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Science with the Laser Interferometer 
Space Antenna

Jonathan Gair, School of Mathematics, University of Edinburgh
Japanese General Relativity Meeting, Rikkyu University, November 7th 2018

Talk Outline

❖ The Laser Interferometer Space Antenna - current status

❖ Sources for LISA

❖ LISA science objectives

❖ The LISA Consortium

❖ Preparing for LISA data analysis and science delivery



Why space-based detectors?

www.rhcole.com/apps/GWplotter

The Laser Interferometer Space Antenna
❖ Long history. Original design 

(1998)
- Operating in millihertz band.
- Three satellites, 5 million km 

apart, in heliocentric, Earth-
trailing orbit. 6 laser links.

- Joint NASA/ESA project.
- Technology demonstrator 

mission, LISA Pathfinder, 
approved. Launched 2015.

❖ NASA dropped out in 2011. New 
ESA-only mission, termed eLISA, 
eventually selected for L3 (2034).



LISA Status
❖ LISA now reinvigorated and timetable 

accelerated
- LISA Pathfinder spectacularly 

demonstrated the technology.
- Detection of GW150914+ renewed 

interest in gravitational waves.
- mission now in phase A, adoption 

in 2022-2024;
- mission launch: by 2034.

❖ Mid-decadal review expressed strong 
support for NASA re-involvement, at 
probe-class level (~$400m).

❖ Design: 2.5Gm arms, 6-link geometry.

LISA Sensitivity
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❖ Expected to occur following mergers of the host galaxies. LISA can observe 
gravitational waves from these with very high signal-to-noise ratio.

Sources: massive black hole mergers
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❖ Expected to occur following mergers of the host galaxies. LISA can observe 
gravitational waves from these with very high signal-to-noise ratio.

❖ Expected event rate depends on assumptions about black hole population 
(Klein+, 2016)
- Light pop-III seed model: baseline configuration expected to see ~350 

events.
- Heavy seed model, no delay in binary formation: ~550 events.
- Heavy seed model, with delays: ~50 events.

❖ Baseline configuration would see 150/300/4 events at z > 7 under the 
different models.
- NGO-like detector (1 Gm/4-link) would see ~15/185/3 events.
- Classic LISA-like detector (5 Gm/6-link) would see ~400/350/4 events.

Sources: massive black hole mergers

❖ LISA will measure the parameters of black hole mergers to high precision. 
Typical errors are

Sources: massive black hole mergers

�m1/m1, �m2/m2 ⇠ 10�3 � 10�2,�a1 ⇠ 10�2
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Sources: massive black hole mergers
❖ In two years, LISA could 

determine

- both redshifted masses to 1% 
for ~70/100/10 systems;

- the spin of the primary to 1% 
for ~30/50/2 systems;

- sky location to 10 deg2 and 
distance to 10% for ~7/23/4 
systems.
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servative/realistic” popIII and Q3-d models. Even more
dramatically, as can be seen from Table II, these same
configurations are likely to see at most a handful of bina-
ries at z > 7 in the popIII and Q3-d models. This could
severely jeopardize the mission’s potential to investigate
the origin of MBH seeds at high redshifts.

The right panel of Fig. 7 shows an example of the po-
tential advantages of a six-link configuration in terms of
science return. We compare the number of sources that
can be localized in the sky within 10 square degrees, a
figure of merit indicative of how many detections can
be used for electromagnetic follow-up observations (a 10
deg2 error box is comparable to the SKA and LSST fields
of view). On average, six-link configurations perform
about ten times better than their four-link counterparts.
The di↵erence is even larger when the SUA IMR scaling
is adopted, because the improvement in parameter esti-
mation is more prominent for six links (cf. Section IV C).
Note that any six-link configuration performs better than
NGO for all the considered MBHB population models,
highlighting the importance of adopting this feature in
the mission design. Including merger somewhat miti-
gates the di↵erence across designs for six-link configura-
tions, but a factor ⇠ 10 di↵erence still persists between
the best and the worst configuration (see e.g. the top-
right plot in the right panel of Fig. 7).

B. Parameter estimation

We assess the accuracy with which various eLISA con-
figurations can estimate MBHB parameters using the
Fisher matrix approach described in Sec. IV B, either
with inspiral-only SUA waveforms or including a merger-
ringdown correction as described in Sec. IVC. As a san-
ity check, we verified that qualitatively similar trends for
the parameter estimation errors are found with an inde-
pendent Fisher matrix code employing restricted 2PN,
non-spinning waveforms [85] (although the absolute er-
rors are typically larger for the 2PN models, which omit
spin precession information).

Our main goal is to assess the scientific return of the
mission, so we report mostly the number of systems for
which selected parameters can be measured within a cer-
tain error, rather than the average (or median) absolute
errors on those parameters. This representation is more
directly linked to the mission’s science goal of testing the
formation and evolution of the MBH population, which
requires parameters to be measured with reasonable pre-
cision for a large sample of the astrophysical MBH popu-
lation. For other mission goals, it might be more appro-
priate to quote the absolute errors: for instance, in order
to test the black hole no-hair theorem of GR using MBH
mergers, a single MBHB with very well determined pa-
rameters (remnant spin and dominant quasinormal mode
frequencies [30, 99]) might be enough. We will keep this
in mind below (e.g. when we report the absolute error
with which the final remnant spin can be measured), but

FIG. 8. Number of detections with both fractional redshifted
mass errors less than 0.01. Left and right panels are for a mis-
sion lifetime of two years and five years, respectively. Inspiral-
only waveforms have been used in all cases. The bottom pan-
els represent the number of sources as a function of the eLISA
configuration, while the top panels represent the gain/loss
of a given configuration with respect to NGO, i.e. the ra-
tio [number of sources for (NiAjMkL`)]/[number of sources
with (N2A1MkL4)]. Long-dashed brown lines are for model
popIII, solid orange lines for model Q3-d, and short-dashed
green lines for model Q3-nod. Thick lines with filled triangles
are for six links (L6), while thin lines with open triangles are
for four links (L4).

we defer a more complete analysis of absolute errors and
tests of GR to future work.

Our “success metrics” to assess the science capabilities
of various mission designs are the number of binaries such
that one or more of the following conditions are met:
(i) Both redshifted masses (m1z and m2z) are mea-
sured with a relative statistical error of 1% or better:
�m1z/m1z < 0.01 and �m2z/m2z < 0.01. This metric
is useful to gauge the mission’s capability to probe MBH
growth across cosmic history.
(ii) Spin magnitudes and directions are measured accu-
rately. For the spin magnitude, we require that either the
spin parameter �1 of the more massive black hole (the
“primary”) be measured with absolute statistical error of
0.01 or better, or that the spin parameter �2 of the less
massive black hole (the “secondary”) be measured with
absolute statistical error of 0.1 or better. Note that we
use di↵erent thresholds because the secondary’s spin is
typically harder to measure. As for the spin direction,
we require that the angles of both spins with respect to
the orbital angular momentum of the system (✓�1

, ✓�2
)

be determined to within an error of 10 degrees or less.
Spin magnitudes and directions are related to the global
accretion history and to the local dynamics of the ac-

Klein et al. (2016)

Sources: extreme-mass-ratio inspirals
❖ The inspiral of a 

compact object into a 
massive black hole in 
the centre of a galaxy.

❖ Form as a result of 
scattering in dense 
galacto-centric stellar 
clusters.

❖ Orbits are expected to 
be both eccentric and 
inclined - rich 
waveform structure.



❖ There are large astrophysical uncertainties, but expect to see between a few 
tens and a few hundreds of events.

Sources: extreme-mass-ratio inspirals
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Mass MBH Cusp M–� CO EMRI rate [yr�1]
Model function spin erosion relation Np mass [M�] Total Detected (AKK) Detected (AKS)

M1 Barausse12 a98 yes Gultekin09 10 10 1600 294 189

M2 Barausse12 a98 yes KormendyHo13 10 10 1400 220 146

M3 Barausse12 a98 yes GrahamScott13 10 10 2770 809 440

M4 Barausse12 a98 yes Gultekin09 10 30 520 (620) 260 221

M5 Gair10 a98 no Gultekin09 10 10 140 47 15

M6 Barausse12 a98 no Gultekin09 10 10 2080 479 261

M7 Barausse12 a98 yes Gultekin09 0 10 15800 2712 1765

M8 Barausse12 a98 yes Gultekin09 100 10 180 35 24

M9 Barausse12 aflat yes Gultekin09 10 10 1530 217 177

M10 Barausse12 a0 yes Gultekin09 10 10 1520 188 188

M11 Gair10 a0 no Gultekin09 100 10 13 1 1

M12 Barausse12 a98 no Gultekin09 0 10 20000 4219 2279

TABLE I. List of EMRI models considered in this work. Column 1 defines the label of each model. For each model we specify
the MBH mass function (column 2), the MBH spin model (column 3), whether we consider the e↵ect of cusp erosion following
MBH binary mergers (column 4), the M–� relation (column 5), the ratio of plunges to EMRIs (column 6), the mass of the
COs (column 7); the total number of EMRIs occurring in a year up to z = 4.5 (column 8; for model M4 we also show the total
rate per year up to z = 6.5); the detected EMRI rate per year, with AKK (column 9) and AKS (column 10) waveforms. The
AKK and AKS waveforms are introduced in Section IV, and bracket waveform modelling uncertainties.

of 2).2 Even smaller is the e↵ect of spin, a↵ecting EMRI
rates at the 10% level; there are more EMRIs when spins
are higher as the LSO is smaller (and so it is more di�-
cult to directly plunge [90]), but this only a↵ects a small
portion of orbits. However, we will see that spins will
play a more important role in the detectability of these
events by LISA. Changing the M–� relation, which sets
the relation between the MBH and its surrounding popu-
lation of COs, can introduce a variation of about a factor
of 2. More significant are the mass of the COs and the
number of plunges, as both of these directly impact the
mass accreted by the MBH and so the necessary duty
factor to preserve the population of MBHs. An increase
in either m or Np by a factor of X reduces the EMRI rate
by a similar factor. Since we are more uncertain of the
number of plunges, this has a greater potential impact on
the expected rate, here changing it by almost two orders
of magnitude. A drop of about one order of magnitude
is achieved by switching to the pessimistic MBH mass
distribution, as the reduction in the number of MBHs
naturally decreases the number of EMRIs.

For each of the 12 models outlined above we generate
10 Monte-Carlo realizations of the expected population
of EMRIs plunging in 1 year. We therefore construct
a library of 120 catalogs that includes all EMRI events
occurring in the Universe in 10 years for the 12 models.

2 This could be up to a factor of 4 if kick velocities of few hundred
km s�1 are considered in the computation of the cusp regrowth
timescale (cf. Eq. 9).

IV. WAVEFORMS, SIGNAL ANALYSIS AND
PARAMETER ESTIMATION

Having generated astrophysical populations of EMRI
systems, we need to determine which of the systems will
be observed by LISA. To do this, we need a model of
the GW emission from an EMRI system. Accurate grav-
itational waveforms from EMRIs can be computed using
BH perturbation theory, exploiting the large di↵erence
in masses of the two objects to regard the smaller as a
perturbation of the spacetime of the larger and construct
an expansion in the mass ratio (see [101] for a review).
Perturbative calculations have not yet been completed
to the order necessary to accurately track the phase of
an EMRI over an entire inspiral, and these calculations
are extremely computationally expensive. Two approxi-
mate EMRI models have therefore been developed, which
capture the main features of EMRI waveforms at much
lower computational cost and can therefore be used to
explore questions connected to the detection and scien-
tific exploitation of EMRI observations. Of the two mod-
els, the numerical kludge [102, 103] is the more accurate
and is based on modelling the trajectory of the smaller
object as a geodesic of the Kerr background, with inspi-
ral imposed on the system. With further enhancements,
the numerical-kludge model may be accurate enough for
use in LISA data analysis. However, it is still relatively
computationally expensive. The analytic kludge (AK)
model [51] is computationally cheaper, at the cost of less
faithfulness to real EMRI signals. The AK model ap-
proximates gravitational wave emission by that from a
Keplerian orbit [104], with precession of the orbital per-
ihelion, precession of the orbital plane, and inspiral of
the orbit added using post-Newtonian prescriptions. The

EMRI parameter estimation
❖ Each EMRI observation will yield 

very precise parameter estimates

❖ Precision arises from tracking GW 
phase over O(105) cycles. 
Achievable even at threshold SNR 
of ~20.
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FIG. 1: The multi-band GW astronomy concept. The violet
lines are the total sensitivity curves (assuming two Michelson)
of three eLISA configurations; from top to bottom N2A1,
N2A2, N2A5 (from [15]). The orange lines are the current
(dashed) and design (solid) aLIGO sensitivity curves. The
lines in di↵erent blue flavours represent characteristic ampli-
tude tracks of BHB sources for a realization of the flat popu-
lation model (see main text) seen with S/N> 1 in the N2A2
configuration (highlighted as the thick eLISA middle curve),
integrated assuming a five year mission lifetime. The light
turquoise lines clustering around 0.01Hz are sources seen in
eLISA with S/N< 5 (for clarity, we down-sampled them by a
factor of 20 and we removed sources extending to the aLIGO
band); the light and dark blue curves crossing to the aLIGO
band are sources with S/N> 5 and S/N> 8 respectively in
eLISA; the dark blue marks in the upper left corner are other
sources with S/N> 8 in eLISA but not crossing to the aLIGO
band within the mission lifetime. For comparison, the char-
acteristic amplitude track completed by GW150914 is shown
as a black solid line, and the chart at the top of the figure
indicates the frequency progression of this particular source
in the last 10 years before coalescence. The shaded area at
the bottom left marks the expected confusion noise level pro-
duced by the same population model (median, 68% and 95%
intervals are shown). The waveforms shown are second order
post-Newtonian inspirals phenomenologically adjusted with a
Lorentzian function to describe the ringdown.

Equation (3) is valid for circular binaries, which is our
working hypothesis. This is certainly a good approxima-
tion for systems formed through stellar evolution, that
are expected to inherit their stellar progenitor circular
orbits. Extrapolating results shown in figure 10 of [17]
at low frequency, we find that also dynamically formed
BHBs have typical e . 0.01 in the relevant eLISA band,
making our S/N and source number computations robust
against the assumed BHB formation channel.

For both the flat and salp models, probability distri-
butions of the intrinsic rate R are given in [3] (see their
figure 5). We make 200 Monte Carlo draws from each of
those, use equation (2) to numerically construct the cos-

mological distribution of emitting sources as a function of
mass redshift and frequency, and make a further Monte
Carlo draw from the latter. For each BHB mass model,
the process yields 200 di↵erent realizations of the instan-
taneous BHB population emitting GWs in the Universe.
We limit our investigation to 0 < z < 2 and fr > 10�4Hz,
su�cient to cover all the relevant sources emitting in the
eLISA and aLIGO bands.

Signal-to-noise ratio computation. An in-depth study
of possible eLISA baselines in under investigation [15, 18,
19], and the novel piece of information we provide here
might prove critical in the selection of the final design.
Therefore, following [15], we consider six baselines fea-
turing one two or five million km arm-length (A1, A2,
A5) and two possible low frequency noises – namely the
LISA Pathfinder goal (N1) and the original LISA require-
ment (N2). We assume a two Michelson (six laser links)
configuration, commenting on the e↵ect of dropping one
arm (going to four links) on the results. We assume a
five year mission duration.

In the detector frame, each source is characterized
by its redshifted quantities M = Mr(1 + z) and f =
fr/(1 + z). During the five years of eLISA observations,
the binary emits GWs shifting upwards in frequency from
an initial value fi, to an ff that can be computed by in-
tegrating equation (3) for a time tr = 5yr/(1 + z). The
sky and polarization averaged S/N in the eLISA detector
is then computed as

(S/N)2 = 2

Z ff

fi

h2
c(f)

fhS(f)idlnf, (4)

where the factor 2 accounts for the fact that we have
two Michelson interferometers (i.e. we consider six laser
links). hc is the characteristic strain of the source given
by

hc =
1

⇡D

✓
2G

c3

dE

df

◆1/2

, (5)

where D is the comoving source distance, and the emitted
energy per unit frequency is

dE

df
=

⇡

3G

(GM)5/3

1 + z
(⇡f)�1/3. (6)

In equation (4), hS(f)i is the eLISA instrumental noise,
averaged over the source sky location and wave polar-
ization, and it is estimated by using the analytical form
given in [15] for each configuration. Note that at the
high frequencies relevant for the sources crossing to the
aLIGO band, the real eLISA sensitivity is not well cap-
tured by the analytical fitting functions. However, this
does not appreciably a↵ect S/N computations, and is not
expected to significantly alter detector performances (Pe-
titeau et al. in preparation). For parameter estimation,
we adopt a modification of the Fisher Matrix code of
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[20]. The code employs a 3.5 Post Newtonian (3.5PN)
circular non-spinning gravitational waveform evaluated
in the frequency domain assuming the stationary phase
approximation. The limitation to non-spinning, circular
binaries is not critical here, since the main source param-
eters of interest are the sky localization and the time to
coalescence. The former depends mostly on the signal
Doppler modulation and the time-varying antenna beam
pattern due to the detector’s orbital motion, neither of
which is influenced by the adopted waveform. The latter
mostly depends on the estimate of the redshifted chirp
mass, which is automatically determined to ⇡ 10�6 (see
figure 3) relative precision by match filtering hundreds
of thousand of source cycles. In fact, preliminary results
using 3.5PN spinning precessing waveforms confirm the
figures shown in the following (A. Klein, private commu-
nication). The code accounts for the full eLISA orbital
motion during the observation time, but also uses the
analytical approximation for the sensitivity curve. We
checked that, given M and fi, the S/N returned by the
code matches the estimate of equation (4) when averaged
over a Monte Carlo realization of the parameters describ-
ing the source sky location, inclination and polarization.

Finally, the estimate of the stochastic signal is com-
puted following [21] as

(S/N)2bkg = T

Z
�(f)

h4
c,bkg(f)

4f2hS(f)i2 df, (7)

where T = 5yr is the mission lifetime and we used the fact
that h2

c,bkg(f) = fSh(f), being Sh(f) the power spec-
tral density of the signal. Note that the response func-
tion �(f) ⇡ 1 in the relevant frequency range (see figure
4 in [21]). hc,bkg is related to the GW energy density
via h2

c,bkg = 3H2
0⌦

2
gw/(2⇡2f2), and is calculated at each

frequency by summing in quadrature the characteristic
strains of all sources up to z = 2. In our simple esti-
mate we did not remove sources with individual S/N> 8,
which however do contribute to less than 10% to the es-
timate of the background. This is compensated by the
fact that we integrate up to z = 2, whereas significant
contribution to the background comes from higher red-
shifts. However, we cannot trust (already at z = 2 in
fact) the assumption of a constant intrinsic BHB merger
rate and our stochastic background S/N estimates are
only indicative.

Results and implications. For each configuration we se-
lect only events resolvable above a given signal-to-noise
ratio (S/N) threshold. Results are shown in figure 2. Be-
tween one and about a thousand BHBs will be observable
at S/N> 8, and a factor of about four more at S/N> 5,
with the flat model resulting in twice as many sources as
the salp one. Four link configurations would yield approx-
imately one third of detections, since their sensitivity is a
factor

p
2 smaller, and the cumulative number of sources

goes with (S/N)3. About 20% of the resolvable systems
will coalesce within ten years from the start of eLISA

FIG. 2: Number of BHBs resolved by eLISA for di↵erent base-
lines. Orange triangles and blue squares are for models flat
and salp respectively. Filled symbols and associated error-
bars represent the median and 95% confidence interval from
200 realizations of the BHB population. The two top pan-
els represent the total number of resolved sources above the
indicated threshold. The two lower panels depict the subset
of sources that will eventually coalesce in the aLIGO band
within 10 years from the start of the eLISA mission. All fig-
ures are computed assuming five years of eLISA operations.

operations, appearing into the aLIGO band. These are
typically massive binaries (50M� < M1 + M2 < 100M�)
and can be observed up to z ⇡ 0.4 in eLISA. Numbers are
therefore quite sensitive to the high end of the BHB mass
function, but even assuming an artificial pessimistic cut-
o↵ for systems more massive than GW150914, we obtain
tens of events for the best eLISA design.

Figure 3 shows an example of parameter estimation
precision achievable with eLISA, for a typical population
of systems coalescing in the aLIGO band within its life-
time. The plot was constructed by running the Fisher
Matrix code on a sub-sample of 1000 sources coalescing
in five years and resulting in an S/N> 8 in the eLISA de-
tector (configuration N2A5, but distributions are largely
insensitive to the specific design), taken from our 200
Monte Carlo realizations of the flat BHB mass model.
The exquisite precision is due to the many thousands
of wave cycles emitted by the system convolved with the
multiple orbits completed by the eLISA detector over five
years. Although we use a simple waveform and detector
response model, adding complexity to the waveform and
to the response function should not appreciably alter the
precision of the measurement, as discussed above. Typ-
ically few weeks before appearance in the aLIGO band,
the relative errors in the mass measurements is better
than 1%, the sky location is better than 1deg2, and the
coalescence time can be predicted within less than ten
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FIG. 8. The cumulative (right to left) distribution of observed trig-
gers in the GstLAL analysis as a function of the log likelihood. The
best fit signal + noise distribution, and the contributions from signal
and noise are also shown. The shaded regions show 1s uncertain-
ties. The observations are in good agreement with the model. At
low likelihood, the distribution matches the noise model, while at
high likelihood it follows the signal model. Three triggers are clearly
identified as being more likely to be signal than noise. GW150914
stands somewhat above the expected distribution, as it is an unusu-
ally significant event – only 6% of the astrophysical distribution of
sources appearing in our search with a false rate of less than one per
century will be more significant than GW150914.

than was achieved in [42], due to the longer duration of data
containing a larger number of detected signals.

To do so, we consider two classes of triggers: those whose
origin is astrophysical and those whose origin is terrestrial.
Terrestrial triggers are the result of either instrumental or en-
vironmental effects in the detector, and their distribution is
calculated from the search background estimated by the anal-
yses (as shown in Fig. 3). The distribution of astrophysical
events is determined by performing large-scale simulations of
signals drawn from astrophysical populations and added to the
data set. We then use our observations to fit for the number of
triggers of terrestrial and astrophysical origin, as discussed in
detail in Appendix C. Figure 8 shows the inferred distributions
of signal and noise triggers, as well as the combined distribu-
tion. The observations are in good agreement with the model.

It is clear from the figure that three triggers are more likely
to be signal (i.e. astrophysical) than noise (terrestrial). We
evaluate this probability and find that, for GW150914 and
GW151226, the probability of astrophysical origin is unity
to within one part in 106. Meanwhile for LVT151012, it is
calculated to be 0.87 and 0.86, for the PyCBC and GstLAL
analyses respectively.

Given uncertainty in the formation channels of the various

Mass distribution R/(Gpc�3yr�1)

PyCBC GstLAL Combined

Event based

GW150914 3.2+8.3
�2.7 3.6+9.1

�3.0 3.4+8.6
�2.8

LVT151012 9.2+30.3
�8.5 9.2+31.4

�8.5 9.4+30.4
�8.7

GW151226 35+92
�29 37+94

�31 37+92
�31

All 53+100
�40 56+105

�42 55+99
�41

Astrophysical

Flat in log mass 31+43
�21 30+43

�21 30+43
�21

Power Law (�2.35) 100+136
�69 95+138

�67 99+138
�70

TABLE II. Rates of BBH mergers based on populations with masses
matching the observed events, and astrophysically motivated mass
distributions. Rates inferred from the PyCBC and GstLAL analyses
independently as well as combined rates are shown. The table shows
median values with 90% credible intervals.

BBH events, we calculate the inferred rates using a variety of
source population parametrizations. For a given population,
the rate is calculated as R = L/hV T i where L is the number
of triggers of astrophysical origin and hV T i is the population-
averaged sensitive space-time volume of the search. We use
two canonical distributions for BBH masses:

i a distribution uniform over the logarithm of component
masses, p(m1,m2) µ m1

�1m2
�1 and

ii assuming a power-law distribution in the primary mass,
p(m1) µ m�2.35

1 with a uniform distribution on the sec-
ond mass.

We require 5M�  m2  m1 and m1 +m2  100M�. The first
distribution probably overestimates the fraction of high-mass
black holes and therefore overestimates hV T i resulting in an
underestimate the true rate while the second probably over-
estimates the fraction of low-mass black holes and therefore
underestimating hV T i and overestimating the true rate. The
inferred rates for these two populations are shown in Table II
and the rate distributions are plotted in Figure 10.

In addition, we calculate rates based upon the inferred prop-
erties of the three significant events observed in the data:
GW150914, GW151226 and LVT151012 [140]. Since these
classes are distinct, the total event rate is the sum of the indi-
vidual rates: R ⌘ RGW150914 + RLVT151012 + RGW151226. Note
that the total rate estimate is dominated by GW151226, as it
is the least massive of the three likely signals and is therefore
observable over the smallest space-time volume. The results
for these population assumptions also are shown in Table II,
and in Figure 9. The inferred overall rate is shown in Fig. 10.
As expected, the population-based rate estimates bracket the
one obtained by using the masses of the observed black hole
binaries.

The inferred rates of BBH mergers are consistent with the
results obtained in [42, 141] following the observation of
GW150914. The median values of the rates have decreased
by approximately a factor of two, as we now have three likely
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Figure 2: Example of GW spectra in Case 1, for fixed T⇤ = 100 GeV, ↵ = 0.5, vw = 0.95, and

varying �/H⇤: from left to right, �/H⇤ = 1 and �/H⇤ = 10 (top), �/H⇤ = 100 and �/H⇤ = 1000

(bottom). The black line denotes the total GW spectrum, the green line the contribution from

sound waves, the red line the contribution from MHD turbulence. The shaded areas represent the

regions detectable by the C1 (red), C2 (magenta), C3 (blue) and C4 (green) configurations.

dominate the GW spectrum, since the �/H⇤ enhancement of the amplitude that operates

for long-lasting sources is less relevant (c.f. Eqs. (13) and (7)). As �/H⇤ increases, the sound

wave contribution gains importance (provided that ↵1 is large enough). At su�ciently high

frequencies however the scalar field contribution always dominates because of its shallow

decay: p = 1 as opposed to p = 4 and p = 5/3, see Eqs. (8), (14) and (17).

It is apparent that the total GW spectrum arising from a first-order PT depends on the

interplay among the contributions of the di↵erent sources, which in turn are determined by

the specific dynamics of the PT. On the one hand this is encouraging, since it opens up

the possibility of investigating the dynamics of the PT. On the other hand, this is probably

feasible only in the most optimistic PT scenarios and for the best eLISA configurations. Note

that the highest GW signals are expected for runaway bubbles in vacuum (Case 3 above) for

which the GW spectrum has the simplest shape, being determined only by the scalar field

contribution.
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LISA science objectives

❖ LISA science objectives cover topics in astrophysics, cosmology and 
fundamental physics.

❖ Astrophysics: compact binaries in the Milky Way
• SI1.1: Elucidate the formation and evolution of GBs by measuring their 

period, spatial and mass distributions.
• SI1.2: Enable joint gravitational and electromagnetic observations of 

GBs to study the interplay between gravitational radiation and tidal 
dissipation in interacting stellar systems.



LISA science objectives
❖ Astrophysics: black holes

• SI2.1: Search for seed black holes at cosmic dawn.
• SI2.2: Study the growth mechanism of MBHs from the epoch of the 

earliest quasars.
• SI2.3: Observation of EM counterparts to unveil the astrophysical 

environment around merging binaries.
• SI2.4: Test the existence of Intermediate Mass Black Hole Binaries 

(IMBHBs).
• SI3.1: Study the immediate environment of Milky Way like MBHs at 

low redshift.
• SI4.1: Study the close environment of SOBHs by enabling multi-band 

and multi-messenger observations at the time of coalescence.
• SI4.2: Disentangle SOBH binary formation channels.

❖ Fundamental Physics
• SI5.1 Use ring-down characteristics observed in MBHB coalescences to 

test whether the post-merger objects are the black holes predicted by 
GR.

• SI5.2 Use EMRIs to explore the multipolar structure of MBHs.
• SI5.3 Testing for the presence of beyond-GR emission channels.
• SI5.4 Test the propagation properties of GWs.
• SI5.5 Test the presence of massive fields around massive black holes 

with masses > 103 M⊙.

LISA science objectives



❖ Cosmology
• SI6.1: Measure the dimensionless Hubble parameter by means of GW 

observations only.
• SI6.2: Constrain cosmological parameters through joint GW and EM 

observations.
• SI7.1: Characterise the astrophysical stochastic GW background.
• SI7.2 : Measure, or set upper limits on, the spectral shape of the 

cosmological stochastic GW background.
• SI8.1: Search for cusps and kinks of cosmic strings.
• SI8.2: Search for unmodelled sources.

LISA science objectives

The LISA Consortium
❖ The LISA Consortium is the 

community of scientists who 
will develop the tools to 
exploit LISA science.

❖ The Consortium was recently 
rebooted with a round of 
applications for membership.
- associate members: 

interested in LISA science;
- full members: commit to 

deliver something to the 
Consortium.

❖ Have accepted ~425 full and 
~550 associate members.

https://signup.lisamission.org



Consortium structure
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❖ The groups connected to the 
delivery of science by the 
LISA Consortium are in the 
bottom right.
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LISA Science Group

❖ Help define key-science objectives for the LISA consortium; deliver work 
required to achieve these goals and ensure it is completed on time.

❖ Interface with science working groups to ensure objectives are up to date. 

❖ Prioritise work according to project needs and work package dependencies.

❖ Work packages under the LSG will focus on identification and delivery of 
LISA consortium science objectives, and develop data analysis methods 
and prototypes that are needed to deliver this science.

❖ Implementation in LISA data processing infrastructure will be done in 
conjunction with the LISA Data Processing Group.

LISA Data Processing Group

❖ The LISA Data Processing Group will oversee provision of ground segment 
infrastructure, frameworks for data analysis and production pipelines.

❖ Define standards and platforms. Responsible for data management, 
including public data and catalogue releases.

❖ Ensure Data Processing Centre(s) are established with appropriate capacity.

❖ Interface with ESA Science Operation Centre (SOC). Manage operational 
software for producing calibrated TDI data, that will be run in the SOC.

❖ Implement production versions of pipelines developed within the LSG.



❖ LISA Science group structured around a data analysis description put together 
in September 2017.  For each Science Investigation, the work needed was 
identified and divided into sub-elements. 

❖ Example: SI6.1: Measure the dimensionless Hubble parameter by means of 
GW observations alone; SI6.2: Constrain cosmological parameters through 
joint GW and EM observations.

❖ Consortium must deliver GW observations, alerts and cosmological parameter 
estimate., which requires

❖ Low-latency pipelines to trigger alerts.

❖ Mechanism for sending alerts.

❖ MoUs with EM partners for joint analysis (SI 6.2) or host catalogues (SI 6.1).

❖ Mechanism to trigger protected periods.

LISA Science Group Organisation

LISA Science Group
❖ Work package description available in the document LISA-LCST-SGS-WPD-001, available 

on the consortium website. Work grouped into a number of themes.

❖ Document will evolve over time and will always reflect current plans for science delivery.

❖ Applicants referenced the WPs when applying for membership. Currently have ~200 
members in the LISA Science Group, and ~60 committed FTEs.

WP Group Description Members FTEs

1 Waveform modelling 61 15.178

2 Data analysis tools 7 0.975

4 Low-latency pipelines 12 2.125

5 Global and individual source identification 55 11.722

6 Source catalogues 3 0.375

7 Multi-messenger, multi-band 31 4.197

8 Interpretation, key-science projects 89 20.662

Unspecified 10 2.38

Total 195 (distinct) 57.6

Table 1: Summary of commitment to each WP group (July 2018).

WP Description Members
(FTE)

Package
lead

Priority

1.1 Assess LISA waveform modelling requirements 5 (0.466) N 1

1.2 Provide EMRI waveforms 19 (5.68) N 2

1.3 Provide MBHB waveforms 24 (2.28) Maybe 2

1.4 Provide GB waveforms 7 (0.583) N 2

1.5 Provide IMRI waveforms 15 (2.257) Maybe 3

1.6 Provide SOBHB waveforms 4 (0.124) N 2

1.7 Provide waveforms for cosmic strings and other
modelled transient events

4 (0.483) Y 3

1.8 Waveform interface and tools 1
1.8.1 Tools for generating reduced order models 0 N
1.8.2 E�cient MBHB models 9 (0.75) Y
1.8.3 E�cient EMRI models 5 (0.83) Y

Table 2: Work packages on Waveform modelling.

