, M�
22

0�

 Fuzzballs (in N=2 supergravity): 

 certain multipole ratios are ~ universal [Bena-Mayerson PRL-JHEP 2020] 

 certain multipole invariants are minimum for BPS BHs [Bianchi+ PRL-JHEP 2020] ... 

….but not for non-BPS states [Bena+ 2021] 

 Lot of progress: current models should be extended beyond Kerr symmetries:

 Searching for equatorial-symmetry breaking with LISA EMRIs [Fransen-Mayerson PRD 2022]

 Axial-symmetry breaking introduces precession & phase modulation 
[Loutrel+ PRD 2022; Loutrel, Pani, Yunes, gr-qc/2210.10571] 

Credits: G. Raposo

The multipolar structure of fuzzballs
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Post-Newtonian inspiral: BH vs ECO 

 2.5log PN: tidal heating [Alvi PRD 2001, Poisson, PRD 2009]

 BHs absorb radiation at horizon 

 Tidal heating is ~ absent for ECOs 

 Small even for 3G for q~1 C IMRIs or LISA [Maselli+, 2018, Hughes PRD 2001, Datta+ PRD 2020] 
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 5PN: tidal deformability and Love numbers [Flanagan & Hinder, PRD77 021502 2008]

 Love = 0 for a BH in GR [Damour ‘86; Binnington-Poisson PRD 2009; Damour-Nagar PRD 2009] 

 Love  0 for ECOs and BHs in modi=ed gravity � [Porto+ Fortsch. Phys. 2016, Cardoso+, PRD 2017]

 LISA able to distinguish BHs from any boson star model  [Cardoso+, PRD 2017, Pacilio+ PRD 2021]

 In several ECO models Love scales logarithmically C strong constraints with LISA 
[Uchikata+ PRD 2016; Maselli+, PRL 2018, CQG 2019; Addazi+ PRL 2019]

                                    

Post-Newtonian inspiral: BH vs ECO 

 2.5log PN: tidal heating [Alvi PRD 2001, Poisson, PRD 2009]

 BHs absorb radiation at horizon 

 Tidal heating is ~ absent for ECOs 

 Small even for 3G for q~1 C IMRIs or LISA [Maselli+, 2018, Hughes PRD 2001, Datta+ PRD 2020] 
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 5PN: tidal deformability and Love numbers [Flanagan & Hinder, PRD77 021502 2008]

 Love = 0 for a BH in GR [Damour ‘86; Binnington-Poisson PRD 2009; Damour-Nagar PRD 2009] 

 Love  0 for ECOs and BHs in modi=ed gravity � [Porto+ Fortsch. Phys. 2016, Cardoso+, PRD 2017]

 LISA able to distinguish BHs from any boson star model  [Cardoso+, PRD 2017, Pacilio+ PRD 2021]

 In several ECO models Love scales logarithmically C strong constraints with LISA 
[Uchikata+ PRD 2016; Maselli+, PRL 2018, CQG 2019; Addazi+ PRL 2019]

                                    

Post-Newtonian inspiral: BH vs ECO 

 2.5log PN: tidal heating [Alvi PRD 2001, Poisson, PRD 2009]

 BHs absorb radiation at horizon 

 Tidal heating is ~ absent for ECOs 

 Small even for 3G for q~1 C IMRIs or LISA [Maselli+, 2018, Hughes PRD 2001, Datta+ PRD 2020] 
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Evidence of Love  0�  in a supermassive 

object would imply a departure from the 

standard vacuum GR BH picture
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BH vs Boson Stars: coherent model  

Coherent inspiral waveform C all deviations from Kerr (multipoles, tidal, etc)     

depend only on masses & spins and on the theory’s coupling constants

 Tidal deformability strongest, but coherent model signi=cantly improves the constraints

 Constraining power of current detectors is marginal: 3G/LISA required to constrain boson-

star couplings
[Pacilio+ PRD 2020, see also Toubiana+ PRD 2021, 

Sanchis-Gual+, 2208.11717]

pp only tidal only coherent 5PN coherent 6PN
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ECO tests with EMRIs/IMRIs
 EMRIs are unique probes of both multipolar structure and dynamics

 Non-BH corrections are ampli=ed for small mass-ratio:

 Spin-induced multipole moments C       [Barack-Cutler, PRD 2007, Babak+ 2017]

 Equatorial symmetry breaking C                [Fransen-Mayerson PRD 2022]

 Tidal heating C                [Datta+ PRD 2020, Maggio+ PRD 2021] 

 Tidal Love numbers C       [Pani-Maselli 2019, Piovano+ 2207.07452] 

 Tests of the Kerr bound (χ<1) could be much simpler and accurate with EMRIs 

if one can measure the spin of the secondary [Piovano+, PRD-PLB 2020, PRD 2021]

 ECO tests with EMRIs/IMRIs C many challenges in modeling, parameter 

estimation, rates, etc… C careful with simplistic projected bounds! 
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Testing horizon absence with EMRIs

 ECO QNM excitation in Euxes [Sago-Tanaka PRD 2021, Maggio, van de Meent, Pani; PRD 2021]

 EMRIs can potentially constrain the reEectivity at the level of              

 Speci=c models (e.g.                     ) can be con=rmed/ruled out

 However: careful with time scales and “greenhouse” eZect [Cardoso-Duque, PRD 2022]
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Ringdown tests 
of the nature of compact objects
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BH spectroscopy
 Post-merger signal C superposition of quasinormal modes (QNMs)  

[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]

 Smoking guns of “new physics”:

 Shift of QNMs (bkg geometry + dynamics + boundary conditions):

 

 Extra modes (e.g., polarizations, matter modes) C amplitudes?

 Isospectrality breaking (probably subdominant, resolvable?)
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BH spectroscopy
 Post-merger signal C superposition of quasinormal modes (QNMs)  

[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]

 LIGO/Virgo: some events where the dominant QNM has been measured, 

hints of secondary modes in GW150914 and GW190521?

 LISA: O(1-100) events/yr allowing for BH spectroscopy at 1-10% level for 

3+ QNM quantities [Bhagwat+ PRD 2022] 

 Smoking guns of “new physics”:

 Shift of QNMs (bkg geometry + dynamics + boundary conditions):

 

 Extra modes (e.g., polarizations, matter modes) C amplitudes?

 Isospectrality breaking (probably subdominant, resolvable?)
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BH spectroscopy
 Post-merger signal C superposition of quasinormal modes (QNMs)  

[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]

 LIGO/Virgo: some events where the dominant QNM has been measured, 

hints of secondary modes in GW150914 and GW190521?

 LISA: O(1-100) events/yr allowing for BH spectroscopy at 1-10% level for 

3+ QNM quantities [Bhagwat+ PRD 2022] 

 Smoking guns of “new physics”:

 Shift of QNMs (bkg geometry + dynamics + boundary conditions):

 

 Extra modes (e.g., polarizations, matter modes) C amplitudes?

 Isospectrality breaking (probably subdominant, resolvable?)
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QNMs: BHs vs Rest of the World

photon sphere

[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]
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QNMs: BHs vs Rest of the World

photon sphere

Note: radiation reaches horizon 

in in=nite coordinate time[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]
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QNMs: BHs vs Rest of the World

photon sphere

Only (classical) BHs absorb everything!

Note: radiation reaches horizon 

in in=nite coordinate time[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]
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QNMs: BHs vs Rest of the World

photon sphere

?
Only (classical) BHs absorb everything!

 Total absorption is the de=ning 

property of a BH

 Some reEectivity in any other case

 ReEectivity = weak GW interaction! 

Note: radiation reaches horizon 

in in=nite coordinate time[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]
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QNMs: BHs vs Rest of the World

No horizon  C diZerent ringdown

photon sphere

?
Only (classical) BHs absorb everything!

Note: radiation reaches horizon 

in in=nite coordinate time[e.g. Kokkotas & Schmidt (1999), Berti, Cardoso, Starinets (2009)]

 Total absorption is the de=ning 

property of a BH

 Some reEectivity in any other case

 ReEectivity = weak GW interaction! 
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QNMs: boundaries & metric
[Oshita+ 2019, Maggio+ PRD 2020]

 Neglecting spin and assuming GR in the exterior

 Interior modeled by the membrane paradigm [Damour, Thorne, ...]

 Boundary conditions C viscosity of a -ctitious Euid

 Axial and polar modes are not isospectral but harder to resolve

Region not excluded by GW150914

2

Credits: 
Elisa Maggio
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QNMs: boundaries & metric
[Oshita+ 2019, Maggio+ PRD 2020]

 Neglecting spin and assuming GR in the exterior

 Interior modeled by the membrane paradigm [Damour, Thorne, ...]

 Boundary conditions C viscosity of a -ctitious Euid

 Axial and polar modes are not isospectral but harder to resolve

Region not excluded by GW150914

2

Credits: 
Elisa Maggio

A factor 10 increase in the SNR 

would constrain the whole region
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GW echoes

Vilenkin PLB 1978, Mark+ PRD 2017, Abedi+ PRD 2017

 Echo delay time scales logarithmically with compactness

 Claim: echoes require either exotic matter or beyond GR [Alho+ 2022]

 For ultracompact objects (ε<0.01) prompt ringdown is identical to BHs but 

GW “echoes” appear at later times [Cardoso+ PRL-PRD 2016...]

Cardoso & PP, Nature Astronomy 2017 

U
niversal light-ring 

oscillations

echoes
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Echo detectability

 Contrasting results with LIGO data [Abedi+, 2017/18, Conklin+ 2018/19, Ashton+ 2017, Westerweck+ 2018] but 

no statistical evidence in LVKC searches [Uchikata+ 2019, Tsang+ 2019, GWTC-3 2021]

 Recent “measurement” claims in GW190521 [Abedi+ 2022]

 Near-horizon corrections are within reach! Echo search pipelines now routine in LVKC

 LIGO/Virgo can probe only large reEectivity, much better prospects with 3G/LISA!

  Lot of progress on echo waveform modeling, pipelines, and searches [Abedi+, Universe (2020)]  

[Testa & PP PRD 2018, Maggio+ PRD 2019]d=100 M, M=30 Msun, D=400 Mpc
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GW echo slideshow

Waveforms, templates, and movies available @ http://www.DarkGRA.org/gw-echo-catalogue.html

 

- complex reEectivity

- mixing of polarizations

- spin-dependent modulation

- This complexity absent in 

current searches

..and still a toy model!

Coherent, analytical 

template in the FD:
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BH microstate spectroscopy
Ikeda+, PRD 2021

 Background: family of sols to N=2 supergravity [Bena-Warner 2008]

 3+1 evolution of Klein-Gordon equation on generic microstate

 No spatial isometries in general

4D ansatz:

N centers:

Bianchi+ 2020

 Note: no ergoregion by construction C no ergoregion instability

 Works for any stationary 4D geometry (e.g., also non-SUSY, neutral) [Bah+ 2021-2022]
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BH microstate spectroscopy

Movies @ https://web.uniroma1.it/gmunu/fuzzballs-multipole-moments-and-ringdown

Credits: 

Taishi Ikeda

t=15M t=30M t=45M t=60MBianchi+ 2020

 Background: family of sols to N=2 supergravity [Bena-Warner 2008]

 3+1 evolution of Klein-Gordon equation on generic microstate

 No spatial isometries in general

Ikeda+, PRD 2021



P. Pani - Exotic Compact Objects @ JGRG-31 - 25/10/2022

BH microstate spectroscopy

Movies @ https://web.uniroma1.it/gmunu/fuzzballs-multipole-moments-and-ringdown

Ikeda+, PRD 2021
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BH microstate spectroscopy

 Overall structure 

qualitatively clear but 

mode mixing 

complicates the signal

Ikeda+, PRD 2021
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BH microstate spectroscopy

Bonus: 
microstates are dynamically stable!

(at least for test =elds)

 Overall structure 

qualitatively clear but 

mode mixing 

complicates the signal

Ikeda+, PRD 2021
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Conclusion

 Living the BH era: discovery opportunities for new physics!

 Dramatic improvements on ECOs on all fronts in the last few years

 Any signature of beyond-Kerrness would shake physics to its grounds

 Strong evidence for light rings & constraints on the reEectivity from GWs/EM

 Exquisite constraints in the future, esp. with EMRIs

 Horizons are special: portal to observables quantum gravity eZects?

If Not Now, When?
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Backup slides
“Nothing is More Necessary than 

the Unnecessary” [cit.]

BONUS SLIDES

What is the fate of Hawking evaporation in 

gravity theories with higher curvature terms? 
 

Based on 
Fabrizio Corelli, Marina De Amicis, Taishi Ikeda, PP
2205.13006; 2205.13007 (PRD in press)
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Quadratic gravity as a test-bed
 UV completion unknown or too involved

 C need a consistent framework to study nonperturbative dynamics

 Einstein-scalar-Gauss-Bonnet (EdGB) gravity:

 Inspired by heterotic and bosonic string theories

 The only quadratic-gravity theory with second-order =eld equations

 Can be studied beyond the perturbative (EFT) regime

(not necessarily Planckian)
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BHs in EdGB gravity

 Violates BH no-hair theorems C static BHs with (secondary) scalar hair [Kanti+ PRD 1996]

 Phase space depends on the coupling:

     C two branches of solutions

     C minimum mass is regular

     C minimum-radius solution

     C singular sol. at the end of 2nd branch

    C singular minimum-mass BH
GR lim

it



P. Pani - What's the fate of Hawking evaporation? Saclay June 2022

BHs in EdGB gravity

GR lim
it

stab
le

unstable

 Violates BH no-hair theorems C static BHs with (secondary) scalar hair [Kanti+ PRD 1996]

 Phase space depends on the coupling:

     C two branches of solutions

     C minimum mass is regular

     C minimum-radius solution

     C singular sol. at the end of 2nd branch

    C singular minimum-mass BH
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BHs in EdGB gravity
Torii-Maeda PRD 1997; Konoplya+ PRD 2019; M. De Amicis’s Msc thesis 2021

 Minimum-mass solution has nonzero temperature and graybody factor

        C emission ~10% faster than in GR

Temperature Graybody factor @ minimum mass
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The Puzzle

End-state?

EdGB scale needs not being Planckian C 

puzzle should be resolvable without invoking quantum gravity!

v

v

time

GR lim
it

?
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Another piece of the puzzle?
Kanti-Kleihaus-Kunz PRL-PRD 2021 

Kleihaus-Kunz-Kanti PLB 2019, PRD 2020; M. De Amicis’s Msc thesis 2021

 BHs: 1-param family

 Wormholes: 2-param family 

 Cusps: 1-param family

 Particle-like: 2-param family 

Minimum mass is a 

double point
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Mass loss past minimum mass

Naked singularity formation?
(or at least naked elliptic region?)

P. Pani - What's the fate of Hawking evaporation? Saclay June 2022

To be or not to be (physics)?

Good convergence up to the very last stages

High-curvature region expands tracking the elliptic region
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Event vs Apparent horizon

In EdGB the apparent horizon is 

not necessarily inside the event horizon

Also event horizon shrinks in time 

towards large curvature regions

Null-ray tracing

AH

AH

EH

EH
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Imaging the horizon?

Escape angle ~ O( )ε Round-trip time ~ 9M

 

Cardoso & PP, Nature Astronomy (2017) 

 EM tests when Cε 0 are very challenging [Abramowicz+ (2012)]  

 Existence of a light ring is a strong discriminator
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The imitation game
BHBoson star

 Moderately compact ECOs distinguishable, especially if accreting [Olivares+ MNRAS 2020]  

 More compact ECOs with light rings harder to distinguish [Cardoso, Duque, Foschi PRD 2021]

 Tests based on shadows can constrain ε~O(1) [EHT 2019, Cardoso-Pani 2019, Volkel+ 2020]  

  Degeneracy with spin, distance, accretion model, emissivity?

Herdeiro+, JCAP 2021Vincent+, CQG 2016

M/R~0.075M/R~0.098

Proca star ~ NewtonianBH
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Assuming thermal equilibrium and hard surface yields much tighter constraints 
[Broderick-Narayan CQG 2007]

This stringent constraint is evaded if the object has just a tiny absorption 
[Carballo-Rubio+, Phys.Rev.D 98 12 124009 (2018)]

How about accretion?
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How well does the BH geometry describe 
the dark compact objects in our universe? 

Quantifying the “unbearableness”

Cardoso & Pani, Living Rev Relativ (2019) 22:4
 for description of the eZects, caveats, and references

34/34
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Searching for the absence
  When testing BHs we don’t look for something, but for the absence thereof

 Surface / internal structure

 Radiation from the object

 Hair / multipolar structure

 Tidal Love numbers

BHs are unique yet simple

 BHs in GR+SM described by 3 params C multiple consistency tests

Need models and framework to go beyond null tests

6/34
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Extreme compact objects (ECOs)
 Several models/proposals

 DiZerent levels of “robustness”

 Equilibrium sols?

 Stability? 

 Formation? Coalescence?

 Phenomenologically:

 “Good” ECOs

 “Bad” ECOs

Cardoso & Pani, Living Rev Relativ (2019) 22:4

Phenomenology can be 

investigated even in absence 

of a =rst-principle framework

8/34
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Quantifying the shade of darkness

Two classes of ECOs (depending on the “closeness” parameter)

 “Neutron-star like”  (e.g. boson stars)   C

 “BH like” (e.g. fuzzballs, “quantum BHs”) C 

 Goal: probe smaller and smaller values of 

C requires combination of targeted and agnostic searches

10/39

Cardoso & Pani, Living Rev Relativ (2019) 22:4
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QNM spectrum of an UCO

 Generic feature: low-frequency, long-lived QNMs in the BH limit

 QNM spectrum dramatically diZerent C ringdown?

BH
 li

m
it

BH QNMs

Cardoso, Franzin, Pani, PRL (2016)

19/34
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Ringdown and GW spectroscopy

 Current detections consistent with Kerr, but low SNR in the ringdown (~1cycle/damping time) 

 Ringdown tests possible with 3G and LISA [Berti+, PRL. 117 101102 (2016)] 
[LVC, PRL 116 221101 (2016)] 

Supermassive sources more than compensate 

for smaller detector sensitivity
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 Small corrections C requires spinning supermassive binaries @ 2-20 Gpc

 LISA binaries are golden sources to probe Planckian corrections!

 Tidal terms recently computed to 6.5PN [Abdelsalhin, Gualtieri, PP; 1805.01487]

Probing BH quantum structures with LISA
Maselli, PP+; PRL 120 081101 (2018)

Absence of tidal heating Tidal deformability



Gravitational waves, contrasting the 'standards' 
(BHs/NSs in GR) with

`beyond standard scenarios (ECOs and/or 
extensions to GR)

Luis Lehner

Perimeter Institute for Theoretical Physics

Outline

• Motivation

• Dissecting a gravitational wave train

• Beyond ‘phenomenology/wishful models’
– Beyond BHs/NSs?
– Beyond GR

• Analysis?

I05



‘Ground rules’

• consistency with 
what we’ve seen 
even without 
modeling

• based on 
‘solid/complete’ 
results

• Mindful of tests 
that can/will be 
carried out

Current types of tests

• Null tests of GR → consistency with GR vs not 
Do we know what to expect in GR completely?

• Parameterized tests of GR →build deviations in 
inspiral, merger, RD (pPN,pPE,RD,deformed 
match). But, stages are not independent
– Go solely on each stage with smoking guns? 

(polarizations, dipolar radn, QNMs, echoes). Do we 
know what to expect?

• Full waveforms in specific theories.  Can this be 
done self-consistently?



Current models BBHs

IMR <-> h(‘PN’ + {EOB/PHENOM} + (QN)Ringdown)

• When to match? 
– I-to-M:  ‘lots of room’ for when
– M-to-R: lots of temptation for ‘as early’ as possible

From Giesler etal Phys.Rev.X 9 (2019) 4, 041060

• 2nd order perturbation for rotating black holes [Loutrel+ 
PRD’21; Ripley+ PRD’21, Pound ‘20]

• m=2 → m={0, 4} modes. 