1



LISA Science working groups

❖ Three science working groups have replaced the previous consortium 
working groups, one focussed on each major area:
❖ Astrophysics
❖ Cosmology
❖ Fundamental Physics

❖ These will form a bridge between the LISA Consortium and the wider 
scientific community and provide an environment for discussion and 
promotion of LISA science.

❖ There are also LISA Data Challenge, Waveform and Simulation working 
groups, which form a similar role for more technical areas.

LISA Data Challenge working group
❖ The LDC group was established to resume activities begun by the LISA 

Mock Data Challenges. Biweekly telecons on Friday at 16:00 CET.
❖ Activity within work package group 5 (Global and individual source 

identification) will initially be driven by the Data Challenges. Data sets will 
be constructed to address specific questions posed by the Science Group.

https://lisa-ldc.lal.in2p3.fr/ldc



LISA Data Challenge 1

LISA Data Challenge 1



Japanese involvement in LISA

❖ Associate members may come from any country, and do not need to commit 
any time to LISA work.

❖ The science and technical working groups — astrophysics, fundamental 
physics, cosmology, waveforms, data challenge and simulation — are open 
to both associate and full members.

❖ Full membership is restricted to countries that have an agreement with ESA.

❖ One Japanese group (Izumi) has already joined as full members, and are 
likely to provide some instrumentation. JAXA is drafting a letter of interest 
to ESA, so the arrangement is likely to be formalised soon.

LISA Science Group Core Team
❖ LISA Science Group Core Team

❖ Chairs: Jonathan Gair, Michele Vallisneri

❖ WP group 1 (waveform modelling): Leor Barack, Harald Pffeifer

❖ WP group 2 (data analysis tools): Stas Babak, Ian Harry

❖ WP group 4 (low-latency pipelines): Tyson Littenberg, Laurentiu-Ioan Caramete

❖ WP group 5 (global and individual source identification): Neil Cornish, Curt Cutler

❖ WP group 6 (source catalogues): Enrico Barausse, Curt Cutler

❖ WP group 7 (multi-messenger, multi-band): John Baker, Zoltan Haiman, Elena Rossi

❖ WP group 8 (interpretation, key science): Emanuele Berti, Vitor Cardoso, Alberto 
Sesana



❖ LISA Science working group chairs

❖ Astrophysics: Gijs Nelemans, Shane Larson, Lucio Meier, Marta Volonteri;

❖ Cosmology: Robert Caldwell, Chiara Caprini, Germano Nardini;

❖ Fundamental Physics: Thomas Hertog, Philippe Jetzer, Nico Yunes

❖ LISA technical working group chairs

❖ Data Challenge: Stas Babak, Michele Vallisneri;

❖ Waveforms: Maarten van de Meent, Deirdre Shoemaker, Niels Warburton, 
Helvi Witek;

❖ Simulation: Luigi Ferraioli, Joseph Martino, Daniele Vetrugno.

LISA Science working groups

Summary
❖ LISA is on course to launch in 2034 and is expected to detect a range of sources
- Massive black hole mergers;
- Extreme-mass-ratio inspirals;
- Stellar-origin BH binaries, galactic binaries, cosmological sources.

❖ These observations will facilitate a wide range of science investigations in 
astrophysics, cosmology and fundamental physics.

❖ Work on LISA is being organised within the LISA Consortium.

❖ Science exploitation and data analysis development will be done by the LISA 
Science Group (key science definition and prototype pipelines) and the LISA 
Data Processing Group (production pipelines and infrastructure), with support 
from the science, simulation and data challenge working groups.

❖ We very much hope that Japanese groups will participate in this endeavour and 
help to deliver the great science.
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Laboratory Tests of Newtonian Gravity

as tests of Inverse Square Law

Jiro Murata

Rikkyo University

?

ATLAS

The 28th Workshop on General Relativity and Gravitation in Japan - JGRG28, Rikkyo University

5-9 November 2018

Nuclear physics

gravity experiments

2

Newton Projects at Rikkyo: cm to mm scale

Motivation has been  hunting large extra-dimension (ADD model) at mm scale!
2



3

FAQ on Experimental Gravity

Q:Where is the minimum scale, at which gravity is tested?

Expected answer: 100 micron

My answer: the LHC scale (10-20m)

4

  /1' r

Yukawa e
r

Mm
GV −+−=

Experimental Constraints on Gravitational Inverse  Square Law

Yukawa parametrization

Boson exchange / 1st KK excitation 

Our analysis

Our experiments

Murata-Tanaka CQG 32 (2015) 033001

(arXiv:1408.3588)

Gravity not observed

Gravitational Wave

(LIGO)

Apollo-11

Earth – Binary Starts distance (1025m)
& (at the Rs Schwarzschild radii 210km)

Coupling Strength

Interaction Range

Distance (r) dep. of graviton mass

𝜆𝑔 ≠ 𝑟

4
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Compactification of extradimension

Quantification of extradimensional 

momentum 

seen as discrete graviton “mass” in 4d 

world

S Yukawa = power law

Extra Dimension : Power Law type

5

6

ADD interpretation

Laboratory

(ADD assumed)

Collider

(Direct)

Short Range : Data  > Power Law Parametrization > (ADD) > MD
Collider : Data  > MD > (ADD) > Power Law Parametrization > alpha-lambda

Murata-Tanaka CQG 32 (2015) 033001

(arXiv:1408.3588)ATLAS PRL 110, 011802 (2013)
Searching graviton emission

30101
)(


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rG
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22
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H.D. Planck mass

# of Extra Dim.



7

Interpretation (translation) of the ADD line (power law) in the alpha-lambda plot (Yukawa)

mm is the best place for n = 2LHC is the only sensitive tool 

for n > 2

Corrected alpha:

Physics = power law

Parametrization = Yukawa

Murata-Tanaka CQG 32 (2015) 033001

(arXiv:1408.3588)

8

Motor Freq. 1/17Hz

Gravity Signal 1Hz

Newton-V status

Newton-V Test Data 2017 

at ~ 500 microns with 40 micron wire

2018 expected 75um 30days

2017 143um 8days

Depth 30um, Width 300um

Missing Mass (40um tungsten before 2017)

2016 1.1mm 2days

Laser-Video system

50um 40mm tungsten
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Murata-Tanaka CQG 32 (2015) 033001

(arXiv:1408.3588)

9

10

Test of Weak Equivalence Principle at the shortest scale

Ninomiya-Murata, Class. Quantum Grav. 34 (2017) 185005

Equivalence Principle ~ Lorentz Invariance ~ Quantum Gravity
10
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Ninomiya-Murata CQG 34 (2017) 185005

(arXiv:1708.01482)

WEP Violation Parameter

12

高エネルギーニュース Vol.32 No. 4 (233) 2014

日本物理学会誌 解説：11月号

Butsuri: Membership Journal of the Physical Society of Japan, 2018 Nov

High Energy News 2014



SCIENTIFIC AMERICAN

Japanese ed.

Beyond Higgs

Special :

Higher Dimension

13

Scientific American JAPANESE edition. 2013

Book for young readers (blue backs) 2011

14
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BS Fuji Galileo-X, Nov 2013

NHK BS Cosmic Front, Nov 2014
15

16

Gravity Laboratory Tour

Pre-Scheduled Tour : This afternoon

1:30PM and 3:40PM

(During Lunch or Coffee)

meet us at the 1st floor ENTRANCE

Gravity Lab.
16
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Discussion

Theoretical suggestions for future experiments are 

welcome!
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Yasutaka Koga
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“Rotating accretion flows in D dimensions - sonic points,
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Rotating accretion flows in D dimensions
- sonic points, critical points and photon spheres -

Yasutaka Koga

Rikkyo University, Japan

November 5-9, 2018

Collaborator: Tomohiro Harada
JGRG @ Tokyo, Japan

Y. Koga & T. Harada, PRD98, 024018 (2018), arXiv:1803.06486.

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 1 / 13

Outline

1 Introduction

2 Rotational accretion problem in D dimensions

3 Proof of SP/PS correspondence

4 Summary

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 2 / 13



1. Introduction

Sonic point (SP): an accretion flow transit from subsonic to
supersonic state.

/13

supersonic

subsonic

Photon sphere (PS): a sphere on which circular null geodesics exist.
/13

!

3#

SP/PS correspondence: for radiation fluid accretion, the radius of SP
coincides with PS.

/13

!

3#
supersonic

subsonic

���������
Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 3 / 13

SP/PS correpondence

Michel accretion (1972)

Spherical flow in Schwarzschild spacetime
SP at rs = 3M for radiation fluid
→ SP coincides to photon sphere (rph = 3M in Sch.)

Physical reasons?

Just a coincidence?
Due to the microscopic construction of radiation fluid?
(radiation fluid = system of photons)

/13

supersonic

subsonic : macroscopic behavior
of system of photons

!

3#

: microscopic behavior
of individual photons

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 4 / 13
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SP/PS correpondence

SP/PS correspondence in more general cases

Koga & Harada (2016): spherical flow in arbitrary static spherically
symmetric spacetime of arbitrary dimensions
Koga & Harada (2018): axially symmetric flow in arbitrary static
spherically symmetric spacetime of arbitrary dimensions

⇒ SP/PS correspondence is NOT just a coincidence.

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 5 / 13



2. Rotational accretion problem in D dims

Situation:
Stationary axially symmetric accretion flow on an equatorial plane in
general static spherically symmetric spacetime in D dims.

Metric:
ds2 = −f (r)dt2 + g(r)dr2 + r2dΩ2

D−2 (1)

SP/PS correspondence (result) :

Theorem (SP/PS correspondence)

For our accretion model, for any stationary and axially symmetric physical
transonic accretion flow of radiation fluid, its sonic point is located at (one
of) the unstable photon sphere(s).

/13

���������
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Accretion model
[c.f. Abraham et al. (2006)]

Rotational accretion (disk) model :
1 Disk lies on the equatorial plane.

(all the polar angles θ1, ..., θD−3 = π/2)
2 Symmetry:

Stationarity & rotational symmetry along ∂t & ∂φ.
Reflection symmetry respective to the equatorial plane.

3 Uniform distribution in θi -direction.
4 Geometrically thin.
5 Vertical pressure supported by external rarefied gas.

/13!", … , !%&'

(

)

accretion disk

external gas

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 7 / 13



Formulation

Basic equations :
dh = Tds + n−1dp (h: enthalpy)
∇a (nua) = 0 (n: number density)
∇bT

ab = 0, T ab := nhuaub + pg ab

Constants of integration:
Number flux: jn(r , n) =: µ
Energy flux: jε(r , n)
Angular momentum flux: jφ(r , n)

Energy square per particle F := j2ε /j
2
n :

F (r , n) = h2(n)

[
f (r) +

µ2

r2(D−2)n2

]
1

1− ω2f (r)r−2
, ω :=

jφ
jε

(2)

Our accretion problem

The solution of the accretion flow is the orbit n = n(r) on (r , n) satisfying
Mater equation F (r , n) = const. with the parameters µ and ω.

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 8 / 13
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Dynamical system analysis & Critical point
[c.f. Chaverra & Sarbach (2015)]

Equation F (r , n) = const. can be recasted in the system of a
Hamiltonian flow of F (r , n) :

d

dλ

(
r
n

)
=

(
∂n
−∂r

)
F (r , n) (3)

Critical point (rc , nc) : ∂rF (rc , nc) = ∂nF (rc , nc) = 0

Linearization around CP :

d

dλ

(
r − rc
n − nc

)
=

(
∂r∂nF ∂2nF
−∂2r F −∂r∂nF

)(
r − rc
n − nc

)
(4)

Classification of CP : saddle point / extremum point
/13
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Sonic point & Critical point

Sonic point
Sonic point (rs , ns) of flow n = n(r) :

v2
s

v2

∣∣∣∣
(rs ,n(rs ))

= 1, ns = n(rs) (5)

,vs : sound speed, v : 3-velocity in co-rotating frame.
Relation to CP :

Lemma

A sonic point of physical (= with finite density gradient) transonic flow
corresponds to a critical point of saddle-type.

v2
s

v2

∣∣∣
(rc ,nc )

= 1,

/13

! ", $ = &'$().
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3. Proof of SP/PS correspondence

Critical point of radiation flow :

EOS of radiation implies v2
s = 1/(D − 1).

Radius rc :
(
fr−2

)′
= 0

Saddle (extremum) point:
(
fr−2

)′′ |rc < 0 (> 0)

Photon sphere [c.f. Koga & Harada (2016)]:

Radius rph:
(
fr−2

)′
= 0

Unstable (stable) circular orbit:
(
fr−2

)′′ |rc < 0 (> 0)

One-to-one correspondence btw CP & PS

Lemma

CP of radiation flow & PS have one-to-one correspondence:

Saddle point ⇔ Unstable photon sphere

Extremum point ⇔ Stable photon sphere

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 11 / 13

3. Proof of SP/PS correspondence

Sketch of the proof :

Physical SP is on the unstable PS. �

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 12 / 13
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4. Summary

Accretion problem:

Rotational flow in spherically symmetric spacetime of D-dim.
Dynamical system analysis.

SP/PS correspondence:

Theorem (SP/PS correspondence)

For our accretion model, for any stationary and axially symmetric physical
transonic accretion flow of radiation fluid, its sonic point is located at (one
of) the unstable photon sphere(s).

Discussions

The physical reason?
In other cases? e.g. spacetime of different symmetries (in progress)

Yasutaka Koga (Rikkyo University, Japan) Rotating accretion flows in D dimensions 13 / 13
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Gravitomagnetic bending 
angle of light in stationary 
axisymmetric spacetimes

Hirosaki Univ. (Japan) 
Toshiaki Ono, Asahi Ishihara, Hideki Asada

7 November 2018 JGRG28 @ Rikkyo University

Phys. Rev. D 96, 104037 (2017) 
Phys. Rev. D 98, 044047 (2018)

Outline
• INTRODUCTION  

• EXTENSION TO AXISYMMETRIC SPACETIMES 

• Kerr black hole and rotating Teo wormhole 

• CONCLUSION 



INTRODUCTION

bending angle of light in Schwarzschild spacetime
↵ =

4GM

c2b

rR, rS ! 1
Usually, distance 　 and 　 rR rS

However observer and source are located at finite 
distance from lens object. 

Lens(L) Source(S)Receiver(R)
rSrR

INTRODUCTION
Gibbons and Werner (2008)
• They used the Gauss-Bonnet theorem to a 
spatial domain described by the optical metric, 
for which a light ray is described as a spatial 
curve. 

• Light ray deflected by a static, spherically 
symmetric massive body  

• Light ray deflection is small 



INTRODUCTION
Werner [Gen. Rel. Grav. 44, 3047 (2012)]
• He proposed an extension of the Gibbons-
Werner approach for calculating the deflection 
of light in a Kerr black hole. 

• He used the Nazim’s osculating Riemannian 
construction method via the Randers-Finsler 
metric. 

However
• Source and receiver are located at an 
asymptotic Minkowskian region 

INTRODUCTION

Our works : [Phys. Rev. D 96, 104037 (2017)] 
                     [Phys. Rev. D 98, 044047 (2018)]

• We discuss a possible extension of the method of 
calculating the bending angle of light to stationary, 
axisymmetric and asymptotically flat spacetimes. 

• By using generalized optical metric method. 

• Taking account of the finite distance from a lens 
object to a light source and a receiver by using the 
Gauss-Bonnet theorem.



EXTENSION TO AXISYMMETRIC SPACETIMES
We consider the light rays on the equatorial plane 
in stationary, axisymmetric and asymptotically 
flat spacetime by using the Gauss-Bonnet theorem 
in differential geometry. 
The line element for this spacetime 
(The Wely-Lewis-Papapetrou form)

where we used the polar coordinates. 
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EXTENSION TO AXISYMMETRIC SPACETIMES
The null condition            is solved for    as ds2 = 0 dt

dt =
q
�ijdxidxj + �idxi
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,

 　 causes difference from a static, spherically 
symmetric case.
�i

Generalized optical metric 　  defines the arc 
length (  ) along the spatial curve.   
    is an affine parameter along the light ray 
[H. Asada and M. Kasai, Prog. Theor. Phys. 104, 95 (2000)]. 
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EXTENSION TO AXISYMMETRIC SPACETIMES

Gaussian curvature (For a two-dimensional surface)
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       denotes the two-dimensional metric in the 
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EXTENSION TO AXISYMMETRIC SPACETIMES

g = "ijkN iajek

　  : unit tangential vector along the spatial curveei

　  : unit normal vector for the surfaceN i

　  : acceleration vector along the spatial curveai

geodesic curvature can be defined in the tensor 
form as

.
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, 0, 1
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These vectors for the light ray

EXTENSION TO AXISYMMETRIC SPACETIMES
In electromagnetism 
variational principle 

�S = �mc2�

Z t2

t1

p
1 � v2/c2dt � q�

Z t2

t1

[�(t, x, y, z) � ~v · ~A(t, x, y, z)]dt

ei
|kek = ai, ai ⌘ �ij

⇣
�k|j � �j|k

⌘
ek

�S = �

Z t2

t1

hq
�ijeiej + �ie

i
i
dt

m~a / rot ~ALorentz force 

In our work, since                                   ,dt =
q
�ijdxidxj + �idxi
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EXTENSION TO AXISYMMETRIC SPACETIMES
Gauss-bonnet theorem (regular surface)
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We define deflection angle of light as 
↵ ⌘  R � S + �RS

By using Gauss-bonnet theorem, it is rewritten as 

This form show       is coordinate-invariant.↵
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The Boyer-Lindquist form of the Kerr metric is 

Gaussian curvature and geodesic curvature 
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Kerr spacetime and rotating Teo wormhole
prograde motion of light 
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Kerr spacetime and rotating Teo wormhole
Rotating Teo wormhole metric 

Gaussian curvature and geodesic curvature
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Kerr spacetime and rotating Teo wormhole
prograde motion of light 

retrograde case

We take the limit as             
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K. Jusufi and A. Ovgun,  
Phys. Rev. D 97, 024042 (2018).

CONCLUSION
• By using the Gauss-Bonnet theorem, we formulated the 
method of calculating the bending angle of light to stationary, 
axisymmetric and asymptotically flat spacetimes, especially 
by taking account of the finite distance from a lens object 
to a light source and a receiver.  

• Bending angle of light        is coordinate-invariant.  

• We considered Kerr black hole and rotating Teo wormhole 
in order to examine how the bending angle of light is computed 
by the our method. 

• Recently, we discuss a possible extension of our method to an 
asymptotically nonflat spacetime.                                           
[T. Ono et, al., arXiv]
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Charge Screened Boson Stars

Tatsuya Ogawa 

and Hideki Ishihara

Department of Mathematics and Physics, 

Graduate School of Science, Osaka City University

November 7th, 2018 @Rikkyo University
1/16

2/16

Localized Bosonic Objects

➢ Gravity

➢ Interaction between boson fields

Attraction force:

Boson star : M. Colpi, et.al, (1986)

Non-topological soliton

➢ Classical solutions in field theories

➢ Bound state of bosonic particles

✓ A complex scalar field and a real scalar field

: R. Friedberg, T.D. Lee, & A. Sirlin, (1976)

✓ A complex scalar field with nontrivial self coupling

: S. Coleman, (1985)    Q-balls



Basic equations

Action of our model

3/16

We found the existence of the non topological soliton solutions.

We add the Einstein gravity term

and show the existence of the boson star solutions 

by using numerical analysis.

Basic equations

Action of our model

4/16



Basic equations

Field equations

Action of our model

5/16

Basic equations

Stationary spherically symmetric matter fields ansatz

Static spherically symmetric spacetime ansatz

6/16



7/16

Basic equations

EOM of  the complex scalar fields 

Maxwell equation

Einstein equations

Boundary conditions

8/16

Potential of  the Higgs field 

Metric ansatz



Numerical solutions

9/16

Charge of the boson star

10/16

The charge distribution of     is screened 

by the counter charge distribution of     .



11/16

Mass of the boson star

Mass of boson stars

12/16

Einstein equations

We change breaking scale

Variation of 



13/16

As breaking scale decreases, upper bound of the mass increases.

Variation of 

14/16

Upper bound of the mass



15/16

Upper bound of the mass

the line breaks.

Conclusion

Future work

➢ Stability by the perturbation.

➢ Does the large N solutions collapse to black hole?

➢ We constructed the boson star solutions by using the gravitating gauged Friedberg-

Lee-Sirlin model: 

➢ The charge distribution of the complex scalar field is screened by the counter 

charge of the Higgs scalar field.

➢ Maximum mass of the boson stars appear in the case of SSB               is high..

➢ As              decreases, the maximum mass of the boson stars increases.

➢ ,             increases rapidly as              decreases .

• massless complex scalar field, U(1) gauge field, complex 

Higgs scalar field with the Mexican hat potential, and 

gravitational field.

16/16



17/41

18/16

Binding energy of the boson star

In this case, the binding energy of the boson stars are always negative.



19/18

Compactness of the boson star

Compactness and radius of the boson stars

20/18

Compactness of the boson star

Compactness and radius of the boson stars



21/18

Compactness of the boson star

Compactness and radius of the boson stars

Relativistic

Relativistic

Newtonian

Newtonian

The green region is more relativistic than the yellow region.
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Quantum discrimination for the universe 

Akira Matsumura (Nagoya Univ.) 
Collaborator : Yasusada Nambu (Nagoya Univ.)  

JGRG28@Rikkyo Univ.  

Introduction and Motivation 
□Primordial quantum fluctuation 

Primordial 
 fluctuation 

Hubble horizon  

Inflation radiation matter 

Horizon out Horizon in 

CMB , LSS , PGW  



□Pair creation and standing wave 

Quantum fluctuation 

Quantum fluctuation is 
extended by the expansion   

The property of the quantum fluctuation  

Particle creation of  k and –k mode 
Squeezed vacuum  

Vacuum fluctuation  

Pair creation  

Expansion 

Superposition of k and –k mode 
Standing wave 

This squeezing can be evidence of  the primordial quantum fluctuation       

□The squeezing  cannot be detected by LIGO and LISA  

B. Allen, et al. PRD 61, 024024 (1999) 

Stationary Squeezed 

These two  Gaussian distributions of  PGW cannot be distinguished 
statistically each other by LIGO and LISA 

detection frequencies   
of LIGO and LISA 

Hubble parameter for 
the present time 



□How can we discriminate between the stationary and squeezed state?   

In the present time, it is difficult to discriminate 

If  we do observations of the past universe, like CMB or GW map,  
is it possible to discriminate each other?    

We want to discuss the theoretical limitation of statistical discrimination of the two distributions  

Quantum discrimination problem  

Stationary Squeezed 

□Massless scalar field in the inflation and radiation era 

Massless scalar field in the expanding universe 

Massless scalar field 
（fluctuation） 

Friedmann spacetime 

 Equation of motion 

 Mode equation 

Inflation radiation 

We need to  get the squeezed distribution and define the  stationary one  



□Quantization and pair creation 

Pair creation of  k and  –k mode  
squeezed  distribution  

 Bogolyubov coefficients 

Mode function of the 
Bunch-Davies vacuum 

Mode function in the 
radiation era 

□Definition of the stationary distribution  

Squeezed distribution 

Definition of the stationary Gaussian distribution  

Corresponding density operator 

We consider the quantum state discrimination  between   and 

phase independent distribution 



Quantum  state discrimination    

0 1 Result : 0 Guess :  

Result : 1 

prior probability  

System :  

□State discrimination  for  a single sample  

or  

Measurement 

Guess :  

: projection operator  

Failure probability of the guess probability that we mistake  as as or 

characterizes the error of the statistical discrimination   

□State discrimination for N sample sizes 

0 1 Result : 0 Guess :  

Result : 1 

N partite system  :  or  

Measurement 

Guess :  

Failure probability of the guess 

:  projection operator for N partite system  

we treat N partite system as a single system   

For large N sample sizes, the failure probability can be sufficiently small    

Quantum Chernoff bound 



□Observables on a two-dimensional sphere 

Our assumptions for the setting of observation  

It is assumed that we know  
the distribution on a two-dimensional sphere   

for example, the last scattering surface   

: Legendre function    

UV cutoff, thickness of the sphere 

As observables, because of focusing on Gaussian distributions  

we assume the knowledge of these 
correlations to get the theoretical limitation  

Observer 

□Quantum Chernoff bound and Cosmic variance for our observational assumptions  

Squeezed and stationary  Each covariance matrix 

Quantum Chernoff distance 

Inflation radiation 

Observer 

Sample sizes  
Cosmic variance Long wave length 



□Example : discrimination efficiency on the last scattering surface for N=1 

Evaluation of the quantum Chernoff bound  

Then Qs 
approaches 1 

□The case N=2l+1 and asymptotic approximation 

For  

Observer 

For 

Discrimination error can be  small  

Discrimination error cannot be ignored 



□We consider quantum discrimination between the Bunch-Davies vacuum and the 
stationary distribution.  

□ For a single direction observation  with a short wave length, even if we know the qq, qp 
and pp correlations,  the efficiency of the discrimination becomes bad, similar to the 
previous  work  B. Allen, et al (1999). 

Summary  

□To get the theoretical limitation of the statistical discrimination, we assume the 
knowledge of qq, qp and pp correlations on a two-dimensional sphere (e.g.  Last 
Scattering Surface). 

Observer 

□However, if we can carry out the quantum 
measurement  for  2l+1 directions, then the 
discrimination efficiency can be improved for the 
observation of a short wave length.   
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Testing Quantum Gravity via 
Entanglement

Anupam Mazumdar 

Van Swinderen Institute,  University of Groningen

Thanks to JSPS for the invitation & thanks to all of you for 

hosting me:  


TiTech,  Yukawa Inst./Kyoto,  IPMU,  KEK,   Universities of Kobe,  Nagoya,  Tokyo &  
Waseda, 


Summary  
Ghost free and non-non-singular 

construction of gravity & Towards 
Conformally flat solutions in the UV 

Part-1



Construction  of  Scale  Free/Conformally  Flat  Theory  of  Classical  &  
Quantum  Gravity  in  the  UV,  which  is  Perturbatively  Unitary

S =

Z
d4x

p�g


R

16⇡G
+ RF1

✓
⇤

M2

◆
R + Rµ⌫F2

✓
⇤

M2

◆
Rµ⌫ + Rµ⌫��F3

✓
⇤

M2

◆
Rµ⌫��

�

UV modifications, and non-local 
gravitational interactions

Einstein-Hilbert 
Recovers IR

* Dynamical degrees of freedom remains the same from UV <—> IR, but no Ghosts

* Unitarity constraints the form factors F’s around a given background

* Non-singular Static & Rotating, No-Horizon, compact objects as planets, as 
heavy as billion solar masses can be formed: Testable features at LIGO/VIRGO/
KAGRA

* Non-locality plays an important role in smearing blackhole singularity and 
emergence of a new scale in the IR

Known as IDG ( infinite derivative gravity )

Salient features

Non local Squishy Stars

Cµ⌫�� ! 1 as r ! 0
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Biswas+Gerwick+Koivisto+AM, PRL, 2011 [1110.5249]  
Biswas+Koshelev+AM, PRD, 2017, [1606.01250] 

Koshelev+Marto+AM, PRD, 2018 [1803.00309]  
Buoninfante+Koshelev+Lambiase+Marto+AM, JCAP, 2018 [1804.01895] 

Buoninfante+Cornell+Harmsen+Koshelev+Lambiase+Marto+AM, PRD, 2018 [1807.08896]  

AM+Stettinger [1811.00885]  

Construction of ghost free conditions 

Non-singular, Non-perturbative solutions 

Non-singular, ROTATING, Non-perturbative solutions 

Unitarity for AdS (3) massless +massive gravity 

}
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Entangling matter via graviton

How do we know whether gravity is classical or Quantum ? 

Could you devise a TEST?

Bose+AM+Morley+Ulbricht+Toros+Paternostro+Geraci+Barker+Kim+Milburn  
Phys. Rev. Lett. (2017)  [1707.06050]

Part-2

Real versus virtual Graviton 

Gravitational wave 

On shell 

Follows classical “equations of motion”
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Graviton Exchange 

Off shell ( Virtual )

Virtual Graviton as a Quantum Mediator 

V ⇠ 1

r
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⇧(k2) ⇠ P (2)

k2
� P (0)
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Graviton propagator in terms of spin projection operators in 4d, Minkowski space time

Biswas+Koivisto+AM,  1302.0532

Very familiar 
in experiments 

The	Superposi,on	Principle	Underpins	Quantum	Mechanics	

If		you	decohere	(kill	superposi,ons)	nonclassical	features	of	quantum	mechanics	go	away.	
Even	old	quantum	mechanics:	the	right	difference	between	energy	levels	obtained	only		
through	a	superposi,on	of	localized	states.			

World Record in Quantum Superposition

S. Gerlich, S. Eibenberger, M. Tomandl, S. Nimmrichter,  
K. Hornberger, P. J. Fagan, J. Txen, M. Mayor, 

and M. Arndt, Nat. Comm. 2, 263(2011).

10�20 grams
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World record

in quantum superposition 



Local Operations & Classical Communication 

Cannot create 
entanglement

Separable state remains Separable 
( Cannot create entanglement )

Nielsen, PRL (1999)
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Consider two neutral test masses held in a superposition, each 
exactly as a path encoded qubit (states |L> and |R>), near 
each other. 

A Schematic of two matter-wave interferometers near each other 

2 Masses & Virtual Graviton  
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Evolving the Quantum Phase 
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If they 
interact only 
through the 
gravitational 
force 
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interact only 
through the 
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Measuring Spin Correlation



Spin	Entanglement	Witness:	
Step	1:	SG	spliUng:	

Step	2:		Gravita,onal	interac,on	induced	phase	accumula,on	on		
															the	joint	states	of	masses	1	&2			(mapped	to	nuclear	spins)	

Step	3:	SG	recombina:on:	

Step	4:		Witness	spin	entangled	state:	

through	the	correla:ons:	

Protocol



Conclusion

We are  
all  

entangled  
: 

Gravity is  
QUANTUM ! 

Now we can test it !

Many atom/laser optics groups are thinking seriously about our proposal, inspite of 
experimental challenges. There is a proposal to test it at IBM Quantum Computer…

Bose+AM+Morley+Ulbricht+Toros+Paternostro+Geraci+Barker+Kim+Milburn, PRL (2017)  [1707.06050]

Extra Slides  
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Free particle in an inhomogeneous magnetic field (acceleration +a or –a) 

How	can	we	increase	the	scale	of	the	superposi:on?	

Gravity is Quantum 
Graviton must obey the quantum superposition principle 

Graviton as a mediator ought to be off shell

Virtual communication  
or Quantum 

communication via  
off shell mediator
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Local coupling Local coupling

Graviton can entangle 2 masses
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“Algebraic construction of solutions in noncommutative gravity
and squeezed coherent state”

(10+5 min.)
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ALGEBRAIC CONSTRUCTION 
OF SOLUTIONS 
IN NONCOMMUTATIVE GRAVITY  
AND 
SQUEEZED COHERENT STATE 

SHINPEI KOBAYASHI (TOKYO GAKUGEI UNIVERSITY)

AND

TSUGUHIKO ASAKAWA (MAEBASHI INST. OF TECH.)

JGRG28 @ Rikkyo University, November 5–9, 2018

QUANTUM GRAVITY 
AND NONCOMMUTATIVITY

¡ quantum gravity: some candidates

¡ string theory, causal dynamical triangulation, …

¡ noncommutativity appears: [x, y] = iθ
¡ string length, D2-brane with flux and more 

¡ minimal length and noncommutativity indicate:

¡ discretized spacetime (Ueda-SK [PA7])

¡ dimensional flow (Takagi-SK-Sano [PB8])

¡ nontrivial solutions ← algebraic calculation is powerful

← Moyal plane



OPERATOR ALGEBRA  &
FUNCTIONS WITH DEFORMED PRODUCT

¡ Operators on the Moyal plane

→ all fields can be seen as operators based on 

¡ Functions with deformed product (e.g., Wick-Voros product) 

(f ? g)(z, z̄) = exp

✓
@

@z̄0
@

@z00

◆
f(z0, z̄0)g(z00, z̄00)

���
z0=z00=z

[z, z̄]? = z ? z̄ � z̄ ? z = 1

[x̂, ŷ] = i✓
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HOW  TO USE  OPERATORS:
ANALOGY TO QUANTUM MECHANICS

N̂ | n i = n | n i
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â =
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x̂ � ip̂p
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N̂ = â†â =
x̂2 + p̂2

2~
QM

NCG

number

radius

any operator is written as

all circularly symmetric operators 
in NC gravity are written as 

Ô =
X

m,n

Cmn|mihn|
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MAP FROM OPERATOR TO FUNCTION:
WEYL-WIGNER CORRESPONDENCE

e.g., projection operator → generalized Gaussian function

(→ BH with scalar & Gaussian source (Sadohara-SK [PB6]))

f̂  ! f(z, z̄) = hz|f̂ |zi
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FROM  QM  TO NC GRAVITY:  “NUMBER” STATE 
= CONCENTRIC CUTTING OF MOYAL PLANE 

Each annulus has the area 2⇡✓
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TWO GENERALIZATIONS: 
TRANSLATION AND SQUEEZEING

¡ many nontrivial solutions in NC gravity

← circularly symmetric with centers at the origin  

¡ two generalizations

¡ translation

→ coherent state

¡ squeezing

→ squeezed state 
& time-dependent harmonic oscillator

[Asakawa-SK 2010]

COHERENT STATES AND TRANSLATION OF 
SOLUTIONS

¡ coherent state

¡ displacement operator

¡ wave function (e.g., ground state) 

a|↵i = ↵|↵i
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: displacement in complex plane
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DISPLACED PROJECTION OPERATOR
AND TRANSLATION OF SOLUTIONS

¡ translation in complex plane (QM)

¡ translation in xy-plane (NC gravity)

¡ displaced projection operator:

hx↵i ⇠ Re(↵), hp↵i ⇠ Im(↵)
<latexit sha1_base64="5quY8TSAGREaqy6jz464/7z8SXs="></latexit><latexit sha1_base64="5quY8TSAGREaqy6jz464/7z8SXs="></latexit><latexit sha1_base64="5quY8TSAGREaqy6jz464/7z8SXs="></latexit><latexit sha1_base64="5quY8TSAGREaqy6jz464/7z8SXs="></latexit>

✓
↵ =

zp
2✓

=
x0 + iy0p

2✓

◆

<latexit sha1_base64="lszA4j3d4ky/H2l9MevRGZfA5BI="></latexit><latexit sha1_base64="lszA4j3d4ky/H2l9MevRGZfA5BI="></latexit><latexit sha1_base64="lszA4j3d4ky/H2l9MevRGZfA5BI="></latexit><latexit sha1_base64="lszA4j3d4ky/H2l9MevRGZfA5BI="></latexit>

hx↵i ⇠ Re(↵) = x0, hy↵i ⇠ Im(↵) = y0
<latexit sha1_base64="nQT8giTIYI6qMg3/w49n/HoQr+8="></latexit><latexit sha1_base64="nQT8giTIYI6qMg3/w49n/HoQr+8="></latexit><latexit sha1_base64="nQT8giTIYI6qMg3/w49n/HoQr+8="></latexit><latexit sha1_base64="nQT8giTIYI6qMg3/w49n/HoQr+8="></latexit>

p̂n(↵) = D(↵)|nihn|D(↵)† = |↵; nih↵; n|
<latexit sha1_base64="x04eLjqzLFJbBRy4TdeEv0+AdeU="></latexit><latexit sha1_base64="x04eLjqzLFJbBRy4TdeEv0+AdeU="></latexit><latexit sha1_base64="x04eLjqzLFJbBRy4TdeEv0+AdeU="></latexit><latexit sha1_base64="x04eLjqzLFJbBRy4TdeEv0+AdeU="></latexit>

FEATURES OF DISPLACED PROJECTION 
OPERATOR

¡ orthogonal:

¡ completeness for n:

¡ overcomplete for α:

→ multi BH sln?
�α

�β�γ

p̂m(↵)p̂n(↵) = �mnp̂n(↵)
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APPLICATION: 
SOLUTIONS OF NC GRAVITY

¡ noncommutative gravity with large-θ

¡ diagonal solution using projection operator 

¡ diagonal solution using Clifford algebra with arbitrary size

S = � ⇤

2

Z
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p�g? = � ⇤

2

Z
d3x

1
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{ γi }: Gamma matrices

Ei
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<latexit sha1_base64="HTEbn+aMYhS3oC1WEj0wP2cgdzk="></latexit><latexit sha1_base64="HTEbn+aMYhS3oC1WEj0wP2cgdzk="></latexit><latexit sha1_base64="HTEbn+aMYhS3oC1WEj0wP2cgdzk="></latexit><latexit sha1_base64="HTEbn+aMYhS3oC1WEj0wP2cgdzk="></latexit>

SQUEEZED STATES AND SQUEEZING OF 
SOLUTIONS

¡ squeezed state

¡ squeezing operator

← squeezed

|⇣i = e
⇣
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DISPLACEMENT OPERATOR
AND ISOMETRY 

¡ unitary transformation by displacement operator

¡ translation symmetry 
= isometry of the Moyal plane

¡ There is Weyl-Wigner correspondence

→ function counterpart exists: translated Gaussian function

p̂n(↵) = D(↵)|nihn|D(↵)† = |↵, nih↵, n|
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SQUEEZING OPERATOR
AND ISOMETRY 

¡ unitary transformation by squeezing operator

¡ squeezing
≠ isometry of the Moyal plane

¡ Is there Weyl-Wigner correspondence?

squeezed function ⇆ �
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TIME-DEPENDENT “HARMONIC 
OSCILLATOR”

¡ general, quadratic, time-dependent Hamiltonian of HO

¡ time-dependent creation and annihilation operators

Ĥ(x̂, ŷ, t)

= A(t)x̂2 + B(t)(x̂ŷ + ŷx̂) + C(t)ŷ2 + D(t)x̂ + E(t)ŷ + F (t)
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They satisfy time-independent commutation relation:

Ĥ(x̂, p̂, t)

= A(t)x̂2 + B(t)(x̂p̂ + p̂x̂) + C(t)p̂2 + D(t)x̂ + E(t)p̂ + F (t)
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[Choi-Gweon (2004)]

LEWIS-RIESENFELD METHOD: 
SOLVING TIME-DEPENDENT HO

¡ time-dependent Schroedinger equation:

¡ invariant operator    : 

¡ eigenvalue problem:

¡ time-dependent solution can be obtained

→ e.g., Caldirola-Kanai oscillator
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Î�n(x, p, t) = �n�n(x, p, t)

~✏̇ = h�n(t) |
✓

i~
@

@t
� Ĥ
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SUMMARY

¡ A gravity theory based on noncommutative geometry

¡ Product of functions is deformed
→ algebraic method using operators is useful

¡ Extension to more general solutions

¡ translation of functions  ⇆ coherent state

¡ squeezing of functions ⇆ squeezed state

⇆ time-dependent HO with
appropriate identification 

¡ future work: quantum diffeo and function counterpart?
→ check with spherical D2-brane and fuzzy sphere

�
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Ongoing work
based on discussion
with S. Mukohyama

Outline

・Hořava-Lifshitz gravity

・As an alternative to inflation

・Kinetic eq. from action

・Kinetic eq. for Lifshitz scalar
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Hořava-Lifshitz gravity (HL)

➢GR: non-renormalizable

2

Propagator

𝑡 → 𝑏3𝑡, Ԧ𝑥 → 𝑏 Ԧ𝑥 @ 𝐸 ≳ 𝑀

~
1

𝜔2 − 𝑘6/𝑀4

➢Foliation-preserving diffeo.

: more convergent

𝑡 → 𝑡′(𝑡), Ԧ𝑥 → Ԧ𝑥′(𝑡, Ԧ𝑥)

• No local Hamiltonian constraint

• 2+1 DoF: scalar graviton behaves as dark matter

Hořava 0901.3775

Barvinsky, Blas,
Herrero-Valea, Sibiryakov,
Steinwachs 1512.02250

Mukohyama 0905.3563

HL: a candidate of quantum gavity

achieved by Lorentz breaking

Renormalizability has been shown
in minimal setup 𝑁 = 𝑁(𝑡)



/ 9

HL as an alternative to inflation

3

➢ Isotropy problem

(Vorticity)∝ 𝑎−
1

2
(1−9𝑤)

If 𝑤 > 1/9, vorticity grows: isotropy problem

➢ This can be used a test for an alternative to inflation

Albrecht, Magueijo 9811018

Kodama, Sasaki (1984) PTP Suppl.

𝑤: EOS param. of matter

cf. Inflation (𝑤 ≃ −1) is a solution

Does HL solve the isotropy problem?: Goal

➢ HL has some properties of inflation

• Scale-invariant perturbation
• Solves Horizon problem

• Solves Flatness problem

Mukohyama 0904.2190

Bramberger, Coates, Magueijo, 
Mukohyama, Namba, YW 1706.06809

Vector perturbation around flat FLRW in GR

This talk is 1st step

/ 9

Vector perturbations in HL

4

➢ Consider the action of HL gravity & vector field 𝐴𝑖

• Photons are described by distribution func. 𝑓(𝑥𝜇 , 𝑝𝑖)

∵

What is the Boltzmann eq. for Lifshitz vector?

• In ordinary cases 𝑓 obeys the Boltzmann eq. 

in kinetic theory derived from 1st principle

Need evolution eq. for 𝑓
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Derivation of kinetic eq.

5

➢ Relativistic kinetic eq.

𝑝𝜇𝜕𝜇 + 𝑝𝜇𝑝𝜈Γ𝜇𝑖
𝜈 𝜕

𝜕𝑝𝑖
𝑓 ≃(interactions, corrections)

• Known to systematically derive interaction,

➢ Method: use Wigner func.

ሚ𝑓flat 𝑥
𝜇 , 𝑝𝑖 = ∫ 𝑑3𝑟 𝑒−

𝑖
ℏ
𝑟𝑖𝑝𝑖 : 𝜙 𝑥 +

𝑟

2
𝜙 𝑥 −

𝑟

2
:

quantum correction & field-theoretic correction terms

• Formalism for curved spacetime is developed

de Groot, van Leeuwen, van Weert (1980)

Winter (1985)
Calzetta, Habib, Hu (1988)

Fonarev 9309005
Antonsen 9701182

/ 9

Review: for relativistic real scalar

6

➢ Wigner func. on curved spacetime

= 1 +
𝑟𝑖

2
∇𝑖 +

𝑟𝑖𝑟𝑗

8
∇𝑖∇𝑗 +⋯ 𝑋

Friedrich, Prokopec 1805.02767
based on 3+1 decomposition

𝐹𝑋𝑌 𝑥𝜇, 𝑝𝑖

= 𝛾∫ 𝑑3𝑟 𝑒−
𝑖
ℏ
𝑟𝑖𝑝𝑖 : 𝑒

𝑟𝑖

2 ∇𝑖
𝐻

𝑋 𝑥𝜇 𝑒−
𝑟𝑖

2 ∇𝑖
𝐻

𝑌 𝑥𝜇 :

𝑋, 𝑌 = 𝜙,
Π

𝛾
= 𝜕⊥𝜙

𝑓1
+ =

1

2ℏ

𝜔

ℏ
𝐹𝜙𝜙 +

ℏ

𝜔
𝐹ΠΠ

𝑓1
− =

𝑖

2ℏ
𝐹Π𝜙 − 𝐹𝜙Π

𝑓2 =
1

2ℏ

𝜔

ℏ
𝐹𝜙𝜙 −

ℏ

𝜔
𝐹ΠΠ

𝑓3 =
𝑖

2ℏ
𝐹Π𝜙 + 𝐹𝜙Π
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Review: for relativistic real scalar

7

➢ Calculate 𝜕𝑡𝑓 using EOM: □𝜙=(int.)

Friedrich, Prokopec 1805.02767
based on 3+1 decomposition

𝑇⊥⊥ =
1

𝛾
න

𝑑3𝑝

2𝜋ℏ 3
𝜔𝑓1 + 𝒪(ℏ2)

𝑝𝜇𝜕𝜇 + 𝑝𝜇𝑝𝜈Γ𝜇𝑖
𝜈 𝜕

𝜕𝑝𝑖
𝑓1 ≃(interactions, corrections)

𝑇⊥𝑖 =
1

𝛾
න

𝑑3𝑝

2𝜋ℏ 3
𝑝𝑖𝑓1 + 𝒪(ℏ)

𝑇𝑖𝑗 =
1

𝛾
න

𝑑3𝑝

2𝜋ℏ 3

𝑝𝑖𝑝𝑗
𝜔

𝑓1 + 𝒪(𝑓2) + 𝒪(ℏ)

𝑓1: classical distribution func.

𝑓2, 𝑓3: field-theoretic corrections

𝑓1 = 𝑓1
+ + 𝑓1

−

/ 9

Kinetic eq. for Lifshitz matter

8

➢ EOM for 𝑁 = 𝑁(𝑡)

1st step:  Scalar with 𝜔2 ≃ 𝑝4/𝑀2 (called 𝑧 = 2)

➢ Apply the method to Lifshitz matter

Final goal: Vector with 𝜔2 ≃ 𝑝6/𝑀4 (called 𝑧 = 3)

□𝜙 +
ℏ2

𝑀2
Δ2𝜙 = 0

➢ New result: 

𝑝𝜇𝜕𝜇 + 𝑝𝜇𝑝𝜈Γ𝜇𝑖
𝜈 𝜕

𝜕𝑝𝑖
−

4

𝑀2
𝑝2𝑝𝑖 ∇𝑖 +

(3) Γ𝑖𝑗
𝑘𝑝𝑘

𝜕

𝜕𝑝𝑗
𝑓1 ≃ 0

Kinetic eq. for 𝑧 = 2 Lifshitz scalar with 𝑁 = 𝑁(𝑡)

RHS: interactions, 𝒪(ℏ), field-theoretic corrections
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Summary & discussion

• Alternative to inflation must solve isotropy problem

9

➢HL: candidate of quantum gravity & alternative to inflation

• Derived kinetic eq. for 𝑓 using Wigner func.

➢Future work
• Obtain kinetic eq. for 𝑓 for 𝑧 = 3 vector

Photons: described by distribution func. 𝑓(𝑥𝜇 , 𝑝𝑖)

for 𝑧 = 2 Lifshitz scalar as 1st step

• Obtain eq. for vector pert. combining EOM for gravity

• See whether vorticity grows or not

whether HL gravity can be an alternative to inflation or not→

in vector perturbation
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Matter Scattering and Unitarity in 
Horava-Lifshitz Gravity

Tomotaka Kitamura Waseda University

 with
Takeo Inami 

Keisuke Izumi

SungKyunKwan U

Nagoya University

The 28th Workshop on General Relativity and Gravitation in Japan

Tree-Level Unitarity of Matter scattering

Purpose
Checking 

of Horava-Lifshitz gravity Renormalizability
via 



1.Introduction

Tree unitarity in Lorentz inv. theory

an scattering amplitude does not grow as  

Energy in center of mass

E � �� (� � 0)

amplitude 

E �

E

E � �
M

M
if -

Conjecture C.H.Llewellyn Smith ’73

tree unitarity renormalizability

� � 0 a theory has tree unitarity 

this condition is modified in Lifshitz theories

J. M. Cornwall etal ’73

equivalent? 

Tree-level Unitarity



�2 | T | 2� � k�2

(1+d)dim 2-2 scattering

amplitude

amplitude

(1+3)dim 2-2 scattering

(e.g 1) �4 theory

(e.g 2) Einstein gravity

tree unitarity

tree unitarity ☓

tree unitarity condition:Lorentz invariant theory

M � k2

M � � (� k0)

�2 | T | 2� � k�2 �2 � 0

 � � 3 � d

  

Tree-level Unitarity

No counterexample is known

tree-level unitarity renormalizability
（e・g）

QED
Y-M theory
Weinberg-Salam model
4-Fermi theory

No counter-example!
☓
☓ ☓

☓

Tree-level unitarity renormalizability

C.H.Llewellyn Smith ’73
J. M. Cornwall etal ’73

Einstein Gravity

Berends ＆ Gastmans ’74

Tree-level Unitarity



No counterexample is known

tree-level unitarity renormalizability
（e・g）

QED
Y-M theory
Weinberg-Salam model
4-Fermi theory

No counter-example!
☓
☓ ☓

☓

Tree-level unitarity renormalizability

C.H.Llewellyn Smith ’73
J. M. Cornwall etal ’73

Einstein Gravity

Berends ＆ Gastmans ’74

Tree-level Unitarity

Matter scattering and Unitarity

tree-level unitarity renormalizability
（e・g）

No counter-example!

☓
☓ ☓

☓

Tree-level unitarity renormalizability

Einstein Gravity

Berends ＆ Gastmans ’74

Tree-level Unitarity

Matter in Einstein Gravity

Matter in          GravityRµ⌫
2

<latexit sha1_base64="w/2nVMMxB03GgIJjyzJgXaXJM0I="></latexit><latexit sha1_base64="w/2nVMMxB03GgIJjyzJgXaXJM0I="></latexit><latexit sha1_base64="w/2nVMMxB03GgIJjyzJgXaXJM0I="></latexit><latexit sha1_base64="w/2nVMMxB03GgIJjyzJgXaXJM0I="></latexit>

Abe, Inami, Izumi, TK ’18



S-Matrix Unitarity and Renormalizability in HD theory

No counter-example!

（e・g） Tree-level unitarity renormalizability

tree-level unitarity renormalizability

Tree-level Unitarity

Abe, Inami, Izumi, Noumi, TK ’18
See Keisuke’s  Poster PB27

☓ ☓

 Even the existence of Ghost

Non-renormalizable

Renormalizable

2. Horava-Lifshitz Gravity



2.Horava-Lifshitz gravity

z=3　(1+3) dim P.Hořava ’09

(i, j, k = 1, 2, 3)

SHL =

�
dtd3x

�
gN{Mp

2

�
KijK

ij � �K2
�

+
�
�1�iRjk�iR

jk + �2�iR�iR + · · ·
�
}

Kinetic term

Potential term

Ni3d Ngij lapse variable shift vector

extrinsic curvature

Kij =
1

2N
(ġij ��iNj ��jNi) [Mp, �1, �2, . . . , �n . . . ] = 0

Power-counting rerenormalizable

�x �� b�x

t �� bzt

b

z dynamical critical exponent 

arbitrary number 

[x] = �1 [t] = �z in mass dimLifshitz scaling

 Even containing Higher derivative, there no ghost
Lorenz symmetryz �= 1 →

2.Hořava-Lifshitz gravity

N = N(x, t)
<latexit sha1_base64="wzE05qaql989WlNlJTwELNZWvyQ="></latexit><latexit sha1_base64="wzE05qaql989WlNlJTwELNZWvyQ="></latexit><latexit sha1_base64="wzE05qaql989WlNlJTwELNZWvyQ="></latexit><latexit sha1_base64="wzE05qaql989WlNlJTwELNZWvyQ="></latexit>

Two important problems in Hořava gravity

1. proof of renormalizability
(non-Projectable version               　 　　)

(Projectable version         　 　　)N = N(t)
2.restoration of Lorentz sym in IR? 

(Non-Projectable version               　 　　)N = N(x, t)
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Remarks:



 tree unitarity ~  renormalization 

we use the way to check the tree unitarity instead of loop calculation

1.don’t have to introduce Faddeev-Popov ghost 

2.easier and simpler than loop calculation 

Remarks:

 Tree-level unitarity

Tree-level unitarity and HLGravity

As first step to study the renormalizability of non-
Projectable HL Gravity, we try to check the 
correspondence in projectable Hl gravity



Horava-Lifshitz gravity 
z=3　(1+3) dim
Projectable HL gravity

Propagator

Lifshitz Scalar theory

SpLS =
1

22

Z
dtdx3pg

1

N

⇣�
@t�� N i@i�

�2��1�
�
DiD

i
�
���2�

�
DiD

i
�2

���3�
�
DiD

i
�3

�
⌘
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z=1,2,3 (1+3) dim
Projectable Lifshitz scalar theory

��hij
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v1
HHH
(V) � �(k1

2k3
2
(k1)l(k3)l(�i(a1

�b1)(a2
�b2)(a3

�b3)i) + (sym)+ · · ·
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k1
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k3
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3 point vertex



Two scattering states are considered in Lifshitz-type theory

Lifshitz-type theory： Lorentz symmetry is violated

Need to study even laboratory-like system

Unitarity conditions of Lab-like system is more strict than CM-like system

all scattering process are independent

All scattering systems are able to be studied in CM system
thanks to Lorentz symmetry.

Tree-level Unitarity in HL gravity

Unitarity bound for scattering amplitude

5
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6
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z=3 d=3

z=3 d=3

Tree-level Unitarity in HL gravity



Tree-level Unitarity in HL gravity

M � k6 k ! 1
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CM -like system
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Lab-like system

Summary

→Projectable Horava gravity Renormalizable

Appropriate gauge fixing ○

Non-projrctable Horava gravity → Renormalizable?

Appropriate gauge  ✖

Matter scattering in Projectable Horava gravity Even 

implication that the relation between renomalizability 
and tree-level unitarity



Thank you!!
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MASSIVE SPIN-TWO THEORY
IN ARBITRARY BACKGROUND

SATOSHI AKAGI, NAGOYA UNIVERSITY

[ARXIV:1810.02065 [HEP-TH]] 

JGRG 28

INTRODUCTION

Linear theory of massive spin-two field

➢ Flat spacetime: Fierz-Pauli (FP) model, DoF=5 in 4 dim

➢ Arbitrary background: Minimal coupled model, DoF=6=Spin2+ghost 

➢ Nonminimal coupling terms (NCT) are necessary



➢ Only one free parameter, Existence of completion is guaranteed

Top-down approach

➢ Linearized dRGT model = A class of the completion

[L. Bernard et al. (2015)]

INTRODUCTION

➢ Small curvature approximation                  , Leading order          

Bottom-up approach [Buchbinder et al. (2000)]

➢ Three free parameters are allowed, Existence of completion is NOT guaranteed

dRGT

Bottom-up

➢ Possibility: Linearized dRGT model may be extended 

Our research

Bottom-up

➢ Possibility: Leading order NCTs may be constrained by higher order conditions 

➢ Purpose: Identifying the most general class whose completion exists

➢ Result: Linear order NCTs are constrained by fourth order condition

Top-down

➢ Result: A trivial extension of linearized dRGT coincides with bottom-up result

INTRODUCTION

➢ Conclusion: We identify the most general class of the leading order NCTs 



OUTLINE

➢ Constraints in FP theory

➢ Irreducible decomposition

➢ Condition for ghost-freeness

➢ Perturbative solution

➢ Trivial extension

➢ Summary 

➢ As the same way, we would like to define                       ,                    .                                        

➢ : Anti-symmetrization of                              with respect to   

Definition

Fierz-Pauli theory

➢

➢

➢

NOTATION



➢ In the Furrier space, these constraints reduce the number of the polarizations

➢ In curved background, minimal coupled model violate a scalar constraint

➢ We construct the model in curved background so that a scalar constraint exists

CONSTRAINTS IN FP-MODEL

Fierz-Pauli model

➢ EoM of the FP model in flat spacetime,

: Vector constraints

➢ Lorentz covariant constraints:

: Scalar constraint

IRREDUCIBLE DECOMPOSITION 

Assumption

➢ does not contain any covariant derivatives acting on

➢ : General covariant, First or higher order with respect to curvatures



~

~

➢ We would like to proceed our calculation with using the symmetries of these tensors, 

without giving the specific forms, until the specific forms become necessary.

: ``Totally symmetric tensor”

IRREDUCIBLE DECOMPOSITION 

Irreducible decomposition

➢ Let us decompose                  into irreducible symmetric tensors. 

➢ For any                  , NCT can be decomposed as follows,

: ``Mixed symmetric tensor” 

CONDITION FOR GHOST-FREENESS

~

EoM in curved background

Vector constraints

➢ There are contributions from kinetic terms = Problem in arbitrary background

➢ For the existence of a scalar constraint, we have to restrict



: Determinant is defined on 

: Symmetric bases of the mixed tableau

Condition for ghost-freeness

CONDITION FOR GHOST-FREENESS

Vector constraints

PERTURBATIVE SOLUTION

➢ We solve the condition                      perturbatively

➢ Let us expand tensors                           in powers of curvatures          ,  

(1) Leading order

➢ Superscript (n): n th-order terms with respect to curvature 

➢ There are no totally symmetric tensors satisfying the above condition 

➢ There are no constrains on the mixed symmetric tensor                   

Perturbation

∍



PERTURBATIVE SOLUTION

(2) Second order

(3) Third order 

➢ Full components of totally symmetric tensor                   are uniquely determined

➢ Nonminimal coupling terms cannot be truncated at leading order

➢ We find that                is not independent of               

➢ At this time, there are no constraints on

PERTURBATIVE SOLUTION

(4) Fourth order

➢ Fourth order condition contains a noncovariant term

➢ This term cannot be canceled by the other terms

➢ This fact means that                 is constrained by the condition, 

➢ This condition reduce the three free parameters of                  to the following 

two free parameters,

: Some covariant tensor



PERTURBATIVE SOLUTION

Resulting NCT in leading order

Leading order condition Fourth order condition

Linearized dRGT model
➢ Compatible with fourth order condition

➢ However, there remains a difference by 

one free parameter

TRIVIAL EXTENSION

Trivial extension

➢ Let us consider the model obtained by the replacement                     : any local function  

➢ Although a derivative of           appears in            , it does not affect to the condition.   

➢ The condition for ghost-freeness 

Once we obtain a ghost-free model with  

A model with                                                           is also ghost-free 



TRIVIAL EXTENSION

Trivial extension of linearized dRGT model

➢ are no longer related with each other → Coincides with the Bottom-up result

➢ We obtain the trivial extension by replacing

SUMMARY

➢ In previous works, the linearized dRGT model seems a subclass of the bottom-up result 

based on the leading order condition. 

➢ We obtained a constraint on the leading order NCTs from the fourth order condition. 

➢ We found a trivial extension of the linearized dRGT model.

➢ We confirmed the equivalence between the bottom-up result and the top-down result. 

Summary

Future works

➢ Confirmation of the correspondence beyond the leading order

➢ Derivative nonminimal coupling terms

➢ Spin-three extension (There is a work solving the leading order condition [M. Fukuma et 

al. (2016)])



THANK YOU FOR YOUR ATTENTION

Linear theory of massive spin-two field

➢ Small curvature approximation          

INTRODUCTION

➢ Flat spacetime: Fierz-Pauli model, DoF=5 for D=4

➢ Arbitrary background: Minimal coupled model, DoF=6=Spin2+ghost 

Bottom-up approach [Buchbinder et.al. (2000)]

➢ Three free parameters are allowed

➢ Nonminimal coupling terms (NCT) are necessary

➢ Existence of completion is NOT guaranteed



Our research

Bottom-up: Leading order NCTs may be constrained by higher order conditions

INTRODUCTION

Original linearized dRGT A trivial extension 

Leading order condition Fourth order condition

Possibilities and results

Purpose: Identifying the most general class whose completion exists 

Top-down: Linearized dRGT model may be extended

Conclusion: We identify the most general class of the leading order NCTs 

➢ In the Furrier space, Eq.(3) determine the dispersion relation.

➢ Eqs.(1), (2) can be regarded as constraints  

➢ In the case of curved background, minimal coupled model violate a scalar constraint.

CONSTRAINTS IN FP-MODEL

Fierz-Pauli model

➢ EoM of the FP model in flat spacetime,

: Vector constraints

➢ Lorentz covariant constraints:

: Scalar constraint

(1)

(2)

(3)



➢ Eqs.(a) contain

LAGRANGIAN ANALYSIS

➢ Lagrangian analysis = Method for counting DoF in lagrangian formulation

(a)

(b)

➢ Eqs.(b) do not contain any accelerations →All the Eqs do not contain       

Fierz-Pauli theory

➢ Let us count DoF of Fierz-Pauli theory

➢ can be decided from time derivative of Eqs.(b) 

Lagrangian analysis

➢ Requiring ``consistency condition” of Eqs.(b): 

➢ Eqs.(b) are satisfied in initial time ⇒ Eqs.(b) are valid in any time

➢ Eqs.(b) can be regarded as ``constraints” on initial values 

➢ Equivalence on initial time: 

(c)

.

.

(b)

➢ We continue this procedure until        appears in the equations 

➢ Counting the numbers of constraint → DoF can be decided

➢ We would like to deform consistency condition (c)     

LAGRANGIAN ANALYSIS



Consistency condition of Eqs.(b)

(c’)

.

.

➢ From Eqs.(d), acceleration      is decided

➢ On the other hand, Eq.(e) is constraint 

➢ Consistency condition of (e) is also constraint:

➢ Finally, we obtain two vector constraints and two scalar constraints

➢ Eqs.(c’) can also be regarded as constraints 

,

(e)

(d)

LAGRANGIAN ANALYSIS

Consistency condition of (c’)

Reconsideration

➢ From Buchbinder’s result, basis of linear order NCTs are given by,

➢ All of the above terms have same symmetries as,

,

IRREDUCIBLE DECOMPOSITION 

➢ Those are symmetries corresponding to Young tableau:

➢ Conversely, the terms in (a) are also the most general representation of 

in leading order

(a)

➢ By only using these symmetries, we ought to show that the terms in (a) is 

not constrained in leading order



IRREDUCIBLE DECOMPOSITION 

We consider the model with the nonderivative nonminimal coupling terms expressed 

by general tensor                 constructed by curvature and metric, 

The tensor                 can be decomposed as follows,

: perfect symmetrization of  

EINSTEIN MANIFOLD CASE

Einstein manifold case

➢ We consider the case of Einstein manifold                   

➢

➢ In this case, the condition                      is ``uniquely” solved as,

: not constrained

➢ Indeed, 

➢ There is a zero eigen vector

[Buchbider et.al.(2000) ] [Akagi, Ohara, Nojiri(2014)]



1.                depends only on metric and its partial derivatives

3.                      for any metric

LEMMA

Proposition

2.                is general covariant

For any                 satisfying the above properties, we can show  

Proof

➢ From assumption 3,                                                           for any  

➢ Taking        as

➢ Using assumption 1 and commutativity                    , 

➢ From assumption 2 , 

➢ Thus,                      → Repeating this procedure, 

DRGT MODEL

➢ The potential terms have been tuned so that a ``scalar” constraint exists.

The action

: Projection operator living in D-1 dim space

``Scalar” constraint

[C. de Rham et al. (2010)]

[S. Akagi and T. Mori (In preparation)]



LINEARIZATION

Complete NCT from dRGT

➢ Background EoM can be solved for f → denoting as f=f(g)

➢ Substituting f=f(g) into the linearized action, we obtain,  

➢ This result is included in the bottom-up result by,

[L. Bernard et al. (2015)]

CONDITION FOR GHOST-FREENESS

Properties of decomposition into time+space direction



SCALAR CONSTRAINT 

COFACTOR EXPANSION



COFACTOR EXPANSION

PERTURBATIVE SOLUTION

Restriction up to fourth order



FP in flat space dRGT model

FP in curved space Linearized dRGT

Nonlinearization

(``Unique”)

Linearization around 

various backgrounds
Curved space extension

Unique？

Extensions of FP model 

➢ Our result:   

SUMMARY

➢ Linearized dRGT model:

Relationships with other theories

Future works

➢ Higher order calculation → More on relationship with linearized dRGT

➢ Simplification of constraint analysis of linearized dRGT

→ Minimal model has been completed

➢ Derivative NCT → String theory？ No-go？ G-B dRGT？

➢ Higher spin extension

➢ String theory:

→ Derivative NCT？ Background EoM？

→ Compatible 

→ Incompatible



TRIVIAL EXTENSION

Trivial extension

➢ Let us consider the model obtained by the replacement                     : any local function  

➢ Although a derivative of           appears in            , it does not affect to the condition.   

➢ The condition for ghost-freeness 

➢ Once we obtain a ghost-free model with mass       and tensors

, the model with local mass           and tensors                                                 are   

also ghost-free.                                           

Our research

➢ Possibility: 1. Leading order NCTs may be constrained by higher order conditions

2. Linearized dRGT model may be extended

➢ Result: Linear order NCTs are constrained by fourth order condition

A trivial extension of linearized dRGT coincides with bottom-up result

INTRODUCTION

Bottom-up result Top-down result

Original linearized dRGT

A trivial extension 

Leading order condition

Fourth order condition
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Blue-tilted primordial 

gravitational waves from 

massive gravity

Shuntaro Mizuno (YITP, Kyoto)

with Tomohiro Fujita, Sachiko Kuroyanagi,  Shinji Mukohyama

arXiv:1808.02381[gr-qc] 

Interferometers and PGWs 

Interferometers can get information of PGWs on various scales !!                          

Density parameter 

of PGWs

We have already 

constraints on          

from BBN and Planck

Frequency



Interferometers and ``Standard” PGWs 

Planck constrains                          on interferometers’ scales !!                          

PGWs from inflation

Almost flat (Red-tilted) 

PGWs spectrum

Interferometers and Blue-tilted PGWs 

Can we obtain consistent and detectable blue-tilted PGWs ?                          