  Of ~ 10-2 relative strength wrt to main one

• CAV: Stand alone analysis, ambiguity 

wrt to initial conditions

• BUT: basics of mechanism are robust



‘Background’ impact
• Modes propagate on a changing background as BH accretes, 

and the time-scale of such change is not adiabatic [Sberna+ 
PRD 105 ‘22]

• Secular effect, mass/angular momentum changes -> a mode 
will be ‘projected’ onto new ones.  AIME: absorption induced 
mode excitation

• CAV: sims and thorough comparison for a 
  scalar field in asymptotic AdS spacetimes

• Mode influence assuming no time offset in 

 comparison

• BUT: basic mechanism is clear, and will take
  place in AF scenarios.

[Sberna,Bosch-Gomez,Green,East,LL]

Warnings:
1. Overfitting/overinterpreting?

2. Subtle differences misinterpreted?

[Nicasio + PRD’99]



And echoes?
• Existence of ‘surface’ invoked for analysis. Reflection, or 

partial (total) absorption/re-emission. 
→largely, ‘wishful thinking’ calculations, as (with the 
exception of NSs/BSs) not sufficiently complete model to ‘ask 
the complete questions’  [e.g. Pani+]

• AdS black bubbles: spacetime is unstable to decay to 
an AdS spacetime. Heavily suppressed, but when 
matters ‘threatens’ to collapse and form a BH such 
nucleation is entropically enhanced. 

• If an AdS bubble forms, matter can turn into massless 
open strings and a shell divides the regions

•
[Danielsson,Dibitetto,Giri ‘17;
Danielsson,LL,Pretorius ‘21]

AdS black bubbles
• ‘Echo’ behavior highly dependent on interior structure, 

‘re-emission’ gets strongly modified by characteristic 
modes from the interior solution.  Are we looking ‘in 
the right place’?--> it need not be a ‘copy’ of what 
went in



Coupling with scalars/(vectors)

• Minimally coupled → to produce ‘ECO’ : boson 
stars (also to describe DM), give hair, further 
physical effect: ‘gravitational cooling’

• Non-minimally coupled → the above + modify 
gravity: dipole radiation 
– Spontaneous scalarization [D-EF]
– But also: (i) induced scalarization: scalarized when 

not possible in isolation
–                 (ii) dynamical scalarization: match scalar 

charge even with a mass ratio 

Boson stars ‘vs’ BBHs/BNSs: cooling and solutions

[Palenzuela+ ‘17]



• Inspiral: ‘similar’ to BBH (BNS) → tidal effects?
• Post-merger : 

→ if BH, as in GR 

→if a BS, no-angular momentum!

• Except for highly spinning BSs?
– With suitable non-linear interactions? [East-Siemonsen]
– multi-field/frequency bss [Sanchis-Gual etal]

Non-minimal coupling: Scalar-tensor gravity

• Induced/dynamical 
scalarization can endow 
further structure absent in 
isolation. And, even ‘take it 
away’ as merger approaches:  
‘GR -> non GR -> GR’ . Thus, 
a non-monotonic behavior!

[Modeled: Sampson+’14,
Unmodeled: Edelman ‘22…] 



Beyond GR? / standard compact objects?

Options?
• Model Building: specific theories built from key 

assumptions of new physics. E.g. Brans-Dicke, 
Horndenskii, CS, theories

• Effective Field Theories (EFTs): no ‘new’ degrees of 
freedom (as they are integrated out), and new 
phenomena arises through short scale interactions 
organized in higher derivatives 

Recall GR is rich!, theorems of stability of Minkowski 
and singularity hints at a rich phenomenology.

Full IMR?

• Many ‘interesting’ theories:  BHs different from 
those in GR, breaking some symmetries (e.g. 
Lorentz; parity violations…). Some BHs found, 
are such solutions ‘physical’? Are the theories 
viable?

• 2nd order EOMs + 1 extra d.o.f → Horndenski 
family. Many can develop mathematical 
pathologies through evolution!

• EFT for gravity → higher derivatives: definite 
mathematical pathologies



Einstein Scalar Gauss Bonnet

• Full waveforms for sufficiently 
smooth scalar field profile and low 
couplings, breaking of hyperbolicity 
otherwise. 

• At least close to merger, PN 
waveforms [Yagi+’12,Shiralilou+’21] 
dephase wrt to full solution, 
amplitude however is better  
[Corman+ ‘22,Areste Salo+’22]

• Scalar field enhancement at merger, 
‘faster’ merger

• What one really wants….

UNDERLYING 
THEORY

‘written’ 
theory

Data



Strategies?
•  

• Application [Cayuso R,LL]

[Endlich,Gorbenko,Huang,Senatore]

EOMS -> G
ab

 [g/L2] ~ F(g3/L8)



• Inspiral, small tidal effects. Delay/hasten merger depending on sign
• subtle impact on radiation characteristics (IMR)

[Cayuso,Franca,Figueras,LL in prep]

• Option 1: delicate (& uncertain?). Option 2: fine but can it 
be justified? One could argue yes in 3+1 dimensions but 
not above
– (drawing from LIGO/VIRGO, fluid-gravity correspondence and 

specific ‘2nd order’ BH perturbation calculations) 🡪 all methods 
are intrinsically relying on this!

There seems to be a way to avoid ‘not going to 
non-linear-land’ with (many) GR alternatives and face 
upcoming data

[Cayuso,Ortiz,LL ‘17]

UNDERLYING 
THEORY

‘Fixed’ 
version

Extension to 
GR (written 

version)



Wrapping up
• Signals in GR, understood ‘reasonably well’ , though 

still corners under-explored [spins, mass ratio, 
eccentricity]

• Beyond GR/beyond BHs/NSs progressing, but why 
“such theory/such ECO”?

• Ultimately, searching for ‘unmodeled’ physics will play 
a prominent role, what to do?

• ‘agnostic’ analysis of 
signals/residual (e.g. 
bayeswave; coherent 
spline [Edelman+]...),

• cross-correlation of 
residuals: SCoRe  
[Dideron,Mukherjee,LL]



Final words

• Beyond ‘standards’ (GR + BH/NS) efforts pointing 
out possible ‘smoking gun’ features to search for.  
[e.g. post-merger BS, echoes, tidal effect and EFTs, 
scalarization and related phenomena,BH solns in 
other theories…]

• ‘Conservatively’, these are to be taken as 
motivations to design ‘next-generation’ of analysis 
strategies. Both in the context of single events, or 
collectively
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Inflation predicts a stochastic gravitational wave background

How does it look like?

What info does it provide on inflation?

How do we characterise it (and distinguish it from other SGWBs)?
— Frequency profile
— Chirality
— Non-Gaussianity
— Anisotropies

Astrophysical sources:  
 
a stochastic gravitational wave background is expected, due e.g.  
to the superposition of signals from a large number of astrophysical sources 
(e.g. mergers of black holes, neutron stars,…)

Cosmological sources:

* Inflation  
* Reheating  
* Phase transitions  
* Cosmic strings  
… 

Stochastic background of gravitational waves



(end of inflation)

(time)

… they re-enter after inflation  
and become dynamical again

wavenumber   e-folding   time of re-entry
Nk

Scales 

logH�1

log �1

log �2

Perturbation  
modes leave
horizon during  
inflation and freeze out to �

prim
~k

�~k(⌧) = T (⌧, k)�prim
~k

log a

k ⇠ f
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GW from the amplification of vacuum fluctuations

Production of gravitons out of the vacuum  
in an expanding universe!

�̈ij + 3H �̇ij + k
2
�ij = 16⇡G⇧TT

ij0
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GW can tell us a whole lot about inflation: examples



Prediction and sensitivity limits

[r ~ 0.05]
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Standard SFSR would go undetected at small scales (red tilt)

Inflationary GW from vacuum fluctuations (SFSR) 

• Energy scale of inflation: V 1/4
inf ' 1016GeV(r/0.01)1/4

H ' 2⇥ 1013GeV(r/0.01)1/2

• Red tilt: nT ' �2✏ = �r/8

• Non-chiral: PL = PR

• Nearly Gaussian: fNL ⌧ 1



GW can tell us a whole lot about inflation:

GW from the amplification of vacuum fluctuations

Generation of GW from additional fields during inflation

GW can tell us a whole lot about inflation: examples

GW from the amplification of vacuum fluctuations

Generation of GW from additional fields during inflation

Spectator fields with small sound speed
�̈ij + 3H �̇ij + k

2
�ij = 16⇡G⇧TT

ij / @i�@j�
[Biagetti, Fasiello, Riotto 2012, Biagetti, ED, Fasiello, Peloso 2014, …]

Axion-gauge field models
��

4f
F F̃

[Anber - Sorbo 2009, Cook - Sorbo 2011, Barnaby - Peloso 2011, Adshead - Wyman 2011,  
Maleknejad - Sheikh-Jabbari, 2011, ED - Fasiello - Tolley 2012, ED - Peloso 2012,  
Namba - ED - Peloso 2013, Adshead - Martinec -Wyman 2013,  ED - Fasiello - Fujita 2016
Agrawal - Fujita - Komatsu 2017, Caldwell - Devulder 2017, Domcke et al. 2018, … ]

GW from extra non-minimally coupled spin-2 field (EFT formulation)
[Bordin et al, 2018; …]

. . . 

anisotropic  
stress-energy tensor�̈ij + 3H �̇ij + k

2
�ij = 16⇡G⇧TT

ij



GW can tell us a whole lot about inflation:

GW from the amplification of vacuum fluctuations

Generation of GW from additional fields during inflation

Second order GW from peaks in the scalar power spectrum 

Potentials with inflection points 

Inflation with axion and gauge fields

[Ananda et al - 2007,  
Baumann et al - 2007, …]

. . . 

[Garcia-Bellido, Morales 2017]

[Garcia-Bellido, Peloso, Unal 2017]

Prediction and sensitivity limits
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Power spectrum larger at small scales: e.g. blue tilt



Prediction and sensitivity limits
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Power spectrum larger at small scales: e.g. bump

Axion-Gauge fields models: Chern-Simons coupling

naturally light inflaton

support reheating

[Freese - Frieman - Olinto 1990, Anber - Sorbo 2009, Cook - Sorbo 2011, Barnaby - Peloso 2011, Adshead - 
Wyman 2011, Maleknejad - Sheikh-Jabbari, 2011, ED - Fasiello - Tolley 2012, ED - Peloso 2012,  
Namba - ED - Peloso 2013, Adshead - Martinec -Wyman 2013,  ED - Fasiello - Fujita 2016,
Garcia-Bellido - Peloso - Unal 2016, Agrawal - Fujita - Komatsu 2017, Fujita - Namba - Obata 2018,  
Domcke - Mukaida 2018, Kaloper-Westphal 2021, Iarygina - Sfakianakis 2021, …]

mechanism for baryogenesis

primordial black holes formation

sourced chiral gravitational waves

g(�)F F̃
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gauge-field strength and its dual

axion-like field



LspectatorP�,vacuum P�,sourced

L = Linflaton � 1

2
(@�)2 � U(�)� 1

4
FF +

��

4f
F F̃

Inflaton field dominates energy density of the universe

Spectator sector contribution to curvature fluctuations negligible

[ED-Fasiello-Fujita 2016]

Axion-Gauge fields models: SU(2)

Aa
0 = 0

Aa
i = aQ�ai

slow-roll background attractor solution

�Aa
i = tai + ... TT-component A �

} [Adshead - Wyman 2011]}
ln (k/kp)
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[ED-Fasiello-Fujita, 2016 — Thorne et al, 2017]

[Campeti et al, 2020]

P�(k) = P(sourced)
�, L (k) = r⇤ P⇣(k)e

� 1
2�2 ln2(k/kp)
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Axion-Gauge fields models: SU(2)



Inflationary GW from vacuum fluctuations (SFSR) 

• Energy scale of inflation: V 1/4
inf ' 1016GeV(r/0.01)1/4

H ' 2⇥ 1013GeV(r/0.01)1/2

• Red tilt: nT ' �2✏ = �r/8

• Non-chiral: PL = PR

• Nearly Gaussian: fNL ⌧ 1

x
x
x

Primordial non-Gaussianity and anisotropies  
in the GW energy density



Non-Gaussianity: beyond the power spectrum

k1

k2

k3

h��1
k1
��2
k2
��3
k3
i = (2⇡)3�(3)(k1 + k2 + k3)B

�1�2�3
� (k1, k2, k3)

tensor bispectrum

shape:

amplitude: fNL =
B

P 2
⇣

Tensor non-Gaussianity

k1

k2

k3

from interactions of the tensors with other fields or from self-interactions

�

�

�



[Agrawal - Fujita - Komatsu 2017]
detectable by upcoming CMB space missions 

axion-gauge fields models

�

�

� �

�

�

A
A

A

A A

basic single-field inflation

fNL = O(r2)

too small for detection

�

�

�

fNL = r2 ·
25

⌦A
& O(r2 · 106)

Tensor non-Gaussianity

Non-Gaussianity (tensor / mixed): CMB constraints

We do have constraints from CMB anisotropies and future B mode  
observations are expected to bring important improvements

[Shiraishi, 2019]

Example: LiteBIRD-like experiment  
could detect an O(1) signal for 

The formalism for constraining non-Gaussianity with CMB anisotropies  
is by now well developed 



Note: signal measured by an interferometer arises from the superposition  
          of signals from a large number of Hubble patches (CLT)

[Adshead, Lim 2009 — Caprini, Figueroa 2018 — Bartolo, De Luca, Franciolini, Lewis, Peloso, Riotto 2018]

Non-Gaussianity at interferometers

Shapiro time delay:

[Bartolo, De Luca, Franciolini, Lewis, Peloso, Riotto 2018]

�
00
+ 2H�

0
� [1 + (12/5)⇣] �,kk = 0

decorrelation cannot measure bispectrum directly with interferometers

GW from different directions 
undergo different phase shift  
due to intervening structure

�ij = Aij e
ik⌧+ik·2

R ⌧ d⌧ 0 ⇣[⌧ 0,(⌧ 0�⌧0)k̂]

GW propagating in FRW background  
+ long-wavelength perturbations

Signals originate from the same patch!

Look for anisotropies in the SGWB!

[ED, Fasiello, Tasinato, PRL 124(2020)6 061302]

Ultra squeezed non-Gaussianity

k3

k2

k1

Correlation among two short-wavelength  
modes (e.g. interferometer scale) and  
1 very long-wavelength mode:  
the latter has not undergone propagation!

How do we constrain this ultra-squeezed bispectrum: 

⌦GW(k) = ⌦̄GW(k)


1 +

1

4⇡

Z
d2n̂ �GW(k, n̂)

�
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SGWB anisotropies from primordial non-Gaussianity

⌦GW(k) = ⌦̄GW(k)


1 +

1

4⇡

Z
d2n̂ �GW(k, n̂)

�
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energy density spectrum
for the stochastic GW background

isotropic  
component

anisotropic
component 

 k= comoving wavenumber (proportional to the observed frequency)

 = direction of incoming graviton n̂
<latexit sha1_base64="E5oi4EbnDyosNcIueUWkI5DuMeY=">AAACEnicbVC7TsMwFHXKq5RXgJElokIChiopA4wVLIxFog+pjaob57a16jjBdpCqqN/Awq+wMIAQKxMbf4P7GErLkSwfnXPvte8JEs6Udt0fK7eyura+kd8sbG3v7O7Z+wd1FaeSYo3GPJbNABRyJrCmmebYTCRCFHBsBIObsd94RKlYLO71MEE/gp5gXUZBG6ljn7UD7DGR4YMAKWF4Piq0+6AzYW4U4ZzesYtuyZ3AWSbejBTJDNWO/d0OY5pGKDTloFTLcxPtZyA1oxzN/FRhAnQAPWwZKiBC5WeTlUbOiVFCpxtLc4R2Jup8RwaRUsMoMJUR6L5a9Mbif14r1d0rP2MiSTUKOn2om3JHx844HydkEqnmQ0OASmb+6tA+SKDapFgwIXiLKy+TernkXZTKd+Vi5XoWR54ckWNySjxySSrkllRJjVDyRF7IG3m3nq1X68P6nJbmrFnPIfkD6+sXEwieWA==</latexit>

How do SGWB anisotropies relate to non-Gaussianity?



long wavelength modes introduces a modulation  
in the primordial power spectrum of the short wavelength modes

[ED, Fasiello, Jeong, Kamionkowski - 2014, ED, Fasiello, Kamionkowski - 2015, …]

Soft limits and ‘fossils’ 

k3

k2

k1
k1 ' k2 � k3
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short-wavelength  
modes

long-wavelength mode

Soft limits and fossils 

[ED, Fasiello, Tasinato, PRL 124(2020)6 061302]
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large scale variation large scale variations in the energy density of GW



Soft limits and fossils 

[ED, Fasiello, Tasinato, PRL 124(2020)6 061302]
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[ED, Fasiello, Pinol, 2022]
for derivation with in-in formalism and applications: 
see:   
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Soft limits in inflation

[Chen - Wang 2009, Baumann - Green 2011, Chen et al 2013,  
ED - Fasiello - Kamionkowski 2015, …]

Extra fields / superhorizon evolution



Soft limits reveal
(extra) fields mediating 

inflaton or graviton 
interactions

squeezed bispectrum delivers 
info on mass spectrum!!!

energy

Hm�

�⇣, �

⇣, �

⇣, �
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Soft limits in inflation

Extra fields

Ideal probe for (extra) fields, pre-inflationary 
dynamics, (non-standard) symmetry patterns 

Non-Bunch Davies initial states
[Holman - Tolley 2007, Ganc - Komatsu 2012, Brahma - Nelson - Shandera 2013, …]

Broken space diffs  
(e.g. space-dependent background)

[Endlich et al. 2013, ED - Fasiello - Jeong - Kamionkowski 2014, Celoria - Comelli - Pilo - Rollo 2021…]

[Chen - Wang 2009, Baumann - Green 2011, Chen et al 2013,  
ED - Fasiello - Kamionkowski 2015, …]

Extra fields / superhorizon evolution
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Soft limits in inflation
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SGWB anisotropies from primordial non-Gaussianity

Typical amplitude of these anisotropies:

FNL(k,q)
<latexit sha1_base64="wBE/ZyMlJ3JgI0ZqYGL1BTWYZhM="></latexit>

angular  
dependence of 

h�GW,`1m1�GW,`2m2i = �`1`2�m1m2CGW
`1
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(scale-invariant case)

scalar power spectrum  
amplitude at CMB scales

tensor-to-scalar ratio

propagation

[Malhotra, ED, Fasiello, Shiraishi 2020 -  
ED, Fasiello, Malhotra, Meerburg, Orlando 2021]

[See Contaldi, 2017- Bartolo et al 2019 - for full Boltzmann treatment; see also: Pitrou et al, 2020]
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Gravitational  
redshift/blueshift  

of gravitons

⇣L(n̂1 · ⌘0) 6= ⇣L(n̂2 · ⌘0)
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Anisotropy in the GW energy density 

Anisotropies from propagation

GW propagate through the perturbed universe              subject to  
Sachs-Wolfe / integrated Sachs-Wolfe …, just like CMB photons

Large-scales: SW dominates

Direction-dependent frequency shift

(for SFSR Inflation)

�GW ⇠
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@ ln⌦GW

@ ln k

◆
⇣L
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�GW ' O(1) ⇣L ' 10�5
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[Alba - Maldacena, 
2015]



[Bartolo et al 2019]

Boltzmann treatment for gravitational waves

FRLW in Poisson gauge:

�GW / �
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Boltzmann equation for 
the distribution function of gravitons

Initial perturbations  
(analogous to CMB  

intrinsic fluctuations + …)
From propagation in the  
inhomogeneous universe

(SW + ISW)

(                 )

Time and position  
of the observer

~xi = ~x0 � (⌘0 � ⌘i)n̂
<latexit sha1_base64="4t6b79iKxtigYCayPNXsDITNVKc="></latexit>

Time of emission

Cross-correlations of GW and CMB anisotropies 

[Adshead, Afshordi, ED, Fasiello, Lim, Tasinato 2020  
 Malhotra, ED, Fasiello, Shiraishi 2020
 ED, Fasiello, Malhotra, Meerburg, Orlando 2021]
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propagation

Different multipole scaling 
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Projected constraints on F tss
NL
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X,Y = {TT,GW,GW-T}
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BBO: 4 LISA-like constellations [Crowder - Cornish, 2005]

LISA+Taiji
[Ruan et al, 2020]

ET + CE

SKA (assumed 50 identical pulsars)

[ED, Fasiello, Malhotra, Meerburg, Orlando 2021]

Forecasts for F tss
NL
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(relative error)



SGWB anisotropies: astrophysical sources

SGWB from superposition of signals from black holes, neutron star binaries

ASGWB also expected to be anisotropic due to the distribution of sources

Anisotropies in the ASGWB can inform us about many things (e.g. start formation  
model, mass distribution, etc)

On large scales anisotropies in the ASGWB do not correlate strongly with CMB,  
(cross-correlations with LSS observables much more effective)

GW-CMB correlation excellent probe of cosmological SGWB!