Blue-tilted PGWs

are better for detection 

In standard inflation, 

it is difficult to realize  



Blue-tilted PGWs from Supersolid inflation 

• Supersolid inflation is based on effective field theory of 

inflation with both time diffs and space diffs. 

Endlich, Nicolis, Wang `12, Nicolis, Penco, Rosen `14

interpreted as  (Lorentz violating) massive gravity

• Because of the mass term of the graviton, we can obtain 

Blue-tilted PGWs without violating the null energy condition

Cannone, Tasinato, Wands `14

massive gravity has Higuchi ghost in de Sitter space 

In supersolid inflation,        can be positive but still            ..              

degree of space diffs. 

when

PGWs from extended supersolid inflation 
Ricciardone, Tasinato `17

Extension with nonminimal coupling  to introduce hierarchy 

between the degree of  time  diffs   and spatial diffs  .  

But we still need some enhancement mechanism for detection              

is possible             

with small             



Minimal theory of massive gravity (MTMG)
De Felice, Mukohyama `15

・Properties of MTMG 

Having only 2 propagating d.o.f. (No scalar and vector gravitons)                          

FRW background, tensor perturbations around it are same as  

the nonlinear massive gravity by de Rham, Gabadaze, Tolley (dRGT)                          

Higuchi ghost and other ghosts are absent !!                          

・Construction of MTMG 

Obtaining Precursor theory by fixing vielbein in dRGT to be ADM one                          

Writing down the Hamiltonian based on the canonical variables                          

Imposing 2 constraints to obtain desirable d.o.f.                          

Cf. Oliosi’s talk

Set-up

• Decomposition and quantization of          with

• Equation of motion for the mode function

with

inflation                              

massive                              

radiation dom.                              radiation dom.                              

massive                             massless                              identify                             



Evolution – inflation era

for

Compared with the standard (massless) case,           

PGWs decrease due to the graviton mass during inflation !!                          

on super horizon scales 

with Bunch-Davies vacuum initial condition

PGWs from extended supersolid inflation 
Ricciardone, Tasinato `17

Extension with nonminimal coupling  to introduce hierarchy 

between the degree of  time  diffs   and spatial diffs  .  

But we still need some enhancement mechanism for detection              

is possible             

with small             



Graviton energy density

• Massive phase

• Massless phase

decays like non-relativistic matter!!                          

decays like relativistic matter (as usual )                          

• Graviton energy density

(massless)                       

(analogy with scalar field)                       

Power spectrum of PGWs



Theoretical prediction of

Constraints and classifications of parameters

detected by 

DECIGO                       

excluded by 

CMB                       LISA                       

aLIGO



Conclusions 

• PGWs gives information of scales different from CMB, which 

is very helpful to distinguish and/or constrain inflation models 

• Highly blue-tilted PGWs can be detected by interferometers, 

even if their signal is not observed on the CMB scales

• There were obstacles to construct consistent theoretical model 

producing highly blue-tilted and detectable PGWs 

• We construct  a consistent model producing highly blue-tilted 

and largely amplified PGWs based on MTMG

Discussions 

• Extension of MTMG

As in dRGT,         is related with effective cosmological constant                      

To make         dynamical, one must promote them  to                                    

: ratio of scale factors   

satisfying                      

• Non-Gaussianity of primordial gravitational waves

Fujita, SM, Mukohyama, in preparation

• Influence of reheating/preheating

Kuroyanagi, Lin, Sasaki, Tsujikawa, `17



Thank you very much !!
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Gravitational Waves 
Induced by non-Gaussian 

Scalar Perturbations
Shi Pi 

Kavli IPMU, University of Tokyo

Based on arXiv:1810.11000,  
with Rong-Gen Cai and Misao Sasaki

Content

• Mechanism of SGWB


• PBH abundances


• Induced GWs: A probe for non-Gaussianity


• Conclusion
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a0

ln Lphy

1/H0

aeq
1/H

r ∝
a2

1/H21/H1

1/Hm
 ∝a

3/2

aendlog(a)

primordial 
tensor 
perturbation

incoherent 
superposition 
by BH/NS 
binaries

first order 
phase 
transition

induced by 
scalar 
perturbations

SGWB from binaries

• Origin: incoherent 
superposition of the GWs 
emitted by compact star 
binarys (BH, NS,…)


• Frequencies: 100 Hz(for 10M⊙) 


• Amplitude:  10-9 Hz

1608.06699



SGWB from PBHB

1610.08725 

• PBH binaries


• Frequency: 1000Hz   
(for 1M⊙)  


• Amplitude:  10-9 Hz


• Can be used to 
constrain PBH 
abundances

SGWB from 1OPT
fpeak ≃ 10−6Hz ( β

H* ) ( T*

100GeV ) ( g*

100 )
1/6

Ωpeakh2 ≃ 10−6 ( β
H* )

−2

( g*

100 )
−1/3

• For β/Η*~100, 
frequency is 
10-4Hz, in LISA 
band, but the peak 
is only 10-10.

Mark Hindmarsh’s Talk on Monday.

1512.06239



Content

• Mechanism of SGWB


• PBH abundances


• Induced GWs: A probe for non-Gaussianity


• Conclusion

a/k0

aend a0aini

Rad.dom. 
1/Hr ~a2

Osi.dom. 
1/Hosi ~a3/2

aeq

Matt.dom. 
1/Hm ~a3/2

Inflation 
1/Hinf ~ 105MPl

???



a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

There is a peak on the primordial density 
perturbation, which leaves horizon and gets 
frozen at a*. 

k*=Ha*
SP, Zhang, Huang & Sasaki 1712.09896

a/k*

a* aend a0aini are-entry aeq

a/k0

The formation of 
Primordial Black 

Holes

The peak scale re-enters the horizon at radiation 
dominated  era. If it exceeded some critical 
value O(0.1), PBH will form. Its mass is O(MH).

PBHs



The Press-Schechter  
Mass Function

• When σM <<δc, β can be approximated by exponential:

� ⇡
r

2

⇡

�M

�c
exp

✓
� �2

c

2�2
M

◆

The Press-Schechter  
Mass Function

Non-Gaussianity can increase (fNL>0) or decrease (fNL<0) the 
PBH adundances.

1307.4995



The Press-Schechter  
Mass Function

• The current PBH mass measured in critical mass is


• where “eq” means equality and “re” means re-entry for the peak of the 
variance of the density perturbation at mass M.


• It is easy to estimate z(M) relation at horizon reentry


• Therefore we have

⌦PBH = �
aeq

are
= �

aeq

a0

a0

are
' �⌦r(1 + zre(M))

M =
c3

GHre
=

c3

G⌦
1/2
r (1 + z)2H0

f ⌘ ⌦PBH

⌦CDM
⇡ 4.11 ⇥ 108�(M)

✓
M

M�

◆�1/2

1807.11495



1807.11495

The fact that LIGO has 
not detected SGWB can 
put an upper bound for 

PBH abundance

1807.11495

Wave Effect makes it impossible  
to constrain PBH on small scales 

1701.02151 v3



Femtolensing 
constraint is 

sensitive to the 
size of the source, 
thus not a robust 

constraint. 
1807.11495

1807.11495

Content

• Mechanism of SGWB


• PBH abundances and GWs


• Induced GWs: A probe for non-Gaussianity


• Conclusion



Induced GWs

Peak of scalar  
perturbation  

on small scales

Pea
k T

heo
ry

secondary coupling

PBHs

Induced GWs
LIGO/VIRGO/KAGRA/ET 

LISA/Taiji/Tianqin 
BBO/DECIGO

γ-ray background,  
femtolensing,  
microlensing, 

LIGO, CMB μ-distortion

Saito & Yokoyama,  
0812.4339

Induced GWs
• From the nonlinear equation of motion for the tensor perturbation


• where the source term is (Ananda et al. gr-qc/0612013)


• This equation can be solved by the Green function method.

h′�′�k + 2ℋh′�k + k2hk = 𝒮(k, η)

S(k, ⌘) = 36

Z
d3l

(2⇡)3/2

l2p
2

sin2 ✓

✓
cos 2'
sin 2'

◆
�l�k�l

⇥

j0(ux)j0(vx) � 2

j1(ux)j0(vx)

ux
� 2

j0(ux)j1(vx)

vx
+ 3

j1(ux)j1(vx)

uvx2

�
.



Induced GWs
• The quantity we want to calculate is


• Then we know that ΩGW~<hh>~<SS>~<ΦΦΦΦ>~PΦ2.


• It is naive to believe that Φ stays Gaussian when it becomes 
very large on small scales. 


• Therefore we want to consider the non-Gaussian scalar 
induced GWs (Komatsu & Spergel astro-ph/0005036)

⌦GW(k) ⌘ 1

12

✓
k

Ha

◆2
k3

⇡2
hhk(⌘)hk(⌘)i.

ℛ(x) = ℛg(x) + FNL [ℛ2
g(x) − ⟨ℛ2

g(x)⟩] .

Induced GWs
• Then the 2pt of Φ is


• And we have to specify the power spectrum of the primordial 
curvature perturbation. As we mentioned, we suppose there 
is a narrow peak at around k*.


• Narrow means σ<<k*. This is for simplicity.

⟨ΦkΦp⟩ = (2π)3δ(3)(k + p)
4
9 (Pℛ(k) + 2F2

NL ∫ d3l Pℛ( |k − l | )Pℛ(l)) .

Pℛ(k) =
𝒜ℛ

(2π)3/22σk2
*

exp (−
(k − k*)2

2σ2 ) .



Induced GWs
• The result is the integral (Cai, SP & Sasaki, 1810.11000):
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Induced GWs
• Then the result is the integral:

Kohri & Tareda,  
1804.08577

Saito & Yokoyama,  
0812.4339
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Induced GWs
• Then the result is the integral:

Kohri & Tareda,  
1804.08577

Saito & Yokoyama,  
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non-Gaussian  
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• Up: 


• Down: 


• Gray curve: LISA


• Frequency:                      
PBH window <—>LISA band


• Coincidence, but fortunate 
for our universe.
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Summary

• Induced GW is a very important source of SGWB.


• GWs induced by non-Gaussian scalar perturbations:      -
slope, multiple peaks, cutoff.


• If PBHs can serve as all the DM, induced GWs must be 
detectable by LISA, no matter how small          or         is.  
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Thank you!
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・Consider Einstein-Weyl gravity whose action is
1 introduction

We start from the action

S[g] =
1

2

Z
d4x

p�g
h
R � �

2
Cµ⌫⇢�Cµ⌫⇢�

i
, (1)

where  = 8⇡G, � is the coupling constant which has dimension of [L]2, R is the Ricci scalar, Cµ⌫⇢� is
the Weyl tensor. The third term in the action was soon introduced by Weyl and Bach after Einstein
established General Relativity (GR). There is a motivation to consider such quadratic curvature terms
from the point of view of the quantum field theory [19] [17]. In addition, the quadratic Weyl curvature
term has been considered to naturally resolve the problem which includes the accelerated expansion of
universe at the current epoch and total mass of our universe, without introducing the dark energy and
dark matter [11] [10] [12] [13] [21].

The quadratic Weyl curvature term, however, yields the ghost degree of freedom, which has the
negative-signed kinetic term, as shown by [18]. The harmful natures in this system were pointed out by
Pais and Uhlenbeck [14] [2] [20] as follows: Total Hamiltonian consisting of the ghost and the regular fields
with a positive kinetic energy is unbounded from below. In general, such system has the interactions
between ghost and regular fields, thus their energy are respectively running to negative and positive
infinity.

Now these ghost degrees of freedom are at least harmless in the linear theory of gravity around
Minkowski and de Sitter background [3] [4], since the degrees of freedom are decoupled with each other.
In this paper, we investigate the evolution of the tensor perturbation, gravitational waves (GWs), on the
decelerated expanding universe. In this theory, there exist massless and massive gravitational waves. The
massive one corresponds to the ghost degree of freedom. We are now interested in how abundant such
gravitational waves can exist on the expanding universe as energy density. So far, there have been some
e↵ort on the definition of the energy of gravity in GR. For example, there is a definition of the energy of
gravity proposed by Issacson, known as Perturbed field equation method [6] [7]. Since his accomplishment,
the study of method for describing the energy of GWs has been developed, for example, Landau-Lifshitz
method [8], and Noether method [9]. These methods are applied to some alternative theory [16] [15].

In this paper, we define the energy density of GWs via Noether tensor and discuss the time evolution
of energy for the massless and ghost GWs on the decelerated expanding universe.

2 Evolution of the modes

In this section, we investigate the time evolution of the tensor mode on FLRW background. In 2.1, we
show a gravitational action for Einstein+Weyl gravity and give a basic equation for the gravitational
waves in this theory. In 2.2, we solve the equation for the gravitational waves by using the WKB-like
method. Finally, in 2.3, we make a numerical analysis. We find that there exist two independent solutions
at the late time, which asymptote to a�1e±ik⌘ and a�3/2e±it/

p
� .

2.1 Action and Equation of motion

The gravitational action for Einstein-Weyl gravity is

S[g, �] =
1

2

Z
d4x

p�g
h
R � �

2
Cµ⌫⇢�Cµ⌫⇢�

i
+ Sm[g, �], (2)

where Sm[g, �] is the action for matter field.
Extremization of the action with respect to metric gµ⌫ yields

Gµ⌫ � �Bµ⌫ = Tµ⌫ , (3)

2

�

■ Introduction

: coupling constant
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 = 8⇡G, c = 1

・A motivation to add such quadratic curvature terms is from 
   renormalization of quantum field theory [1,2].

[1] G.’ t Hooft et al., Ann. Inst. Henri. Poincaré(1974)

[3] K. S. Stelle, Gen. Rel. Grav. 9(1978)
[4] A. Pais and G. E. Uhlenbeck, Phys. Rev. 79(1950)

Hx =
ẋ2

2
+ V (x)

Hy = � ẏ2

2
� V (y)

[2] K. S. Stelle, Phys. Rev. D16(1977)

・There exist massless and massive spin-2 DOFs in Minkowski space,  
   but the massive ones are ghost [3], which is thought to lead to instabilities  
   when interacting with the other non-ghost fields [4].
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2
� V (y)

[2] K. S. Stelle, Phys. Rev. D16(1977)! +1

! �1

・A motivation to add such quadratic curvature terms is from 
   renormalization of quantum field theory [1,2].

・There exist massless and massive spin-2 DOFs in Minkowski space,  
   but the massive ones are ghost [3], which is thought to lead to instabilities  
   when interacting with the other non-ghost fields [4].

■ Introduction 2/10

・The two DOFs are decoupled at linear level on Minkowski [3] and  
   de Sitter background [5], so they are harmless on these background. 

・In this talk, we show how the two primordial gravitational waves (PGWs), 
   massless and massive DOFs, can contribute to the cosmic expansion 
   as energy components.

・This theory should be tested by observations, quantitatively.

[5] T. Clunan and M. Sasaki, Class. Quant. Grav. 27(2010)

・What happens in the case that two DOFs are coupled each other 
   has not been clarified so far on, e.g., the decelerated universe.

・As a first step, we concentrate on the classical theory.
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・The modes, with physical wavelength     , cross with the Weyl radius 
   after entering the horizon.  
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・Consider the tensor perturbation       on the flat FLRW metric:hij

ds2 = a2(⌧)[�d⌧2 + (�ij + hij)dxidxj ]

a : scale factor �ijhij = 0 = @jhij⌧ : conformal time

a = aini
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■ Second order action
・Consider an action equivalent to the second order action for  
   tensor perturbation      in Einstein-Weyl gravity:hij

�ij  ij

Note:        and       are NOT metric, but            and            correspond to metric.�ij  ij �ij/a  ij/a

4/10

8S[h] =

Z
d4x

⇥
�a2(@h)2 � �(⇤h)2

⇤

8S[�,  ] =

Z
d4x


�1

2
(@�)2 +

ä

a
� · �+

1

2
(@ )2 +

1

2

✓
ä

a
+ 2

ȧ2

a2
+

a2

�

◆
 ·  + 2

ȧ2

a2
� ·  � 2

ȧ

a
�̇ ·  

�

Second order action 
in E+W gravity

�ij = �
p

2�

a
⇤hij +

p
2ahij

 ij =

p
2�

a
⇤hij

Massless tensor field       

hij =
1p
2a

(�ij +  ij)

Massive ghost tensor field       

�ij

 ij

・      and      are useful to investigate the late-time behavior 
   since the interaction gets negligible as time proceeds.



■ EOM in the radiation era:

・In this talk, we only consider the evolution of the modes      and       
  in radiation era,            , where

�00k + �k =
2

z
 0

k  00
k +

✓
1 +

2

z2
+

z2

z2
�

◆
 k =

2

z
�0k � 2

z2
�k

z2

z2
�

=
a2

�k2

z� z = z�
p
�

where a prime denotes the derivative wrt     , and

,

�k  k

・The System of equations is, with a time coordinate                     ,

�k =
z2
�

z
(h00

k + hk) + zhk,  k = �z2
�

z
(h00

k + hk)

,

5/10

a / ⌧

z

.

z := k⌧ / a

,

a(⌧) / ⌧

fij(⌧, ~x) =
X

�=+,⇥

Z
d3k

(2⇡)3/2
fk(z)✏�ij(

~k)ei~k·~x f(     is either     ,      or    . )�  h .

・       is a dimension-less parameter, and             represents 
   a time when the wavelength catches up with Weyl radius      .

■ Numerical solutions (Radiation era:          )
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・We can see that       and       are decoupled after             .

・For             ,           is damped as      , while          scales as       .

・We further find an interesting behavior that                  grows as       
   at early time           , but it will be discussed somewhere else.
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z = zini

hk(zini) = 1,

h0
k(zini) = h00

k(zini) = h000
k (zini) = 0

�k = �k(h, h00), �0
k = �k(h, h0, h00, h000)

 k =  k(h, h00),  0
k =  k(h, h0, h00, h000)

Insert them into  
the derivatives below

A simple setup:
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■ Behavior at the late time:
・From now on, we concentrate on understanding this behavior of 
   tensor mode at late time, analytically.
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■ Behavior at the late time:
・The problem to solve is the approximated equations below: 

z � z�

�00
k + �k ' 0  00

k +
z2

z2
�

 k ' 0 as            .z ! 1,

・We then have the following solutions:

,
t : cosmic time

・We can see from the above solutions that      oscillates with  
   the conformal time     while      with the cosmic time    . k
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・These solutions agree with 
   the numerical solutions  
   on the right or previous slide.
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■ Energy density of GWs

・Give a definition for energy density of GWs in Einstein-Weyl 
   gravity from the (00) component of Noether pseudo tensor.

・The Noether pseudo for      and       are�ij  ij

L = L� + L + Lint
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ȧ

a
 ·
✓

ȧ
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⇥⌫(�)
µ := � 1p�g

@L�

@(@⌫�ij)
@µ�ij + �⌫µ

L�p�g

=
1

8a4
@⌫� · @µ� + �⌫µ
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a4

⇥⌫( )
µ := � 1p�g

@L 
@(@⌫ ij)

@µ ij + �⌫µ
L p�g

= � 1

8a4
@⌫ · @µ + �⌫µ

L 
a4

where                ,      and      are extracted from the total Lagrangian     :
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   gravity from the (00) component of Noether pseudo tensor.

・The Noether pseudo for      and       are�ij  ij
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ȧ2

a2
+

a2

�

◆
 ·  

8Lint = 2
ȧ
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■ Time dependence of energy density:
・Inserting the analytical solutions at late time into 
   the (00) component of Noether pseudo tensor, we find 

・Insertion of numerical solutions into     and      yields
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or{
For consistency with observations, they need to satisfy

: energy density of radiation
: energy density of dark matter

⌦� < ⌦r

|⌦ | < ⌦DM ⌦ + ⌦DM ⇠ 0.3

⌦r

⌦DM

⌦i :=
1

⇢c

d⇢i

d log k
, (i = �,  ) ⇢c = 3H2/,



■Summary
・We investigated the behavior of tensor mode at the late time.

・Two DOFs,       and       , are decoupled after the wavelength catches up 
   with the Weyl radius      .

・       behaves as radiation, while       as matter with negative energy.

■Future work

�ij  ij

�ij  ij

hk(zreh) =
�k(zreh) +  k(zreh)

zreh

Inflationary era Radiation era

[N. Deruelle et al., JHEP09(2012)009] with 4 constants of integration

Connected 
at z = zreh

hk(zreh) '
r

2

k3

Hinfp
1 + 2�H2

inf

・The amount of their energy should be restricted by

・To evaluate the observable, energy of GWs at the current epoch, 
   we’d like to decide the initial condition for      and       by, e.g., connecting 
   the solution in the radiation era with the one in the inflationary era.     

�ij  ij

p
�

⌦� < ⌦r |⌦ | < ⌦DM ⌦ + ⌦DM ⇠ 0.3▶                              ▶                       or



■ Noether pseudo tensor
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・Variation of the Lagrangian density is
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・Moving the divergence term on RHS to LHS, we have

⇥⌫
µ :=

1p�g

✓
�⌫µL � @L

@(@⌫�ij)
@µ�ij �

@L

@(@⌫ ij)
@µ ij

◆

, .

,

・Finally we define the energy density for \phi and \psi as follows:

■ Behavior at the Early time:

・The variables      and      are not convenient, so let us take the 
   variable transformation such that
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■ Behavior at the Early time:
・Assuming that the term         in the EOM is negligible, we have
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■ Behavior at the Early time:

・If the initial value for      is smaller than the one for      ,                       , 
   we can see from the below plot that the term         is negligible 
   numerically. ( Inflationary setup yields                        . )

Red:       ,  Blue: 

Solid line: presence of         ,  Dashed line: absence of         .
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・Discuss about the validity of neglecting        term in the EOM for      .
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• Formation  and  evaporation  of PBHs

• PBHs,  dark  matter  and  LIGO  events

PLAN  OF  TALK

• Constraints  on  evaporating PBHs

• PBHs  and  quantum  gravity

• PBHs  and  large-­scale  structure

• PBHs  s  link  between  macro  and  micro
BLACK HOLE FORMATION

RS = 2GM/c2 = 3(M/MO) km => rS = 1018(M/MO)-2 g/cm3

Stellar BH (M~101-2MO), IMBH (M~103-5MO), SMBH (M~106-9MO)

Cygnus  X1    10MO NGC1313      500MO QSO  108MO

None  of  these  BHs  could  solve  the  dark  matter  problem

Small “primordial” BHs can only form in early Universe

cf. cosmological density  r ~ 1/(Gt2) ~ 106(t/s)-2g/cm3

10-5g  at 10-43s     (minimum)
MPBH ~ c3t/G =  1015g  at 10-23s    (evaporating)

105MO at 1 s      (maximum)
=> huge range

horizon mass
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Þ no  observational  evidence  against  them!

=> need  to  consider  quantum  effects    

PBHs are important even if they never formed!



PBH EVAPORATION

Black holes radiate thermally with temperature

T =               ~  10-7 K

=> evaporate completely in time     tevap ~ 1064 y

M ~ 1015g => final explosion phase today (1030 ergs)

g-ray background at 100 MeV  => WPBH(1015g) < 10-8

=> explosions undetectable in standard particle physics model

T  >  TCMB=3K  for  M  <  1026g  => “quantum” black holes

But PBHs are important even if they never formed!
(Page & Hawking 1976)

Only PBHs with  M >> 1015g could provide dark matter 

1015g

1010g

10-5g

1 MO

109 MO QSO

Stellar

evaporating

exploding

Planck Universal

BLACK HOLES

106 MO MW

1021glunar

1022 MO

102 MO IMBH

1025gterrestrial

HIGHER  DIMENSIONS

QUANTUM/CLASSICAL



FORMATION MECHANISMS

Primordial inhomogeneities Inflation

Pressure reduction  Form more easily but need spherical symmetry

Cosmic strings  PBH constraints => G µ < 10-6

Bubble collisions  
Need fine-tuning of bubble formation rate      

Domain walls   PBHs can be very large

String necklaces

http://www.damtp.cam.ac.uk/research/gr /public/cs_phase.html

PBH FORMATION => LARGE INHOMOGENEITIES

To collapse against pressure, need    (Carr 1975)

when d ~ 1  =>   dH > a (p=arc2)

Gaussian fluctns with <dH
2>1/2 = e(M) 

Þ fraction of PBHs 

      b(M) ~ e(M) exp

e(M) decreases with M => exponential upper cut-off

e(M) constant => b(M) constant => 

p=0 => need spherical symmetry =>  b(M) ~ 0.06 e(M)6

Separate universe for dH > 1 but recently reinterprted

(Khlopov &  Polnarev 1980)



Limit on fraction of Universe collapsing

b(M)  fraction of density in PBHs of mass M at formation

General limit

=> b ~ 10-6 WPBH ~ 10-18 WPBH

Unevaporated M>1015g =>WPBH < 0.25   (CDM)
Evaporating now M~1015g =>WPBH < 10-8      (GRB)
Evaporated in past M<1015g 

   => constraints from entropy, g-background, BBNS

fDM(M)  ~  (b /10-­8) (M/Mo)-1/2

CONSTRAINTS ON b(M)

Carr, Gilbert & Lidsey (1994)

CONSTRAINTS ON e(M)

PBHs are unique probe of e on small scales. 

Need blue spectrum or spectral feature to produce them.

LSS

=>



PBHS FROM NEAR-CRITICAL COLLAPSE

=> broad mass spectrum => strong constraints above 1014g
DM from 1016g PBHs without violating GRB constraints?
But this slope does not apply in all scenarios (Kuhnel et al. 2016)

(Yokoyama 1998)(g = 0.35)

dC ~ 0.45 and applies to  d - dC ~ 10-10 (Musco & Miller 2013)

Critical phenomena => M = k MH(d-dc)g  
(Niemeyer & Jedamzik 1999, Shibata & Sasaki 1999) 

spectrum peaks at horizon mass with extended low mass tail

Later calculations and peak analysis =>
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Abstract

Based on a physical argument, we derive a new analytic formula for the amplitude of density

perturbation at the threshold of primordial black hole formation in the Universe dominated by a

perfect fluid with the equation of state p = wρc2 for w ≥ 0. The formula gives δUH
Hc = sin2[π

√
w/(1+

3w)] and δ̃c = [3(1 + w)/(5 + 3w)] sin2[π
√

w/(1 + 3w)], where δUH
Hc and δ̃c are the amplitude of the

density perturbation at the horizon crossing time in the uniform Hubble slice and the amplitude

measure used in numerical simulations, respectively, while the conventional one gives δUH
Hc = w and

δ̃c = 3w(1 + w)/(5 + 3w). Our formula shows a much better agreement with the result of recent

numerical simulations both qualitatively and quantitatively than the conventional formula. For

a radiation fluid, our formula gives δUH
Hc = sin2(

√
3π/6) ≃ 0.6203 and δ̃c = (2/3) sin2(

√
3π/6) ≃

0.4135. We also discuss the maximum amplitude and the cosmological implications of the present

result.
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This expectation motivates us to adopt the criterion that if and only if the sound wave

crosses from the center to the surface outwardly or from the surface to the center inwardly

before the maximum expansion, the pressure gradient force prevents the overdense region

from becoming a black hole. This requirement is naturally equivalent to the formation

criterion that the sound crossing time over the radius be longer than the free fall time from

the maximum expansion to complete collapse. See Fig. 2, which shows the trajectory of

the sound wave for the threshold case, where the sound wave crosses over the radius of the

overdense region at the same time of the maximum expansion. The present criterion reduces

to the following condition:

χa >
π
√

w

1 + 3w
. (4.32)

This means that the Jeans scale RJ at the maximum expansion can be identified with

RJ = amax sin

(
π
√

w

1 + 3w

)
. (4.33)

Therefore, we obtain the following formula for the threshold value of primordial black hole

formation:

δUH
Hc = sin2

(
π
√

w

1 + 3w

)
(4.34)

and δUH
H for primordial black hole formation must satisfy

δUH
Hc < δUH

H ≤ 1. (4.35)

This can be considered as a (roughly) necessary and sufficient condition for primordial black

hole formation.

Formula (4.34) implies that δUH
Hc increases from 0, reaches a maximum value sin2(

√
3π/6) ≃

0.6203 at w = 1/3 and decreases to 1/2, as w increases from 0 to 1. δUH
Hc decreases as w

increases from 1/3 because of the factor 1/(1 + 3w) on the right-hand side in Eq. (4.30).

This factor appears because the dynamical time of the collapse gets shortened by the con-

tribution of the pressure to the source of gravity. δUH
Hc is approximated as δUH

Hc ≈ π2w if

w ≪ 1, which is π2 times the conventionally used Carr’s threshold value w, and almost

twice for a radiation fluid w = 1/3. This means that our analytic formula implies much

less production efficiency for w ≪ 1 and considerably less efficiency for w = 1/3 than the

conventional estimate. On the other hand, for w ! 0.6, our formula gives a lower threshold

value and hence implies higher production efficiency than the conventional estimate.

14

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

δ̃

w

Musco � Miller (2012)
Our formula

Carr
Gauged Carr

Maximum

FIG. 3. The threshold values and the maximum value of the density perturbation variable δ̃ in the

comoving slice for different values of w. The crosses plot the result of numerical simulations by

Musco and Miller [15] for the profile parameter α = 0 or a Gaussian curvature profile. The solid,

long-dashed and dashed lines denote the analytic formula obtained in Sec. IVB, Carr’s original

formula and its gauged version, respectively. We also plot our stronger and weaker conditions

with thin dotted-dashed lines, which are discussed in Sec. IVB. The short-dashed line denotes the

geometrical maximum value, corresponding to a three-hemisphere.

Our threshold formula implies that the threshold values are approximately given by δUH
Hc ≃

0.5 − 0.6 and δ̃c ≃ 0.4 and for 1/3 ! w ! 1 and are not so sensitive to w in this range. Our

formula also suggests that primordial black holes can be formed from type I fluctuations

even for very hard equations of state, i.e., w ≃ 1, because δ̃c is well below δ̃max.

VI. PROBABILITY DISTRIBUTION

Conventionally, it has been assumed that the probability distribution for the density

perturbation follows a Gaussian distribution. Then, the fraction β0(M) of the Universe

18

0.62	
  for	
  radiation	
  *

MORE  PRECISE  ESTIMATE  OF  dC

Effects  of  non-­Gaussianity and  non-­sphericity

*  For  uniform-­Hubble  gauge  but  0.4  for  synchronous  gauge



This means, PBH production is largely 
sensitive to non-Gaussianity.

… even more so, as the PBH abundance 
depends exponentially on the amplitude 
of the perturbations.

As shown by Byrnes et al., there is a very 
strong modal coupling between long- and 
short-wavelength modes.

… typically larger than 

5 to 10 sigma

PBH production is  deep inside tail of distribution.

NON-­GAUSSIAN  EFFECTS
Expected whenever fluctuations are large  

Bullock & Primack 1997, Ivanov 1998, Hidalgo 2007, Young & Byres 2013, Byrnes et al 2014

Quantum field theory => n-point correlation function
Slow-roll correction using inflation 3-point correlator

Seery & Hidalgo 2006

Non-­Spherical  Effects

Non-Sphericity

Simple estimate:

spherical threshold

ellipsoidal threshold

consider collapse of largest enclosed sphere (green curve):

NORDITA-2016-14

On Ellipsoidal Collapse and Primordial Black-Hole Formation

Florian Kühnel1, ⇤ and Marit Sandstad2, †
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Stockholm University, AlbaNova, SE–106 91 Stockholm, Sweden

2Nordita, KTH Royal Institute of Technology and Stockholm University,
Roslagstullsbacken 23, SE–106 91 Stockholm, Sweden

(Dated: Thursday 3rd March, 2016, 1:52am)

We reinvestigate gravitational ellipsoidal collapse with special focus on its impact on primordial
black-hole formation. For a generic model we demonstrate that the abundance and energy density
of the produced primordial black holes will be significantly decreased when the non-sphericity of
the overdensities is taken into account.

The process of gravitational collapse is of utmost impor-
tance to our understanding of the Universe. From the
formation of galaxies [1, 2], clusters of galaxies [3, 4],
haloes [5–9] (for a recent review see [10]) or even to the
possible formation of primordial black holes [11, 12], the
nature of the collapse is crucial in determining character-
istics like abundance, mass or shape.

In many cases, both for its calculational simplicity as
well as being a reasonable first approximation, spherical
symmetry has been an integral assumption to investi-
gate gravitational collapse processes [13–15]. Although in
most cases initial non-sphericity is either small or eventu-
ally leads to (approximately) spherical objects, its e↵ect
might nevertheless be consequential. For instance, esti-
mates of the abundance of small galactic haloes receive
considerable corrections [16], the formation of space-time
singularities might be very di↵erent [17], or, the precise
geometric way in which collapse proceeds may lead to
major intermediate deformations [18, 19].

The space of all possible shapes a collapsing overden-
sitiy might have is enormously large. Hence, one needs
to focus on the most relevant structures. One of the sim-
plest and most studied, deviating from spherical symme-
try, is an ellipsoidal one, also because it gives a fairly
good approximation to objects of many shapes. This has
been and still is the focus of a vast amount of literature
(cf. [16, 20–26]), including the seminal work of Sheth,
Mo and Tormen [16] who obtained a fitting formula for
the mentioned collapse threshold which they found to be
supported by numerical evidence. More recent evidence
for the improvement of fits with an ellipsoidal collapse
model can be found for instance in [27, 28].

While most of the quoted references on ellipsoidal col-
lapse deal with the formation of dark-matter haloes, the
investigation of how the shape distribution of initial over-
densities may a↵ect the formation of primordial black
holes is relatively modest. In [29] the authors studied
tri-axial collapse of black holes and critical collapse in
a way which is relevant also for primordial black-hole
formation, and in [30] a non-spherical critical collapse
was considered. However, to the best of our knowledge,
there has not been a thorough investigation of the e↵ect
of the abundance, or, the energy density of primordial
back holes when lifting the spherical assumption on the
overdensities.

This is what we are going to study here. Specifically,
we shall first argue that the ellipsoidal collapse threshold
in the case of primordial black holes should be similar to

that found in halo formation with only small deviation to
the exact fitting constants. As we shall argue, the details
of the radiation medium will essentially be contained in
the spherical collapse threshold which has been obtained
in the case for primordial black holes through detailed
numerical studies [31–33]. We will then investigate the
influence of non-spherical e↵ects on the final mass-density
spectrum for a generic model of primordial black-hole
formation.

To start, the ellipsoidal collapse threshold obtained by
Sheth, Mo & Tormen (cf. Eq. (3) of Ref. [16]) for the case
of halo collapse can be expressed via

�ec
�c

' 1 + 

✓
5 e2 �ec

�2
c

◆�
= 1 + 

✓
�2

�2
c

◆�
, (1)

with the threshold value for spherical collapse �c, the el-
lipticity e, and the hight of the density power spectrum at
the given scale �2. The parameter values for  and � were
found to be 0.47 and 0.62, respectively. The final equality
holds after inserting the most-probable (mp) value for the
ellipticity, emp = (�/�) /

p
5. Actually, this is not entirely

correct as the average value hei = 9/
p

10⇡ (�/�) 6= emp,
as was pointed out in [28]. There they found another set
of values for  = 0.6536 and � = 0.6387 [28].

The above result (1) has been derived and numerically
confirmed for a very limited class of cosmologies only,
mostly relevant to structure formation. This in par-
ticular does not include the case of ellipsoidal collapse
in radiation domination, which is the most important
one for primordial black-hole formation[12]. Below, for a
Gaussian-distributed density-perturbation spectrum, we
shall justify why the functional form of Eq. (1) is rele-
vant also for the case of primordial black-hole formation.
In fact, by giving an approximate physical argument in
which both the derivation and the approximations made
are dependent only upon the geometry of the collapse
process, we suggest that the form Eq. (1) should indeed
hold for ellipsoidal gravitational collapses in arbitrary en-
vironments.

In order to estimate the modification of the thresh-
old in the case of non-spherical collapse, we note that in
the ellipsiodal case, the collapse starts with the small-
est axis first and after that the longer axes will collapse
faster than linearly [22]. It is hence suggestive from the
mass dependence of the overdensity �(M) that the den-
sity perturbation will be smaller by �(�M), where �M
accounts for the di↵erence in mass M of a sphere to that
of an ellipsoid.
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NON-­SPHERICITY  EFFECTS



PBHS AND INFLATION

PBHs formed before reheat inflated away =>

M > Mmin = MPl(Treheat / TPl)-2 > 1 gm

CMB quadrupole  => Treheat < 1016GeV

But inflation generates fluctuations

Can these generate PBHs?

Slow roll plus friction-domination

=> nearly scale-invariant fluctuations

|dk
2| ~ kn,  dH ~ M(1-n)/4 with n = 1 - 3x + 2h ~ 1

CMB => dH ~ 10-5 => need n > 1 for PBHs

Observe n < 1 on horizon scale => need running index for PBHs.

Planck gives (wrong sign!)

Need inflation model with  n > 1 or some feature in V(f) at large k

There are numerous other inflationary models for PBH formation.

Flattening of V(f) => PBH production on particular scale
Ivanov, Naselsy & Novikov 1994

Vincent  Vennin “Stochastic  inflation  and  PBHs”



CONSTRAINTS FOR EVAPORATING PBHS 

CMB distortions

Neutrino relics

LSP relics

Reionization and 21cm

Extragalactic cosmic rays

Big bang nucleosynthesis

Gamma-ray background

This assumes monochromatic mass function

B. Carr, K. Kohri, Y. Sendouda & J. Yokoyama PRD 81(2010) 104019

Can some short (100msec) g-ray bursts
be PBH explosions?

Cline et al (2003) => 42 BATSE events
Cline et al (2005) => ? KONUS events
Cline et al (2007) => 8 Swift events
Local => Euclidean dbn, V/Vmax test

CAN PBH EXPLOSIONS GENERATE g-RAY BURSTS?

Maybe  Shibazaki not  so  wrong!

GRB => dn/dt < 10-6 pc-3y-1 (if uniform) or < 1 pc-3y-1 (if in halo)
Galactic g-halo  => dn/dt = 0.06 pc-3y-1   Lehoucq et al (2009)
Cosmic rays  =>  dn/dt = 0.02 pc-3y-1   Maki et al (1996)
Observational limit depends on details of final explosive phase



PRO

*  Black  holes  exist
*  No  new  physics  needed
*  LIGO  results

CON

*  Requires  fine-­tuning

PRIMORDIAL  BLACK  HOLES  AS  DARK  MATTER

Primordial black holes as Dark Matter 
PRO 
• BH exist 
• No new physics is needed 
• LIGO motivation 
CON 
• Fine tuning is needed 

 
 

PBH can do it! 

BBNS => Wbaryon=  0.05

Þ need  baryonic  and  non-­baryonic DM

MACHOs

Wvis=  0.01,  Wdm=  0.25

PBHs  are  non-­baryonic  with  features  of  both WIMPs  and  MACHOs

1017-­1020g  PBHs  excluded  by  femtolensing of  GRBs
1026-­1033g  PBHs  excluded  by  microlensing  of  LMC          (2010)
Above  103M0 excluded  by  dynamical  effects

Intermediate MassAsteroid

=>  windows  at  1016-­1017g  or  1020-­1024g  or  1033-­1036g  for  dark  matter

Sublunar

WIMPs



Early microlensing searches suggested MACHOs with 0.5 MO

Later found that at most 20% of DM can be in these objects

=> PBH formation at QCD transition?

Pressure reduction => PBH mass function peak at 0.5 MO

For this reason, there was no motivation to suspect that there might be MACHOs which
led to higher-longevity microlensing events. The longevity, t̂, of an event is

t̂ = 0.2yrs

(
MPBH

M⊙

) 1
2

(27)

which assumes a transit velocity 200km/s. Subsituting our extended PBH masses, one
finds approximately t̂ ∼ 6, 20, 60 years for MPBH ∼ 103, 104, 105M⊙ respectively, and
searching for light curves with these higher values of t̂ could be very rewarding.

Our understanding is that the original telescope used by the MACHO Collaboration [7] at
the Mount Stromlo Observatory in Australia was accidentally destroyed by fire, and that
some other appropriate telescopes are presently being used to search for extasolar planets,
of which two thousand are already known.

It is seriously hoped that MACHO searches will resume and focus on greater longevity
microlensing events. Some encouragement can be derived from this, written this month
by a member of the original MACHO Collaboration :

There is no known problem with searching for events of greater longevity than those dis-
covered in 2000; only the longevity of the people!

That being written, convincing observations showing only a fraction of the light curves
could suffice? If so, only a fraction of the e.g. six years, corresponding to PIMBHs with
one thousand solar masses, could well be enough to confirm the theory.

Finally, going back to the 2010 Vera Rubin quote mentioned in the Introduction, it is

”If I could have my pick, I would like to learn that Newton’s laws must be modified in order
to correctly describe gravitational interactions at large distances. That’s more appealing
than a universe filled with a new kind of sub-nuclear particle.”

If our solution for the dark matter problem is correct, Rubin’s preference for no new
elementary particle filling the Universe would be vindicated, because for dark matter
microscopic particles become irrelevant. Regarding Newton’s law of gravity, it would not
need modification beyond general relativity theory which is needed for the black holes. In
this sense, Rubin did not need to pick either alternative to explain dark matter.

References

[1] P.H. Frampton, Searching for Dark Matter Constituents with Many Solar Masses.
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The possibility of primordial black holes constituting dark matter is studied in detail, focussing
on the intermediate-mass range from 10�8 M� to 102 M�. All relevant up-to-date constraints are
reviewed and any e↵ect necessary for a precision calculation of the primordial black-hole abun-
dance, such as non-Gaussianity, non-sphericity, critical collapse, merging, etc., is discussed in depth.
A general novel procedure for confronting observational constraints with an extended primordial
black-hole mass spectrum is introduced. This scheme together with the various formation e↵ects
provides a guideline, for arbitrary constraints, for how to systematically approach the problem of
primordial black holes as dark matter, both from a model-independent observational point of view
and starting from a fundamental formation model for primordial black holes. It is also pointed
out which e↵ects in the formation process should be studied further in order to provide a realistic
mapping from inflationary power spectra to the mass function of primordial black holes in order
to use the observational constraints on the latter to put constraints on inflation and early-universe
physics. This scheme is applied to two specific inflationary models. It is demonstrated under which
conditions these models can yield primordial black holes constituting 100% of the dark matter.
Interestingly, the respective distributions peak in the mass region where the recent LIGO black-
hole mergers were found. We also show which model-independent conclusions can be drawn from
observable constraints in this mass range.

I. INTRODUCTION

Primordial black holes (PBHs) have been a source of intense interest for nearly 50 years [1], despite the fact that
there is still no evidence for their existence. One reason for this is that only PBHs can be small enough for quantum
radiation to be important [2]. After 42 years there is still no direct evidence for this e↵ect and people are still
grappling with conceptual puzzles associated with the process [3]. Nevertheless, this discovery is generally recognised
as one of the key developments in physics of the last century because it beautifully unified general relativity, quantum
mechanics and thermodynamics. The fact that Hawking was only led to this discovery as a result of contemplating
the properties of PBHs illustrates that it can be useful to study something even if it may not exist!

PBHs smaller than 1015g would have evaporated by now with many interesting cosmological consequences [4, 5].
Studies of such consequences have placed useful constraints on models of the early universe [6–13] and, more positively,
evaporating PBHs have also been invoked to explain certain features (such as the extragalactic and Galactic gamma-
ray backgrounds [14–17], a primary antimatter component in cosmic rays [18, 19], the annihilation line radiation from
the Galactic centre [20] and some short-period gamma-ray bursts [21]). However, there are usually other possible
explanations for these features, so there is no definitive evidence for evaporating PBHs.

Attention has therefore shifted to the PBHs larger than 1015g, which are una↵ected by Hawking radiation. Such
PBHs might have various astrophysical consequences (seeds for supermassive black holes in galactic nuclei [22–25], the
generation of large-scale structure through Poisson-fluctuations [26, 27], heating the Galactic disc Marit: Ref missing,
reionization of the pregalactic medium [28–30]). But perhaps the most exciting possibility – and the main focus of
this paper – is that they could provide the dark matter which comprises 25% of the critical density [31, 32]. Since

⇤Electronic address: b.j.carr@qmul.ac.uk
†Electronic address: florian.kuhnel@fysik.su.se
‡Electronic address: marit.sandstad@astro.uio.no

f(M)  ~  (b /10-­8) (M/Mo)-1/2
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FIG. 1. Limits on the abundance of PBH today, from ex-
tragalactic photon background (orange), femto-lensing (red),
micro-lensing by MACHO (green) and EROS (blue) and
CMB distortions by FIRAS (cyan) and WMAP3 (purple).
The constraints from star formation and capture by neu-
tron stars in globular clusters are displayed for ρGlob.Cl.

DM =
2×103 GeVcm−3 (brown). The black dashed line corresponds
to a particular realization of our scenario of PBH formation.
Figure adapted from [56].

of the star in presence of the PBH gravitational field.
PBH of masses larger than 1018 kg are potentially ob-
servable [62]. Even if highly unlikely (1 event in ∼ 107

years for ρPBH = ρDM with MPBH ∼ 1012 kg), the
transit of PBH of masses MPBH

>∼ 1012 kg through or
nearby the Earth could be detected because of the seis-
mic waves they induce [63]. X-rays photons emitted by
non-evaporating PBH should ionize and heat the nearby
intergalactic medium at high redshifts. This produces
specific signatures in the 21cm angular power spectrum
from reionization, which could be detected with the SKA
radio-telescope [64]. For PBH of masses from 102M⊙
to 108M⊙, densities down to ΩPBH

>∼ 10−9 could be
seen. A PBH transiting nearby a pulsar gives an impulse
acceleration which results in residuals on normally or-
derly pulsar timing data [65, 66]. Those timing residuals
could be detected with future giant radio-telescope like
the SKA. The signal induced by PBH in the mass range
1019 kg <∼ MPBH

<∼ 1025 kg and contributing to more
than one percent to dark matter should be detected [66].
Binaries of PBH forming a fraction of DM should emit
gravitational waves; this results in a background of grav-
itational waves that could be observed by LIGO, DE-
CIGO and LISA [67, 68].

Finally, the recent discovery by CHANDRA of tens of
black hole candidates in the central region of the An-
dromeda (M31) galaxy [42–46] provides a hint in favor
of models of PBH with stellar masses. As detailed later
in the paper, such massive PBH can be produced in our
model. The CMB distortions and micro-lensing limits
could be evaded if PBH were less massive at the epoch of

recombination and then have grown mostly by merging
to form black holes with stellar masses today.

III. HYBRID-WATERFALL INFLATION

It has been shown recently that the original non-
supersymmetric hybrid model [31, 32] and its most well-
known supersymmetric realizations, the F-term and D-
term models [69, 70], own a regime of mild waterfall [36–
40]. Initially the field trajectories are slowly rolling along
a nearly flat valley of the multi-field potential. When tra-
jectories cross a critical field value, denoted φc, the po-
tential becomes tachyonic in the orthogonal direction to
the valley. In the mild-waterfall case, inflation continues
for more than 50 e-folds of expansion after crossing the
critical instability point and before tachyonic preheat-
ing [33] is triggered. This scenario has the advantage
that topological defects formed at the instability point
are stretched outside our observable patch of the Uni-
verse by the subsequent inflation.

According to Refs. [37–39], the mild waterfall can be
decomposed in two phases (called phase-1 and phase-2).
During the first one, inflation is driven only by the infla-
ton, whereas the terms involving the auxiliary field can be
neglected. At some point, these terms become dominant
and trajectories enter in a second phase. When the wa-
terfall lasts for much more than 50 e-folds, the observable
scales exit the Hubble radius in the second phase, when
trajectories are effectively single field and curvature per-
turbations are generated by adiabatic modes only. For
the three hybrid models mentioned above (original, F-
term and D-term), the observable predictions are conse-
quently modified and a red scalar spectral index is pre-
dicted (instead of a blue one for the original model fol-
lowed by a nearly instantaneous waterfall). If one denotes
by N∗ the number of e-folds between horizon exit of the
pivot scale k∗ = 0.05Mpc−1 and the end of inflation, the
scalar spectral index is given by ns = 1 − 4/N∗, too low
for being within the 95% C.L. limits of Planck. Only
a low, non-detectable, level of local non-gaussianitiy is
produced, characterized by fNL ≃ −1/N∗ [37].

When inflation continues during the waterfall for a
number of e-folds close but larger than 50 e-folds, the
pivot scale becomes super-Hubble during the phase-1.
Trajectories are not effectively single-field, and entropic
perturbations source the curvature perturbations [37].
This leads to a strong enhancement in the scalar power
spectrum amplitude, whose thus cannot be in agreement
with observations.

In this paper, we focus on an intermediate case, be-
tween fast and mild waterfall. We consider the regime
where inflation continues for a number of e-folds be-
tween about 20 and 40 after crossing the instability point.
There is a major difference with the previous case: ob-
servable scales leave the Hubble radius when field tra-
jectories are still evolving along the valley, when the
usual single-field slow-roll formalism can be used to de-
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WHICH  MASS  WINDOW  IS  MOST  PLAUSIBLE?

PBH  dark  matter  @1020g  
from  double  inflation                                
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PBH  dark  matter  @10Mo
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cf.  light  versus  heavy  dark  matter  particle



The QCD phase transition
• As the Universe cools below 1 GeV, strong interactions confine quarks 

into hadrons and the equation of state (w) dips.  
Borsanyi et al (2016) have recently made the first definitive predictions 
of this period (to 1% accuracy)


• The Hubble volume (horizon) mass (MH) during the peak decrease is 
about one solar mass. PBHs form with a comparable mass

!5
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The resultant mass function of PBHs

• Despite the collapse threshold decreasing by only 10%, PBH formation is boosted by over 
two orders of magnitude


• This primarily boosts the number of solar mass PBHs, also LIGO mass PBHs


• For the left plot, approx 10% of DM is made up of ~ solar mass PBHs and 0.1% lies in the 
LIGO mass range - enough to get the merger rate LIGO detects (neglecting clustering)  
- Sasaki et al. 2016; Clesse & Garcia-Bellido; Haimoud et al; Raidal et al; Kocsis et al; Chen & Huang ++
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Primordial black holes with an accurate QCD equation of state
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Making use of definitive new lattice computations of the Standard Model thermodynamics during
the quantum chromodynamic (QCD) phase transition, we calculate the enhancement in the mass
distribution of primordial black holes (PBHs) due to the softening of the equation of state. We find
that the enhancement peaks at approximately 0.7M�, with the formation rate increasing by at least
two orders of magnitude due to the softening of the equation of state at this time, with a range of
approximately 0.3M� < M < 1.4M� at full width half-maximum. PBH formation is increased by a
smaller amount for PBHs with masses spanning a large range, 10�3M� < MPBH < 103M�, which
includes the masses of the BHs that LIGO detected. The most significant source of uncertainty in
the number of PBHs formed is now due to unknowns in the formation process, rather than from
the phase transition. A near scale-invariant density power spectrum tuned to generate a population
with mass and merger rate consistent with that detected by LIGO should also produce a much larger
energy density of PBHs with solar mass. This solar-mass population could constitute a significant
fraction of the cold dark matter density.
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Explains  why  MPBH ~  MC ~  1  Mo but  b must  be  fine-­tune

1 Primordial black holes from inflaton and spectator field perturbations
2 in a matter-dominated era

3 Bernard Carr,1,* Tommi Tenkanen,1,† and Ville Vaskonen2,‡

4 1Astronomy Unit, Queen Mary University of London, Mile End Road, London E1 4NS, United Kingdom
5 2National Institute of Chemical Physics and Biophysics, Rävala 10, 10143 Tallinn, Estonia
6 (Received 19 June 2017)

7 We study production of primordial black holes (PBH) during an early matter-dominated phase. As a
8 source of perturbations, we consider either an inflaton field with a running spectral index or a spectator field
9 that has a blue spectrum and thus provides a significant contribution to PBH production at small scales.

10 First, we identify the region of the parameter space where a significant fraction of the observed dark matter
11 can be produced, taking into account all current PBH constraints. Then, we present constraints on the
12 amplitude and spectral index of the spectator field as a function of the reheating temperature. We also derive
13 constraints on the running of the inflaton spectral index, dn=d ln k≲ 0.001, which are comparable to those
14 from the Planck satellite for a scenario where the spectator field is absent.

DOI:15

16 I. INTRODUCTION

17 Recently, primordial black holes (PBHs) have received
18 much attention [1–10]. In particular, there have been many
19 studies of PBH constraints on the primordial power
20 spectrum associated with the inflationary scenario since
21 this provides an efficient way to probe different models of
22 inflation and reheating [11–18]. There has also been
23 interest in constraints on PBHs formed during an early
24 matter-dominated era, when PBHs form more easily. This
25 was originally considered in Refs. [19,20] and more
26 recently in Refs. [3,5–7,11,21].
27 In this work, we use the most up-to-date astrophysical
28 and cosmological constraints to consider whether PBHs
29 produced during an early matter-dominated phase can
30 constitute all the dark matter (DM) and what PBHs can
31 tell us about the curvature perturbation spectrum on small
32 scales. We will first assume that only one component, the
33 inflaton field, determines the perturbation spectrum on all
34 scales and take the amplitude and spectral index of its
35 power spectrum to be given by the best fit to the Planck
36 data. Studying PBH production provides important con-
37 straints on different models of inflation and reheating.
38 To demonstrate this, we will allow a positive value for the
39 running of the inflaton spectral index, corresponding to a
40 “blue” spectrum, and show that the constraints on this can
41 be comparable to those from the Planck data. For earlier
42 studies of PBH formation in scenarios with a running
43 spectral index, see Refs. [22,23].
44 Next we will assume that there are two scalar fields,
45 which together determine the perturbation spectrum: the
46 inflaton field, which gives the dominant component to the

47curvature spectrum at large scales, and a spectator field,
48which gives the dominant component at small scales. By
49the term “spectator field” we mean a scalar field which
50was energetically subdominant during cosmic inflation
51and played no role in driving or ending inflation. If such
52a scalar field were sufficiently light, it would have acquired
53a spectrum of perturbations uncorrelated with perturbations
54in the inflaton sector and with a potentially large amplitude.
55The scenario is well motivated, as spectator fields are a
56generic ingredient if one goes beyond the Standard Model
57(SM) of particle physics. They can affect the physics of the
58early universe in a number of ways, including the gen-
59eration of the curvature power spectrum [24–27], matter-
60antimatter asymmetry [28], and dark matter [29,30]. A
61well-known example is the SM Higgs field, whose cos-
62mological implications have been studied in detail in a
63number of works [31–35]. As another example, the gen-
64eration of PBHs for a specific type of spectator, a curvaton
65field [24–26], has been considered in Refs. [1,36–39].
66Spectator fields can also produce an early matter-
67dominated period in the early universe. For example, if
68they are very massive and sufficiently long lived, they may
69come to dominate the energy density before decaying into
70SM radiation. For two recent examples of such a scenario,
71see Refs. [40,41]. An early matter-dominated period can
72also arise in scenarios where there are no additional fields
73which dominate the energy density, as in the case of slow
74reheating [42]. For a recent study of PBH formation in such
75a scenario, see Ref. [43]. In this paper our treatment is very
76general in that we do not specify the cause of the matter-
77dominated phase.
78Understanding the properties of spectator fields can have
79far-reaching implications for different phenomena, includ-
80ing those unrelated to PBH formation. Placing constraints
81on the DM abundance, the duration of the early matter-
82dominated phase and the reheating temperature is important
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305306 The function βðMÞ is given by Eq. (19). The fraction of DM
307 consisting of PBHs, f ¼ ρPBH=ρDM, is then obtained by
308 integrating the PBH mass function,

f ¼
Z

Mmax

Mmin

ψðMÞdM: ð22Þ

309310311 If αs is small, then the mass function has a power-law
312 form with cutoffs at Mmin and Mmax. In Fig. 2 the mass
313 function (21) is shown for the parameters given in the
314 caption. The most important difference in the mass function
315 produced during matter dominance compared to the one
316 produced during radiation dominance with a similar power
317 spectrum is the cutoffs arising from the finite duration of
318 the matter dominance. This allows for larger PBH abun-
319 dance, in better agreement with the constraints.
320 The PBH DM scenario is very strongly constrained.
321 The main constraints arise from evaporation, lensing, and
322 accretion effects; see Refs. [1,7] for a recent summary. The
323 constraints for a monochromatic PBH mass function are
324 shown in Fig. 3. For the evaporation constraint, we take
325 ϵ ¼ 0.2 [63] where ϵ gives the slope of the extragalactic
326 γ-ray background; for the neutron-star capture constraint,

327we assume a DM density ρDM ¼ 2 × 103 GeV cm−3 in the
328core of globular clusters [65]; and for the Planck accretion
329constraint, we show the most conservative bound [70]. PBHs
330with M < M$ ≡ 4 × 1014g ¼ 10−18.6 M⊙ (i.e., left of the
331vertical dashed line in Fig. 3) have evaporated by now [74].
332The strongest constraints on their abundance come from
333BBN [63] and anisotropies in the CMB; the latter arise
334because heating associated with the evaporation of PBHs
335between recombination and reionization would dampen
336small-scale anisotropies, contrary to observation [63].
337Also discussed in Ref. [1] are various dynamical con-
338straints, including those associated with the Poisson fluctua-
339tions in the PBH number density [75]. These limits are
340important for largeM but usually depend upon additional and
341possibly contentious astrophysical assumptions. They are
342therefore shown by dashed lines in Fig. 3, the Poisson limit
343being omitted because it is weaker than the others. On large
344mass scales there are also constraints from limits on the μ
345distortions in the CMB generated by the damping of
346fluctuations in the period before decoupling. However, these
347only correspond to PBH limits if one assumes some relation-
348ship between the fluctuations and PBH formation [76].
349Following the method introduced in Ref. [7], the con-
350straints for monochromatic mass function can straightfor-
351wardly be adapted for extended mass functions. Each
352constraint can be expressed in the form

F2:1 FIG. 2. The upper panel shows the power spectrum for
F2:2 ns ¼ 3.22, αs ¼ −0.131, A=As ¼ 0.1, Treh ¼ 6 MeV, and
F2:3 areh=amd ¼ 40. The lower panel shows the corresponding PBH
F2:4 mass function. The smallest and largest modes which produce
F2:5 PBHs during the matter-dominated era are indicated in the upper
F2:6 panel by the vertical lines.

F3:1FIG. 3. The lines show the different constraints for mono-
F3:2chromatic PBH mass function. The purple region on the left is
F3:3excluded by evaporation [63], the red region by femtolensing of
F3:4gamma-ray bursts [64], the brown region by neutron-star capture
F3:5[65], the green region by white dwarf explosions [66], the blue,
F3:6yellow, and purple regions by microlensing results from Subaru
F3:7[67], EROS [68], and MACHO [69], respectively, and the dark
F3:8blue region by Planck [70]. The regions to the right of the dashed
F3:9lines are excluded by survival of a stars in Segue I [71] and

F3:10Eridanus II [72], and distribution of wide binaries [73]. PBHs to
F3:11the left of the gray vertical line have evaporated before today.
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We study the formation of primordial black holes (PBHs) in the early Universe during a period
of slow reheating after inflation. We demonstrate how the PBH formation mechanism changes
gradually in the transition from the matter-dominated to radiation-dominated phases and calculate
the expected PBH mass function. We find that there is a threshold for the variance of the density
contrast, �c ' 0.05, below which the transition occurs even before reheating, with this having
important consequences for the PBH mass function. We also show that there is a maximum cut-o↵
for the PBH mass at around 100 M� below which the subdominant radiation bath a↵ects PBH
production, making the scenario particularly interesting for the recent LIGO observations of black
hole mergers.

I. INTRODUCTION

Primordial black holes (PBHs) can form in the early
Universe as a result of the huge compression during the
Big Bang [1]. A comparison of the cosmological den-
sity at time t with the density of a black hole of mass
M implies that they will have around the horizon mass
at formation (M ⇠ c3t/G). Such black holes are the
only ones which could be small enough for quantum ef-
fects to be important, those forming before 10�23s be-
ing smaller than 1015g and therefore evaporating by the
current epoch [2]. Larger ones might provide the dark
matter (DM) or have other interesting astrophysical con-
sequences.

PBHs can form through a variety of mechanisms but
the most natural one - certainly the scenario first con-
sidered historically - is that they derive from primordial
inhomogeneities. An overdense region in the early Uni-
verse can collapse to a black hole provided it is larger
than the Jeans length at maximum expansion, which
is RJ ⇡ p

w ct for an equation of state p = w⇢c2 [3].
A simple heuristic argument then requires the density
fluctuation to exceed a critical value �c ⇡ w at horizon
crossing [4]. Generally the expected fluctuation �(M)
will be much smaller than this, so only the small frac-
tion of regions on the tail of the fluctuation distribution
are expected to form PBHs. In most scenarios one ex-
pects the fluctuations to be Gaussian, so this fraction is
�(M) / exp(�w2/�(M)2) and therefore exponentially
suppressed [4].

The fact that the fraction of the Universe collapsing
into PBHs is tiny does not necessarily imply that they

⇤ b.j.carr@qmul.ac.uk
† konst.dimopoulos@lancaster.ac.uk
‡ c.owen@lancaster.ac.uk
§ t.tenkanen@qmul.ac.uk

are unlikely to have formed since one also requires the
collapse fraction to be small. This is because the ratio of
the PBH density to the background density increases as
a3w / t2w/(1+3w) and one needs the PBHs to have less
than the observed dark matter density today, ⌦PBH <
⌦DM ⇡ 0.26 [5]. If the early Universe was radiation-
dominated (RD) (w = 1/3), as applies during most
epochs before matter-radiation equality (teq ⇠ 1012s),

then one requires �(M) < 10�9⌦PBH(M)(M/M�)1/2 [4].
Thus one both expects and requires the collapse fraction
to be small.

These arguments were first given more than 40 years
ago and have subsequently been refined in many ways.
For example, hydrodynamical calculations have been
used to determine the critical value �c for more realis-
tic initial density profiles in the collapsing region, in-
corporating the e↵ects of pressure gradients [6]. Also
the fluctuations which generate PBHs are initially much
larger than the cosmological horizon and the precise def-
inition of such an overdensity is gauge-dependent and
non-unique. Modern treatments often use the curvature
perturbation ⇣, which is a measure of the total energy
perturbation [7, 8]. More importantly, one can view PBH
formation as a manifestation of critical phenomena, first
discovered in a non-cosmological context [9], which arise
for a very general form for the initial density profile [10].
In this case, there is still a critical threshold �c and one
can determine this as a function of the equation of state
parameter w [11–13]. Most of the PBHs still have the
horizon mass at formation but their mass spectrum now
extends down to much smaller masses.

There has also been much interest in the form of the
initial density fluctuations, with many authors consider-
ing those expected in the inflationary scenario. Indeed
PBH formation provides a unique test of inflation pre-
cisely because it probes the power spectrum on scales
which are too small to observe directly. In this context,
it is important to stress that the amplitude of the fluc-
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FIG. 5. Upper panel: PBH mass function for � = 10�2

(solid curves), � = 10�3 (dashed curves) and � = 10�3.5

(dotted curves). The black (orange) curves show the re-
sult with (without) the subdominant heat bath, assuming
Treh = 0.01 GeV. The red line shows the result for the critical
case � = �c ' 0.05, where the results with and without the
subdominant heat bath coincide. In this figure Treh = 0.004
GeV for this curve, giving the maximum PBH mass in this
scenario. The lower cut-o↵ is given by the mass of the PBHs
evaporating at the present epoch, Mevap ' 2 ⇥ 10�19M�.
Lower panel: The PBH mass functions with (black curves)
and without (blue curves) the e↵ect of angular momentum
for � = 10�3 (solid curves) and � = 10�3.5 (dashed curves).
We see that neglecting spin greatly overestimates the mass
function for small �.

mass function, so we do not consider such constraints
here.

A scenario where � is not scale-invariant can be con-
sidered once the primordial power spectrum is specified.
The power spectrum is related to �(M) in a straight-
forward manner, as discussed recently in the context of

PBHs in Refs. [16, 43, 44]. For example, the mass func-
tion skews towards the low mass end for a blue-tilted
spectrum and towards the high mass end for a red-tilted
spectrum. We leave these aspects for future work.

IV. CONCLUSIONS

In this paper we have studied formation of primordial
black holes in the early Universe during a period of slow
reheating after inflation. We have calculated how the
formation mechanism for PBHs slowly changes during
the transition from the matter-dominated to radiation-
dominated phases and quantified under what conditions
this happens. We have found that the production mech-
anism never changes during reheating for the variance
of the density contrast � & �c ' 0.05, so the Universe
can be modelled as purely matter-dominated until the
end of reheating, as in the standard approach. How-
ever, for � < �c, the production mechanism smoothly
changes even before reheating completes. This happens
when the ratio of the decay rate of the field responsible
for reheating to the Hubble rate, �/H takes a value given
by Eq. (8). However, we have found that the reduction
in the number of e-folds after which the PBH produc-
tion mechanism changes is independent of �, showing an
O(10%) change compared to the usual result.