[Ricciardone et al, 2021] 

[see e.g. Cusin et al, 2018-19-20] 

Astrophysical foregrounds

Modeling of astrophysical background using results in [Cusin, Dvorkin, Pitrou, Uzan 2018-2019]

SNR for GW-CMB cross-correlations:

Monopolar  
stt bispectrum

Quadrupolar  
stt bispectrum



Models with sharp peaks in the scalar power spectrum (e.g. PBH production)

[ED, Fasiello, Malhotra, Tasinato 2022]

a large GW background with sharp peaks induced at second order from  
scalar perturbations

Anisotropies from propagation

⇣L

n̂1
<latexit sha1_base64="iPCob9ZNhQGXfy3WZ6oHDDcOclg=">AAACFnicbZDLSsNAFIYn9VbrLerSTbAIIliSutBl0Y3LCvYCbQgn09N26GQSZyZCCX0KN76KGxeKuBV3vo3Ty6K2Hhj4+P9zZub8YcKZ0q77Y+VWVtfWN/Kbha3tnd09e/+gruJUUqzRmMeyGYJCzgTWNNMcm4lEiEKOjXBwM/YbjygVi8W9HiboR9ATrMsoaCMF9nk7xB4TGT4IkBKGZ6NCuw86E6Mg8wyj6Mx5gV10S+6knGXwZlAks6oG9ne7E9M0QqEpB6VanptoPwOpGeVo7k8VJkAH0MOWQQERKj+brDVyTozScbqxNEdoZ6LOT2QQKTWMQtMZge6rRW8s/ue1Ut298jMmklSjoNOHuil3dOyMM3I6TCLVfGgAqGTmrw7tgwSqTZIFE4K3uPIy1Msl76JUvisXK9ezOPLkiByTU+KRS1Iht6RKaoSSJ/JC3si79Wy9Wh/W57Q1Z81mDsmfsr5+AT0toAg=</latexit>

n̂2
<latexit sha1_base64="G/y4085gzbPJdwW4ckxQRQm6KMA=">AAACFnicbZDLSsNAFIYn9VbrrerSTbAIIliSuNBl0Y3LCvYCbSgn09N26GQSZyZCCX0KN76KGxeKuBV3vo3TNovaemDg4//PmZnzBzFnSjvOj5VbWV1b38hvFra2d3b3ivsHdRUlkmKNRjySzQAUciawppnm2IwlQhhwbATDm4nfeESpWCTu9ShGP4S+YD1GQRupUzxvB9hnIsUHAVLC6GxcaA9Ap2LcST3DKLpzXqdYcsrOtOxlcDMokayqneJ3uxvRJEShKQelWq4Taz8FqRnlaO5PFMZAh9DHlkEBISo/na41tk+M0rV7kTRHaHuqzk+kECo1CgPTGYIeqEVvIv7ntRLdu/JTJuJEo6Czh3oJt3VkTzKyu0wi1XxkAKhk5q82HYAEqk2SBROCu7jyMtS9sntR9u68UuU6iyNPjsgxOSUuuSQVckuqpEYoeSIv5I28W8/Wq/Vhfc5ac1Y2c0j+lPX1Cz7CoAk=</latexit>

n̂3
<latexit sha1_base64="R31HwofBfg4GszmgDJtZWxvRwZ4=">AAACFnicbZDLSsNAFIYnXmu9RV26CRZBBEvSLnRZdOOygr1AW8rJ9LQdOpnEmYkQQp/Cja/ixoUibsWdb+O0zaK2Hhj4+P9zZub8fsSZ0q77Y62srq1vbOa28ts7u3v79sFhXYWxpFijIQ9l0weFnAmsaaY5NiOJEPgcG/7oZuI3HlEqFop7nUTYCWAgWJ9R0Ebq2hdtHwdMpPggQEpIzsf59hB0KsbdtGwYRW/O69oFt+hOy1kGL4MCyaratb/bvZDGAQpNOSjV8txId1KQmlGO5v5YYQR0BANsGRQQoOqk07XGzqlRek4/lOYI7UzV+YkUAqWSwDedAeihWvQm4n9eK9b9q07KRBRrFHT2UD/mjg6dSUZOj0mkmicGgEpm/urQIUig2iSZNyF4iysvQ71U9MrF0l2pULnO4siRY3JCzohHLkmF3JIqqRFKnsgLeSPv1rP1an1Yn7PWFSubOSJ/yvr6BUBXoAo=</latexit>

�GW ⇠
✓
@ ln⌦GW

@ ln k

◆
⇣L

<latexit sha1_base64="w3qj/pqoLv8n6rmk+arZPo2epxM="></latexit>

the anisotropies can be typically enhanced  
by O(10-100)

the angular power spectrum of the SGWB  
anisotropies inherits the frequency dependence

(spectral tilt)

Primordial gravitational waves

We can characterise the various GW sources from inflation using:

Different production mechanisms during inflation lead to a variety  
of signals

Powerful observables with the potential to disentangle inflationary  
GW from those generated in the post-inflationary universe 

spectral shape
chirality
non-Gaussianity
SGWB anisotropies



Hunting for the gravitational-wave background:
Detection methods and implications for astrophysics, high energy physics, 

and the early Universe

Mairi Sakellariadou

Mairi Sakellariadou

Outline

§ Introduction: GW signals, GWB

§ Detection methods

§ GWB from compact binary coalescences: info about astrophysics 

§ SGWB from cosmic strings, first order phase transitions: info about beyond standard model

§ GWB from pop III stars, parity violation: info about early universe

§ Anisotropies in the GWB: info about large-scale structure

§ Conclusions and Remarks
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Masses of LVK Collaboration compact binaries

Mairi Sakellariadou

O1, O2: 11 events

O3a: + 44 events

O3b: +35 events

O1+O2+O3: 90 events

emitted by compact binaries                           continuous waves emitted by spinning neutron stars 

bursts emitted by core-collapse supernova                              stochastic GW background

Mairi Sakellariadou

Taxonomy of GW signal morphologies

Are we able to 
deterministically 

model the phase of 
the signal, or does 

our lack of 
knowledge about the 

source force us to 
treat the phases as 

random?

Does the signal only appear 
in the detector for a 

relatively short time, or it is 
‘always on’?



emitted by compact binaries                           continuous waves emitted by spinning neutron stars 

bursts emitted by core-collapse supernova                              stochastic GW background

Mairi Sakellariadou

Taxonomy of GW signal morphologies

matched filtering techniques

emitted by compact binaries                           continuous waves emitted by spinning neutron stars 

bursts emitted by core-collapse supernova                              stochastic GW background

Mairi Sakellariadou

Taxonomy of GW signal morphologies



matched filtering techniques

hard to disentangle from 
instrumental noise

emitted by compact binaries                           continuous waves emitted by spinning neutron stars 

bursts emitted by core-collapse supernova                              stochastic GW background

Mairi Sakellariadou

Taxonomy of GW signal morphologies

LVK Collaboration, arXiv: 1811.12907
arXiv:2010.14527
arXiv:2108.01045

matched filtering techniques

hard to disentangle from 
instrumental noise

easier to search for as their arrival 
represents a change in the detector

emitted by compact binaries                           continuous waves emitted by spinning neutron stars 

bursts emitted by core-collapse supernova                              stochastic GW background

Mairi Sakellariadou

Taxonomy of GW signal morphologies



LVK Collaboration, arXiv: 1811.12907
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from a large number of distant sources

Taxonomy of GW signal morphologies

Penzias and Wilson (1965) discovered that the Universe 
is permeated by the CMB electromagnetic radiation

The Universe is permeated by a stochastic GWB generated in the early Universe

A background of GWs can also emerge from the incoherent superposition of a 
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such that the number of sources that contribute to each frequency bin is much 
larger than one
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It would appear as noise in a single GW detector

But   noise    >>    strain

To detect a GWB take the correlation between two detector outputs:

How de we detect a GWB ?
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1

⇢c

d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2

0 c
2
/(8⇡G) is the

critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵

✓
f

fref

◆↵

, (2)

where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
2

T

Re[s̃⇤
i
(f ; t)s̃j(f ; t)]

�ij(f)S0(f)
, (3)

where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
0/(10⇡

2
f
3).

In the limit where the total GW strain amplitude in
detector i, h̃i(f), is much less than the intrinsic detector
noise, ñi(f), the variance of Ĉij(f ; t) is given by

�
2
ij

(f ; t) =
1

2�fT

Pi(f ; t)Pj(f ; t)

�ij(f)2S0(f)2
, (4)

where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by

Ĉij(f) =

P
k
Ĉij,k(f)��2

ij,k
(f)

P
k
�
�2
ij,k

(f)
, (5)

�ij(f) =
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k

�
�2
ij,k

(f)

!�1/2

, (6)

where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and

h̃i(f) =
X

A

Z
d2

r̂ F
A

i
(f, r̂)h̃A(f, r̂)e�2⇡if~xi·~r/c (8)

is the total GW signal in detector i located at ~xi. Here
F

A

i
(f, r̂) is the response of detector i to a plane-wave

3

traveling in direction r̂ with polarization A, and h̃A(f, r̂)
is the Fourier amplitude of that plane wave. Consequently,

hs̃
⇤
i
(f)s̃j(f

0)i = hh̃
⇤
i
(f)h̃j(f

0)i + hh̃
⇤
i
(f)ñj(f

0)i

+hñ
⇤
i
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0)i + hñ
⇤
i
(f)ñj(f

0)i. (9)

If we assume that the SGWB is isotropic, Gaussian, sta-
tionary and unpolarized, then it is well-described by a
single power spectral density Sgw(f),

hh̃
⇤
i
(f)h̃j(f

0)i =
1

2
�T (f � f

0)�ij(f)Sgw(f), (10)

where �T (f � f
0) is the finite-time approximation to the

dirac delta function, and Sgw(f) is related to the dimen-
sionless energy density as follows

Sgw(f) =
3H

2
0

10⇡2

⌦gw(f)

f3
. (11)

Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find

hĈij(f ; t)i = ⌦gw(f) + 2 Re


hñ

⇤
i
(f ; t)ñj(f ; t)i

T�ij(f)S0(f)

�
, (12)

where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃

⇤
i
(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ

⇤
i
(f)ñj(f)i = 0, hĈij(f)i is an estimator for ⌦gw(f).

However, this is not the case when hñ
⇤
i
(f)ñj(f)i 6= 0.

Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.
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and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1
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d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2
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2
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critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵
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where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is
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where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
0/(10⇡

2
f
3).

In the limit where the total GW strain amplitude in
detector i, h̃i(f), is much less than the intrinsic detector
noise, ñi(f), the variance of Ĉij(f ; t) is given by
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where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by
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where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and
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traveling in direction r̂ with polarization A, and h̃A(f, r̂)
is the Fourier amplitude of that plane wave. Consequently,

hs̃
⇤
i
(f)s̃j(f

0)i = hh̃
⇤
i
(f)h̃j(f

0)i + hh̃
⇤
i
(f)ñj(f
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If we assume that the SGWB is isotropic, Gaussian, sta-
tionary and unpolarized, then it is well-described by a
single power spectral density Sgw(f),
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where �T (f � f
0) is the finite-time approximation to the

dirac delta function, and Sgw(f) is related to the dimen-
sionless energy density as follows

Sgw(f) =
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f3
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Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find

hĈij(f ; t)i = ⌦gw(f) + 2 Re
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where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃

⇤
i
(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ

⇤
i
(f)ñj(f)i = 0, hĈij(f)i is an estimator for ⌦gw(f).

However, this is not the case when hñ
⇤
i
(f)ñj(f)i 6= 0.

Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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hĈij(f ; t)i = ⌦gw(f) + 2 Re


hñ
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(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ
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Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1

⇢c

d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2
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/(8⇡G) is the

critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵
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, (2)

where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
2
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�ij(f)S0(f)
, (3)

where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
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3).

In the limit where the total GW strain amplitude in
detector i, h̃i(f), is much less than the intrinsic detector
noise, ñi(f), the variance of Ĉij(f ; t) is given by
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where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by
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where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.
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Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
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traveling in direction r̂ with polarization A, and h̃A(f, r̂)
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Note that, for the existing detectors, the overlap reduction
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Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians

3

traveling in direction r̂ with polarization A, and h̃A(f, r̂)
is the Fourier amplitude of that plane wave. Consequently,

hs̃
⇤
i
(f)s̃j(f

0)i = hh̃
⇤
i
(f)h̃j(f

0)i + hh̃
⇤
i
(f)ñj(f
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⇤
i
(f)h̃j(f

0)i + hñ
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(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ
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a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.
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Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
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the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
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in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
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power spectral density for many 32 s chunks of data for the
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inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
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caused by local magnetic noise on site at Virgo.
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coherent across the O(1000 km) distance scales between
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in magnetometers from the Schumann resonances as Gaus-
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(f)ñj(f

0)i. (9)

If we assume that the SGWB is isotropic, Gaussian, sta-
tionary and unpolarized, then it is well-described by a
single power spectral density Sgw(f),

hh̃
⇤
i
(f)h̃j(f

0)i =
1

2
�T (f � f

0)�ij(f)Sgw(f), (10)

where �T (f � f
0) is the finite-time approximation to the

dirac delta function, and Sgw(f) is related to the dimen-
sionless energy density as follows

Sgw(f) =
3H

2
0

10⇡2

⌦gw(f)

f3
. (11)

Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find
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(f ; t)ñj(f ; t)i

T�ij(f)S0(f)

�
, (12)

where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃

⇤
i
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could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1

⇢c

d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2

0 c
2
/(8⇡G) is the

critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵
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, (2)

where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
2

T
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i
(f ; t)s̃j(f ; t)]

�ij(f)S0(f)
, (3)

where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
0/(10⇡

2
f
3).

In the limit where the total GW strain amplitude in
detector i, h̃i(f), is much less than the intrinsic detector
noise, ñi(f), the variance of Ĉij(f ; t) is given by
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where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by
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where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and
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is the total GW signal in detector i located at ~xi. Here
F

A

i
(f, r̂) is the response of detector i to a plane-wave
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
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where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2
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critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:
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where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
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where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H
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where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by
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where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and
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traveling in direction r̂ with polarization A, and h̃A(f, r̂)
is the Fourier amplitude of that plane wave. Consequently,
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If we assume that the SGWB is isotropic, Gaussian, sta-
tionary and unpolarized, then it is well-described by a
single power spectral density Sgw(f),
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where �T (f � f
0) is the finite-time approximation to the

dirac delta function, and Sgw(f) is related to the dimen-
sionless energy density as follows

Sgw(f) =
3H

2
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f3
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Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find

hĈij(f ; t)i = ⌦gw(f) + 2 Re
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where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃

⇤
i
(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ

⇤
i
(f)ñj(f)i = 0, hĈij(f)i is an estimator for ⌦gw(f).

However, this is not the case when hñ
⇤
i
(f)ñj(f)i 6= 0.

Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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traveling in direction r̂ with polarization A, and h̃A(f, r̂)
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Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find
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hñ

⇤
i
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where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃
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that the noise in each frequency bin is independent. It is
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Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
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inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.
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in magnetometers from the Schumann resonances as Gaus-
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tectors. In III C we show how to simulate multiple data
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and then we apply that method to our specific use case.
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conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
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(f)ñj(f

0)i

+hñ
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ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
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In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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⇤
i
(f)ñj(f
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(f)ñj(f)i 6= 0.

Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.
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the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
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that occur during this time. We produce the orange curve
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(f)ñj(f)i 6= 0.

Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.
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mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.
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netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1
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d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2

0 c
2
/(8⇡G) is the

critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵

✓
f
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, (2)

where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
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�ij(f)S0(f)
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where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
0/(10⇡

2
f
3).

In the limit where the total GW strain amplitude in
detector i, h̃i(f), is much less than the intrinsic detector
noise, ñi(f), the variance of Ĉij(f ; t) is given by
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2
ij

(f ; t) =
1

2�fT

Pi(f ; t)Pj(f ; t)
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where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by
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where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and
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is the total GW signal in detector i located at ~xi. Here
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
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estimator, Ĉij(f), for the SGWB measured from detectors
i and j is
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where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined
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⇤
i
(f)h̃j(f

0)i + hñ
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If we assume that the SGWB is isotropic, Gaussian, sta-
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Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find

hĈij(f ; t)i = ⌦gw(f) + 2 Re


hñ
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where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃
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that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
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(f)ñj(f)i = 0, hĈij(f)i is an estimator for ⌦gw(f).

However, this is not the case when hñ
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i
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Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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serving runs indicates that it is not yet an issue for current
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ive, this will likely change, and the magnetic noise budget
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of correlated magnetic noise is of vital importance.
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In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.
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served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
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to the circumference of the Earth, is at 7.8 Hz, and the
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power spectral density for many 32 s chunks of data for the
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to the circumference of the Earth, is at 7.8 Hz, and the
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The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
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the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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(f ; t)ñj(f ; t)i

T�ij(f)S0(f)

�
, (12)

where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃

⇤
i
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(f)ñj(f

0)i

+hñ
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ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
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In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
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netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.
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In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.
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extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.
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In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.
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netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
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Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
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variation, we will model the spectrum as stationary in
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The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians

3

traveling in direction r̂ with polarization A, and h̃A(f, r̂)
is the Fourier amplitude of that plane wave. Consequently,

hs̃
⇤
i
(f)s̃j(f

0)i = hh̃
⇤
i
(f)h̃j(f

0)i + hh̃
⇤
i
(f)ñj(f
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⇤
i
(f)ñj(f
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streams that have correlated Gaussian noise components,
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conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1

⇢c

d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2

0 c
2
/(8⇡G) is the

critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵

✓
f

fref

◆↵

, (2)

where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
2

T

Re[s̃⇤
i
(f ; t)s̃j(f ; t)]

�ij(f)S0(f)
, (3)

where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
0/(10⇡

2
f
3).

In the limit where the total GW strain amplitude in
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estimator, Ĉij(f), for the SGWB measured from detectors
i and j is
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Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find
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where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃
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that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
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(f)ñj(f)i = 0, hĈij(f)i is an estimator for ⌦gw(f).

However, this is not the case when hñ
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Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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hĈij(f ; t)i = ⌦gw(f) + 2 Re


hñ
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power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
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(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ
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The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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Note that, for the existing detectors, the overlap reduction
function, �ij(f), accounts for all the geometric factors
that come into play when cross-correlating data from
di↵erent detectors [13].

Combining Eqs. (9)–(11), substituting into Eq. (3), and
then including the time-dependence again, we find
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where we have assumed that the GW signal and the
intrinsic noise are uncorrelated, hh̃
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(f)ñj(f 0)i = 0, and

that the noise in each frequency bin is independent. It is
clear from (12) that in the absence of correlated noise, i.e.
hñ
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(f)ñj(f)i = 0, hĈij(f)i is an estimator for ⌦gw(f).