We have calculated the PBH mass function and shown
that for � < �c the maximum PBH mass can be consid-
erably smaller than in the usual case where PBH produc-
tion continues until �/H = 1. There is a maximum cut-
o↵ for PBH mass at around 100 M�, making the scenario
particularly interesting for the recent LIGO observations
of black hole mergers. Although we have focussed on
scenarios in which PBHs form during a slow-reheating
period after inflation, we emphasize that the subdomi-
nant heat bath produced by a gradually decaying mat-
ter component is also likely to a↵ect other scenarios, e.g.
one where the matter-dominance is caused by metastable
massive particles in general. It would be interesting to
see how this a↵ects concrete models for reheating or other
early Universe scenarios.
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A mechanism for generating multi-spike mass spectra of primordial black holes from first principles
is proposed and investigated. This mechanism relies on the choice of non-Bunch-Davies vacua which
lead to oscillatory features in the inflationary power spectrum. This in turn leads to oscillations in the
primordial black hole mass function with exponentially enhanced spikes. This e↵ect is demonstrated
for most of the well-studied models yielding primordial black hole formation.

I. INTRODUCTION

After 50 years, there is still no definite evidence for primordial black holes (PBHs). However, there are numerous
ways in which they could have formed in principle, so even their non-existence places important constraints on models
of the early Universe. For this reason attention has often focussed on limits on the number of PBHs in various mass
ranges [1]. These limits extend from the Planck mass of 10�5 g to around 1012 M� ⇠ 1045 g and therefore span
some 50 decades of mass. A distinction is usually made between PBHs smaller than M⇤ ⇠ 1015 g, which have already
evaporated through Hawking radiation [2], and those larger than M⇤, which would still exist. In the wake of Hawking’s
discovery, attention initially focussed on evaporating PBHs but in recent years it has shifted to non-evaporating ones.
Indeed, PBHs larger than M⇤ are often invoked to explain certain observational features — such as the presence of
dark matter [3], the black hole coalescences detected by LIGO [4], the supermassive black holes in galactic nuclei [5]
and certain features of large-scale cosmological structure [6].

In most PBH formation scenarios one expects the PBHs to span a range of masses [3]. If they form from large-
amplitude primordial inhomogeneities, the shape of the mass function, dn/dM , depends on the form of the inhomo-
geneities. If they are scale-invariant (i.e. with constant amplitude when they fall inside the particle horizon), then the
spectrum has a simple power-law form, dn/dM / M�↵, with an exponent ↵ = �2 (1 + 2k)/(1 + k) for an equation
of state p = k⇢c2 [7]. This also applies if the PBHs form form the collapse of cosmic strings [8]. In the simplest
inflationary scenario, the fluctuations will be nearly (but not exactly) scale-invariant and one expects dn/dM to have
a lognormal form [9]. In more complicated inflationary scenarios, the generated fluctuations may exhibit a feature
on some scale, in which case the PBHs may only form over a narrow mass range. If the PBHs form through critical
collapse, most of them will have the horizon mass but there will also be a low-mass tail of PBHs with dn/dM having
a steep positive power-law form [10]. During an early matter-dominated era (k = 0), PBHs form much more easily
and one expects dn/dM / M�2 over a wide range of masses [11, 12].

The fact that the PBHs are likely to have an extended mass function has important implications for the interpre-
tation of the PBH constraints, since these usually assume a monochromatic mass function (i.e. a mass range �M
comparable to M). Typically, one derives constraints on f(M), the fraction of the dark matter in PBHs with mass
around M . Various approaches have been used in this situation but the analysis is quite complicated and one cannot
directly compare the predicted form of f(M) with the monochromatic limits [3]. This is because the limits are them-
selves modified for an extended mass function [13]. If one wants the PBHs to play some combination of cosmological
roles (eg. providing the dark matter and the LIGO coalescences), then the form of the mass function is even more
crucial.
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FIG. 2: The present-day PBH dark-matter fraction fPBH for the hybrid-inflation case as a function of M/M�. The parameter
choices µ1 = 3 ⇥ 105 MPl, M = 0.1MPl are made for for all graphs, and individually (right to left) �c = 0.125MPl, �c = 1.43
(red), �c = 0.1MPl, �c = 1.54 (blue), and �c = 0.1MPl, �c = 1.63 (green). The dashed curves show the unmodulated result,
while the solid lines include a particular choice of non-Bunch-Davies vacua.

For a given wavenumber k, exiting the Hubble radius |Nk| e-foldings before the end of inflation, the associated PBH

mass for horizon-scale collapse is Mk = MPl/
p

⇤/3 e�2Nk (see Ref. [26] for details). Figure 2 shows the present
dark matter fraction fPBH as a function of mass for the three parameter choices indicated in the caption. As for the
running mass case, one observes pronounced oscillatory spikes.

C. Axion-Curvaton

In Refs. [29, 55, 56] an axion-like curvaton model has been discussed in the context of PBH formation. See Refs. [57, 58]
for a discussion of the original curvaton model and Ref. [59] for the original reference for the axion-like curvaton
scenario). We follow Ref. [29] below in our description of these models.

It can be shown that the variance of thepower spectrum due to the curvaton perturbations in a model with an
axion-like curvaton can be written as [29]:

�2
� (MH) =

8

81
eP⇣

"✓
Mf

MH

◆(n��1)/2

�

✓
n� � 1

2
,
MH

Mf

◆
+ E1

✓
MH

MH0

◆#
(53)

for MH > Mf and zero otherwise. Here

Mf ⇡ 1013�12/(n��1)

 
eP⇣

2 ⇥ 10�3

!�2/(n��1)✓
M�
Mpc

◆
Mpc , (54)

and n� � 1 = 3 � 3
p

1 � 4/9� , with � 2 (1, 9/4]. Also

�(a, x) ⌘
Z x

0

dt ta�1e�t, E1(x) ⌘
Z 1

x

dt e�t/t , (55)

these being the lower incomplete gamma function and the exponential integral, respectively.
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Abstract

This is a review article on the primordial black holes (PBHs), with particular focus on
the massive ones (& 1015g) which have not evaporated by the present epoch by the Hawking
radiation. By the detections of gravitational waves by LIGO, we have gained a completely
novel tool to observationally search for PBHs complementary to the electromagnetic waves.
Based on the perspective that gravitational-wave astronomy will make a significant progress
in the next decades, a purpose of this article is to give a comprehensive review covering a
wide range of topics on PBHs. After discussing PBH formation as well as several inflation
models leading to PBH production, we summarize various existing and future observational
constraints. We then present topics on formation of PBH binaries, gravitational waves from
PBH binaries, various observational tests of PBHs by using gravitational waves.
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We update the constraints on the fraction of the Universe going into primordial black holes (PBHs)
over the mass range 109–1050g. Those smaller than ⇠ 1015g would have evaporated by now due
to Hawking radiation, so their abundance at formation is constrained by the e↵ects of evaporated
particles on big bang nucleosynthesis, the cosmic microwave background (CMB), the galactic and
extragalactic �-ray backgrounds and the pssible generation of stable Planck mass relics. PBHs
larger than ⇠ 1015g are subject to a variety of constraints associated with gravitational lensing,
dynamical e↵ects, influence on large-scale structure, accretion and gravitational waves. We discuss
the constraints on both the initial collapse fraction and the current fraction of the cold dark matter
in PBHs at each mass scale. We also consider indirect constraints associated with the amplitude
on the primordial density fluctuations, such as second-order tensor perturbations and µ-distortions
arising from the e↵ect of acoustic reheating on the CMB. These constraints apply if and only if
PBHs are created from high-� peaks of nearly Gaussian fluctuations. There is no single mass scale
on which PBHs can provide all the dark matter but an extended mass function may do so. We
therefore extend our analysis to cover this case.
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Each  constraint  comes  with  caveats  and  may  improve  or  go  away.  
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f(M)  limits  themselves  depend  on  PBH  mass  function
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constraint is claimed, rather than a positive detection,
it is important to specify the associated confidence level
(CL). For all lensing constraints shown in Fig. 1, we use
the 95% CL constraint given in Refs. [40–43].

Additional relaxing of constraints would apply if the
PBHs were spatially clustered into sub-haloes. This ef-
fect depends on details of small-scale structure formation
which are not fully understood, so we simply adopt the
results presented in the current literature. Recently it
has been claimed that long-term radio variability in the
light-curves of active galactic nuclei (AGN) arises from
gravitational millilensing of features in AGN jets [56].
If so, this could imply that the DM is either individual
black holes of mass 103 � 106M� or clusters of this mass
comprising smaller black holes.

Observations of neutron stars limits the PBH abun-
dance and indeed it has been claimed that this excludes
PBH DM over a wide range of masses. However, these
limits are dependent on the DM density in the cores
of globular clusters, which is very uncertain. Following
Ref. [38], the neutron star capture constraint is presented
for three values of this density (dashed and dot-dashed
yellow lines).

It must be stressed that the constraints in Fig. 1
have varying degrees of certainty and they all come with
caveats. For some, the observations are well understood
(e.g. the CMB and gravitational lensing data) but there
are uncertainties in the black hole physics. For others,
the observations themselves are not fully understood or
depend upon additional astrophysical assumptions. To
address the associated uncertainties in a systematic way,
we split the constraints into two classes. The first class,
presented in Fig. 1 by solid lines, are relatively robust,
while the second class, presented by dashed lines, are
somewhat less firm and depend upon astrophysical pa-
rameters. In particular, this applies to most of the dy-
namical and accretion constraints (e.g. those associated
with dwarf galaxies, wide binaries and neutron stars).
However, we stress that this division is not completely
clear-cut. In the following, we present our results for the
two classes of constraints both separately and together.

III. CONSTRAINTS ON EXTENDED PBH
MASS FUNCTION

If the PBHs span an extended range of masses, the
mass function is usually written as dn/dM where dn is
the number density of PBHs in the mass range (M, M +
dM). For our purposes it is more convenient to introduce
the function

 (M) / M
dn

dM
, (1)

normalised so that the fraction of the DM in PBHs is

fPBH ⌘ ⌦PBH

⌦DM
=

Z
dM  (M) , (2)

where ⌦PBH and ⌦DM ⇡ 0.25 are the PBH and DM den-
sities in units of the critical density. The lower cut-o↵
in the mass integral necessarily exceeds M⇤ ⇡ 4⇥ 1014g,
the mass of the PBHs evaporating at the present epoch
[8]. Note that  (M) is the distribution function of log M
and has units [mass]�1.

In this paper we consider three types of mass function.

1. A lognormal mass function of the form:

 (M) =
fPBHp
2⇡�M

exp

✓
� log2(M/Mc)

2�2

◆
, (3)

where Mc is the mass at which the function M (M)
peaks and � is the width of the spectrum. This is
often a good approximation if the PBHs result from
a smooth symmetric peak in the inflationary power
spectrum. This was first demonstrated numerically
in Ref. [15] and analytically in Ref. [30] for the case
in which the slow-roll approximation holds. It is
therefore representative of a large class of extended
mass functions. Note that Refs. [15–17] use a quasi-
lognormal mass function, which omits the M�1 term
in Eq. (3). In this case, the position of the peak of
M (M) is no longer Mc but also depends on �, with
the peak mass reducing as � increases. The form (3) is
more useful for our purposes because M (M) relates
to the DM fraction in PBHs of mass M .

2. A power-law mass function of the the form

 (M) / M��1 (Mmin < M < Mmax) . (4)

For � 6= 0, either the lower or upper cut-o↵ can be
neglected if Mmin ⌧ Mmax, so this scenario is ef-
fectively described by two parameters. Only in the
� = 0 case are both cut-o↵s necessary. For example,
a mass function of this form arises naturally if the
PBHs form from scale-invariant density fluctuations
or from the collapse of cosmic strings. In both cases,
� = �2w/(1 + w), where w specifies the equation of
state, p = w⇢, when the PBHs form [6]. In a non-
inflationary universe, w 2 (�1/3, 1) and so the natu-
ral range of the mass function exponent is � 2 (�1, 1).
Equation (4) is not applicable for w 2 (�1,�1/3), cor-
responding to � 2 (1,1), because PBHs do not form
during inflation but only after it as a result of inflation-
generated density fluctuations. Special consideration
is also required in the w = 0 (matter-dominated)
case [57, 58], because then both cut-o↵s in (4) can
be relevant and this is discussed elsewhere [59]. In the
following analysis we will consider both positive and
negative values for � but not zero.

3. A critical collapse mass function [60–63]:

 (M) / M2.85 exp(�(M/Mf )2.85) , (5)

which may apply generically if the PBHs form from
density fluctuations with a �-function power spectrum.
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In this case, the mass spectrum extends down to ar-
bitrarily low masses but there is an exponential upper
cut-o↵ at a mass-scale Mf which corresponds roughly
to the horizon mass at the collapse epoch. If the den-
sity fluctuations are themselves extended, as expected
in the inflationary scenario, then Eq. (5) must be mod-
ified [9]. Indeed, the lognormal distribution may then
be appropriate. So although the mass function (5) is
described by a single parameter, two may be required
in the more realistic critical collapse situation.

To compare with the lognormal case, we describe the
mass function in the last two cases by the mean and
variance of the log M distribution:

log Mc ⌘ hlog Mi , �2 ⌘ hlog2 Mi � hlog Mi2 , (6)

where hXi ⌘ f�1
PBH

R
dM  (M)X(M). For a power-law

distribution these are

Mc = Mcute
� 1

� , � =
1

|�| , (7)

where Mcut stands for min(Mmin, M⇤) if � < 0 or Mmax

if � > 0. For the critical-collapse distribution (5), the
exponential cut-o↵ is very sharp, so the mass function
is well approximated by a power law distribution with
� = 3.85 and Mmax ⇡ Mf . As it is relatively narrow,
Eq. (7) implying � = 0.26, even the monochromatic mass
function provides a good fit. Since critical collapse should
be a fairly generic feature of PBH formation, � = 0.26
will usually provide a lower limit to the width of the mass
function. However, critical collapse may not be relevant
in all cases, for example in the cosmic string or matter-
dominated (w = 0) scenarios.

It should be stressed that two parameters should al-
ways su�ce to describe the PBH mass function locally
(i.e. close to a peak) since this just corresponds to the
first two terms in a Taylor expansion. However, in prin-
ciple the mass function could be more complicated than
this. For example, depending on the form of the inflaton
potential, it could have several distinct peaks. Indeed,
with a su�ciently contrived form, these peaks could be
tuned to exactly match all the constraint windows.

The existing constraints on the allowed fraction of
PBH DM are commonly presented assuming a monochro-
matic mass function (presented in the upper panel of
Fig. 1). In the following we introduce a simple method
for generalising these results to arbitrary mass func-
tions. For this purpose, consider an astrophysical observ-
able A[ (M)] depending on the PBH abundance (e.g. the
number of microlensing events of given duration in a
given time interval). It can generally be expanded as

A[ (M)] = A0 +

Z
dM  (M)K1(M)

+

Z
dM1dM2  (M1) (M2)K2(M1, M2) + . . . ,

(8)

where A0 is the background contribution and the func-
tions Kj depend on the details of the underlying physics

and the nature of the observation. If PBHs of di↵erent
mass contribute independently to the observable, as ap-
plies for all the constraints shown in Fig. 1 (see [9, 15, 17]
for explicit expressions), only the first two terms in
Eq. (8) need to be considered. In this case, if a mea-
surement puts an upper bound on the observable,

A[ (M)]  Aexp, (9)

then for a monochromatic mass function with M = Mc,

 mon(M) ⌘ fPBH(Mc)�(M � Mc), (10)

this translates to

fPBH(Mc) 
Aexp � A0

K1(Mc)
⌘ fmax(Mc) . (11)

The function fmax(M) corresponds to the maximum
observationally allowed fraction of DM in PBHs for a
monochromatic mass distribution. Combining Eqs. (8)–
(11) then yields

Z
dM

 (M)

fmax(M)
 1 . (12)

Once fmax is known, it is possible to apply Eq. (12) for an
arbitrary mass function  (M) to obtain the constraints
equivalent to those for a monochromatic mass function.

The procedure must be implemented separately for
each constraint and is as follows. We first integrate
Eq. (12) over the mass range (M1, M2) for which
the constraint applies, assuming a particular function
 (M ; fPBH, Mc, �). Once we have specified M1 and M2,
this constrains fPBH as a function of Mc and �. (In all
cases except lensing, we take the integral limits to be the
values of M for which fmax = 100.) The last three pan-
els in Fig. 1 are then derived by assuming � = 2 for the
lognormal mass function (upper right panel) and � = ±1
for the power law mass function (lower panels).

The important qualitative point is that the form of
Fig. 1 in the non-monochromatic case is itself dependent
on the PBH mass function. One cannot just compare
a predicted extended mass function with the monochro-
matic form of the constraints, as some authors have done.
In displaying the constraints, one also needs to select
values of the parameters which describe the mass func-
tion. In both the lognormal and power-law cases, we have
taken these to be � and Mc. For the critical collapse
model, there is only one parameter (Mf ) but this model
is practically indistinguishable from the monochromatic
one because only a small fraction of the PBH density is
associated with the low-mass tail. So this case is not
shown explicitly.

We now discuss some caveats that have to be kept in
mind when applying Eq. (12). The mass function evolves
in time if the PBH merge or if new black holes are created.
This can have an important impact on the constraints.
For example, if mergers between recombination and the
present are significant, the accretion constraints will be
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on the PBH mass function. One cannot just compare
a predicted extended mass function with the monochro-
matic form of the constraints, as some authors have done.
In displaying the constraints, one also needs to select
values of the parameters which describe the mass func-
tion. In both the lognormal and power-law cases, we have
taken these to be � and Mc. For the critical collapse
model, there is only one parameter (Mf ) but this model
is practically indistinguishable from the monochromatic
one because only a small fraction of the PBH density is
associated with the low-mass tail. So this case is not
shown explicitly.

We now discuss some caveats that have to be kept in
mind when applying Eq. (12). The mass function evolves
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For example, if mergers between recombination and the
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constraint is claimed, rather than a positive detection,
it is important to specify the associated confidence level
(CL). For all lensing constraints shown in Fig. 1, we use
the 95% CL constraint given in Refs. [40–43].

Additional relaxing of constraints would apply if the
PBHs were spatially clustered into sub-haloes. This ef-
fect depends on details of small-scale structure formation
which are not fully understood, so we simply adopt the
results presented in the current literature. Recently it
has been claimed that long-term radio variability in the
light-curves of active galactic nuclei (AGN) arises from
gravitational millilensing of features in AGN jets [56].
If so, this could imply that the DM is either individual
black holes of mass 103 � 106M� or clusters of this mass
comprising smaller black holes.

Observations of neutron stars limits the PBH abun-
dance and indeed it has been claimed that this excludes
PBH DM over a wide range of masses. However, these
limits are dependent on the DM density in the cores
of globular clusters, which is very uncertain. Following
Ref. [38], the neutron star capture constraint is presented
for three values of this density (dashed and dot-dashed
yellow lines).

It must be stressed that the constraints in Fig. 1
have varying degrees of certainty and they all come with
caveats. For some, the observations are well understood
(e.g. the CMB and gravitational lensing data) but there
are uncertainties in the black hole physics. For others,
the observations themselves are not fully understood or
depend upon additional astrophysical assumptions. To
address the associated uncertainties in a systematic way,
we split the constraints into two classes. The first class,
presented in Fig. 1 by solid lines, are relatively robust,
while the second class, presented by dashed lines, are
somewhat less firm and depend upon astrophysical pa-
rameters. In particular, this applies to most of the dy-
namical and accretion constraints (e.g. those associated
with dwarf galaxies, wide binaries and neutron stars).
However, we stress that this division is not completely
clear-cut. In the following, we present our results for the
two classes of constraints both separately and together.

III. CONSTRAINTS ON EXTENDED PBH
MASS FUNCTION

If the PBHs span an extended range of masses, the
mass function is usually written as dn/dM where dn is
the number density of PBHs in the mass range (M, M +
dM). For our purposes it is more convenient to introduce
the function

 (M) / M
dn

dM
, (1)

normalised so that the fraction of the DM in PBHs is

fPBH ⌘ ⌦PBH

⌦DM
=

Z
dM  (M) , (2)

where ⌦PBH and ⌦DM ⇡ 0.25 are the PBH and DM den-
sities in units of the critical density. The lower cut-o↵
in the mass integral necessarily exceeds M⇤ ⇡ 4⇥ 1014g,
the mass of the PBHs evaporating at the present epoch
[8]. Note that  (M) is the distribution function of log M
and has units [mass]�1.

In this paper we consider three types of mass function.

1. A lognormal mass function of the form:

 (M) =
fPBHp
2⇡�M

exp

✓
� log2(M/Mc)

2�2

◆
, (3)

where Mc is the mass at which the function M (M)
peaks and � is the width of the spectrum. This is
often a good approximation if the PBHs result from
a smooth symmetric peak in the inflationary power
spectrum. This was first demonstrated numerically
in Ref. [15] and analytically in Ref. [30] for the case
in which the slow-roll approximation holds. It is
therefore representative of a large class of extended
mass functions. Note that Refs. [15–17] use a quasi-
lognormal mass function, which omits the M�1 term
in Eq. (3). In this case, the position of the peak of
M (M) is no longer Mc but also depends on �, with
the peak mass reducing as � increases. The form (3) is
more useful for our purposes because M (M) relates
to the DM fraction in PBHs of mass M .

2. A power-law mass function of the the form

 (M) / M��1 (Mmin < M < Mmax) . (4)

For � 6= 0, either the lower or upper cut-o↵ can be
neglected if Mmin ⌧ Mmax, so this scenario is ef-
fectively described by two parameters. Only in the
� = 0 case are both cut-o↵s necessary. For example,
a mass function of this form arises naturally if the
PBHs form from scale-invariant density fluctuations
or from the collapse of cosmic strings. In both cases,
� = �2w/(1 + w), where w specifies the equation of
state, p = w⇢, when the PBHs form [6]. In a non-
inflationary universe, w 2 (�1/3, 1) and so the natu-
ral range of the mass function exponent is � 2 (�1, 1).
Equation (4) is not applicable for w 2 (�1,�1/3), cor-
responding to � 2 (1,1), because PBHs do not form
during inflation but only after it as a result of inflation-
generated density fluctuations. Special consideration
is also required in the w = 0 (matter-dominated)
case [57, 58], because then both cut-o↵s in (4) can
be relevant and this is discussed elsewhere [59]. In the
following analysis we will consider both positive and
negative values for � but not zero.

3. A critical collapse mass function [60–63]:

 (M) / M2.85 exp(�(M/Mf )2.85) , (5)

which may apply generically if the PBHs form from
density fluctuations with a �-function power spectrum.
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which may apply generically if the PBHs form from
density fluctuations with a �-function power spectrum.=>

+

PBH  CONSTRAINTS  FOR  EXTENDED  MASS  FUNCTIONS
Carr,  Raidal,  Tenkanen,  Vaskonen &  Veermae (arXiv:1705.05567)

2  parameters  (Mc,s)

378 Here the effective mass function is given by

ψ effðMÞ ¼
X

n

αnψnðMÞ; ð15Þ

379 where αn relates to the fraction of n-body bound objects,

ψnðMÞ≡
Z Yn

i¼1

dMiψðMiÞδðM − ΣMiÞ; ð16Þ

380 and the effective mass function ψ eff has to satisfy the
381 normalization condition fPBH ≤ 1. The constraints for the
382 general and monochromatic mass functions are still related
383 by Eq. (12) but likely overestimate the allowed PBH mass
384 since ψ effðMÞ is always shifted towards higher masses. In
385 principle, all the constraints discussed below and shown in

386our figures relate to the effective mass functions, which can
387be different for different constraints.
388It is also possible that the mass function is position
389dependent. This is expected in dwarf galaxies because mass
390segregation causes lighter PBHs to migrate outwards, with
391the heavier ones occupying the central region. This will
392introduce corrections for constraints arising from the
393evolution of stars in the Galaxy [47,48]. Again, it might
394be possible to invoke an effective mass function ψ eff that
395only accounts for the heavier PBHs. However, an estimate
396of this effect requires detailed numerical simulations which
397are beyond the scope of this work.

398IV. RESULTS AND DISCUSSION

399Our main results are presented in Fig. 2, where we show
400constraints on the maximum allowed fraction of PBH DM,

F2:1 FIG. 2. Upper panels: Combined observational constraints onMc and σ for a lognormal PBH mass function. The color coding shows
F2:2 the maximum allowed fraction of PBH DM. In the white region log10fmax < −3, while the solid, dashed, dot-dashed, and dotted
F2:3 contours correspond to fmax ¼ 1, fmax ¼ 0.5, fmax ¼ 0.2, and fmax ¼ 0.1, respectively. In the left panel only the constraints depicted by
F2:4 the solid lines in Fig. 1 are included, whereas the right panel includes all the constraints. Lower panels: Same as the upper left panel but
F2:5 for a power-law mass function with γ < 0 (left) and γ > 0 (right).
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401 fmax, in the (Mc, σ) plane for lognormal and power-law
402 PBH mass functions. In the upper right panel all the
403 constraints shown in Fig. 1 are considered, using the most
404 restrictive forms for the evaporation, accretion, and neutron
405 star constraints, as depicted by the dotted lines. In the other
406 panels only the constraints corresponding to the solid lines
407 are taken into account. We have combined the constraints
408 using Eq. (13). The black lines in Fig. 1 correspond to
409 constant σ slices in Fig. 2. The regions where 10%, 20%,
410 50%, and 100% of DM can consist of PBHs are indicated in
411 Fig. 2 by the dotted, dot-dashed, dashed, and solid lines,
412 respectively, while less than 0.1% of the DM can be in
413 PBHs in the white region.
414 The shape of the constraints in Fig. 2 makes it clear that
415 the allowed mass range for fixed fPBH decreases with
416 increasing the width σ, thus ruling out the possibility of
417 evading the constraints by simply extending the mass
418 function. Moreover, Fig. 2 gives an upper bound σ ≲ 1 if
419 all dark matter is in the form of PBHs. This implies jγj≳ 1,
420 which effectively rules out PBH DM from the collapse of
421 cosmic strings or scale-invariant density fluctuations.
422 Our results agree with the conclusions of
423 Refs. [32,33,62]. However, Refs. [32,62] focused on
424 PBHs in the solar to intermediate mass range, considering
425 microlensing and dynamical constraints from Eridanus II.
426 The authors of Ref. [33] performed a more comprehensive
427 analysis, covering the mass range 10−18 – 104M⊙, but their
428 study did not include the recent constraint from Subaru
429 Hyper Suprime-Cam [43] and they calculated the Planck
430 constraint as in Ref. [35], resulting in a more stringent
431 constraint than the one from Ref. [36] used in this work.
432 Also, they used the potential SKA pulsar timing constraints
433 [72], even though these were not yet realized. Some
434 of the difference between our figures and those in
435 Refs. [32,33,62] results from the difference in the definition
436 of Mc.

437The same conclusion can be drawn if one compares the
438constraints presented in the upper left and right panels of
439Fig. 1. In the latter case, we show the corresponding
440ðfPBH;McÞ constraints for extended mass functions with
441fixed width. The effect of the extension is to “smooth” the
442constraints. Although the most restrictive constraints for
443the PBH fraction are weakened, it can be seen that the
444regions allowing a relatively large PBH fraction are
445reduced. So the constraints become wider, as indicated
446in Fig. 1. We conclude that previous claims in the literature
447that wide mass functions allow one to avoid PBH bounds
448are premature and not supported by our more rigorous
449computations.
450The shape of the colored region of Fig. 2 can be
451understood as follows. The lognormal mass function is
452symmetric in the logM scale, while the power law with
453γ < 0 has a high-mass tail and γ > 0 is skewed towards low
454masses. Since the evaporation constraint [9] is much
455stronger than the accretion one [8], the low-mass tail
456excludes wider mass functions, whereas γ < 0 allows them.
457There are three regions in the upper left panel of Fig. 2
458where all DM can consist of PBHs. Two of them are at very
459low mass, just above the evaporation limit, and the third is
460in the mass window relevant for the LIGO black hole
461coalescence events. However, this neglects the dynamical
462constraints, shown by the dashed lines in Fig. 1. As
463explained above, this might be justified for reasons asso-
464ciated with the dynamics of the observed astrophysical
465systems.
466To clarify what role different constraints play in the
467regions of interest, we present these regions in detail in
468Fig. 3 for ΩPBH ¼ ΩDM. The masses 25–100M⊙ satisfy the
469microlensing and accretion constraints but conflict with
470dynamical constrains from ultra-faint dwarfs and wide
471binaries. At the lower-mass end, there is a narrow window
472around 3 × 10−16M⊙ if we assume a conservative bound

F3:1 FIG. 3. Observational constraints onMc and σ for a lognormal PBH mass function, assuming 100% PBH DM. The left panel presents
F3:2 a zoom into the high-mass region relevant for the LIGO events, while the right panel presents a zoom into the low-mass region. The color
F3:3 coding is the same as in Fig. 1.
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PBHS  AS  GENERATORS  OF  COSMIC  STRUCTURES

B.J.  Carr  &  J.  Silk        

What  is  maximum  mass  of  PBH?

BBNS  =>  t  <  1  s  =>  M  <  105MO

Upper  limit  on  µ distortion  of  CMB  excludes  104  <  M/MO  <  1012  
for  Gaussian  fluctuations  but  some  models  evades  these  limits.
Otherwise  need  accretion  factor  of  (M/104Mo)-­1

Could  106  -­1010 MO  black  holes  in  galactic  nuclei  be  primordial?  

…..but  b <  10-­6  (t/s)1/2

arXiv:1801.00672

Supermassive  PBHs  could  also  generate  cosmic  structures
on  larger  scale  through  ‘seed’  or  ‘Poisson’  effect

Hoyle  &  Narlikar 1966,  Meszaros 1975,  Carr  &  Silk  1983,  Carr  &  Rees  1984  

PBHs  =>  density  fluctuations  

S  increase  for  t  <  7  x  106  s  =>  weak  BBNS  limit
=>      µ distortions  for    7  x  106 s  <  t  <  3  x  109  s

y  distortions  for  3  x  109 s  <  t  <  3  x  1012  s

Þd(M)  <  µ1/2 ~  10-­2 for  104 <  M/Mo <  1012

=>  PBHs  have  M  <  105 Mo for  Gaussian  fluctuations

Nakama,  Suyama &  Yokoyama  PRD  93,  103522  (2016)

Carr  &  Lidsey,  PRD48,  543  (1993)

Kohri,  Suyama &  Yokoyama  PRD  90,  083514  (2014)

But  can  alleviate  limits  if  PBHs  form  from  phase  transition
or  from  non-­Gaussian  fluctuations  or  in  ‘patch’  model

CONSTRAINTS    FROM  CMB  DISTORTIONS
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If primordial black holes (PBHs) form directly from inhomogeneities in the early Universe, then the
number in the mass range 105 − 1012 M⊙ is severely constrained by upper limits to the μ distortion in the
cosmic microwave background (CMB). This is because inhomogeneities on these scales will be dissipated
by Silk damping in the redshift interval 5 × 104 ≲ z ≲ 2 × 106. If the primordial fluctuations on a given
mass scale have a Gaussian distribution and PBHs form on the high-σ tail, as in the simplest scenarios, then
the μ constraints exclude PBHs in this mass range from playing any interesting cosmological role. Only if
the fluctuations are highly non-Gaussian, or form through some mechanism unrelated to the primordial
fluctuations, can this conclusion be obviated.

DOI: 10.1103/PhysRevD.97.043525

I. INTRODUCTION

Primordial black holes (PBHs) have been a focus of great
interest for nearly 50 years [1–3], despite there still being
no definite evidence for them. One reason for this is that
only PBHs could be small enough for Hawking radiation to
be important [4], those smaller than about 1015 g having
evaporated by now with many interesting cosmological
consequences [5]. Recently, however, attention has shifted
to PBHs larger than 1015 g, which are unaffected by
Hawking radiation. This is because of the possibility that
they provide the dark matter, an idea that goes back to the
earliest days of PBH research [6] and has been explored in
numerous subsequent works [7–10]. Since PBHs formed in
the radiation-dominated era, they are not subject to the
well-known big bang nucleosynthesis (BBNS) constraint
that baryons can have at most 5% of the critical density
[11], which is well below the 25% associated with the dark
matter. They should therefore be classed as nonbaryonic
and, from a dynamical perspective, behave like any other
cold dark matter (CDM) candidate. There is no compelling
evidence that PBHs provide the dark matter, but nor is there
evidence for any of the more traditional CDM candidates,
either from direct searches with underground detectors and
particle accelerators or from indirect searches for the
expected gamma-ray, neutrino or positron signatures [12].
Even if nonevaporating PBHs do not provide all the dark

matter, they could still have interesting cosmological effects.

For example, they have been invoked to explain the heating
of the stars in our Galactic disc [13], the seeding of the
supermassive black holes in galactic nuclei [14–16], the
generation of large-scale structure through Poisson fluctua-
tions [16,17] and the associated generation of an infrared
background [18], the reheating and ionization of the
Universe [19,20], and the production of r-process elements
[21]. More recently, it has been proposed that coalescing
PBHs could explain theLIGOgravitationalwave bursts [22],
although this may only require a small fraction of the dark
matter to be in PBHs [23]. The detection of four black holes
with mass around 30 M⊙ has come as a surprise to stellar
evolution modelers, so it is natural to consider more exotic
types of black holes. The suggestion that LIGO could
detect gravitational waves from a population of binary
intermediate-mass black holes was originally proposed in
the context of the Population III scenario by Bond and Carr
[24], and—rather remarkably—a paper in 2014 predicted a
Population III coalescence peak at 30 M⊙ [25]. Since
Population III stars are baryonic, such black holes could
not provide the dark matter, but this would not preclude
intermediate-mass PBHs from doing so. There have been a
large number of recent papers on this topic, but the suggestion
that there could be a stochastic background of gravitational
waves from PBHs goes back a long way [26,27].
There are other possible explanations for these effects,

so they do not necessarily require the existence of PBHs.

PHYSICAL REVIEW D 97, 043525 (2018)

2470-0010=2018=97(4)=043525(9) 043525-1 © 2018 American Physical Society

 

Limits on primordial black holes from μ distortions
in cosmic microwave background

Tomohiro Nakama,1 Bernard Carr,2,3 and Joseph Silk1,4,5
1Department of Physics and Astronomy, Johns Hopkins University,

3400 North Charles Street, Baltimore, Maryland 21218, USA
2School of Physics and Astronomy, Queen Mary University of London,

Mile End Road, London E1 4NS, United Kindgom
3Research Center for the Early Universe (RESCEU), Graduate School of Science,

University of Tokyo, Tokyo 113-0033, Japan
4Institut d’Astrophysique de Paris, UMR 7095 CNRS, Sorbonne Université,
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the context of the Population III scenario by Bond and Carr
[24], and—rather remarkably—a paper in 2014 predicted a
Population III coalescence peak at 30 M⊙ [25]. Since
Population III stars are baryonic, such black holes could
not provide the dark matter, but this would not preclude
intermediate-mass PBHs from doing so. There have been a
large number of recent papers on this topic, but the suggestion
that there could be a stochastic background of gravitational
waves from PBHs goes back a long way [26,27].
There are other possible explanations for these effects,

so they do not necessarily require the existence of PBHs.
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I. INTRODUCTION

Primordial black holes (PBHs) have been a focus of great
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well-known big bang nucleosynthesis (BBNS) constraint
that baryons can have at most 5% of the critical density
[11], which is well below the 25% associated with the dark
matter. They should therefore be classed as nonbaryonic
and, from a dynamical perspective, behave like any other
cold dark matter (CDM) candidate. There is no compelling
evidence that PBHs provide the dark matter, but nor is there
evidence for any of the more traditional CDM candidates,
either from direct searches with underground detectors and
particle accelerators or from indirect searches for the
expected gamma-ray, neutrino or positron signatures [12].
Even if nonevaporating PBHs do not provide all the dark

matter, they could still have interesting cosmological effects.

For example, they have been invoked to explain the heating
of the stars in our Galactic disc [13], the seeding of the
supermassive black holes in galactic nuclei [14–16], the
generation of large-scale structure through Poisson fluctua-
tions [16,17] and the associated generation of an infrared
background [18], the reheating and ionization of the
Universe [19,20], and the production of r-process elements
[21]. More recently, it has been proposed that coalescing
PBHs could explain theLIGOgravitationalwave bursts [22],
although this may only require a small fraction of the dark
matter to be in PBHs [23]. The detection of four black holes
with mass around 30 M⊙ has come as a surprise to stellar
evolution modelers, so it is natural to consider more exotic
types of black holes. The suggestion that LIGO could
detect gravitational waves from a population of binary
intermediate-mass black holes was originally proposed in
the context of the Population III scenario by Bond and Carr
[24], and—rather remarkably—a paper in 2014 predicted a
Population III coalescence peak at 30 M⊙ [25]. Since
Population III stars are baryonic, such black holes could
not provide the dark matter, but this would not preclude
intermediate-mass PBHs from doing so. There have been a
large number of recent papers on this topic, but the suggestion
that there could be a stochastic background of gravitational
waves from PBHs goes back a long way [26,27].
There are other possible explanations for these effects,

so they do not necessarily require the existence of PBHs.
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SEED  AND  POISSON  FLUCTUATIONS

If  region  of  mass  M  contains  PBHs  of  mass  m,  initial  fluctuation  is    

II. PBHS AS DARK MATTER AND LIGO SOURCES

[EXPAND] There are general arguments that PBHs rather than WIMPs provide the dark

matter [17–19]. PBHs can provide DM with fine-tuning of the collapse fraction [3],

�(m) ⇠ 10�9(m/M�)1/2 . (2.1)

The PBH mass is of order the horizon mass at formation but there are only few mass windows

allowed observationally [5, 6]. The most interesting is the IMBH range (10�100M�), which

would have implications for LIGO [20], although the LIGO observations would only require

a small fraction of the dark matter to be in PBHs [21], the infrared background [22] and

lensing of fast radio bursts [23]. The other windows are the lunar-mass range (1020 � 1024g)

and atomic (sized) range (1016 � 1017g) but these would be unimportant for large-scale

structure, the seed and Poisson e↵ects being negligible. [GRAVITY WAVES.]

III. SEED VERSUS POISSON FLUCTUATIONS

PBHs of mass m provide a source of fluctuations for objects of mass M in two ways: (1)

via the seed e↵ect, in which the Coulomb e↵ect of a single black hole binds a larger region;

and (2) via the Poisson e↵ect, in which the
p

N fluctuation in the number N of black holes

in the larger region binds it. The first mechanism was proposed by Ryan [14] and then

discussed in more detail in Ref. [16]; the second mechansm was suggested by Meszaros [15]

and then explored in several subsequent papers [24–27]. In the following discussion, we will

consider both these e↵ects in order to determine the dominant one. Note that the seed

need not be a black hole; a bound cluster of smaller objects or Ultra Compact Mini Halos

(UCMHs) would serve equally well [REF]. [EXPAND]

The initial density fluctuations have the form:

�i ⇠

8
><
>:

m/M (seed)

(fm/M)1/2 (Poisson) ,
(3.1)

where f is the fraction of the dark matter in the PBHs. If PBHs provide the dark matter,

f ⇠ 1 and the Poisson e↵ect dominates for all M but we also consider scenarios with f ⌧ 1.

The Poisson e↵ect then dominates for M > m/f and the seed e↵ect for M < m/f . Indeed,

the first equation in (3.1) only applies in the latter situation since otherwise the region would

4

f  =  1  =>  Poisson  dominates;;  f  <<1  =>  seed  dominates  for  M  <  m/f.  
Fluctuation  grows  as  z-­1 from  zeq ~  104,  so  mass  binding  at  zB is    

PBHs  larger  than  102MO cannot  provide  dark  matter  but  can  
affect  large-­scale  structure  through  seed  effect  on  small  scales  
or  Poisson  effect  on  large  scales  even  if  f  small.  

A. Monochromatic PBH mass function

If the PBHs have a single mass m, the initial density fluctuation on a scale M is

�i ⇡

8
><
>:

m/M (seed)

(fm/M)1/2 (Poisson) ,
(4.1)

where f is the fraction of the dark matter in the PBHs. If PBHs provide the dark matter,

f ⇠ 1 and the Poisson e↵ect dominates for all M but we also consider scenarios with f ⌧ 1.

The Poisson e↵ect then dominates for M > m/f and the seed e↵ect for M < m/f . Indeed,

the first expression in (4.1) only applies for f ⌧ 1, since otherwise a region of mass M would

be expected to contain more than one black hole of mass m, i.e. the mass bound by a single

seed can never exceed m/f because of competition from other seeds. The dependence of �i

on the ratio M/m is indicated in Fig. 2(a).

It should be stressed that the
p

N fluctuation does not initially correspond to a fluctuation

in the total density because at formation each PBH is surrounded by a region which is

underdense in its radiation density. (This was the source of the error in Meszaros’s initial

analysis.) However, because the radiation density falls o↵ faster than the black hole density,

a fluctuation in the total density does eventually develop and this has amplitude �i at the

horizon epoch. Thereafter one can show (Meszaros 1974) that the fluctuation evolves as

� = �H

✓
1 +

3⇢B(t)

2⇢r(t)

◆✓
1 +

3⇢B(tH)

2⇢r(tH)

◆�1

, (4.2)

where ⇢B and ⇢r are the mean black hole and radiation densities, respectively. Therefore

the
p

N fluctuation is frozen during the radiation-dominated era but it starts growing as

(z + 1)�1 from the start of the matter-dominated era. Since this corresponds to a redshift

zeq ⇡ 4000 and an overdense region binds when � ⇡ 1, the mass binding at redshift zB is

M ⇡

8
><
>:

4000 mz�1
B (seed)

107fmz�2
B (Poisson) .

(4.3)

Note that one also expects the peculiar velocity of the PBHs to induce Poisson fluctuations

on the scales they can traverse in a cosmological time (Carr & Rees 1984). In this con-

text, Meszaros considers fluctuations of the form �N ⇠ N1/3, on the assumption that this

corresponds to a situation in which the black holes are distributed on a lattice, with their
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SEED  VERSUS  POISSON

=>  gravity  wave  background  over  huge  frequency  range

f  =  1  =>  m  <  103  MO =>  M  <1011zB-­2  MO <  Mgal (Poisson)  

only a small fraction is bound by the seeds at the present epoch for f ⌧ z�1
eq ⇠ 10�4. On

the other hand, for f > zB/zeq the bound fraction at zB would exceed 1, so competition

between the seeds will reduce the mass of each bound region to at most M ⇠ m/f . But

this is precisely the value of M above which the Poisson e↵ect dominates.

If f is is treated as a free parameter, unconstrained by observations, the dependence of

M on the redshift zB is as indicated in Fig. 2(b). However, it is interesting to obtain the

constraints on the function M(zB) implied by the limits on f(m) discussed in Sec. II. If the

PBHs provide the dark matter (f ⇠ 1), the Poisson e↵ect always dominates and Eq. (4.3) and

the condition m < 102M� imply M < 109M�. More generally, the wide-binary constraint

(2.2) and the second expession in Eq. (4.3) imply

M <

8
>>>><
>>>>:

107mz�2
B (m . 102 M�)

109z�2
B M� (102 M� < m . 103 M�)

106mz�2
B (m > 103 M�) ,

(4.4)

where the seed e↵ect dominates for

zB >

8
><
>:

104(m/104M�)�1 (102 M� < m . 103 M�)

104 (m . 102 M� or m > 103 M�) .
(4.5)

The last expression in Eq. (4.4) can be large if m is but – unless one invokes highly non-

Gaussian fluctuations or appreciable PBH accretion in the radiation-dominated era — the

µ-distortion upper limit on m of 106M� implies M < 1012M�. The combined constraints

on M(zB) for di↵erent values m are indicated in Fig. 2(c).

It is interesting to compare the seed and Poisson fluctuations with the primordial fluc-

tuations implied by the CDM model. At the time of matter-radiation equality, teq ⇠ 104y,

when the PBH fluctuations start to grow, the CDM fluctuations have the form

�eq /

8
><
>:

M�1/3 (M < Meq)

M�2/3 (M > Meq) ,
(4.6)

where Meq ⇠ 1015M� is the horizon mass at teq. These fluctuations and the e↵ect on the

binding mass are shown by the lines labelled “CDM” in Fig. 2. In the mass range M < Meq

relevant to the present considerations, the CDM fluctuations fall o↵ slower than both the

Poisson and seed fluctuations, so they necessarily dominate on su�ciently large scales (i.e.
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cf.  CDM  fluctuations

Extended  PBH  mass  function  =>  DM  and cosmic  structures  

Can  constrain  PBH  scenarios  by  requiring  that  various  
cosmic  structures  do  not  form  too  early

first  bound  clouds  (M  =  106  MO)
Can  apply  to        dwarf  galaxies  (M  =  1010  MO)  

MW  galaxies  (M  =  1012  MO)  
clusters  (M  =  1013  MO)

First  clouds  bind  earlier  than  in  standard  model
Extended  PBH  mass  function  =>  DM  and cosmic  structures  



SUPERMASSIVE  PBHS  AS  SEEDS  FOR  GALAXIES

Seed  effect  =>  MB  ~  103 m  (zB/10)
Þnaturally  explain  MBH/Mbulge relation  

Also  predict  mass  function  of  galaxies  (cf.  Press-­Schechter)

A. Predicted mass function of galaxies

An interesting consequence of the seed theory is that there should be a simple relation

between the mass spectrum of the holes and that of the resulting galaxies. If Mg / m�,

where the above analysis suggests � = 1, we expect the number of galaxies with mass in the

range (M, M + dM) to be dNg(M) where

dNg/dM / M (1���↵)/� . (4.1)

The Schechter luminosity function [39] is

�(L) / L�1.07 exp(�L/L⇤) , (4.2)

where the exponent increases to 1.8 at high redshift [REF]. On the other hand, the Press-

Schechter mass function [40] is

dNg/dM / M�2 exp(�M/M⇤) , (4.3)

with an exponential upper cut-o↵ at M⇤ ⇠ 1012M� and the integrated density ⇢g(M) is

logarithmically divergent at the low mass end. Therefore, if � = 1, we need ↵ ⇡ 2. If the

PBHs are generated by scale-invariant fluctuations, it is interesting that one would expect

this if they form in a ‘dust’ (i.e. matter-dominated) era.

For a monochromatic mass function, Eq. (3.1) and the linear growth law � / t2/3 for

t > teq imply that a mass M binds at a time

tB(M) ⇠ teq

✓
M

m

◆3/2

⇠ 1010

✓
M

1012M�

◆3/2✓
m

108M�

◆�3/2

y , (4.4)

so one requires a PBH mass m ⇠ 109M� to bind a galaxy mass of M ⇠ 1012M� by tB ⇠ 109y.

For an extended mass function, one has

tB(M) ⇠ teq


M

mseed(M)

�3/2

/
✓

M

mdm

◆3(↵�2)/2(↵�1)

, (4.5)

where we have used Eq. (3.6).

One can make very specific predictions about the structure of the galaxy which would

result from the seed theory. If we assume that each shell of gas virializes after it has stopped

expanding (i.e. settles down with a radius of about half its radius at maximum expansion),

then one would expect the resultant galaxy to have a density profile ⇢(r) / r�9/4. This
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and  core  density  profile
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9Bondi  accretion  =>  

Hence

m ⇡ mi/(1 � mi⌘t) , (4.11)

which diverges at a time

⌧ = 1/(⌘mi) ⇠ (Meq/mi)(ceq/c)
3teq , (4.12)

where Meq ⇠ c3teq/G ⇠ 1015M� is horizon mass at teq ⇠ 104 y and ceq ⇠ c. Thus accretion

is only important by the present epoch (to ⇠ 1010y) for [55]

mi > Meq(teq/to) ⇠ 109M� . (4.13)

This suggests that PBHs larger than 109M� will not be found at the centres of galaxies

because they wuld have swallowed the entire galaxy.

Note that accretion rate reaches the Eddington limit when

dm/dt ⇠ ⌘m2 ⇠ m/tED , (4.14)

where tED ⇡ 4 ⇥ 107y is the Salpeter timescale [REF]. Hence we would only have super-

Eddington accretion for

m > (⌘tED)�1 ⇠ Meq(teq/tED) ⇠ 1012M� . (4.15)

But this never applies for the SMBHs of interest. Note that the density and temperaure

at the accretion radius will only correspond to the mean cosmological condiitons initially.

A more complicated analysis is required once the growing bound cloud around each PBH

becomes larger than the accretion radius.

V. EFFECTS ON OTHER COSMIC STRUCTURES

A. Lyman-↵ forest

To make Lyman-↵ clouds, here taken to be the precursors of galaxies somewhat smaller

than galaxies themselves [OK?], we require M ⇠ 1010M� and zB ⇠ 10, which implies m ⇠
104M� for the Poisson e↵ect. Indeed, in this context Afshordi et al. [14] used observations

of the Lyman-↵ forest to obtain an upper limit of about 104M� on the mass of PBHs which

provide the dark matter. This conclusion was based on numerical simulations, in which the

12
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12

=>  upper  limit  

Meq~1015MO

the Schwarschild radius, so the Bondi formula gives (Bondi 1952)

dm/dt ⇠ R2
acs⇢ ⇠ (Gm2)/(c3t2) . (6.6)

Integrating this equation gives

1/m � 1/mi ⇠ (G/c3)(1/t � 1/ti) (6.7)

and hence

m ⇠ mi/[1 � mi/MH(ti) + Gmi/(c
3t)] . (6.8)

Therefore there is very little accretion for mi ⌧ MH(ti) (i.e. for PBHs initially much smaller

than the horizon). Although Eq. (6.8) suggests m ⇠ MH(t) for mi ⇠ MH(ti), implying that

a PBH with the horizon mass at formation should continue to grow like the horizon, this

neglects the cosmic expansion. A more careful analysis shows that self-similar growth is

impossible, so that accretion is always negligible in the radiation era (Carr & Hawking

1974).

During the matter-dominated era after teq, Ra is increased (since cs falls below c) and so

the accretion rate is also increased. Providing the matter temperature T follows the usual

background evolution (i.e. before reheating), the Bondi formula gives

dm/dt ⇠ R2
acs⇢ ⇠ (G2m2)/(Gc3

st
2) ⇠ Gm2(kTeq/mp)

�3/2t�2
eq . (6.9)

Integrating this gives

1/m � 1/mi ⇠ �⌘t with ⌘ ⌘ G(mp/kTeq)
3/2t�2

eq . (6.10)

Hence

m ⇡ mi/(1 � mi⌘t) , (6.11)

which diverges at a time

⌧ = 1/(⌘mi) ⇠ (Meq/mi)(ceq/c)
3teq , (6.12)

where Meq ⇠ c3teq/G ⇠ 1016M� is the horizon mass at teq ⇠ 104 y and ceq ⇠ c. Thus the

mass diverges at a time which precedes the present epoch (to ⇠ 1010y) for

mi > Meq(teq/to) ⇠ 1010M� . (6.13)
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Effect  of  mergers?

What IMBH can do for dwarf galaxies 
motivation: something new may be needed 

mostly passive today but active in gas-rich past  

• 1.Suppress number of luminous dwarfs 
• 2. Generate cores in dwarfs by dynamical heating 
• 3 Resolve the ͞too big to fail͟ problem 
• 4. Create  bulgeless disks 
• 5. Form ultrafaint dwarfs & ultradiffuse galaxies 
• 6. Reduce baryon fraction in MWG-mass galaxies 
• 7. Seeds for SMBH at high z 
• 8. ULXs in outskirts of galaxies: relics of dwarfs 
• 9. AGN triggering of star formation in dwarfs 
• 10. Early galaxy formation 

 
 Predictions: 21cm, LISA, TDEs, m-lensing   
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ABSTRACT
If MACHOs are black holes of mass ª0.5 M,, they must have been formed in the early universe when the

temperature was ª1 GeV. We estimate that in this case in our Galaxy’s halo out to ª 50 kpc there exist ª5#
black hole binaries the coalescence times of which are comparable to the age of the universe, so that the810

coalescence rate will be ª events yr21 per galaxy. This suggests that we can expect a few events per225# 10
year within 15 Mpc. The gravitational waves from such coalescing black hole MACHOs can be detected by the
first generation of interferometers in the LIGOZVIRGOZTAMAZGEO network. Therefore, the existence of black
hole MACHOs can be tested within the next 5 yr by gravitational waves.
Subject headings: black hole physics— dark matter— gravitation— gravitational lensing—Galaxy: halo

1. INTRODUCTION

The analysis of the first 2.1 yr of photometry of 8.5 million
stars in the Large Magellanic Cloud (LMC) by the MACHO
collaboration (Alcock et al. 1996) suggests that 0.62 of the10.3

20.2
halo consists of MACHOs of mass 0.5 M, in the standard10.3

20.2
spherical flat rotation halo model. The preliminary analysis of
4 yr of data suggests the existence of at least four additional
microlensing events with tdur ª 90 days in the direction of the
LMC (Pratt 1997). The estimated masses of these MACHOs
are just the mass of red dwarfs. However, the contribution of
the halo red dwarfs to MACHO events should be small since
the observed density of halo red dwarfs is too low (Bahcall et
al. 1994: Graff & Freese 1996a, 1996b). As for white dwarf
MACHOs, the mass fraction of white dwarfs in the halo should
be less than 10% since, assuming the Salpeter initial mass
function (IMF), the bright progenitors of more white dwarfs
than this would be in conflict with the number counts of distant
galaxies (Charlot & Silk 1995). If the IMF has a sharp peak
around 2 M,, then the fraction could be 50% or so (Adams
& Laughlin 1996), sufficient to explain the MACHO obser-
vations. The existence of such a population of halo white
dwarfs may or may not be consistent with the observed lu-
minosity function (Gould 1997; Lidman 1997; Freese 1997).
In any case, future observations of high-velocity white dwarfs
in our solar neighborhood (Lidman 1997) will prove whether
white dwarf MACHOs can exist or not.
If the number of high-velocity white dwarfs turns out to be

large enough to explain the MACHOs, then stellar formation
theory should explain why the IMF is sharply peaked at ª2
M,. If it is not, there arises a real possibility that MACHOs
are absolutely new objects such as black holes of mass ª0.5
M, which could only be formed in the early universe, or boson
stars with the mass of the boson ª10210 eV. Of course, it is
still possible that an overdense clump of MACHOs exists to-
ward the LMC (Nakamura, Kan-ya, & Nishi 1996), MACHOs
are brown dwarfs in the rotating halo (Spiro 1997), or
MACHOs are stars in the thick disk (Turner 1997).
In this Letter we consider the case of black hole MACHOs

(BHMACHOs). In this case, there must be a huge number (at

least ª ) of black holes in the halo, and it is natural to114# 10
expect that some of them are binaries. In § 2 we estimate the
fraction of all BHMACHOs that are in binariesf (a, e)da de
with semimajor axis a in range da and eccentricity e in de. We
then use this distribution to estimate two observable event rates.
First (at the end of § 2), the rate of microlensing events we
should expect toward the LMC that is due to binaries with
separation * cm; our result is in accord with the ob-142# 10
servation of one such event thus far (Bennett et al. 1996).
Second (§ 3), the rate of coalescence of BHMACHO binaries
out to 15 Mpc distance. The gravitational waves from such
coalescences should be detectable by the first interferometers
in the LIGOZVIRGOZTAMAZGEO network (Barish 1997; Bril-
let 1996; Tsubono 1996; Hough 1996), and our estimated event
rate is a few events per year. In § 4 we discuss some impli-
cations of our estimates.

2. FORMATION OF SOLAR MASS BLACK HOLE MACHO BINARIES

Since it is impossible to make a black hole of mass ª0.5
M, as a product of stellar evolution, we must consider the
formation of solar mass black holes in the very early universe
(Yokoyama 1997; Jedamzik 1997). Our viewpoint here, how-
ever, is not to study detailed formation mechanisms but to
estimate the binary distribution that results.
The density parameter of BHMACHOs, QBHM, must be com-

parable to Qb (or QCDM) to explain the number of observed
MACHO events. For simplicity, we assume that BHMACHOs
dominate the matter energy density, i.e., Q 5 QBHM, although
it is possible to consider other dark matter components in ad-
dition to BHMACHOs. To determine the mean separation of
the BHMACHOs, it is convenient to consider it at the time of
matter-radiation equality, t 5 teq. At this time, the energy den-
sities of radiation and BHMACHOs are approximately equal
and are given by g cm23, where h is215 2 4r 5 1.4# 10 (Qh )eq
the Hubble parameter in units of 100 km s21 Mpc21. Corre-
spondingly, the mean separation of BHMACHOs with mass
MBH at this time is given by
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ABSTRACT
We perform population synthesis simulations for Population III (Pop III) coalescing com-
pact binary which merges within the age of the Universe. We found that the typical mass of
Pop III binary black holes (BH–BHs) is ∼30 M⊙ so that the inspiral chirp signal of gravita-
tional waves can be detected up to z = 0.28 by KAGRA, Adv. LIGO, Adv. Virgo and GEO
network. Our simulations suggest that the detection rate of the coalescing Pop III BH–BHs
is 140(68) events yr−1 (SFRp/(10−2.5 M⊙ yr−1 Mpc−3)) · Errsys for the flat (Salpeter) initial
mass function, respectively, where SFRp and Errsys are the peak value of the Pop III star
formation rate and the possible systematic errors due to the assumptions in Pop III population
synthesis, respectively. Errsys = 1 corresponds to conventional parameters for Pop I stars.
From the observation of the chirp signal of the coalescing Pop III BH–BHs, we can determine
both the mass and the redshift of the binary for the cosmological parameters determined by
the Planck satellite. Our simulations suggest that the cumulative redshift distribution of the
coalescing Pop III BH–BHs depends almost only on the cosmological parameters. We might
be able to confirm the existence of Pop III massive stars of mass ∼30 M⊙ by the detections of
gravitational waves if the merger rate of the Pop III massive BH–BHs dominates that of Pop I
BH–BHs.

Key words: gravitational waves – binaries: general.

1 IN T RO D U C T I O N

Gravitational-wave astronomy with KAGRA,1 Adv. LIGO,2 Adv. Virgo3 and GEO4 will reveal the formation and evolution of binaries through
the observed merger rates of compact binaries, such as binary neutron stars (NS–NSs), neutron star–black hole binaries (NS–BHs) and binary
black holes (BH–BHs). For this gravitational-wave astronomy, estimates of the merger rate of compact binaries play key roles to develop
observational strategy and to translate the observed merger rates into the binary formation and evolution processes.

There are two methods to estimate the merger rate of compact binaries. One is to use observational facts such as the observed NS–NSs
whose coalescence time due to the emission of gravitational waves is less than the age of the Universe. Taking into account the observation
time, the sensitivity of the radio telescope, the luminosity function of pulsars and the beaming factor so on, the probability distribution
function of the merger rate can be found. For example, Kalogera et al. (2004b) found that the event rate of the coalescing NS–NSs is in the
range from 10−5 events yr−1 galaxy−1 to 4 × 10−4 events yr−1 galaxy−1 at the 99 per cent confidence level (see their fig. 2).5

The merger rate of NS–NSs can be restricted by the rate of the observed Type Ib and Ic supernovae (SNe), supposing that the formation
of NS–NSs really starts from the massive binary zero-age main sequence (ZAMS) stars. This is because the formation of the second neutron
star should occur in association with Type Ib and Ic SNe in which the H-rich envelope and the He layer are lost, respectively, otherwise the

⋆ E-mail: kinugawa@tap.scphys.kyoto-u.ac.jp
1 http://gwcenter.icrr.u-tokyo.ac.jp/en/
2 http://www.ligo.caltech.edu/
3 http://www.ego-gw.it/index.aspx/
4 http://www.geo600.org/
5 Note here that there are errors in Kalogera et al. (2004a) so that the rates in Kalogera et al. (2004b) are the correct ones.
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dwarfs may or may not be consistent with the observed lu-
minosity function (Gould 1997; Lidman 1997; Freese 1997).
In any case, future observations of high-velocity white dwarfs
in our solar neighborhood (Lidman 1997) will prove whether
white dwarf MACHOs can exist or not.
If the number of high-velocity white dwarfs turns out to be

large enough to explain the MACHOs, then stellar formation
theory should explain why the IMF is sharply peaked at ª2
M,. If it is not, there arises a real possibility that MACHOs
are absolutely new objects such as black holes of mass ª0.5
M, which could only be formed in the early universe, or boson
stars with the mass of the boson ª10210 eV. Of course, it is
still possible that an overdense clump of MACHOs exists to-
ward the LMC (Nakamura, Kan-ya, & Nishi 1996), MACHOs
are brown dwarfs in the rotating halo (Spiro 1997), or
MACHOs are stars in the thick disk (Turner 1997).
In this Letter we consider the case of black hole MACHOs

(BHMACHOs). In this case, there must be a huge number (at

least ª ) of black holes in the halo, and it is natural to114# 10
expect that some of them are binaries. In § 2 we estimate the
fraction of all BHMACHOs that are in binariesf (a, e)da de
with semimajor axis a in range da and eccentricity e in de. We
then use this distribution to estimate two observable event rates.
First (at the end of § 2), the rate of microlensing events we
should expect toward the LMC that is due to binaries with
separation * cm; our result is in accord with the ob-142# 10
servation of one such event thus far (Bennett et al. 1996).
Second (§ 3), the rate of coalescence of BHMACHO binaries
out to 15 Mpc distance. The gravitational waves from such
coalescences should be detectable by the first interferometers
in the LIGOZVIRGOZTAMAZGEO network (Barish 1997; Bril-
let 1996; Tsubono 1996; Hough 1996), and our estimated event
rate is a few events per year. In § 4 we discuss some impli-
cations of our estimates.

2. FORMATION OF SOLAR MASS BLACK HOLE MACHO BINARIES

Since it is impossible to make a black hole of mass ª0.5
M, as a product of stellar evolution, we must consider the
formation of solar mass black holes in the very early universe
(Yokoyama 1997; Jedamzik 1997). Our viewpoint here, how-
ever, is not to study detailed formation mechanisms but to
estimate the binary distribution that results.
The density parameter of BHMACHOs, QBHM, must be com-

parable to Qb (or QCDM) to explain the number of observed
MACHO events. For simplicity, we assume that BHMACHOs
dominate the matter energy density, i.e., Q 5 QBHM, although
it is possible to consider other dark matter components in ad-
dition to BHMACHOs. To determine the mean separation of
the BHMACHOs, it is convenient to consider it at the time of
matter-radiation equality, t 5 teq. At this time, the energy den-
sities of radiation and BHMACHOs are approximately equal
and are given by g cm23, where h is215 2 4r 5 1.4# 10 (Qh )eq
the Hubble parameter in units of 100 km s21 Mpc21. Corre-
spondingly, the mean separation of BHMACHOs with mass
MBH at this time is given by



Did LIGO detect dark matter?
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Kamionkowski, Ely D. Kovetz, Alvise Raccanelli, and Adam G. Riess1

1Department of Physics and Astronomy, Johns Hopkins University,
3400 N. Charles St., Baltimore, MD 21218, USA

We consider the possibility that the black-hole (BH) binary detected by LIGO may be a signature
of dark matter. Interestingly enough, there remains a window for masses 20 M� . Mbh . 100 M�
where primordial black holes (PBHs) may constitute the dark matter. If two BHs in a galactic halo
pass su�ciently close, they radiate enough energy in gravitational waves to become gravitationally
bound. The bound BHs will rapidly spiral inward due to emission of gravitational radiation and
ultimately merge. Uncertainties in the rate for such events arise from our imprecise knowledge of the
phase-space structure of galactic halos on the smallest scales. Still, reasonable estimates span a range
that overlaps the 2 � 53 Gpc�3 yr�1 rate estimated from GW150914, thus raising the possibility
that LIGO has detected PBH dark matter. PBH mergers are likely to be distributed spatially
more like dark matter than luminous matter and have no optical nor neutrino counterparts. They
may be distinguished from mergers of BHs from more traditional astrophysical sources through the
observed mass spectrum, their high ellipticities, or their stochastic gravitational wave background.
Next generation experiments will be invaluable in performing these tests.

The nature of the dark matter (DM) is one of the
most longstanding and puzzling questions in physics.
Cosmological measurements have now determined with
exquisite precision the abundance of DM [1, 2], and from
both observations and numerical simulations we know
quite a bit about its distribution in Galactic halos. Still,
the nature of the DM remains a mystery. Given the ef-
ficacy with which weakly-interacting massive particles—
for many years the favored particle-theory explanation—
have eluded detection, it may be warranted to consider
other possibilities for DM. Primordial black holes (PBHs)
are one such possibility [3–6].

Here we consider whether the two ⇠ 30 M� black holes
detected by LIGO [7] could plausibly be PBHs. There is
a window for PBHs to be DM if the BH mass is in the
range 20M� . M . 100 M� [8, 9]. Lower masses are
excluded by microlensing surveys [10–12]. Higher masses
would disrupt wide binaries [9, 13, 14]. It has been ar-
gued that PBHs in this mass range are excluded by CMB
constraints [15, 16]. However, these constraints require
modeling of several complex physical processes, includ-
ing the accretion of gas onto a moving BH, the conversion
of the accreted mass to a luminosity, the self-consistent
feedback of the BH radiation on the accretion process,
and the deposition of the radiated energy as heat in the
photon-baryon plasma. A significant (and di�cult to
quantify) uncertainty should therefore be associated with
this upper limit [17], and it seems worthwhile to exam-
ine whether PBHs in this mass range could have other
observational consequences.