However, this is not the case when hñ
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i
(f)ñj(f)i 6= 0.

Schumann resonances are a potential source of correl-
ated magnetic noise. An estimate of the correlated mag-
netic noise contribution in the isotropic SGWB search
using data from Advanced LIGO’s first and second ob-
serving runs indicates that it is not yet an issue for current
searches [24]. However, as detectors grow more sensit-
ive, this will likely change, and the magnetic noise budget
could dominate the signal [16]. Hence, a careful treatment
of correlated magnetic noise is of vital importance.

III. SIMULATING GW DATA WITH
CORRELATED NOISE

In this section, we discuss how we simulate GW data
that is contaminated with correlated noise due to the Schu-
mann resonances. In IIIA we discuss the Schumann res-
onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.

A. Schumann Resonances

In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
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ponds to electrical storms that start at similar times and
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peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
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Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.
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onances and their general properties. In III B we present
a model for the coupling of magnetic fields into GW de-
tectors. In III C we show how to simulate multiple data
streams that have correlated Gaussian noise components,
and then we apply that method to our specific use case.
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In 1952, Schumann predicted the existence of global
extremely low frequency (ELF) peaks in the electromag-
netic field of the Earth, which were subsequently ob-
served [25, 26]. The resonances are eigenmodes of the
conducting spherical cavity formed by the surface of the
Earth and its ionosphere, and are excited by lightning
discharges [27]. The first harmonic, which corresponds
to the circumference of the Earth, is at 7.8 Hz, and the
subsequent harmonics are at 14 Hz, 20.8 Hz and 27.3 Hz.
The first mode has the strongest resonance peak, with
each consecutive peak being weaker than the previous one.
In Figure 1, we show the power spectral density seen in
low-noise magnetometers on-site at the Advanced Virgo
detector. We can clearly see the first five harmonics of
the Schumann resonances. There is a diurnal variation in
the amplitude of the Schumann resonances that corres-
ponds to electrical storms that start at similar times and
places each day [28, 29]. The amplitude of the resonance
peaks can vary by as much as a factor of two between the
loudest and quietest times of the day, depending on the
time of year and the location [27, 29, 30]. What is shown
in Figure 1 represents a trough in the height of the peaks
over the course of the day at Virgo. Despite this diurnal
variation, we will model the spectrum as stationary in
this paper for simplicity.

Figure 1. Power spectral density of magnetometer data near
the Advanced Virgo detector. The blue is the inverse-averaged
power spectral density for many 32 s chunks of data for the
period from 00:00–02:00 UTC on July 9th, 2019. We use
inverse averaging to account for possible magnetic transients
that occur during this time. We produce the orange curve
by removing the large, narrow spectral features and applying
a smoothing filter. We can clearly see five harmonics of the
Schumann resonances. The large, narrow spectral features are
caused by local magnetic noise on site at Virgo.

The Schumann resonances, being global excitations, are
coherent across the O(1000 km) distance scales between
GW detectors [19, 20]. We model the time-series induced
in magnetometers from the Schumann resonances as Gaus-
sian, stationary, and unpolarized, with a power-spectral
density that can be described by a set of Lorentzians
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A. Correlated noise model

We can rewrite Eq. (11) to include separate correlated
magnetic and uncorrelated noise terms

s̃i(f) = h̃i(f) + ñ
u
i
(f) + Ti(f)m̃i(f), (20)

where ñ
u
i
(f) is the uncorrelated noise in detector i, and

Ti(f)m̃i(f) represents the correlated magnetic noise. Sub-
stituting Eq. (20) and Eq. (15) into Eq. (3) we find

hĈij(f)i = ⌦gw(f) + ⌦M,ij(f), (21)

where ⌦M,ij(f) represents the magnetic contribution,
which we derive next.

We construct the magnetic model, ⌦M,ij(f), by first
treating local magnetometer data the same way we analyze
GW strain data. We break the magnetometer data into
T = 192 s data chunks, and we calculate the cross-power
term in the same way as Eq. (3), replacing the strain
data with local magnetometer data. That is, for the data
between tk and tk + T we calculate

M̂ij,k(f) =
2

T

Re [m̃⇤
i
(f ; tk)m̃j(f ; tk)]

�ij(f)S0(f)
. (22)

We post-process the magnetometer data with the same

weights used for post-processing the GW data, viz.
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The weights, �ij,k(f), are the same as those expressed in
Eq. (4). They are calculated using GW strain data and
not magnetometer data. This way we treat the magne-
tometer data the same way the magnetic contribution to
the final Ĉij(f) statistic is treated. We then use this final
measurement to construct the magnetic contribution to
the model, which is given by

⌦M,ij(f) = ij

✓
f

10 Hz

◆��i��j

M̂ij(f) ⇥ 10�22
.(24)

The factor of 10�22 assumes that the units of m̃i(f) are
T Hz�1.

B. Parameter Estimation and Model Selection

We use a parameter estimation and model selection
scheme similar to those set out in [10, 11, 35]. We choose
a Gaussian likelihood for Ĉij(f) given by
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where ✓gw and ✓M represent parameters for the GW and
magnetic models respectively. In the case where we have
cross-correlation statistics for multiple baselines, we con-
sider the total likelihood to be the product of the indi-
vidual likelihoods for each pair of detectors. The resulting
multi-baseline likelihood is given by

p({Ĉij(f)}ij2pairs|✓gw,✓M) =
Y

ij2pairs

p(Ĉij(f)|✓gw,✓M).

(26)

It is straightforward to use Eq. (26) to estimate the
posterior distribution of the parameters, ✓gw and ✓M,
either by brute-force calculation or by Markov chain Monte
Carlo (MCMC) methods [36, 37].

We will also compare di↵erent models for the data using
Bayesian model selection. The four models we consider
are:

1. NOISE: ⌦M(f) = ⌦gw(f) = 0,

2. GW: ⌦M(f) = 0, ⌦gw(f) 6= 0,

3. SCHU: ⌦M(f) 6= 0, ⌦gw(f) = 0,

4. GW+SCHU: ⌦M(f) 6= 0, ⌦gw(f) 6= 0.

The form of the SGWB model, ⌦gw(f), is the power law
in Eq. (2), with ✓gw = ⌦2/3 and ↵ = 2/3 fixed. The form
of ⌦M(f) is given by Eq. (24) with ✓M = (i, j , �i, �j)
when two detectors are involved. Another set of coupling
parameters are included when a third detector is used.

We compare these models using Bayes factors [38]. For
example, comparing the GW model to the NOISE model
we have

B
GW
NOISE =

R
d✓gwp(Ĉij(f)|✓gw)p(✓gw)

N
(27)

where N is given by evaluating Eq. (25) for ⌦M(f) =
⌦gw(f) = 0, and p(✓gw) is the prior on the GW model
parameters. When B

GW
NOISE > 1 there is support for the

GW model compared to the NOISE model. A further
discussion of interpretation of Bayes factors can be found
in, e.g. chapter 3 of [14]. In this paper, we will consider
“strong” support for one model over another when ln B > 8.
The numerator of Eq. (27) is referred to as the evidence
of the GW model and is denoted ZGW. The prior distri-
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where ⌦M,ij(f) represents the magnetic contribution,
which we derive next.

We construct the magnetic model, ⌦M,ij(f), by first
treating local magnetometer data the same way we analyze
GW strain data. We break the magnetometer data into
T = 192 s data chunks, and we calculate the cross-power
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The weights, �ij,k(f), are the same as those expressed in
Eq. (4). They are calculated using GW strain data and
not magnetometer data. This way we treat the magne-
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measurement to construct the magnetic contribution to
the model, which is given by
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Ĉij(f) � ⌦gw(f,✓gw) � ⌦M,ij(f,✓M)

i2

�
2
ij

(f)
+ ln

�
2⇡�

2
ij

(f)
�
9
>=

>;
, (25)

where ✓gw and ✓M represent parameters for the GW and
magnetic models respectively. In the case where we have
cross-correlation statistics for multiple baselines, we con-
sider the total likelihood to be the product of the indi-
vidual likelihoods for each pair of detectors. The resulting
multi-baseline likelihood is given by
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It is straightforward to use Eq. (26) to estimate the
posterior distribution of the parameters, ✓gw and ✓M,
either by brute-force calculation or by Markov chain Monte
Carlo (MCMC) methods [36, 37].

We will also compare di↵erent models for the data using
Bayesian model selection. The four models we consider
are:

1. NOISE: ⌦M(f) = ⌦gw(f) = 0,

2. GW: ⌦M(f) = 0, ⌦gw(f) 6= 0,

3. SCHU: ⌦M(f) 6= 0, ⌦gw(f) = 0,

4. GW+SCHU: ⌦M(f) 6= 0, ⌦gw(f) 6= 0.

The form of the SGWB model, ⌦gw(f), is the power law
in Eq. (2), with ✓gw = ⌦2/3 and ↵ = 2/3 fixed. The form
of ⌦M(f) is given by Eq. (24) with ✓M = (i, j , �i, �j)
when two detectors are involved. Another set of coupling
parameters are included when a third detector is used.

We compare these models using Bayes factors [38]. For
example, comparing the GW model to the NOISE model
we have
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where N is given by evaluating Eq. (25) for ⌦M(f) =
⌦gw(f) = 0, and p(✓gw) is the prior on the GW model
parameters. When B
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NOISE > 1 there is support for the

GW model compared to the NOISE model. A further
discussion of interpretation of Bayes factors can be found
in, e.g. chapter 3 of [14]. In this paper, we will consider
“strong” support for one model over another when ln B > 8.
The numerator of Eq. (27) is referred to as the evidence
of the GW model and is denoted ZGW. The prior distri-
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For GWB searches below ∼30 Hz it will be necessary for the Einstein 
Telescope magnetic isolation coupling to be 2-4 orders of magnitude 
better than that measured in current aLIGO/aVirgo detectors
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Underground 3g detector    
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- new quantum technologies to 
reduce fluctuations of light
- new measures to reduce 
environmental perturbations
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§ Gaussian noise preferred over correlated magnetic noise

§ Gaussian noise preferred over correlated magnetic noise    
+ power-law GWB
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A search for the isotropic stochastic background using data from Advanced LIGO’s

second observing run

The LIGO Scientific Collaboration and The Virgo Collaboration

The stochastic gravitational-wave background is a superposition of sources that are either too
weak or too numerous to detect individually. In this study we present the results from a cross-
correlation analysis on data from Advanced LIGO’s second observing run (O2), which we combine
with the results of the first observing run (O1). We do not find evidence for a stochastic background,
so we place upper limits on the normalized energy density in gravitational waves at the 95% credible
level of ⌦GW < 6.0 ⇥ 10�8 for a frequency-independent (flat) background and ⌦GW < 4.8 ⇥ 10�8

at 25 Hz for a background of compact binary coalescences. The upper limit improves over the O1
result by a factor of 2.8. Additionally, we place upper limits on the energy density in an isotropic
background of scalar- and vector-polarized gravitational waves, and we discuss the implication of
these results for models of compact binaries and cosmic string backgrounds. Finally, we present a
conservative estimate of the correlated broadband noise due to the magnetic Schumann resonances
in O2, based on magnetometer measurements at both the LIGO Hanford and LIGO Livingston
observatories. We find that correlated noise is well below the O2 sensitivity.

Introduction— A superposition of gravitational waves
from many astrophysical and cosmological sources cre-
ates a stochastic gravitational-wave background. Sources
which may contribute to the stochastic background in-
clude compact binary coalescences [1–8], core collapse
supernovae [9–14], neutron stars [15–24], stellar core col-
lapse [25, 26], cosmic strings [27–31], primordial black
holes [32, 33], superradiance of axion clouds around black
holes [34–36], and gravitational waves produced during
inflation [37–45]. A particularly promising source is the
stochastic background from compact binary coalescences,
especially in light of the detections of one binary neutron
star and ten binary black hole mergers [46–53] by the
Advanced LIGO Detector, installed in the Laser Interfer-
ometer Gravitational-wave Observatory (LIGO) [54], and
by Advanced Virgo [55] so far. Measurements of the rate
of binary black hole and binary neutron star mergers im-
ply that the stochastic background may be large enough
to detect with the Advanced LIGO-Virgo detector net-
work [56, 57]. The stochastic background is expected to
be dominated by compact binaries at redshifts inaccessi-
ble to direct searches for gravitational-wave events [58].
Additionally, a detection of the stochastic background
would enable a model-independent test of general relativ-
ity by discerning the polarization of gravitational waves
[59, 60]. Because general relativity predicts only two ten-
sor polarizations for gravitational waves, any detection of
alternative polarizations would imply a modification to
our current understanding of gravity [61–63]. For recent
reviews on relevant data analysis methods, see [64, 65].

In this manuscript, we present a search for an isotropic
stochastic background using data from Advanced LIGO’s
second observing run (O2). As in previous LIGO and
Virgo analyses, this search is based on cross-correlating
the strain data between pairs of gravitational-wave de-
tectors [66, 67]. We first review the stochastic search
methodology, then describe the data and data quality
cuts. As we do not find evidence for the stochastic back-

ground, we place upper limits on the possible amplitude
of an isotropic stochastic background, as well as limits
on the presence of alternative gravitational-wave polar-
izations. We then give updated forecasts of the sensi-
tivities of future stochastic searches and discuss the im-
plications of our current results for the detection of the
stochastic background from compact binaries and cosmic
strings. Finally, we present estimates of the correlated
noise in the LIGO detectors due to magnetic Schumann
resonances [68], and discuss mitigation strategies that are
being pursued for future observing runs.
Method— The isotropic stochastic background can be

described in terms of the energy density per logarithmic
frequency interval

⌦GW(f) =
f

⇢c

d⇢GW

df
, (1)

where d⇢GW is the energy density in gravitational waves
in the frequency interval from f to f + df , and ⇢c =
3H

2
0 c

2
/(8⇡G) is the critical energy density required for a

spatially flat universe. Throughout this work we will use
the value of the Hubble constant measured by the Planck
satellite, H0 = 67.9 kms�1Mpc�1 [69].

We use the optimal search for a stationary, Gaussian,
unpolarized, and isotropic stochastic background, which
is the cross-correlation search [64, 65, 70, 71] (however,
see [72]). For two detectors, we define a cross-correlation
statistic Ĉ(f) in every frequency bin

Ĉ(f) =
2

T

Re[s̃?
1(f)s̃2(f)]

�T (f)S0(f)
, (2)

where s̃i(f) is the Fourier transform of the strain time
series in detector i = {1, 2}, T is the segment duration
used to compute the Fourier transform, and S0(f) is the
spectral shape for an ⌦GW = const background given by

S0(f) =
3H

2
0

10⇡2f3
. (3)
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GWB from compact binary coalescence (CBC)

Upper Limits on the Isotropic Gravitational-Wave Background from Advanced

LIGO’s and Advanced Virgo’s Third Observing Run

The LIGO Scientific Collaboration, The Virgo Collaboration, and The KAGRA Collaboration⇤

(Dated: January 29, 2021)

We report results of a search for an isotropic gravitational-wave background (GWB) using data
from Advanced LIGO’s and Advanced Virgo’s third observing run (O3) combined with upper limits
from the earlier O1 and O2 runs. Unlike in previous observing runs in the advanced detector
era, we include Virgo in the search for the GWB. The results of the search are consistent with
uncorrelated noise, and therefore we place upper limits on the strength of the GWB. We find that
the dimensionless energy density ⌦GW  5.8 ⇥ 10�9 at the 95% credible level for a flat (frequency-
independent) GWB, using a prior which is uniform in the log of the strength of the GWB, with 99%
of the sensitivity coming from the band 20-76.6 Hz; ⌦GW(f)  3.4 ⇥ 10�9 at 25 Hz for a power-law
GWB with a spectral index of 2/3 (consistent with expectations for compact binary coalescences),
in the band 20-90.6 Hz; and ⌦GW(f)  3.9 ⇥ 10�10 at 25 Hz for a spectral index of 3, in the band
20-291.6 Hz. These upper limits improve over our previous results by a factor of 6.0 for a flat GWB,
8.8 for a spectral index of 2/3, and 13.1 for a spectral index of 3. We also search for a GWB arising
from scalar and vector modes, which are predicted by alternative theories of gravity; we do not
find evidence of these, and place upper limits on the strength of GWBs with these polarizations.
We demonstrate that there is no evidence of correlated noise of magnetic origin by performing a
Bayesian analysis that allows for the presence of both a GWB and an e↵ective magnetic background
arising from geophysical Schumann resonances. We compare our upper limits to a fiducial model
for the GWB from the merger of compact binaries, updating the model to use the most recent data-
driven population inference from the systems detected during O3a. Finally, we combine our results
with observations of individual mergers and show that, at design sensitivity, this joint approach may
yield stronger constraints on the merger rate of binary black holes at z & 2 than can be achieved
with individually resolved mergers alone.

I. INTRODUCTION

The gravitational-wave background (hereafter referred
to as the GWB or the background) is a superposition of
gravitational-wave (GW) sources that is best character-
ized statistically [1]. There are many possible astrophys-
ical and cosmological contributions to the background,
including distant compact binary coalescences (CBCs)
that cannot be resolved individually [2–6], core collapse
supernovae [7–11], rotating neutron stars [12–19], stellar
core collapses [20, 21], cosmic strings [22–26], primordial
black holes [27–29], superradiance of axion clouds around
black holes [30–33], phase transitions in the early uni-
verse [34–37], and GWs produced during inflation [38–40]
or in a preheating phase at the end of inflation [41, 42].
While some sources of the GWB, such as slow roll infla-
tion, have a fundamentally stochastic character, others
like the background from CBCs are a superposition of
deterministic sources.

The LIGO Scientific Collaboration and Virgo Collab-
oration have previously placed upper limits on isotropic
[43] and anisotropic [44] GWBs using data from the first
two observing runs, in the frequency range 20-1726 Hz.
The searches were performed by calculating the cross cor-
relation between pairs of detectors. An extension of this
method has been applied to searching for a background
of non-tensor modes [43, 45, 46]; see [47, 48] for recent

⇤ Full author list given at the end of the article.

reviews. Cross-correlation methods have also been ap-
plied to publicly released LIGO data [49] by other groups,
who have obtained similar upper limits [50–52]. A new
method that does not rely on the cross-correlation tech-
nique and targets the background from CBCs was pro-
posed in [53].

In this work we apply the cross-correlation based
method used in previous analyses to Advanced LIGO’s
[54] and Advanced Virgo’s [55] first three observing runs
(O1, O2, and O3). We do not find evidence for the GWB,
and therefore place an upper limit on the strength. Un-
like in previous observing runs, in this work we present
the headline results using a log uniform prior [56]. We
find two advantages to using a log uniform prior. First, a
log uniform prior gives equal weight to di↵erent orders of
magnitude of the strength of the GWBs, which is appro-
priate given our current state of knowledge. Second, a log
uniform prior is agnostic as to which power we raise the
strain data. It is not clear whether one should put a uni-
form prior on the strain amplitude, or the strength of the
GWB, which scales like the square of the strain. On the
other hand, the log uniform prior does not depend on the
exponent of the strain data. For completeness, we also
present results with a uniform prior on the strength of the
GWB in Section IV. Results with any other prior can be
obtained by reweighing the posterior samples available at
[57].

There are several new features in our analysis of the
O3 data. First, we incorporate Virgo, by cross correlating
the three independent baselines in the LIGO-Virgo net-
work and combining them in an optimal way [58]. Sec-
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So, detection is indeed hard!

4

〈s1s2〉 ∼ Var[s1s2] ∼ Tobs ⇒ SNR =
〈s1s2〉√
Var[s1s2]

∼
√
Tobs (53)

ΩGW % ΩCMB ≈ 10−5 (54)

α=2/3

4

hs1s2i ⇠ Var[s1s2] ⇠ Tobs ) SNR =
hs1s2ip
Var[s1s2]

⇠

p
Tobs (53)

⌦GW ⌧ ⌦CMB ⇡ 10
�5

(54)

⌦GW ⇠ 10
�11

at 10 Hz (55)

⌦GW  5.8⇥ 10
�9

(56)

EPl ⌘

p
h̄c5/G ⇠ 10

19
GeV (57)

dV/d�

V
= 2

d⇢/d�

⇢
⌘ 2g(�) (58)

+

Z
Rµ⌫(�g

µ⌫
)
p
�gd

4
x

dEGW

df
=

(G⇡)
2/3

3

m1m2

(m1 +m2)
1/3

f
�1/3

(60)

1

ΩGW(ν) = Ωref

(
ν

νref

)α

(1)

ΩGW(f) = Ωref

(
f

fref

)α

(2)

νref = 25Hz (3)

〈Ĉ(ν)〉 = ΩGW(ν) (4)

Ĉ(ν) =
2

T

Re[h̃"
1(ν)h̃2(ν)]

γT (ν)S0(ν)
(5)

σ2(ν) ≈ 1

2T ∆ν

Sn,1(ν)Sn,2(ν)

γ2
T (ν)S

2
0 (ν)

(6)

S0(ν) =
3H2

0

10π2ν3
(7)

ν (Hz) (8)

ΩGW(ν, θ) =
ν

ρcH0

∫ zmax

0
dz

Rm(z; θ)
dEGW(νs;θ)

dνs

(1 + z)E(ΩM,ΩΛ, z)
(9)

ΩGW(f, θ) =
f

ρcH0

∫ zmax

0
dz

Rm(z; θ)
dEGW(fs;θ)

dfs

(1 + z)E(ΩM,ΩΛ, z)
(10)

νs = (1 + z)ν (11)

fs = (1 + z)f (12)

E(ΩM,ΩΛ, z) =
√
ΩM(1 + z)3 + ΩΛ (13)

SNR =
3H2

0

10π2

√
2T
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ij(ν)Ω

2
GW(ν)

ν6Sn,i(ν)Sn,j(ν)
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Most important quantities describing each BBH are the masses and spins of each component BH

Truncated power-law BH mass distribution

Beta distribution for the BH spins

The total energy density varies over nearly two orders of magnitude

a new probe of population of compact objects

Jenkins, O’Shaughnessy, Sakellariadou, Wysocki,  PRL 122, 111101 (2019)

GWB from CBC: info about Compact Binaries
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1dim topological defects formed in the early universe as a result of a PT followed 
by SSB, characterised by a vacuum manifold with non-contractible closed curves

Generically formed in the context of GUTs
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hĈ(⌫)i = ⌦GW(⌫) (3)
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Oscillating loops of cosmic strings generate a SGWB that is strongly non-Gaussian, and 
includes occasional sharp bursts due to cusps and kinks

SGWB from cosmic strings: info beyond Standard Model
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êo · vo

◆✓
⌫o�t

a

◆1/3

+ A
2
Nc

✓
1 �

2

3
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spectively, a cross-correlation estimator for the IJ de-
tecor pair and its variance at frequency fa as detailed
in [50]. Following the same approach as in the O1
stochastic analysis we have used the frequency bins rang-
ing from 20 to 86 Hz. The gravitational-wave energy den-

sity, ⌦(M)
GW(fa;Gµ,Nk), is predicted by the cosmic string

model M = {A,B,C} and computed with Eq. 10 at fre-
quency fa.

For our Bayesian analysis, we specify priors for the
parameters in the cosmic string model, i.e., p(Gµ|IGµ)
and p(Nk|INk). The variables IGµ and INk denote the
information on the distributions of Gµ and Nk, which
are determined by theory predictions. For p(Gµ|IGµ),
we choose a log-uniform prior for 10�18  Gµ  10�6.
Here the upper bound is set by the cosmic microwave
background measurements [51–54]. The lower bound is
arbitrary, chosen for consistency with the study in [55];
we note, however, that our results remain almost un-
changed if we choose a smaller value for the lower bound
on Gµ. For p(Nk|INk), we aim at constraining Gµ for
each choice of Nk. Therefore the prior p(Nk|INk) is taken
to be a �-function for each value of Nk. The number of
kinks per loop oscillation Nk being fixed, the posterior
for the parameter Gµ is calculated according to Bayes’
theorem:

p(Gµ|Nk) / L(ĈIJ
a |Gµ,Nk)p(Gµ|IGµ)p(Nk|INk).(14)

We calculate 95% credible intervals for Gµ.

V. CONSTRAINTS

We show in Fig. 3 the region of the Gµ and Nk pa-
rameter space excluded at the 95% confidence level by
the burst and stochastic searches; the number of cusps
Nc being fixed to 1. For the stochastic search (Sec. IV)
we present constraints from the combined O1+O2+O3
data; for the burst search (Sec. III) we derive constraints
from the non-detection result using O3 data. We con-
sider three models for the Nambu-Goto cosmic string
loop distributions, dubbed A, B and C. For the latter
we choose two sets of benchmark numbers: for model C-
1 we set (�rad,�mat) = (0.45, 0.295) and for model C-2
(�rad,�mat) = (0.2, 0.45) (see the Supplemental Mate-
rial).

Using model A, the derived gravitational-wave power
spectrum is much weaker than in the other models, lead-
ing to weaker constraints. Model C-2 mimics the loop
production function of model A in the matter era and of
model B in the radiation era. In the frequency band of
LIGO–Virgo, the stochastic background is dominated by
the contribution from loops in the radiation era, hence
models B and C-2 give similar results. Conversely, the
gravitational-wave power spectrum obtained from model
C-1, which mimics the loop production function of model
A in the radiation era and of model B in the matter era,
presents more subtle features. Larger values of Gµ do

not necessarily produce larger signal amplitudes, creat-
ing structures in the constraint plot. For an analytical
understanding of these findings, we refer the reader to
[57]. For a better understanding of the loop visibility
domain in terms of redshift, we refer to the Fig. 2 of
[58].
The stochastic analysis leads to the following con-

straints on Gµ. For model A, we rule out the range
Gµ & (9.6 ⇥ 10�9 � 10�6). For model B, we rule out:
Gµ & (4.0 � 6.3) ⇥ 10�15. For model C-1, we rule out
Gµ & (2.1 � 4.5) ⇥ 10�15, aside from a small region
where Nk & 180. Finally, for model C-2, we rule out:
Gµ & (4.2� 7.0)⇥ 10�15.
The burst search upper limits are not as stringent as

the ones derived from the stochastic search. In particular,
the constraints on the string tension for model A are
too weak to be represented in the figure. The only case
where the burst analysis leads to tighter constraints, is
for model C-1 and for Nk > 70.
In the present analysis, the average number of cusps

per oscillation on a loop has been set to 1. It has been
shown that the number of cusps per period of string
oscillation scales with the number of harmonics on the
loop [59]. Note that with many cusps on the string, the
decay constant �d is enhanced and the lifetime of the loop
is hence greatly reduced. Consequently, a high number
of cusps on the loops gives qualitatively the same result
as increasing the number of kinks: for model A, the con-
straints are weakened, whereas for models B and C the
bounds are insensitive to Nc; this has been confirmed by
our numerical study.
One can also compare these results with limits ob-

tained from pulsar timing array measurements, and in-
direct limits from Big Bang nucleosynthesis and cosmic
microwave background data [56]. Repeating the analysis
done in [28] with Nk up to 200, we find that for model
A, the strongest limit comes from pulsar timing measure-
ments, excluding string tensions Gµ & 10�10. For model
B and C-1 the strongest limits are derived from the
LIGO–Virgo stochastic search. Finally, for model C-2,
the cosmic microwave background constraint is almost as
strong as the one obtained from the O1+O2+O3 stochas-
tic search. The next observing run, O4, will give us a new
opportunity to detect signals from cosmic strings.

VI. CONCLUSIONS

Using data from the third observing run of Advanced
LIGO and Virgo, we have performed a burst and a
stochastic gravitational wave background search to con-
strain the tension of Nambu-Goto strings, as a function
of the number of kinks per oscillation, for four loop dis-
tributions. We have tested models A and B already con-
sidered in the O1 and O2 analyses [49]. The current
constraints on Gµ are stronger by two and one orders of
magnitude for models A and B, respectively, when fix-
ing Nk = 1. In addition, we have used two variants of a

6

spectively, a cross-correlation estimator for the IJ de-
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is hence greatly reduced. Consequently, a high number
of cusps on the loops gives qualitatively the same result
as increasing the number of kinks: for model A, the con-
straints are weakened, whereas for models B and C the
bounds are insensitive to Nc; this has been confirmed by
our numerical study.
One can also compare these results with limits ob-

tained from pulsar timing array measurements, and in-
direct limits from Big Bang nucleosynthesis and cosmic
microwave background data [56]. Repeating the analysis
done in [28] with Nk up to 200, we find that for model
A, the strongest limit comes from pulsar timing measure-
ments, excluding string tensions Gµ & 10�10. For model
B and C-1 the strongest limits are derived from the
LIGO–Virgo stochastic search. Finally, for model C-2,
the cosmic microwave background constraint is almost as
strong as the one obtained from the O1+O2+O3 stochas-
tic search. The next observing run, O4, will give us a new
opportunity to detect signals from cosmic strings.

VI. CONCLUSIONS

Using data from the third observing run of Advanced
LIGO and Virgo, we have performed a burst and a
stochastic gravitational wave background search to con-
strain the tension of Nambu-Goto strings, as a function
of the number of kinks per oscillation, for four loop dis-
tributions. We have tested models A and B already con-
sidered in the O1 and O2 analyses [49]. The current
constraints on Gµ are stronger by two and one orders of
magnitude for models A and B, respectively, when fix-
ing Nk = 1. In addition, we have used two variants of a

6

spectively, a cross-correlation estimator for the IJ de-
tecor pair and its variance at frequency fa as detailed
in [50]. Following the same approach as in the O1
stochastic analysis we have used the frequency bins rang-
ing from 20 to 86 Hz. The gravitational-wave energy den-

sity, ⌦(M)
GW(fa;Gµ,Nk), is predicted by the cosmic string

model M = {A,B,C} and computed with Eq. 10 at fre-
quency fa.
For our Bayesian analysis, we specify priors for the

parameters in the cosmic string model, i.e., p(Gµ|IGµ)
and p(Nk|INk). The variables IGµ and INk denote the
information on the distributions of Gµ and Nk, which
are determined by theory predictions. For p(Gµ|IGµ),
we choose a log-uniform prior for 10�18  Gµ  10�6.
Here the upper bound is set by the cosmic microwave
background measurements [51–54]. The lower bound is
arbitrary, chosen for consistency with the study in [55];
we note, however, that our results remain almost un-
changed if we choose a smaller value for the lower bound
on Gµ. For p(Nk|INk), we aim at constraining Gµ for
each choice of Nk. Therefore the prior p(Nk|INk) is taken
to be a �-function for each value of Nk. The number of
kinks per loop oscillation Nk being fixed, the posterior
for the parameter Gµ is calculated according to Bayes’
theorem:

p(Gµ|Nk) / L(ĈIJ
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oscillation scales with the number of harmonics on the
loop [59]. Note that with many cusps on the string, the
decay constant �d is enhanced and the lifetime of the loop
is hence greatly reduced. Consequently, a high number
of cusps on the loops gives qualitatively the same result
as increasing the number of kinks: for model A, the con-
straints are weakened, whereas for models B and C the
bounds are insensitive to Nc; this has been confirmed by
our numerical study.
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direct limits from Big Bang nucleosynthesis and cosmic
microwave background data [56]. Repeating the analysis
done in [28] with Nk up to 200, we find that for model
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B and C-1 the strongest limits are derived from the
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are determined by theory predictions. For p(Gµ|IGµ),
we choose a log-uniform prior for 10�18  Gµ  10�6.
Here the upper bound is set by the cosmic microwave
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oscillation scales with the number of harmonics on the
loop [59]. Note that with many cusps on the string, the
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Figure 18: Visualization of the orbit of LISA. LISA is a space-based laser interferometer de-
signed to measure gravitational waves with frequencies of about 10≠2 Hz. The interferometer
consists of three satellites that are orbiting the Earth in a triangle. Figure taken from Ref. [9].

For an interferometer with perpendicular arms, whose arm length is much less than the
wavelength so that fL æ 0, R

I(f) æ 1/5 [83].
For gravitational waves sourced by phase transitions, the relevant mission is Laser Inter-

ferometer Space Antenna (LISA). LISA is a space-based interferometric gravitational wave
detector that works with three satellites orbiting the Earth, see Fig. 18. These are equipped
with lasers and photodetectors such as to detect small changes in the separation of the satel-
lites by measuring the time delays in signals sent between them, through the technique of
time delay interferometry [84–86]. The interferometer arms have a length of 2.5 Gm such
that LISA is most sensitive at frequencies in the range 10≠3 – 10≠2 Hz. The target sources
are binary white dwarfs, merging supermassive black holes at the centres of distant galaxies,
and early-universe physics at the TeV-scale such as first-order phase transitions. The planned
launch year is 2034. In Fig. 19 we show the projected sensitivity of LISA and the amplitudes
of expected astrophysical sources. In addition we have added the signal from a first-order
phase transition, which we discuss further below. As can be seen, LISA is expected to mea-
sure gravitational waves coming from phase transitions, but other sources produce a signal in
the same frequency interval as well. For details on LISA, the expected sources of gravitational
waves, and its relevance for probing fundamental physics we recommend Refs. [9,12,87]. Other
planned space-based gravitational missions include DECIGO [88], Taiji [89] and TianQin [90].

8.2 GWs from first-order phase transitions

In this section we discuss the expected gravitational waves signal produced by a first-order
phase transition. The details and derivation are quite involved and require numerical tech-
niques which is beyond the scope of this course. Instead, we explain the key quantities that
can be inferred from the gravitational wave power spectrum and their relation to the results
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First analysis approach: BPL
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as the Bayes factor (see 
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the right) between signal 
and noise shows:
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Conclusions

The O1-O3 LIGO/Virgo data show no signal for stochastic GWs. Using a Bayesian approach, we set 95% CL upper 
limits on some of the parameters of different models describing cosmological FOPTs in the early Universe, leading 
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Second analysis approach: phenomenological model
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We use the Bayes factors to show 
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SGWB from second order scalar perturbations: information about early universe

- PBH formation through large curvature perturbations during inflation
Strong SGWB generated at 2nd order in perturbation theory from scalar perturbations

O1+O2+O3:  upper limits on the amplitude of power spectrum and  
on the fraction of the DM in terms of ultralight PBHs

For LIGO/Virgo sensitivity:
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SGWB from second order scalar perturbations: information about early universe

- PBH formation through large curvature perturbations during inflation
Strong SGWB generated at 2nd order in perturbation theory from scalar perturbations

O1+O2+O3:  upper limits on the amplitude of power spectrum and  
on the fraction of the DM in terms of ultralight PBHs
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No evidence for such a SGWB
95% CL upper limits on integrated power of the curvature 
power spectrum peak down to 0.02 at 

For LIGO/Virgo sensitivity:

log-normal shape for 
the peak in curvature 
power spectrum
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- Early universe mechanisms can create parity violation à production of asymmetric amounts of right- and 
left-handed circularly polarised isotropic GWs
- Astrophysical GWB sources are unlikely to have circular polarisation

- Detection of parity violation can allow cosmologically sourced GWs to be distinguished from 
the astrophysically sourced component of the GWB
- Analysis of polarised GWB can place constraints on parity violating theories

- Chern-Simons gravitational term

- Axion inflation

- Turbulence in the primordial plasma: FOPT (EW or QCD) or primordial magnetic fields  
coupled to cosmological plasma 

Observed matter-antimatter asymmetry in the radiation era requires sources of parity violation 
(Sakharov criteria,  1967)

Yagi, Yang (2018)

Crowder, Namba, Mandic, Mukoyama, Peloso (2013)

Martinovic, Badger, Sakellariadou, Mandic , PRD 2021

Gravitational parity violation: info about the early universe 
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For V=0: the correlator of unpolarised SGWB

Cross-correlator estimator

PV in SGWB

Formalism developed in 0707.0535 ,
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V=0 recovers the usual unpolarised SGWB.

The enegry spectrum is modified,
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where ⇧(f ) = V (f )/I (f ) encodes the degree of polarisation.

⇧(f ) ranges from -1 to 1 (fully left and fully right polarisation).
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-1 : fully L polarisation
1 : fully R polarisation
0 : unpolarised isotropic SGWB

Gravitational parity violation: info about the early universe 



Parameter estimation and fit GW models to data

We search for parity violation in O3 data with a uniform power in Π in [-1,1]

Martinovic, Badger, Sakellariadou, Mandic, PRD 104 (2021) 8, L081101

O3 data
We search for PV in O3 data, with a uniform prior in ⇧ 2 [�1, 1].
The GW model is a marginalised power law, ⌦GW = ⌦↵(f /25Hz)↵.

We find no evidence for PV. We place an upper limit on the amplitude,

⌦95%
GW(25Hz) = 7.0 ⇥ 10

�9
, and cannot estimate ↵ and ⇧.

5 / 18Model-dependent search: helical turbulence in the early universe as source of PV

We model the turbulence GW remnant as a broken power law
In this case the polarisation degree is frequency-dependent Π(f)=f 
There is a β-dependent threshold GW amplitude above which we recover Π(f)

Brandenburg, Kahniashvili, et al (2020)

β

There are two relevant SGWB upper limits:
- One that confirms presence of polarised GW signal
- A larger one that estimates the degree of polarisation with confidence

Even if we detect a turbulence signal, we may not be able to deduce its polarisation

Gravitational parity violation: info about the early universe 

2

method provides a check on whether a proposed SGWB
signal is consistent with an isotropic SGWB or if it is
more consistent with environmental disturbances. Such a
method o↵ers complementary information to approaches
that attempt to subtract or mitigate correlated noise.

In this paper, we take a di↵erent tact. We model the
contribution of correlated magnetic noise from Schumann
resonances to the frequency-domain SGWB estimator
used by most searches [22]. We propose a method to sim-
ultaneously detect correlated magnetic noise and a SGWB
using local on-site magnetometers and current SGWB
search data products. We then demonstrate this method
using realistic time-domain and frequency-domain syn-
thetic data sets with varying levels of correlated magnetic
noise. Such a method o↵ers an alternative to Wiener filer-
ing, but could also be used on data that has already had
Wiener filtering subtraction applied, given that Wiener
filtering in the low signal-to-noise regime can result in
imperfect subtraction [20].

The rest of this paper is organized as follows. In Sec-
tion II, we introduce the cross-correlation statistic used in
SGWB searches, and highlight complications introduced
by correlated detector noise. In Section III, we explain
the Schumann resonances and their coupling to the detect-
ors, and we present the way we model this coupling. We
then present a method of simulating synthetic time series
data that includes a correlated magnetic spectrum in a
multi-detector network. In Section IV, we discuss a model
for the SGWB search statistic that includes correlated
magnetic noise, and demonstrate how we use that model
to co-detect the presence of correlated magnetic noise and
a SGWB. We present results on synthetic data in Sec-
tion V, and finish with a brief discussion and suggestions
for future work in Section VI.

II. SGWB AND SEARCH METHODS

If we assume the SGWB is isotropic, Gaussian, station-
ary, and unpolarized, then it is fully characterized by the
dimensionless energy density per logarithmic frequency
interval

⌦gw(f) =
1

⇢c

d⇢gw(f)

dln(f)
, (1)

where d⇢gw is the GW energy density in the frequency
interval ln f to ln f +d ln f , and ⇢c = 3H2

0 c
2
/(8⇡G) is the

critical energy density to close the Universe. It is common
to model the SGWB spectrum as a power law:

⌦gw(f) = ⌦↵

✓
f

fref

◆↵

, (2)

where ⌦↵ is the amplitude at a reference frequency, fref ,
and ↵ is the spectral index. We will use fref = 25 Hz.

Unresolved CBCs give a background spectrum with
↵ = 2/3; slow roll inflation models and cosmic strings
predict ↵ = 0. It is also common to consider a model

that is flat in GW power, which corresponds to ↵ = 3,
to mimic signals like those from phase transitions and
supernovae [8]. Recent estimates suggest that the SGWB
could be detected by the Advanced LIGO and Advanced
Virgo detector network once these detectors reach design
sensitivity and integrate for O(years) [7].

In what follows, we consider a SGWB search that uses a
cross-correlation estimator that is optimal for a Gaussian,
stationary, unpolarized and isotropic background. Our
estimator, Ĉij(f), for the SGWB measured from detectors
i and j is

Ĉij(f ; t) =
2

T

Re[s̃⇤
i
(f ; t)s̃j(f ; t)]

�ij(f)S0(f)
, (3)

where s̃i(f ; t) is the Fourier transform of the strain time
series in detector i starting at time t, �ij(f) is the
normalized overlap reduction function (ORF) [13, 23]
between detectors i and j, T is the duration over which
the Fourier transform is taken, and S0(f) is the spec-
tral shape for a SGWB that is flat in energy density,
S0(f) = 3H

2
0/(10⇡

2
f
3).

In the limit where the total GW strain amplitude in
detector i, h̃i(f), is much less than the intrinsic detector
noise, ñi(f), the variance of Ĉij(f ; t) is given by

�
2
ij

(f ; t) =
1

2�fT

Pi(f ; t)Pj(f ; t)

�ij(f)2S0(f)2
, (4)

where Pi(f ; t) is the one-sided power spectral density
(PSD) of detector i between times t and t + T , and �f is
the frequency resolution.

In general, Eq. (3) and Eq. (4) are estimated for many
short time-segments of T = 192 s and these segments are
optimally combined in a post-processing step given by

Ĉij(f) =

P
k
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(f)
, (5)
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, (6)

where k indexes the time segments. For a set of Nt time
segments starting at times {tk}

k=Nt
k=1 , we have defined

Ĉij,k(f) = Ĉij(f ; tk), and likewise for its variance.
It is worth considering the expectation value of the

estimator, hĈij(f)i, in some detail (we will suppress the
time-dependence for brevity). Let us assume that s̃i(f)
can be written as

s̃i(f) = h̃i(f) + ñi(f), (7)

where ñi(f) is the Fourier transform of the instrument
noise in detector i, and

h̃i(f) =
X

A

Z
d2

r̂ F
A

i
(f, r̂)h̃A(f, r̂)e�2⇡if~xi·~r/c (8)

is the total GW signal in detector i located at ~xi. Here
F

A

i
(f, r̂) is the response of detector i to a plane-wave
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2G detector networks: pop III is practically invisible 
and its contribution to the global SNR is negligible

To uncover pop III stars, we need to look at residual 
backgrounds (subtract individually detected merger events)

Pop III stars could have led to formation of supermassive BHs
and help understanding the early epochs of the Universe such 
as reionisation and galaxy evolution 

Pop III stars are thought to have formed at high redshifts and 
as such have low metallicity compared to the more recently 
formed, pop I/II stars 
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Footprints of pop III stars in the GWB

3G detectors may reveal a pop III background

3

the last scenario by considering two terrestrial networks
of third-generation (3G) detectors: (i) Einstein Telescope
(ET) at the Virgo site, and (ii) ET at the Virgo site with
two Cosmic Explorers (CE) at the LIGO Hanford and
Livingston sites.

Estimates of CBC contributions to ⌦GW from ST sim-
ulations suggest that pop III signal is lost in the pop
I/II foreground. For 2G detector networks – even by
including LIGO-Hanford, LIGO-Livingston, Virgo, LIGO-
India, and KAGRA – pop III is practically invisible and
its contribution to the global SNR is negligible, as it is
shown in [30]. However, 3G detectors such as ET and CE,
may reveal a pop III background. The future detectors
will have unprecedented sensitivity and they will be able
to discover a great number of individual CBCs, thereby
reducing the GWB originating from unresolved CBCs.
For ET+2CE, we uncover pop III after the subtraction of
individually resolved merger events. This follows because
subtraction methods are less e�cient to detect the high
redshift and low frequency pop III CBCs. Being more
di�cult to resolve, binaries from pop III persist, resulting
in a large contribution to the residual CBC background
in 3G detectors.

We compare in Fig. 1 the total and residual background
for the two 3G networks: ET (top) and ET+2CE (bottom).
It confirms that the pop III contribution in ET has a
very small impact on the combined residual background
from pop I/II and pop III, while in ET+2CE the pop
III residual background clearly dominates for frequencies
below ⇠ 20Hz. In addition, Fig. 1 shows a change in
the shape of the background: The peak frequency of pop
III changes slightly while the slope characterising the
end of emission decreases dramatically when we remove
individually detected sources.

To demonstrate the impact of subtraction of resolved
CBCs on the population, we show in Fig. 2 the probability
density of the total redshifted mass, Mz

tot = (1 + z)(m1 +
m2), and the merger rate R(z) as a function of redshift,
between the whole catalogue and the residual one for
ET+2CE. Clearly, the sources remaining in the residual
catalogue are the ones with the highest redshift, a↵ecting
the total corrected mass distribution which is in turn
responsible for the changes in the GWB spectrum. We
will estimate the ET+2CE residual pop III parameters by
filtering the corresponding background and performing a
Bayesian analysis.

Detection method— The stochastic pipeline takes
strain data s̃I,J from detectors, I, J , and constructs cross-
correlation statistics using optimal filters [38]:

ĈIJ(f) =
2

T

Re[s̃⇤I(f)s̃J(f)]

�IJ(f)S0(f)
, (7)

with T the duration of the run, and �IJ (f) the normalised
overlap reduction function as defined in Eq. 4. The estim-
ator is normalised with S0(f) = (3H2

0 )/(2⇡2
f
3) leading

to hĈIJ(f)i = ⌦GW(f). We assume correlated noise not
to be a limiting factor to our detector sensitivity and

Figure 1. Total and residual GWB of ET (top) and ET+2CE
(bottom) detector networks. The pop I/II and pop III con-
tributions are shown in green and red, respectively, with the
combined residual signal shown in black.

Figure 2. Comparison between the total (blue) and ET+2CE
residual (orange) catalogue for redshifted total mass distribu-
tions (top) and merger rates (bottom).

ET + 2CE: uncover pop III after subtraction of individually resolved merger events

- Subtraction methods are less efficient to detect the high-z and low-f pop III CBCs
- Being more difficult to resolve, binaries from pop III persist, resulting in a large 
contribution to the residual CBC background (dominant for f below ~ 20 Hz)

Martinovic, Perigois, Regimbau, Sakellariadou, 2109.09779, ApJ (2022) 
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the total corrected mass distribution which is in turn
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ĈIJ(f) =
2

T

Re[s̃⇤I(f)s̃J(f)]

�IJ(f)S0(f)
, (7)

with T the duration of the run, and �IJ (f) the normalised
overlap reduction function as defined in Eq. 4. The estim-
ator is normalised with S0(f) = (3H2

0 )/(2⇡2
f
3) leading
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Figure 1. Total and residual GWB of ET (top) and ET+2CE
(bottom) detector networks. The pop I/II and pop III con-
tributions are shown in green and red, respectively, with the
combined residual signal shown in black.

Figure 2. Comparison between the total (blue) and ET+2CE
residual (orange) catalogue for redshifted total mass distribu-
tions (top) and merger rates (bottom).

ET + 2CE: uncover pop III after subtraction of individually resolved merger events

- Subtraction methods are less efficient to detect the high-z and low-f pop III CBCs
- Being more difficult to resolve, binaries from pop III persist, resulting in a large 
contribution to the residual CBC background (dominant for f below ~ 20 Hz)

These further away stars will lead to more redshifted frequencies 
and therefore be detected in their merger and ringdown phases

The power law estimate is different 
from the characteristic 2/3 for the 
inspiral phase: broken power-law

Detection of pop III GWB and estimation of peak 
frequency could reveal important information, 
such as the average redshifted total mass
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〈Ĉ(ν)〉 = ΩGW(ν) (4)
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Search for non-GR polarisations: information about theories of gravity

Mairi Sakellariadou

Alternative theories of gravity: scalar (S), vector (V), tensor (T) polarisations

Current generation (number, orientation) of detectors cannot determine polarisation of transient GW signals 

Bayesian method to detect and characterise the polarisation of the SGWB 
Callister, et al (Sakellariadou), PRX 7  (2017) 041058

There is no evidence of non-GR polarisations
The non-detection of scalar and vector polarised GW is consistent with predictions of GR

LVK Collaboration, PRD 104 (2021), 2, 022004

Can we distinguish between astrophysical vs cosmological sources?

Mairi Sakellariadou

Martinovic, Meyers, Sakellariadou, Christensen, PRD 103 (2021) 4, 043023

GW models:

§ CBC background

§ CS background (flat)

§ PT background (smooth broken power law (BPL) )

we fix.                                                     to approximate sound waves contribution  

GW models

- CBC background

⌦CBC(f ) = ⌦2/3

✓
f

25 Hz

◆2/3
.

- CS background (flat)

⌦CS(f ) = const.

- PT background (smooth broken power law (BPL))

⌦BPL = ⌦⇤
⇣ f

f⇤

⌘↵1

"
1 +

⇣ f

f⇤

⌘�
#(↵2�↵1)/�

.

We fix ↵1 = 3, ↵2 = �4,� = 2 to approximate to sound wave
contribution.
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Can we distinguish between astrophysical vs cosmological sources?

Mairi Sakellariadou

To compare two models we use Bayes factorsModel selection

Detector Networks

I Hanford, Livinston, Virgo, O4 sensitivity, 1 year of run time
I Cosmic Explorers (CE) at Hanford and Livingston locations,

Einstein Telescope (ET) at Virgo, 1 year of run time

7 / 16

Detector networks

§ Current GW detectors are unable to separate astrophysical from cosmological sources
§ Future GW detectors (CE, ET) can dig out cosmological signals, provided one can 

subtract the loud astrophysical foreground 
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law:
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For example, numerical simulations find the GW spectrum
due to the sound waves in the plasma [53]

h
2
⌦SW(f) = F (�, H⇤, sw, ↵, g⇤, vw)

(f/fsw)3

[1 + 0.75(f/fsw)2]7/2
,

(3)
where � is the transition strength, H⇤ is the Hubble con-
stant at the time of GW production, sw is the e�ciency
factor, ↵ is the ratio of latent heat released in the phase
transition to the heat of the radiation bath, g⇤ is the num-
ber of relativistic degrees of freedom, vw is the bubble
wall velocity, and fsw = fsw(�, H⇤) is the peak frequency.

If we use Eq. (2) to approximate Eq. (3), then we have
↵1 = 3, ↵2 = �4 and � = 2. Relating ⌦⇤ and f⇤ to the
long list of physical parameters that control the phase
transition is beyond the scope of this study.

III. MODEL SELECTION AND PARAMETER

ESTIMATION

We undertake a Bayesian parameter estimation and
model selection study. For a single GW detector pair, ij,
the log-likelihood is

log p(Ĉij(f)|✓GW) = � 1

2

X

f

h
Ĉij(f) � ⌦GW(f,✓GW)

i2

�
2
ij(f)

� 1

2

X

f

log
⇥
2⇡�

2
ij(f)

⇤
, (4)

where ⌦GW (f) is the model spectrum and ✓GW are the
parameters that define the model. The cross-correlation
estimator, Ĉij(f), is calculated from detector data and is
discussed in detail in [7, 20, 54]. We extend this analysis
to include three GW detectors by adding log-likelihoods
for the individual pairs to construct a multiple-baseline
log-likelihood.

To compare two models, M1 and M2, and make state-
ments about which is more favourable by the data, we
utilise Bayes factors,

BM1
M2

=

R
d✓ p(Ĉij(f)|✓, M1)p(✓|M1)R
d✓ p(Ĉij(f)|✓, M2)p(✓|M2)

(5)

where p(✓|·) is the prior probability of our parameters
given a choice of model. The integrand in Eq. (5) is
the joint posterior distribution of the model parameters,
which is evaluated as part of the evaluation of the Bayes
factors.

For large and positive values of lnBM1
M2

, there is strong
evidence for M1 over M2. Likewise, large and negative

values show preference for M2. Relating this quantity to
a frequentist SNR statistic [1], we have lnB / SNR2 [54].
We use the nested sampler dynesty through the front-end
package Bilby to evaluate Bayes factors for our models,
as well as posterior distributions on the parameters.

While the posterior distribution of ✓GW is evaluated in
conjunction with Bayes factors, we can also analytically
calculate a bound on covariance between model paramet-
ers using the information matrix. This is has been used
for estimating parameter covariance for SGWB models
in other studies as well [38, 55, 56]. For the case of a
Gaussian likelihood with uncorrelated measurements (fre-
quency bins) with an unbiased estimator, the information
matrix is given by

Iij(✓) =
X

f

�(f)�2

✓
@⌦GW(f, ✓)

@✓i

◆✓
@⌦GW(f, ✓)

@✓j

◆
.

(6)

The covariance between model parameters is theoretically
bounded below by the inverse of the information matrix

cov✓ (✓i, ✓j) �
⇥
I�1(✓)

⇤
ij

. (7)

This bound, known as the Cramér-Rao lower bound, can
be exceeded by including, e.g. informative prior informa-
tion. However, the structure of the information matrix can
still o↵er valuable insight into the degeneracy of certain
model parameters with one another and o↵er an intuitive
picture of the parameter estimation problem.

Injected Signal

We consider two types of injections: one containing
a CBC and a cosmic strings background, and another
one containing a CBC and a background due to phase
transitions, see Table I. The background labelled here as
CBC refers to what is left once we subtract the known
CBC contribution, i.e. it is the unresolved astrophysical
background. For the second injection, we choose a broken
power law with exponents ↵1 = 3, ↵2 = �4, and � = 2
which best describes ⌦SW, the sound wave contribution
to ⌦GW. In this case our Bayesian search estimates the
peak frequency, f⇤, as well as the amplitude of the smooth
broken power law, ⌦⇤.
The injection strengths we choose vary from one de-

tector network to another. The instrumental noise is
included at the level of the design sensitivity curves of
the detectors. We consider O4 sensitivity for Advanced
LIGO and Advanced Virgo [57], ET-D for the Einstein
Telescope [58] and CE Wideband for the Cosmic Ex-
plorer [59]. The same prior is used for the recovered
amplitudes, ⌦2/3, ⌦CS, ⌦⇤, all of them log uniformly dis-
tributed between 10�15 and 10�8. All results are presen-
ted for 1 year observation time.
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d✓ p(Ĉij(f)|✓, M1)p(✓|M1)R
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tion. However, the structure of the information matrix can
still o↵er valuable insight into the degeneracy of certain
model parameters with one another and o↵er an intuitive
picture of the parameter estimation problem.

Injected Signal

We consider two types of injections: one containing
a CBC and a cosmic strings background, and another
one containing a CBC and a background due to phase
transitions, see Table I. The background labelled here as
CBC refers to what is left once we subtract the known
CBC contribution, i.e. it is the unresolved astrophysical
background. For the second injection, we choose a broken
power law with exponents ↵1 = 3, ↵2 = �4, and � = 2
which best describes ⌦SW, the sound wave contribution
to ⌦GW. In this case our Bayesian search estimates the
peak frequency, f⇤, as well as the amplitude of the smooth
broken power law, ⌦⇤.
The injection strengths we choose vary from one de-

tector network to another. The instrumental noise is
included at the level of the design sensitivity curves of
the detectors. We consider O4 sensitivity for Advanced
LIGO and Advanced Virgo [57], ET-D for the Einstein
Telescope [58] and CE Wideband for the Cosmic Ex-
plorer [59]. The same prior is used for the recovered
amplitudes, ⌦2/3, ⌦CS, ⌦⇤, all of them log uniformly dis-
tributed between 10�15 and 10�8. All results are presen-
ted for 1 year observation time.

log-likelihood 
for a single 
detector pair

Martinovic, Meyers, Sakellariadou, Christensen, PRD 103 (2021) 4, 043023

BBH will not limit observation of primordial backgrounds, but BNS population will limit sensitivity of 3G 
detectors to about 
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p
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To a first approximation, the SGWB is assumed to be isotropic (analogous to the CMB)

The afterglow radiation left over from the Hot Big Bang
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Gravitational wave sources with an anisotropic spatial distribution lead to a GWB 
characterised by preferred directions, and hence anisotropies

Assuming an unpolarised, Gaussian and stationary GWB, the quadratic expectation 
value of GW strain distribution across different sky directions and frequencies:

GW strain power:

spectral 
shape

angular distribution 
of GW power

Cross-correlation spectra 
from two detectors I, J, in 
terms of a set of basis 
functions, labeled by μ, 
on the 2-sphere:

For the SHD, we use the 
spherical harmomic basis:

For the BBR and NBR analyses 
we use the pixel basis:

Anisotropies in the GW Background: info about large-scale-structure
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Anisotropy due to source density contrast

Intensity of GWB:

2PCF :
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(s)

gw
(f0, ê
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(s)

gw
(f0, ê
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0
0
)i (65)

Cgw(✓, f0) =

1X

`=0

2`+ 1

4⇡
C`(f0)P`(cos ✓0) (66)

Mairi Sakellariadou

Anisotropy due to source density contrast

Intensity of GWB:

2PCF :

Anisotropies in the GW Background: info about early universe

,

Gravitational waves from Nambu-Goto cosmic strings
Alexander C. Jenkins & Mairi Sakellariadou

Phys. Rev. D98 (2018) no.6, 063509, arXiv:1802.06046
Theoretical Particle Physics and Cosmology Group, Physics Department, King’s College London, University of London, Strand, London WC2R 2LS, UK

,

Cosmic strings

Figure 1: A simulated Nambu-Goto cosmic string network. The long strings are shown in black, with the loops in red. From Ref. [1].

Cosmic strings are one-dimensional topological defects that may have been formed in the early Universe due
to spontaneous symmetry breaking in a cosmological phase transition [2]. They are a generic prediction of
grand unified theories [3]. To leading order their dynamics are described by the Nambu-Goto action, whose only
free parameter is µ, the string tension. One usually considers the dimensionless combination Gµ, where G is
Newton’s constant. This is related to ⇤NP, the “new physics scale” at which the strings are formed,

Gµ ⇠

✓
⇤NP

MPl

◆2

. (1)

The string network is characterised by O(1) “long” (i.e. super-horizon) strings per Hubble volume, which
intersect themselves to cut o↵ many small loops. These loops oscillate due to their tension and decay through
gravitational-wave (GW) emission.

Gravitational-wave emission

Figure 2: Illustrations of a cusp (left) and a kink (right). From Ref. [4].

Cosmic string loops are strong sources of GWs, emitted mainly through “cusps”, which are sharp transient
features that form as the loop oscillates, and “kinks”, which are discontinuities that propagate around the loop,
beaming GWs like a lighthouse. The incoherent superposition of GWs from many loops leads to a stochastic
GW background (SGWB), whose intensity at frequency f in sky direction r̂ relative to the cosmological critical
density ⇢c is described by the density parameter,

⌦gw(f , r̂ ) ⌘
1

⇢c

d3⇢gw
d ln f d2r̂

. (2)

The cosmic string SGWB allows us to probe new physics at energies inaccessible to collider experiments.

Figure 3: Frequency spectrum of the isotropic component of the cosmic string SGWB for a range of values of Gµ. Shown in grey are the
sensitivity curves for a range of current and future GW observatories after 10 years of observation.

Stochastic gravitational-wave background anisotropies

Figure 4: Simulated full-sky map of the cosmic string SGWB. Inset shows a 10� ⇥ 10� patch.

The intensity of the SGWB is not perfectly uniform, but fluctuates across the sky due to the correlated structure
of the loop network and the inhomogeneities of the intervening spacetime geometry. These anisotropies in
the SGWB are analogous to those in the temperature of the cosmic microwave background (CMB), and are
characterised by the angular power spectrum
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�
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� ⌦
⌦gw(r̂ )⌦gw

�
r̂ 0
�↵

. (3)

Figure 5: The observer’s motion relative to the cosmic rest frame induces a kinematic dipole.

Results

We find that for smaller values of Gµ, even though the isotropic component of the SGWB becomes much
weaker, the anisotropies can be greatly enhanced. This could potentially help us probe a much broader range of
scales for new physics with current and future GW observatories.

Figure 6: The cosmic string angular power spectrum for various values of Gµ.
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Diffraction-limited angular resolution Θ on the sky:

3

modes, and hence a full inversion cannot be performed.
Therefore we use a regularized pseudo-inverse (labeled by
the subscript ‘R’ above) to obtain clean maps. We note
here that [

�
��1
R

�
µµ

]1/2 is used as the uncertainty estimate

(standard deviation) of P̂µ.

Di↵erent regularization techniques are employed in
each analysis based on the signal model assumed [54].
For the BBR search we assume that the gravitational-
wave power is confined to a single pixel and there is no
signal covariance between neighboring pixels; hence, the
inversion of the Fisher matrix reduces to the inversion of
its diagonal. However, because of the detector response
function, neighboring pixels are indeed correlated and
hence the BBR results are valid only for a signal model
in which we expect a small number of well-separated
gravitational-wave point sources.

On the other hand, the SHD analysis uses both the
diagonal and o↵-diagonal elements of the Fisher matrix
and as in past searches sets the smallest 1/3 of the eigen-
values to infinity and also uses a finite maximum value of
` [54, 59, 60]. The choice of 1/3 is based on the recovery
of simulated injections carried out in reference [59]. This
analysis is therefore well-suited for identifying extended
sources on the sky, but not point-like sources which re-
quire all the ` modes with ` ! 1. SHD analyses of
the previous two LIGO/Virgo observing runs chose the
maximum ` value `max based on the di↵raction-limited
angular resolution ✓ on the sky. This is determined by
the distance D between detectors and the most sensitive
frequency f in the analysis band [54]:

✓ =
c

2Df
`max =

⇡

✓
. (15)

As in the previous directional searches, this method gives
`max values of 3, 4, and 16 for the spectral indices ↵ of
0, 2/3, and 3, respectively, for the Hanford-Livingston
baseline. The most sensitive frequency in the analysis
changes with ↵ and hence we get di↵erent `max for di↵er-
ent ↵. The baseline sensitivity (/ 1/[PIPJ ]) appearing
in Eqs. (10) and (11) acts as a weighting factor multiply-
ing �

`m
IJ (t; f), and hence, the cuto↵ on ` also depends on

the baseline’s sensitivity among the network. Since the
LIGO detectors are more sensitive than the Virgo detec-
tor, `max values are largely determined by the Hanford-
Livingston baseline. Therefore, in this search, we make
the same choices for `max for all baselines in the Hanford-
Livingston-Virgo network.

We note that, as described in [71, 76–78], one could also
start in a pixel basis and transform the resultant pixel-
based maps into spherical harmonic coe�cients. Sam-
pling the full pixel space accounts for the correlations
between small and large angular scales induced by the
non-compactness of the sky response [for details see 77].

In the SHD analysis we calculate P̂`m in the spherical
harmonics basis and express the final result in terms of
Ĉ`, a measure of squared angular power in mode `, which

is given by [59]

Ĉ` =

✓
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f
3
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3H2
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h
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R )`m,`m

i
,

(16)
where H0 is the Hubble constant taken to be H0 =
67.9 km s�1 Mpc�1 [79]. Ĉ` has units of sr�2 and Ĉ` = 1
corresponds to su�cient energy density in mode ` alone
to have a closed universe. In addition, we also transform
P̂`m to P̂⇥ and produce ⌦̂↵,⇥ given by [59]

⌦̂↵,⇥ =
2⇡2

3H2
0

f
3
ref P̂↵,⇥ , (17)

which is the gravitational-wave energy density in solid
angle ⇥ normalized by the critical energy density needed
to close the Universe.
In the BBR analysis, we estimate P⇥ in a pixel basis

and report the final result in terms of the gravitational-
wave energy flux from solid angle ⇥ given by

F̂↵,⇥ =
c
3
⇡

4G
f
2
ref P̂↵,⇥ , (18)

where G is the gravitational constant.
In the NBR analysis we measure gravitational-wave

strain power Ĥ(f) as a function of frequency at spe-
cific sky locations by setting ↵ = 3 for H(f) and not
summing over frequency in Eqs. (10) and, (11) i.e.,
Ĥ(f) = X

IJ
⌫ (f). However, the NBR analysis must con-

sider source-dependent e↵ects when performing a search.
In the case of Scorpius X-1, a low-mass X-ray binary sys-
tem, gravitational-wave frequencies are expected to be
broadened [62] due to the binary motion of the source
and the orbital motion of Earth during the observation
time [80]. To account for these Doppler shifts, we sum
the contributions in multiple frequency bins and create
optimally-sized combined bins at each frequency. For
more details of combining frequency bins for Scorpius
X-1 see Ref. [54]. In the directions of SN 1987A and
the galactic center, we combine 3 and 17 frequency bins
respectively to account for the spread of an expected
monochromatic signal due only to the rotation and or-
bital motion of the Earth [54]. Since the Galactic cen-
ter is at a lower declination, the e↵ect of the Earth’s
motion becomes significant and hence we combine more
frequency bins.
To perform these three analyses, cross-correlation data

from each baseline is folded into one sidereal day by tak-
ing advantage of a temporal symmetry of the observa-
tions induced by the Earth’s daily rotation about its axis.
We therefore reduce the computational cost of this search
by a factor equal to the total number of days of observa-
tion [69].
For the NBR and BBR analyses, the folded data are

analyzed by Python-based pipeline, PyStoch [70], which
takes advantage of the compactness of the folded data
and the standardization and optimizations of the well-
known HEALPix (Hierarchical Equal Area isoLatitude
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where G is the gravitational constant.
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cific sky locations by setting ↵ = 3 for H(f) and not
summing over frequency in Eqs. (10) and, (11) i.e.,
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IJ
⌫ (f). However, the NBR analysis must con-

sider source-dependent e↵ects when performing a search.
In the case of Scorpius X-1, a low-mass X-ray binary sys-
tem, gravitational-wave frequencies are expected to be
broadened [62] due to the binary motion of the source
and the orbital motion of Earth during the observation
time [80]. To account for these Doppler shifts, we sum
the contributions in multiple frequency bins and create
optimally-sized combined bins at each frequency. For
more details of combining frequency bins for Scorpius
X-1 see Ref. [54]. In the directions of SN 1987A and
the galactic center, we combine 3 and 17 frequency bins
respectively to account for the spread of an expected
monochromatic signal due only to the rotation and or-
bital motion of the Earth [54]. Since the Galactic cen-
ter is at a lower declination, the e↵ect of the Earth’s
motion becomes significant and hence we combine more
frequency bins.
To perform these three analyses, cross-correlation data

from each baseline is folded into one sidereal day by tak-
ing advantage of a temporal symmetry of the observa-
tions induced by the Earth’s daily rotation about its axis.
We therefore reduce the computational cost of this search
by a factor equal to the total number of days of observa-
tion [69].
For the NBR and BBR analyses, the folded data are

analyzed by Python-based pipeline, PyStoch [70], which
takes advantage of the compactness of the folded data
and the standardization and optimizations of the well-
known HEALPix (Hierarchical Equal Area isoLatitude

95% upper limits on           for different α using 
combined O1+O2+O3 data

Anisotropies in the GW Background: info about large-scale-structure

LVC PRD 104 (2021), 2, 022005

Conclusions

A detection of the GWB from unresolved compact binary coalescences is expected to be made by Advanced 
LIGO and Advanced Virgo at their design sensitivities

- Detecting a GWB in the presence of correlated magnetic noise

- Simultaneous estimation of astrophysical and cosmological GW backgrounds with terrestrial interferometers

- GWB will give information about astrophysical models (compact binaries), beyond the standard model 
particle physics (cosmic strings, phase transitions), large-scale-structure, early universe cosmology (inflation, 
parity violation), gravity theories

- Isotropic and directional searches are an ongoing effort of the LIGO/Virgo/KAGRA Collaboration

Mairi Sakellariadou



Remarks

The implications of gravitational-wave detections can hardly be overestimated. For instance:

§ Tests of General Relativity and extended gravity theories

§ Tests of Quantum Gravity proposals

§ Info about nature of dark matter and constraints (axions, PBH, etc)

§ Info about cosmology (cosmic expansion history) 

§ Info about astrophysics (neutron star radii and equation of state, black hole masses and spins)
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Some Big Picture Questions

• What is the relationship between Information 
and Spacetime?

• How do relativistic effects influence quantum 
information tasks?
– And how can we exploit this?

• What can we learn about spacetime through 
studying quantum information?

Probing Quantum Fields in Curved 
Spacetime(s)

• QFT in curved spacetime treats both quantum 
matter fields  and gravitation as having equal 
physical significance

• Provides clues as to what can be expected from a 
`true’ quantum gravity theory

• Many issues
– Causal structure
– Black hole entropy
– Cosmic evolution
– Vacuum entanglement
– Black Hole Superposition



The Quantum Vacuum
• Empty space isn’t empty!
– It is filled with fields (electric, magnetic, scalar,…)

• These fields are like a set of coupled springs, one at 
every point

• Vacuum (ground) state is a global field state
– springs vibrate with zero-point energy 
– entanglement between local modes
– Bell-like inequality can be violated by local fluctuations

• And we can extract the entanglement!

Summers/Werner 
PL A110 (1985) 5; 

J. Math Phys 28 (1987) 2440

Salton/RBM/Menicucci NJP17 (2015) 035001 Valentini PLA153( 1991) 321

Reznik
Fnd Phys 33  

(2003) 167    

Quantum Detectors
• Model systems that couple to quantum fields
• Operational approach  to probing quantum fields
• Example: Atoms – respond to EM field (photons!) 
– Absorb a photon à electron jumps up a level
– Emit a photon à electron drops down a level 

• Simplest atom?  A qubit!

UdW detector
à like a quantum dot

P→ Probability that the 
detector gets excited

B. deWitt in 
General 
Relativity: An 
Einstein 
Centenary 
Survey (CUP 
1980) g

e
Unruh de Witt (UdW) detector (qubit)

 Ω!Energy gap



Quantum Detectors

HI = λ(τ )(âde
− iΩτ + âd

†eiΩτ )
n
∑ (ânun[x(τ ),t(τ )]+ ân†un*[x(τ ),t(τ )])

interactionfielddetector

S = m0

2
d∫ τ ∂τQ( )2 −Ω0

2Q2⎡
⎣

⎤
⎦ − d 4∫ x −g 1

2
∇Φ(x)( )2 + SI

Vacuum

Ĥ = Ωdâd
†âd +

dt
dτ

ω n
n
∑ ân

†ân + HI
Cavity

SI = λ0 d∫ τ d 4∫ xQ(τ )Φ(x)δ 4 xµ − zµ (τ )( )

E.G. Brown, E. Martin-Martinez, N. Menicucci, RBM PRD87 (2013) 084062
D. Bruschi, A. Lee, I Fuentes  J. Phys A46 (2013) 165303   

S-Y Lin, B.L.Hu PRD73 (2006) 124018
PRD76 (2007)  064008      

Provide an operational 
means of probing the 
quantum character of 
spacetime

2-Detector Formalism
S = − d 4∫ x −g R + 1

2
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correlations
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C = 2N = max{0, X − PAPB }+O λ 4( )Concurrence

Entanglement measure:

Accelerating Detectors Get Hot! 

• A single detector, accelerating uniformly forever, will 
respond as though it is in a heat bath

• Idealized conditions can be relaxed
– Finite time acceleration
– Motion within cavities
– Non-uniform motion

• A cold vacuum to one observer is a                                            
hot vacuum to another 

• Effect is robust

 
T = a

2π
!
kBc

⎛
⎝⎜

⎞
⎠⎟

S.A. Fulling PRD7 (1973) 2850  P.C.W. 
Davies J Phys A8 (1975) 609 

W. G. Unruh PRD14 (1976) 3251

Can even 
turn this 

into a heat 
engine!

a

P→  thermal

Arias/ Oliveira/ Sarandy JHEP 18 (2018) 168
F. Gray/RBM JHEP 11 (2018) 174
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Entangled Accelerating Detectors 
à Degraded Entanglement!

• 2 maximally entangled detectors lose              
entanglement if one of them accelerates!

• More acceleration à less entanglement!
• But gravity and acceleration are locally the same!
• à Gravity (curved spacetime) should affect quantum 

entanglement!

a
+

En
ta

ng
le

m
en

t
(N

eg
at

iv
ity

)

acceleration

Fuentes/Mann
Phys. Rev. Lett. 95
120404 (2005)      

Alsing/Fuentes/RBM/Tessier
Phys. Rev. A74
032326 (2006)      

Detectors in Superposition
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Phase 
difference

E. Martin-Martinez, I. Fuentes, RBM 
Phys.Rev.Lett. 107 (2011) 131301



Phase 
differenceaccelerated trajectory

inertial trajectory

L
HT=Ωaa

†a +Ωbb
†b

      + λ(b + b†)[a†ei(kx−Ωat )

         + ae− i(kx−Ωat ) ]

  
For either cavity | 0 f0d 〉→

n,m
∑ nfmd U 00 U † nfmd U

† 0 f0d +O λ 2( )

 

ψ (t)  gains phase iγ =
R∫

A ⋅d

R

Ai = ψ (t) ∂Ri ψ (t)

Adiabatic for small λ  

γ a = γ I −Arg cosh
2 q − e2π iG sinh2 q( )
q = arctan(e−πΩac/a)  G = ωb sinh(2v)cosh[2(C − v)]

ω a sinh[2(C − v)]+ωb sinh(2v)

accelerated trajectory

Berry 
Phase

ρ f ⊗ 0d 0d

ρT =UR
† ρ f ⊗ 0d 0d( )UR

γ I

2π
=ω a sin

2 vsinh[2(C − v)]+ωb sinh(2v)sinh
2(C − v)

ω a sinh[2(C − v)]+ωb sinh(2v) inertial trajectory

2C = ln ω a
ωb( )

Compute the 
Berry Phase 
around this 

loop

E. Martin-Martinez, I. Fuentes, RBM 
Phys.Rev.Lett. 107 (2011) 131301

Application: 
Unruh Effect
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Acceleration [m/s2]

δ = γ a −γ I

 

Ωa  2.0GHz
Ωb  2.0GHz
λ  34Hz 

 

•  Visibility  V = Tr 0 f0d 0 f0d (ρ f ⊗ 0d 0d )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
= cosh−1q1 

              due to low accelerations

•  Maximal phase difference δ=π ⇒a≈ 4.5⋅1017m /s2  
                 ⇒30,000 cycles ⇒95 µs

•  For a≈1017m /s2 relativistic speeds (≈0.15c) reached 
                 in times t ≈Ωa

−1

•  Current metrology permits Δφ ≈10−8 sensitivity in 
                 phase difference

Dragan/Martin-
Martinez,/Fuentes/RBM, 

N J Phys 15 053036 
(2013)



Quantum Controlled Detectors
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Foo/Onoe/Zych
PRD 102 (2020) 085013

Foo/Onoe/RBM/Zych
PRR 3 (2021) 043056

HID (τ ) = χD (τ )[eiΩDτσ D
+ + e− iΩDτσ D

− ]Φ[zD (τ )]
PD = λ 2 d

−∞

∞

∫ τ D d
−∞

∞

∫ τ D ' χD (τ D )χD ' (τ D ' )e
− iΩD τD−τD '( )W xD (τ D ), xD (τ D ' )( )     D = A,B

Recall: Single Detector

W (x, ′x ) :=  0 φ(x)φ( ′x ) 0

τ D = γ Dt
Superposed Detector à use Quantum Control
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Superposed trajectories exhibit interference

Measure in control state 
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Superposed 
Parallel Accelerations

Superposed 
Anti-parallel Accelerations

Superposed 
Accelerations of 

Different Magnitude
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TU 6= a

2⇡ Superposed Detectors with same uniform 
acceleration do NOT have a thermal 

response!
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A Superposed Detector gains information about the field!

• Superposed detector separated by a distance L
• Single detector cannot distinguish between a thermal bath and 

conformal vacuum of expanding universe at same temperature
• Superposed detector CAN distinguish these two settings

Gibbons/Hawking
PRD (1979)

Response Rate: Thermal Bath Response Rate: de Sitter

Detector 
gap

Detector 
gap
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Schroedinger’s Cat in de Sitter Space
Superpositions of 

stationary detector 
trajectories in a single 

spacetime 

A single detector in a 
superpositions of 

diffeomorphic 
spacetimes
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Detector in superposed trajectory 

superposed spacetime/field 

Time evolution
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Measure 
in control 

basis
Foo/RBM/Zych
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de Sitter Spacetime

Superposed
de Sitter spacetimes

with different angular separations

Superposed 
de Sitter spacetimes

with different curvatures 

Equivalent to 
detector 
angular 

superposition

Inequivalent 
to detector 

superposition
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Û + Û T̂ (�✓)

�
|⇠i|0dSi

<latexit sha1_base64="Uw84dmvPonEm16p6Jx3Ch/8yDS4="></latexit>

1p
2

�
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Angular Superposition Curvature Superposition
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Black Hole Superposition

• Still lack a quantum theory of gravity
• General Expectation: Spacetime superposition
• Specifically: black hole superposition
– Complicated in general: curvature not constant
– Wightman functions are mode superpositions

• Test lab: BTZ black hole
– Constant curvature black hole
– Superpose using methods from de Sitter space

Two (superposed) Detectors in 
Anti de Sitter Space

2+1: Henderson/Hennigar/Smith/Zhang/RBM JHEP 05 (2019) 178 
3+1:  Ng/Martin-Martinez/RBM PRD98 (2018) 125005 



Detector in Superposed Anti de Sitter 
Space Arabaci/Foo/RBM/Zych PRL (2022)

Anti de Sitter Spacetime
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The BTZ Black Hole
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� unidentified )

<latexit sha1_base64="joa0RUJ/toKTwVjwYYR+NrBcCp8=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0EICGE3BLUM2tgIUcwDskuYnUySIbMPZ+4qYckv2PgrNhaK2NrZ+TfOJlto4oHLPZxzLzP3eJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtkcUEzxgDeAgWDuSjPieYC1vdJH6rXsmFQ+DWxhHzPXJIOB9TgloqWuWnGjIHQhx2vExrjgRd9SdhORqgrFzwwdDIFKGD12zaJWtKfAisTNSRBnqXfPL6YU09lkAVBClOrYVgZsQCZwKNik4sWIRoSMyYB1NA+Iz5SbTiyb4SCs93A+lrgDwVP29kRBfqbHv6UmfwFDNe6n4n9eJoX/mJjyIYmABnT3UjwXWCaTx4B6XjIIYa0Ko5PqvmA6JJBR0iAUdgj1/8iJpVsr2Sbl6XS3WzrM48ugAHaISstEpqqFLVEcNRNEjekav6M14Ml6Md+NjNpozsp199AfG5w+MD5zf</latexit>

� ! �+ 2⇡
p
M )

AdS Rindler
space

BTZ
black hole

<latexit sha1_base64="kEPb+dnsE+MoM/qbVWejs1mClrY="></latexit>

r = r̃/
p
M t = t̃

p
M � = �̃

p
M

<latexit sha1_base64="Ki0V2vlBbUigsVdGM13Ozhfdbkg="></latexit>

ds2 = �
✓
r̃2

l2
�M

◆
dt̃2 +

✓
r̃2

l2
�M

◆�1

dr̃2 + r̃2d�̃2

<latexit sha1_base64="s1wTYQt+RBVem10gDP1dBTbRc88=">AAACCXicbVDLSgMxFL1TX7W+Rl26CRZBEMpMKeqy6MZlBfuAzlAymbQNzcyEJCOUoVs3/oobF4q49Q/c+Tem7Sxq64HAyTn3kpwTCM6Udpwfq7C2vrG5Vdwu7ezu7R/Yh0ctlaSS0CZJeCI7AVaUs5g2NdOcdoSkOAo4bQej26nffqRSsSR+0GNB/QgPYtZnBGsj9WzkacZD6okhMzRZvF6gqidYzy47FWcGtErcnJQhR6Nnf3thQtKIxppwrFTXdYT2Myw1I5xOSl6qqMBkhAe0a2iMI6r8bJZkgs6MEqJ+Is2JNZqpixsZjpQaR4GZjLAeqmVvKv7ndVPdv/YzFotU05jMH+qnHJnI01pQyCQlmo8NwUQy81dEhlhiok15JVOCuxx5lbSqFfeyUruvles3eR1FOIFTOAcXrqAOd9CAJhB4ghd4g3fr2Xq1PqzP+WjByneO4Q+sr18replb</latexit>

�̃ ! �̃+ 2⇡
BTZ

black hole

The Superposed BTZ Black Hole
<latexit sha1_base64="OYVguk8gXsdIb1jekTaT2P5A8oU="></latexit>

ds2 = �
✓
r2

l2
� 1

◆
dt2 +

✓
r2

l2
� 1

◆
dr2 + r2d�2

<latexit sha1_base64="fo0rH/kU+Q4hvlnM5QI703eCcFY=">AAACEXicbVDNS8MwHE39nPOr6tFLcAgDYbRjqHga86AXYYL7gLWUNEu3sKStSSqMsn/Bi/+KFw+KePXmzf/GrOtBNx+EPN77/Uje82NGpbKsb2NpeWV1bb2wUdzc2t7ZNff22zJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9LxR5dTv/NAhKRReKfGMXE5GoQ0oBgpLXlm2blCnCOvcQGdeEgdFWU3PIFVJ6aOvBcqvfEaE+iZJatiZYCLxM5JCeRoeuaX049wwkmoMENS9mwrVm6KhKKYkUnRSSSJER6hAelpGiJOpJtmiSbwWCt9GERCn1DBTP29kSIu5Zj7epIjNZTz3lT8z+slKjh3UxrGiSIhnj0UJAzq3NN6YJ8KghUba4KwoPqvEA+RQFjpEou6BHs+8iJpVyv2aaV2WyvVG3kdBXAIjkAZ2OAM1ME1aIIWwOARPINX8GY8GS/Gu/ExG10y8p0D8AfG5w9QxJwV</latexit>

�B : � ! �+ 2⇡
p

MB
<latexit sha1_base64="5qMv2OAsanOdWs1xSEM6mBeS1z4=">AAACEXicbVDNS8MwHE3n15xfVY9egkMYCKMdQ8XTpge9CBPcB6ylpFm2hSVtTVJhlP0LXvxXvHhQxKs3b/43Zl0Puvkg5PHe70fynh8xKpVlfRu5peWV1bX8emFjc2t7x9zda8kwFpg0cchC0fGRJIwGpKmoYqQTCYK4z0jbH11O/fYDEZKGwZ0aR8TlaBDQPsVIackzS84V4hx59XPoREPqqDC94TGsOBF15L1QyY1Xn0DPLFplKwVcJHZGiiBDwzO/nF6IY04ChRmSsmtbkXITJBTFjEwKTixJhPAIDUhX0wBxIt0kTTSBR1rpwX4o9AkUTNXfGwniUo65ryc5UkM5703F/7xurPpnbkKDKFYkwLOH+jGDOve0HtijgmDFxpogLKj+K8RDJBBWusSCLsGej7xIWpWyfVKu3laLtYusjjw4AIegBGxwCmrgGjRAE2DwCJ7BK3gznowX4934mI3mjGxnH/yB8fkDTZqcEw==</latexit>

�A : � ! �+ 2⇡
p

MA

<latexit sha1_base64="AmYHbjwyLbnqOss3zxAbiFENpas=">AAACDXicbVBLSwMxGMzWV62vVY9eglUQhLJbioqnoge9CBXsA7pLyaZpG5rsxiQrlKV/wIt/xYsHRbx69+a/Md3uQVsHQoaZ7yOZCQSjSjvOt5VbWFxaXsmvFtbWNza37O2dhopiiUkdRyySrQApwmhI6ppqRlpCEsQDRprB8HLiNx+IVDQK7/RIEJ+jfkh7FCNtpI594F0hztE59MSAejpKb3gMy56gnrqXOrkZw45ddEpOCjhP3IwUQYZax/7yuhGOOQk1ZkiptusI7SdIaooZGRe8WBGB8BD1SdvQEHGi/CRNM4aHRunCXiTNCTVM1d8bCeJKjXhgJjnSAzXrTcT/vHase2d+QkMRaxLi6UO9mEGTelIN7FJJsGYjQxCW1PwV4gGSCGtTYMGU4M5GnieNcsk9KVVuK8XqRVZHHuyBfXAEXHAKquAa1EAdYPAInsEreLOerBfr3fqYjuasbGcX/IH1+QOg3Zqr</latexit>

� : � ! �+ 2⇡
p
M

! "<latexit sha1_base64="QpvwQLb8qor7iB3GemVZMm2F2O8=">AAAB6nicdVDLSgNBEOyNrxhfUcGLl8EgeFp2NUa9xXjxIiRoHpAsYXYySYbMPpiZFcKST/DiQRGvXv0Lv8CbF7/F2ayCihY0FFXddHe5IWdSWdabkZmZnZtfyC7mlpZXVtfy6xsNGUSC0DoJeCBaLpaUM5/WFVOctkJBsedy2nRHZ4nfvKZCssC/UuOQOh4e+KzPCFZaurzonnbzBcs8SXCAUlJKiFW0LfsQ2aY1RaG8VXtnz5WXajf/2ukFJPKorwjHUrZtK1ROjIVihNNJrhNJGmIywgPa1tTHHpVOPD11gna10kP9QOjyFZqq3ydi7Ek59lzd6WE1lL+9RPzLa0eqf+zEzA8jRX2SLupHHKkAJX+jHhOUKD7WBBPB9K2IDLHAROl0cjqEr0/R/6Sxb9ols1jTaVQgRRa2YQf2wIYjKMM5VKEOBAZwA3dwb3Dj1ngwHtPWjPE5swk/YDx9AFvwkZM=</latexit>

MA

<latexit sha1_base64="PyYQ1bBAh0Plxz2wRdMvI7zuEfk=">AAAB6nicdVDLSgNBEOz1GeMrKnjxMhgET8uuxqi3EC9ehATNA5IlzE5mkyGzD2ZmhbDkE7x4UMSrV//CL/DmxW9xNqugogUNRVU33V1uxJlUlvVmzMzOzS8s5pbyyyura+uFjc2mDGNBaIOEPBRtF0vKWUAbiilO25Gg2Hc5bbmjs9RvXVMhWRhcqXFEHR8PAuYxgpWWLi961V6haJmnKQ5RRsopsUq2ZR8h27SmKFa26+/sufpS6xVeu/2QxD4NFOFYyo5tRcpJsFCMcDrJd2NJI0xGeEA7mgbYp9JJpqdO0J5W+sgLha5Aoan6fSLBvpRj39WdPlZD+dtLxb+8Tqy8EydhQRQrGpBskRdzpEKU/o36TFCi+FgTTATTtyIyxAITpdPJ6xC+PkX/k+aBaZfNUl2nUYUMOdiBXdgHG46hAudQgwYQGMAN3MG9wY1b48F4zFpnjM+ZLfgB4+kDXXSRlA==</latexit>

MB

Superpose the 
identifications:

  
WAdS

(ζ )(x, ′x ) = 1
4πℓ 2

1
σ ε(x, ′x )

− ζ
σ ε(x, ′x )+ 2

⎛

⎝⎜
⎞

⎠⎟

AdS Wightman fn

<latexit sha1_base64="FlWZbSGUjLxkSp7jfu74VOwN51g="></latexit>

WBTZ(x, x
0) =

1P
k ⌘

2k

X

n

X

m

⌘n⌘mWAdS(�
nx,�mx0) BTZ Wightman fn

<latexit sha1_base64="E2xZw30vZfKp3hllFrwMu50ZkbU="></latexit>

W (AB)
BTZ (x, x0) =

1P
k ⌘

2k

X

n,m

⌘n⌘mWAdS(�
n
Ax,�

m
B x0) Superposed

BTZ Wightman fn

<latexit sha1_base64="65EeDf8bwVQ3OnhMJx46ErEJGKU=">AAAB83icdVDLSgMxFM34rPVVdekmWARXQ6a2tV0IRTcuK9gHdIaSSTNtaJIZkoxQhv6GGxeKuPVn3Pk3pg9BRQ9cOJxzL/feEyacaYPQh7Oyura+sZnbym/v7O7tFw4O2zpOFaEtEvNYdUOsKWeStgwznHYTRbEIOe2E4+uZ37mnSrNY3plJQgOBh5JFjGBjJd+nBsNL6CcCev1CEbn1Oip7dYjcCkKlWtUSdF6qVSrQc9EcRbBEs1949wcxSQWVhnCsdc9DiQkyrAwjnE7zfqppgskYD2nPUokF1UE2v3kKT60ygFGsbEkD5+r3iQwLrScitJ0Cm5H+7c3Ev7xeaqJakDGZpIZKslgUpRyaGM4CgAOmKDF8YgkmitlbIRlhhYmxMeVtCF+fwv9Ju+R6Vbd8Wy42rpZx5MAxOAFnwAMXoAFuQBO0AAEJeABP4NlJnUfnxXldtK44y5kj8APO2yfHv5Dk</latexit>

⌘ = ±1
untwisted

twisted

Arabaci/Foo/RBM/Zych
PRL  (to appear)



<latexit sha1_base64="E2xZw30vZfKp3hllFrwMu50ZkbU="></latexit>

W (AB)
BTZ (x, x0) =

1P
k ⌘

2k

X

n,m

⌘n⌘mWAdS(�
n
Ax,�

m
B x0)

  
WAdS

(ζ )(x, ′x ) = 1
4πℓ 2

1
σ ε(x, ′x )

− ζ
σ ε(x, ′x )+ 2

⎛

⎝⎜
⎞

⎠⎟

ζ = 1 (Dirichlet)
ζ = 0 (Transparent)
ζ = −1 (Neumann)

<latexit sha1_base64="wvcBG0S3yJ+249Wzutcn51fMWwY="></latexit>

�(�n
Ax,�

m
B x0) =

r
R2

A

l2

r
R2

B

l2
cosh

h
2⇡(m

p
MA � n

p
MB)

i
� 1

�
r

R2
A

l2
� 1

r
R2

B

l2
� 1 cosh

✓
t� t0

l

◆

! "<latexit sha1_base64="QpvwQLb8qor7iB3GemVZMm2F2O8=">AAAB6nicdVDLSgNBEOyNrxhfUcGLl8EgeFp2NUa9xXjxIiRoHpAsYXYySYbMPpiZFcKST/DiQRGvXv0Lv8CbF7/F2ayCihY0FFXddHe5IWdSWdabkZmZnZtfyC7mlpZXVtfy6xsNGUSC0DoJeCBaLpaUM5/WFVOctkJBsedy2nRHZ4nfvKZCssC/UuOQOh4e+KzPCFZaurzonnbzBcs8SXCAUlJKiFW0LfsQ2aY1RaG8VXtnz5WXajf/2ukFJPKorwjHUrZtK1ROjIVihNNJrhNJGmIywgPa1tTHHpVOPD11gna10kP9QOjyFZqq3ydi7Ek59lzd6WE1lL+9RPzLa0eqf+zEzA8jRX2SLupHHKkAJX+jHhOUKD7WBBPB9K2IDLHAROl0cjqEr0/R/6Sxb9ols1jTaVQgRRa2YQf2wIYjKMM5VKEOBAZwA3dwb3Dj1ngwHtPWjPE5swk/YDx9AFvwkZM=</latexit>

MA

<latexit sha1_base64="PyYQ1bBAh0Plxz2wRdMvI7zuEfk=">AAAB6nicdVDLSgNBEOz1GeMrKnjxMhgET8uuxqi3EC9ehATNA5IlzE5mkyGzD2ZmhbDkE7x4UMSrV//CL/DmxW9xNqugogUNRVU33V1uxJlUlvVmzMzOzS8s5pbyyyura+uFjc2mDGNBaIOEPBRtF0vKWUAbiilO25Gg2Hc5bbmjs9RvXVMhWRhcqXFEHR8PAuYxgpWWLi961V6haJmnKQ5RRsopsUq2ZR8h27SmKFa26+/sufpS6xVeu/2QxD4NFOFYyo5tRcpJsFCMcDrJd2NJI0xGeEA7mgbYp9JJpqdO0J5W+sgLha5Aoan6fSLBvpRj39WdPlZD+dtLxb+8Tqy8EydhQRQrGpBskRdzpEKU/o36TFCi+FgTTATTtyIyxAITpdPJ6xC+PkX/k+aBaZfNUl2nUYUMOdiBXdgHG46hAudQgwYQGMAN3MG9wY1b48F4zFpnjM+ZLfgB4+kDXXSRlA==</latexit>

MB

<latexit sha1_base64="DjOB+7H85LcvpIvQVnuQl8btx6M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67V91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvvFy5q5Sq11kceTiCYzgFDy6gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB7OuNkw==</latexit>

RA <latexit sha1_base64="5AJ/nihanh5M9RGvQykXO0mveHc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v1iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2Xvsly5q5SqtSyOPJzAKZyDB1dQhVuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A7m+NlA==</latexit>

RB

Dynamical Evolution

<latexit sha1_base64="TGWCrNPlm/bd8Y1J1uU/ESV0VQs=">AAACR3icdVBNSxtBGJ6Ntmr6YWqPXl4MhUghzAaJyaFg7cWLoGBUyKbL7GQ2Ds7ObmfeLYTN/rteevXmX+jFgyIencQY2tI+MPB8vC8z80SZkhYpvfYqS8svXq6srlVfvX7zdr32buPUprnhosdTlZrziFmhpBY9lKjEeWYESyIlzqLLL9P87LswVqb6BMeZGCRspGUsOUNnhbWvEwgyKxsYym0IDNMjJeATBLFhvPDLIrDfDBatsmxMDsPPi4mP4OT+Qm7DBOhCTWD0zMNanTapQ7sNU+J3qO9It9tptbrgzyJK62SOo7B2FQxTnidCI1fM2r5PMxwUzKDkSpTVILciY/ySjUTfUc0SYQfFrIcSPjhnCHFq3NEIM/f3jYIl1o6TyE0mDC/s39nU/FfWzzHuDAqpsxyF5k8XxbkC TGFaKgylERzV2BHGjXRvBX7BXIXoqq+6Ep5/Cv8np62m327uHO/U9/bndaySTbJFGsQnu2SPHJAj0iOc/CC/yC258356N9699/A0WvHmO+/JH6h4j2Tpr9w=</latexit>

| (ti)i =
1p
2
(|MAi+ |MBi)|0i|gi

<latexit sha1_base64="QpvwQLb8qor7iB3GemVZMm2F2O8=">AAAB6nicdVDLSgNBEOyNrxhfUcGLl8EgeFp2NUa9xXjxIiRoHpAsYXYySYbMPpiZFcKST/DiQRGvXv0Lv8CbF7/F2ayCihY0FFXddHe5IWdSWdabkZmZnZtfyC7mlpZXVtfy6xsNGUSC0DoJeCBaLpaUM5/WFVOctkJBsedy2nRHZ4nfvKZCssC/UuOQOh4e+KzPCFZaurzonnbzBcs8SXCAUlJKiFW0LfsQ2aY1RaG8VXtnz5WXajf/2ukFJPKorwjHUrZtK1ROjIVihNNJrhNJGmIywgPa1tTHHpVOPD11gna10kP9QOjyFZqq3ydi7Ek59lzd6WE1lL+9RPzLa0eqf+zEzA8jRX2SLupHHKkAJX+jHhOUKD7WBBPB9K2IDLHAROl0cjqEr0/R/6Sxb9ols1jTaVQgRRa2YQf2wIYjKMM5VKEOBAZwA3dwb3Dj1ngwHtPWjPE5swk/YDx9AFvwkZM=</latexit>

MA

<latexit sha1_base64="PyYQ1bBAh0Plxz2wRdMvI7zuEfk=">AAAB6nicdVDLSgNBEOz1GeMrKnjxMhgET8uuxqi3EC9ehATNA5IlzE5mkyGzD2ZmhbDkE7x4UMSrV//CL/DmxW9xNqugogUNRVU33V1uxJlUlvVmzMzOzS8s5pbyyyura+uFjc2mDGNBaIOEPBRtF0vKWUAbiilO25Gg2Hc5bbmjs9RvXVMhWRhcqXFEHR8PAuYxgpWWLi961V6haJmnKQ5RRsopsUq2ZR8h27SmKFa26+/sufpS6xVeu/2QxD4NFOFYyo5tRcpJsFCMcDrJd2NJI0xGeEA7mgbYp9JJpqdO0J5W+sgLha5Aoan6fSLBvpRj39WdPlZD+dtLxb+8Tqy8EydhQRQrGpBskRdzpEKU/o36TFCi+FgTTATTtyIyxAITpdPJ6xC+PkX/k+aBaZfNUl2nUYUMOdiBXdgHG46hAudQgwYQGMAN3MG9wY1b48F4zFpnjM+ZLfgB4+kDXXSRlA==</latexit>

MB

<latexit sha1_base64="DjOB+7H85LcvpIvQVnuQl8btx6M=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4/44JHAhswOA0yYnd3M9JqQDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyL1iOOY+yEdKNEXjKKVHu67V91iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9np07IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItO/SU9ozlCOLaFMC3srYUOqKUObTsGG4C2+vEwaZ2XvvFy5q5Sq11kceTiCYzgFDy6gCrdQgzowGMAzvMKbI50X5935mLfmnGzmEP7A+fwB7OuNkw==</latexit>

RA <latexit sha1_base64="5AJ/nihanh5M9RGvQykXO0mveHc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx7xwSOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekKleSwfzThBP6IDyUPOqLHSw32v1iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaF2Xvsly5q5SqtSyOPJzAKZyDB1dQhVuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4A7m+NlA==</latexit>

RB
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Probabilities oscillate in time
due to different energies (masses)

<latexit sha1_base64="hY9g9bC+rqrzVHjR9Vq2gZuR42M="></latexit>

Dashed lines:p
MB/MA = (n� 1)/n

where n = {3, . . . 8}

Resonant peaks at integer 
values of  (mass ratios)1/2 !

Arabaci/Foo/RBM/Zych
PRL  (to appear)

Consistent with Bekenstein’s
black hole mass quantization 
conjecture 



Superposed Metric?
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Classically:
Knowledge of Synge geodesic distance
à metric

Quantum Mechanically:
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Kempf
Front Phys 9 (2021) 247Superposed Black Hole Metric?
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Summary
• Construction of superposed spacetimes
– curvature-superposed de Sitter
– mass-superposed black hole
– Operational description via Wightman function
– Generalizable to other spacetimes

• Detector response
– Peaks at rational values of (mass-ratio)1/2

– Consistent with Bekenstein’ Conjecture
• Provides a pathway for understanding effects of 

quantum gravitational phenomena even without 
a quantum theory of gravity!

Arabaci/Foo/RBM/Zych
2208.12083
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