In this Letter, we show that if DM consists of ⇠ 30 M�
BHs, then the rate for mergers of such PBHs falls within
the merger rate inferred from GW150914. In any galactic
halo, there is a chance two BHs will undergo a hard scat-
ter, lose energy to a soft gravitational wave (GW) burst
and become gravitationally bound. This BH binary will

merge via emission of GWs in less than a Hubble time.1

Below we first estimate roughly the rate of such mergers
and then present the results of more detailed calcula-
tions. We discuss uncertainties in the calculation and
some possible ways to distinguish PBHs from BH bina-
ries from more traditional astrophysical sources.

Consider two PBHs approaching each other on a hy-
perbolic orbit with some impact parameter and relative
velocity vpbh. As the PBHs near each other, they pro-
duce a time-varying quadrupole moment and thus GW
emission. The PBH pair becomes gravitationally bound
if the GW emission exceeds the initial kinetic energy. The
cross section for this process is [19, 20],

� = ⇡

✓
85⇡

3

◆2/7

R2
s

⇣vpbh

c

⌘�18/7

= 1.37 ⇥ 10�14 M2
30 v

�18/7
pbh�200 pc2, (1)

where Mpbh is the PBH mass, and M30 the PBH mass
in units of 30M�, Rs = 2GMpbh/c2 is its Schwarzschild
radius, vpbh is the relative velocity of two PBHs, and
vpbh�200 is this velocity in units of 200 km sec�1.

We begin with a rough but simple and illustrative es-
timate of the rate per unit volume of such mergers. Sup-
pose that all DM in the Universe resided in Milky-Way
like halos of mass M = M12 1012 M� and uniform mass
density ⇢ = 0.002 ⇢0.002 M� pc�3 with ⇢0.002 ⇠ 1. As-
suming a uniform-density halo of volume V = M/⇢, the
rate of mergers per halo would be

N ' (1/2)V (⇢/Mpbh)2�v

' 3.10 ⇥ 10�12 M12 ⇢0.002 v
�11/7
pbh�200 yr�1 . (2)

1 In our analysis, PBH binaries are formed inside halos at z = 0.
Ref. [18] considered instead binaries which form at early times
and merge over a Hubble time.
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LIGO gravitational wave detection, primordial black holes and the near-IR

cosmic infrared background anisotropies

A. Kashlinsky1,

ABSTRACT

LIGO’s discovery of a gravitational wave from two merging black holes (BHs) of

similar masses rekindled suggestions that primordial BHs (PBHs) make up the dark

matter (DM). If so, PBHs would add a Poissonian isocurvature density fluctuation

component to the inflation-produced adiabatic density fluctuations. For LIGO’s BH

parameters, this extra component would dominate the small-scale power responsible for

collapse of early DM halos at z >
∼ 10, where first luminous sources formed. We quantify

the resultant increase in high-z abundances of collapsed halos that are suitable for

producing the first generation of stars and luminous sources. The significantly increased

abundance of the early halos would naturally explain the observed source-subtracted

near-IR cosmic infrared background (CIB) fluctuations, which cannot be accounted for

by known galaxy populations. For LIGO’s BH parameters this increase is such that the

observed CIB fluctuation levels at 2 to 5 µm can be produced if only a tiny fraction

of baryons in the collapsed DM halos forms luminous sources. Gas accretion onto these

PBHs in collapsed halos, where first stars should also form, would straightforwardly

account for the observed high coherence between the CIB and unresolved cosmic X-ray

background in soft X-rays. We discuss modifications possibly required in the processes

of first star formation if LIGO-type BHs indeed make up the bulk or all of DM. The

arguments are valid only if the PBHs make up all, or at least most, of DM, but at the

same time the mechanism appears inevitable if DM is made of PBHs.

1. Introduction

LIGO’s recent discovery of the gravitational wave (GW) from an inspiralling binary black hole

(BH) system of essentially equal mass BHs (∼ 30M⊙) at z ∼ 0.1(Abbott et al. 2016b) has led to

suggestion that all or at least a significant part of the dark matter (DM) is made up of primordial

BHs (PBH) (Bird et al. 2016; Clesse & Garćıa-Bellido 2016). In particular, Bird et al. (2016) argue

that this PBH mass range is not ruled out by astronomical observations and the observed rate at

∼(a few) Gpc−3yr−1 (Abbott et al. 2016a) can be accounted for if DM PBHs are distributed in

dense, low velocity-dispersion concentrations which escaped merging. There is abundant motivation

1 Code 665, Observational Cosmology Lab, NASA Goddard Space Flight Center, Greenbelt, MD 20771 and SSAI,

Lanham, MD 20770; email: Alexander.Kashlinsky@nasa.gov
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Tidal  forces  of  inflationary  perturbations  suppress  merger  rate  =>  f  ~  2  x10-­3 – 2  x  10-­2
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black holes was at first controversial, with neither 
Einstein nor Eddington believing in them, and it 
was 50 years before the evidence became incon-
trovertible. Now people argue about whether 
the black holes are rotating and how they are 
accreting.

What you’re talking about is an amazing 
journey of physics. If you could say something 
to a young physicist, what would you say to 
them at the beginning of their journey now?
If it was a young person, I would say that you 
have to toe the party line if you want to pursue a 
career, because mainstream physics is what gets 

funded and what will gain you a PhD and a job. 
But the most exciting issues to my mind are those 
which go beyond the mainstream, because that’s 
where the new paradigms are likely to emerge. 
Theories of the multiverse, quantum gravity, 
extra dimensions etc. are inevitably regarded 
with skepticism initially—and such ideas might 
also be regarded as lying on the border of phys-
ics and metaphysics by some people—but they 
may turn out to be more important in the long 
run. Young people probably shouldn’t work in 
these areas if you want to get a job. On the other 
hand, young people are inevitably interested in 
these areas and are most likely to produce the 
new paradigms.

The cosmic infrared background (CIB)—possibly featuring primordial black holes. (Credit: NASA/JPL-Caltech/ 
A Kashlinsky (Goddard)).

Primordial Black Hole Scenario for the Gravitational-Wave Event GW150914
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We point out that the gravitational-wave event GW150914 observed by the LIGO detectors can be
explained by the coalescence of primordial black holes (PBHs). It is found that the expected PBH merger
rate would exceed the rate estimated by the LIGO Scientific Collaboration and the Virgo Collaboration if
PBHs were the dominant component of dark matter, while it can be made compatible if PBHs constitute a
fraction of dark matter. Intriguingly, the abundance of PBHs required to explain the suggested lower bound
on the event rate, > 2 events Gpc−3 yr−1, roughly coincides with the existing upper limit set by the
nondetection of the cosmic microwave background spectral distortion. This implies that the proposed PBH
scenario may be tested in the not-too-distant future.

DOI: 10.1103/PhysRevLett.117.061101

Introduction.—The gravitational-wave event GW150914
observed by the LIGO detectors [1] revealed the existence
of black holes (BHs) with a mass of around 30M⊙ in the
form of binaries. Although there are several possible
explanations for the origin of those BHs as well as the
formation of the binaries (see Ref. [2] and references
therein), the answer is yet to be elucidated. Assuming all
the BH binaries relevant to the LIGO observation have the
same physical parameters, such as masses and spins, as
those of GW150914, the merger event rate was estimated as
2–53 Gpc−3 yr−1 [3].
In this Letter, we discuss the possibility that the event

GW150914 was caused by a merger of a primordial BH
(PBH) binary. PBHs are BHs that have existed since the very
early epoch in cosmic history before any other astrophysical
object had been formed [4]. Themost popular mechanism to
produce PBHs is the direct gravitational collapse of a
primordial density inhomogeneity [5,6]. If the primordial
Universe were highly inhomogeneous [Oð1Þ in terms of
the comoving curvature perturbation] on superhorizon
scales, as realized in some inflation models (see Ref. [7]
and references therein), an inhomogeneous region upon
horizon reentry would undergo gravitational collapse
and form a BH. The mass of the BH is approximately
equal to the horizon mass at the time of formation,
MBH ∼ 30M⊙½ð4 × 1011Þ=ð1þ zfÞ%2, where zf is the
formation redshift. Thus, it is possible that PBHs with a
mass of around 30M⊙ are formed deep in the radiation-
dominated era.
The event rate of the PBH binary mergers has been

already given in Ref. [8] for the case where PBHs are
massive compact halo objects with their mass around
0.5M⊙ and constitute the dominant component of dark
matter. In Ref. [8] it was found that two neighboring PBHs

having a sufficiently small separation can form a binary in
the early Universe and coalesce within the age of the
Universe. We apply the formation scenario in Ref. [8] to
the present case where the PBHs are about 30M⊙ and the
fraction of PBHs in dark matter is a free parameter. We
present a detailed computation of the event rate in the next
section. The resultant event rate turns out to exceed the
event rate mentioned above (2–53 Gpc−3 yr−1) if PBHs are
the dominant component of dark matter. Intriguingly,
however, it falls in the LIGO range if PBHs are a
subdominant component of dark matter with the fraction
that nearly saturates the upper limit set by the nondetection
of the cosmic microwave background (CMB) spectral
distortion due to gas accretion onto PBHs [9].
Recently, it was claimed in Ref. [10] (see also Ref. [11])

that the event GW150914 as well as the event rate estimated
by LIGO can be explained by the merger of PBHs even if
PBHs are the dominant component of dark matter. Our
study differs from Ref. [10] in the following two points:
(1) the formation process of PBH binaries and (2) the
fraction of PBHs in dark matter. First, in Ref. [10] PBH
binaries are assumed to be formed due to energy loss by
gravitational radiation when two PBHs accidentally pass by
each other with a sufficiently small impact parameter. This
mechanism is different from what we consider in this Letter
(see the next section). Second, in Ref. [10] the fraction of
PBHs in dark matter to explain the estimated gravitational-
wave event rate by the LIGO-Virgo Collaboration is of
order unity, while in our case we require it to be as small as
the upper limit obtained in Ref. [9]. Namely, our claim is
that PBHs as a small fraction of dark matter can explain the
event rate suggested by the detection of GW150914.
Throughout this Letter, we set the speed of light to be

unity, c ¼ 1.
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Abstract

We estimate the spin distribution of primordial black holes based on the recent study of the crit-

ical phenomena in the gravitational collapse of a rotating radiation fluid. We find that primordial

black holes are mostly slowly rotating.

PACS numbers: 98.80.Cq, 98.80.Es

1

Figure 2: The spin distribution function given by Eq. (17) is shown by a solid curve. As in Fig. 1,

a dashed curve is obtained by performing the integration numerically.

A rotating BH sweeps the background radiation fluid and thus receives momentum from

the radiation [7, 24]. The force is estimated as

Frad ≃ (radiation momentum density) × (cross section) × (rotation velocity)

≃ ρrad × M2 × a, (18)

where ρrad is the energy density of the radiation. Then, the loss of angular momentum due

to the torque of the force is estimated by

J̇ ≃ −MFrad ≃ −H2M3a, (19)

where we have used the Friedmann equation H2 ∼ ρrad. The mass of PBH grows due to the

accretion of background radiation on the PBH:

Ṁ ≃ ρradM
2 ∼ H2M2. (20)

The solution of Eq. (20) is given by [25]

M ≃ t

1 + t
ti
(ti/Mi − 1)

, (21)

where Mi is the mass at the initial time ti. Hence, for a PBH whose mass is lighter than

the horizon mass, Mi < ti, the mass of PBH grows little by accretion [25].
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FIG. 3. A Mollweide projection of the posterior probability
density for the location of the source in equatorial coordinates
(right ascension is measured in hours and declination is mea-
sured in degrees). The location broadly follows an annulus
corresponding to a time delay of ⇠ 3.0+0.4

�0.5 ms between the
Hanford and Livingston observatories. We estimate that the
area of the 90% credible region is ⇠ 1200 deg2.

FIG. 4. Posterior probability density for the source luminos-
ity distance DL and the binary inclination ✓JN . The one-
dimensional distributions include the posteriors for the two
waveform models, and their average (black). The dashed lines
mark the 90% credible interval for the average posterior. The
two-dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

values because of the greater preference for spins with
components antialigned with the orbital angular momen-
tum.

The final calibration uncertainty is su�ciently small
to not significantly a↵ect results. To check the impact
of calibration uncertainty, we repeated the analysis using
the e↵ective-precession waveform without marginalising

FIG. 5. Posterior probability densities for the e↵ective in-
spiral spin �e↵ for GW170104, GW150914, LVT151012 and
GW151226 [13], together with the prior probability distri-
bution for GW170104. The distribution for GW170104 uses
both precessing waveform models, but, for ease of compari-
son, the others use only the e↵ective-precession model. The
prior distributions vary between events, as a consequence of
di↵erent mass ranges, but the di↵erence is negligible on the
scale plotted.

FIG. 6. Posterior probability density for the final black hole
mass Mf and spin magnitude af . The one-dimensional dis-
tributions include the posteriors for the two waveform mod-
els, and their average (black). The dashed lines mark the
90% credible interval for the average posterior. The two-
dimensional plot shows the 50% and 90% credible regions
plotted over the posterior density function.

4

Adapted from Adv.LIGO/VIRGO June 2017 release (supl. material)

�e↵ = [m1S1 cos(✓LS1
) + m2S2 cos(✓LS2

)]/(m1 + m2)

GW170814

Seven hints for PBH-DM
Hint 1: spins of LIGO black holes
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We study gravitational waves (GWs) induced by non-Gaussian curvature perturbations. We
calculate the density parameter per logarithmic frequency interval ⌦GW(k) , given that the power
spectrum of the curvature perturbation PR(k) has a narrow peak at some small scale k⇤, with a local-
type non-Gaussianity, and constrain the nonlinear parameter fNL with the future LISA sensitivity
curve as well as with constraints from the abundance of the primordial black holes (PBHs). We
find that the non-Gaussian contribution to ⌦GW increases as k3, peaks at k/k⇤ = 4/

p
3, and has a

sharp cuto↵ at k = 4k⇤. The non-Gaussian part can exceed the Gaussian part if PR(k)f2
NL & O(1).

If either a multi-peak structure of ⌦GW or a slope steeper than two, i.e., ⌦GW(k) / k� with � > 2,
is detected, it can be recognized as a smoking gun of the primordial non-Gaussianity. We also find
that if PBHs with masses of 1020g to 1022g are identified as cold dark matter of the Universe, the
corresponding GWs must be detectable by LISA, irrespective of the value of fNL.

PACS numbers:

Introduction The detection of gravitational waves
(GWs) from mergers of primordial black holes (BHs) or
neutron stars (NSs) by LIGO/VIRGO [1–5] has marked
the beginning of the era of gravitational wave astron-
omy. Besides these GWs from mergers, there are other
sources of GWs, like BH/NS binaries [6–15], phase tran-
sitions during the evolution of the universe [16–24], re-
heating/preheating after inflation [25–31], and primor-
dial scalar and tensor perturbations from inflation. For
review of GW physics, see [32, 33].

We have already observed that the curvature pertur-
bation R which seeds the cosmic microwave background
(CMB) anisotropies and the large scale structure (LSS)
inhomogeneities is nearly scale invariant and Gaussian,
and has an amplitude of 10�5 on scales larger than about
1Mpc [34]. However, the curvature perturbation on small
scales remains unknown, because of the lack of observa-
tional constraints.

The amplitude of the primordial tensor perturbation
is much smaller than the scalar curvature perturbation
on CMB scales. The constraint on the tensor-to-scalar
ratio r is r < 0.064 at 95% level [34]. However, as the
scalar and tensor perturbations are coupled at nonlinear
level, we do have an induced tensor perturbation of order
R2. In most of inflation models the induced tensor per-
turbation is much smaller than the primordial one from
the vacuum fluctuations. Nevertheless, there are models
of inflation that predict large curvature perturbations on
small scales [35–50], for which the induced tensor pertur-
bation may dominate over the primordial one.

Early works on GWs induced by the scalar perturba-

tion at second order can be found in [51–56]. In [57, 58],
the evolution of the induced GWs in the radiation-
dominated era was studied. It was found that a �-
function like peak in the power spectrum of the curva-
ture perturbation, PR ⇠ �(k � k⇤), may induce a char-
acteristic GW power spectrum, which has a zero point
at k/k⇤ =

p
2/3, and peaks at k/k⇤ = 2/

p
3. This be-

havior was then confirmed numerically and analytically
in [59–69].

Current CMB data do not exclude the possibility that
the scalar perturbation is large on small scales [70, 71].
Typically, if the power spectrum for the primordial cur-
vature perturbation has a peak on some small scale, there
may be some regions where the density perturbation ex-
ceeds a threshold value �th ⇠ 0.3 at horizon re-entry, and
the matter inside the Hubble horizon collapses to form a
primordial black hole (PBH) [72–76]. The mass of a PBH
is of the same order of the total energy inside the Hub-
ble radius at horizon re-entry, which is hence determined
by the wavenumber of the peak. Various constraints on
the abundance of PBHs have been discussed [6–14, 35–
37, 77–90].

The relation between the induced GWs and PBH for-
mation was first studied in [91] for a �-function peak,
and then for broad plateaus by [92–94]. However, in
these previous studies, the scalar perturbation was as-
sumed to be Gaussian, which seems to be a rather naive
assumption. When there appears a sharp peak in the
curvature perturbation spectrum, it is natural to expect
that there also appears a non-negligible non-Gaussianity.
As PBHs are produced at the large amplitude tail of the
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We study gravitational waves (GWs) induced by non-Gaussian curvature perturbations. We
calculate the density parameter per logarithmic frequency interval ⌦GW(k) , given that the power
spectrum of the curvature perturbation PR(k) has a narrow peak at some small scale k⇤, with a local-
type non-Gaussianity, and constrain the nonlinear parameter fNL with the future LISA sensitivity
curve as well as with constraints from the abundance of the primordial black holes (PBHs). We
find that the non-Gaussian contribution to ⌦GW increases as k3, peaks at k/k⇤ = 4/

p
3, and has a

sharp cuto↵ at k = 4k⇤. The non-Gaussian part can exceed the Gaussian part if PR(k)f2
NL & O(1).

If either a multi-peak structure of ⌦GW or a slope steeper than two, i.e., ⌦GW(k) / k� with � > 2,
is detected, it can be recognized as a smoking gun of the primordial non-Gaussianity. We also find
that if PBHs with masses of 1020g to 1022g are identified as cold dark matter of the Universe, the
corresponding GWs must be detectable by LISA, irrespective of the value of fNL.

PACS numbers:

Introduction The detection of gravitational waves
(GWs) from mergers of primordial black holes (BHs) or
neutron stars (NSs) by LIGO/VIRGO [1–5] has marked
the beginning of the era of gravitational wave astron-
omy. Besides these GWs from mergers, there are other
sources of GWs, like BH/NS binaries [6–15], phase tran-
sitions during the evolution of the universe [16–24], re-
heating/preheating after inflation [25–31], and primor-
dial scalar and tensor perturbations from inflation. For
review of GW physics, see [32, 33].

We have already observed that the curvature pertur-
bation R which seeds the cosmic microwave background
(CMB) anisotropies and the large scale structure (LSS)
inhomogeneities is nearly scale invariant and Gaussian,
and has an amplitude of 10�5 on scales larger than about
1Mpc [34]. However, the curvature perturbation on small
scales remains unknown, because of the lack of observa-
tional constraints.

The amplitude of the primordial tensor perturbation
is much smaller than the scalar curvature perturbation
on CMB scales. The constraint on the tensor-to-scalar
ratio r is r < 0.064 at 95% level [34]. However, as the
scalar and tensor perturbations are coupled at nonlinear
level, we do have an induced tensor perturbation of order
R2. In most of inflation models the induced tensor per-
turbation is much smaller than the primordial one from
the vacuum fluctuations. Nevertheless, there are models
of inflation that predict large curvature perturbations on
small scales [35–50], for which the induced tensor pertur-
bation may dominate over the primordial one.

Early works on GWs induced by the scalar perturba-

tion at second order can be found in [51–56]. In [57, 58],
the evolution of the induced GWs in the radiation-
dominated era was studied. It was found that a �-
function like peak in the power spectrum of the curva-
ture perturbation, PR ⇠ �(k � k⇤), may induce a char-
acteristic GW power spectrum, which has a zero point
at k/k⇤ =

p
2/3, and peaks at k/k⇤ = 2/

p
3. This be-

havior was then confirmed numerically and analytically
in [59–69].

Current CMB data do not exclude the possibility that
the scalar perturbation is large on small scales [70, 71].
Typically, if the power spectrum for the primordial cur-
vature perturbation has a peak on some small scale, there
may be some regions where the density perturbation ex-
ceeds a threshold value �th ⇠ 0.3 at horizon re-entry, and
the matter inside the Hubble horizon collapses to form a
primordial black hole (PBH) [72–76]. The mass of a PBH
is of the same order of the total energy inside the Hub-
ble radius at horizon re-entry, which is hence determined
by the wavenumber of the peak. Various constraints on
the abundance of PBHs have been discussed [6–14, 35–
37, 77–90].

The relation between the induced GWs and PBH for-
mation was first studied in [91] for a �-function peak,
and then for broad plateaus by [92–94]. However, in
these previous studies, the scalar perturbation was as-
sumed to be Gaussian, which seems to be a rather naive
assumption. When there appears a sharp peak in the
curvature perturbation spectrum, it is natural to expect
that there also appears a non-negligible non-Gaussianity.
As PBHs are produced at the large amplitude tail of the
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a Dipartimento di Fisica e Astronomia “G. Galilei”, Università degli Studi di Padova, via Marzolo 8, I-35131 Padova, Italy
b INFN, Sezione di Padova, via Marzolo 8, I-35131 Padova, Italy

c INAF - Osservatorio Astronomico di Padova, Vicolo dell’Osservatorio 5, I-35122 Padova, Italy
dDepartment of Theoretical Physics and Center for Astroparticle Physics (CAP)

24 quai E. Ansermet, CH-1211 Geneva 4, Switzerland
ePerimeter Institute for Theoretical Physics, 31 Caroline St. N., Waterloo, Ontario N2L 2Y5, Canada

Abstract

The idea that primordial black holes (PBHs) can comprise most of the dark matter of the universe has recently reacquired a

lot of momentum. Observational constraints, however, rule out this possibility for most of the PBH masses, with a notable

exception around 10�12M�. These light PBHs may be originated when a sizeable comoving curvature perturbation generated

during inflation re-enters the horizon during the radiation phase. During such a stage, it is unavoidable that gravitational

waves (GWs) are generated. Since their source is quadratic in the curvature perturbations, these GWs are necessarily fully

non-Gaussian. Their frequency today is about the mHz, which is exactly the range where the LISA mission has the maximum

of its sensitivity. This is certainly an impressive coincidence. We show that this scenario of PBHs as dark matter can be tested

by LISA by measuring not only the GW two-point correlator, but also the GW three-point correlator for which we study the

LISA response functions and construct a suitable estimator to test the non-Gaussianity of GWs.

I. INTRODUCTION

The possible presence and composition of dark matter (DM) in our universe constitutes one of the open questions in
physics [1]. The first direct observation of GWs generated by the merging of two ⇠ 30M� black holes [2] has increased
the attention to the possibility that all (or a significant fraction of) the dark matter is composed by PBHs (see Refs.
[3–6] and [7, 8] for recent reviews). Inflation and a mechanism to enhance the comoving curvature perturbation ⇣ [9–11]
at scales smaller with respect to the CMB ones are the only ingredients needed by the simplest models describing the
PBH formation without the request of any physics beyond the Standard Model. In fact, the perturbations themselves
of the Standard Model Higgs may be responsible for the growing of the comoving curvature perturbations during
inflation [12].

Perturbations generated during inflation are transferred to radiation through the reheating process after inflation.
After they re-enter the horizon, a region collapses to a PBH if the density contrast (during the radiation era)

�(~x) =
4

9a2H2
r2⇣(~x) (1.1)

is larger than the critical value �c which depends on the shape of the power spectrum [13]. The temperature at which
the collapse takes place is

TM ' 10�1

✓
106.75

g⇤

◆1/4✓
M�
M

◆1/2

GeV, (1.2)

where we have normalized g⇤ to the e↵ective number of the Standard Model degrees of freedom. We define the power
spectrum of the comoving curvature perturbation as

⌦
⇣(~k1)⇣(~k2)

↵0
=

2⇡2

k3
1

P⇣(k1), (1.3)

where we used the prime to indicate the rescaled two point function without the (2⇡)3 and the Dirac delta for the
momentum conservation.
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CONCLUSIONS

PBHs  are  best  MACHO  candidate  and  invoked  for  three  roles:

Dark  matter             Cosmic  structure  LIGO  events

These  are  distinct  roles  but  with  an  extended  mass  function  
PBHs  could  possibly  fulfill  all  three.  

This  talk  is  dedicated  to  the  memory  of  
my  friend  and  mentor  Stephen  Hawking,  

This  talk  is  dedicated  to  the  memory  of  my  friend  
and  mentor  Stephen  Hawking.  He  wrote  the  first  
paper  on  primordial  black  holes  in  1971.  If  they  
play  any  of  the  roles  discussed  here,  this  may  
have  been  his  most  prescient  and  important  work

COMPTON-­SCHWARZSCHILD  DUALITY  

“Generalized Uncertainty and Self-dual Black Holes”
    Carr, Modesto & Premont-Schwarz, arXiv: 1107.0708

M.  Lake  and  B.  Carr,  (2016),  arXiv:1611.01913.

BLACK  HOLE  UNCERTAINTY  PRINCIPLE  CORRESPONDENCE

PBHS,  HIGHER  DIMENSIONS  AND  QUANTUM  GRAVITY

[FOLLOWING  SLIDES  NOT  SHOWN]
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What  happens  where  Compton  and  Schwarzschild  intersect?

This  must  be  an  important  feature  of  theory  of  quantum  gravity.
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Planck  Scale  Criticality?

Smallest  black  hole  
or  largest  particle

But  this  breaks  T-­duality

The large- and short-scale characteristics of Nature are
defined by different and (apparently) disconnected  theories
and length scales

Large: General Relativity

Short: Quantum Mechanics

Characteristic Scales of NatureCharacteristic Scales of Nature
Jonas Mureika The point !C = rg is a critical point
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Newtonian heuristic argument

Photon of frequency ) approaching to distance R induces

=> acceleration                       over time

=> uncertainty in momentum                        and in position
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GENERALIZED UNCERTAINTY PRINCIPLE

(GUP)

Adler, Am. J. Phys. 78, 925 (2010)

[REORDERED PARAGRAPH SO LESS EMPHASIS ON SUB-PLANCKIAN LENGTH
SCALES] The Compton and Schwarzschild lines transform into one another under the sub-
stitution M ! M2

P /M , corresponding to a reflection in the line M = MP in Fig. 1. This
interchanges sub-Planckian and super-Planckian mass scales and suggests some connection be-
tween elementary particles and black holes. The lines also transform into each other under the
transformation R ! R2

P /R, corresponding to a reflection in the line M = MP . This turns
super-Planckian length scales into sub-Planckian ones, which might be regarded as unphysical.
However, we note that each line maps into itself under the combined T-duality transformation

M ! M2
P /M, R ! R2

P /R . (1.2)

T-dualities arise naturally in string theory and are known to map momentum-carrying string
states to winding states and vice-versa [5]. In addition, since they map sub-Planckian length
scales to super-Planckian ones, this allows the description of physical systems in an otherwise
inaccessible regime [6, 7].

Although the Compton and Schwarzschild boundaries correspond to straight lines in the
logarithmic plot of Fig. 1, this form presumably breaks down near the Planck point due to
quantum gravity e↵ects. One might envisage two possibilities: either there is a smooth minimum,
as indicated by the broken line in Fig. 1, so the the Compton and Schwarzschild lines in some
sense merge, or there is some form of phase transition or critical point at the Planck scale, so
that the separation between particles and black holes is maintained. Which alternative applies
has important implications for the relationship between elementary particles and black holes [8].

One way of obtaining a smooth transition between the Compton and Schwarzschild lines is
to invoke some connection between the uncertainty principle on microscopic scales and black
holes on macroscopic scales. This is termed the Black Hole Uncertainty Principle (BHUP)
correspondence [9] and also the Compton-Schwarzschild correspondence when discussing an
interpretation in terms of extended de Broglie relations [10, 11]. It is manifested in a unified
expression for the Compton wavelength and Schwarzschild radius. The simplest expression of
this kind would be

RCS =
�~
Mc

+
2GM

c2
, (1.3)

where � is the (somewhat arbitrary) constant appearing in the Compton wavelength. In the
sub-Planckian regime this becomes

R0
C =

�~
Mc

"
1 +

2

�

✓
M

MP

◆2
#

(M ⌧ MP ) , (1.4)

with the second term corresponding to a small correction of the kind invoked by the Generalised
Uncertainty Principle [12]. In the super-Planckian regime, it becomes

R0
S =

2GM

c2

"
1 + �

✓
MP

M

◆2
#

(M � MP ) , (1.5)

with the second term corresponding to a small correction to the Schwarzschild expression; this
has been termed the Generalised Event Horizon [9]. More generally, the BHUP correspondence
might allow any unified expression R0

C(M) ⌘ R0
S(M) which has the asymptotic behaviour

�~/(Mc) for M ⌧ MP and 2GM/c2 for M � MP . One could envisage many such expressions
but we are particularly interested in those which – like Eq. (1.3) – are dual under under the

3

In  string  theory  this  relates  momentum-­carrying  string  states  to  
winding  states  &  relates  sub-­Planck  and  super-­Planck  lengths

Black&
holes

Elementary
particles

)

Smooth  minimum?

Compton  irrelevant  for  M>>MP since  RC<<RP?  
Compton  scale  becomes  Schwarzschild  scale  for  M>>MP?  

=>  BHs  are  intrinsically  quantum  (BH  radiation,  firewalls)  
Cannot  localize  on  scale  below  RS?

(Dvali)

Preserves  T-­duality?

=>  link  between  elementary  particles  and  sub-­Planckian BHs
Schwarzschild  scale  becomes  Compton  scale  for  M<<MP?  



Sivaram &  Sinha  “Strong  gravity,  black  holes  and  hadrons”  PRD  16,  1975  (1977)

ARE  ELEMENTARY  PARTICLES  SPINNING  BLACK  HOLES?

Oldershaw “Hadrons  as  Kerr-­Newman  black  holes”  arXiv/0701006  
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sense merge, or there is some form of phase transition or critical point at the Planck scale, so
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One way of obtaining a smooth transition between the Compton and Schwarzschild lines is
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with the second term corresponding to a small correction to the Schwarzschild expression; this
has been termed the Generalised Event Horizon [9]. More generally, the BHUP correspondence
might allow any unified expression R0

C(M) ⌘ R0
S(M) which has the asymptotic behaviour
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Simplest  expression  asymptoting to  Compton/Schwarzschild  is

“Black  Hole  Uncertainty  Principle  Correspondence”

Can  interpret  in  terms  of  Generalised Uncertainty  Principle.



UNCERTAINTY PRINCIPLE

Photon  of  momentum  p  determines  position  to  precision

but  imparts  momentum

Particle  production  for                                QFT

(Compton  wavelength)

Photon  of  frequency  w approaching  to  distance  R  induces  
=>  acceleration                                              over  time
=>  uncertainty  in  momentum                                                and  in  position  

GENERALIZED UNCERTAINTY PRINCIPLE

Adler,  Am.  J.  Phys.  78,  925  (2010)

=>

Putting                            and                                gives

This  suggests  

a=2?

=>  Generalized  Compton  Wavelength

Root-­mean-­square  error  would  give

DO  GUP  UNCERTAINTIES  ADD  LINEARLY?

Does  form  of  Dx(Dp)  determines  RS(M)?



At  large  r

Metric

implies

LOOP  BLACK  HOLES

where   and

(ADM  mass)

“Generalized  Uncertainty  and  Self-­dual  Black  Holes”
Carr,  Modesto  &  Premont-­Schwarz, arXiv:  1107.0708

=>  another  asymptotic  infinity  (r=0)  with  BH  mass  MP
2/m  

Metric  has  self-­duality  with  dual  radius    

Physical  radial  coordinate  

This  removes  singularity  and  corresponds  to  the  quadratic  GEH.

.

b

Sub-­Planckian black  holes  are  hidden  within  wormholes

Suggests  GR  origin  for  quantum  effects!
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  GUP

Include	
  GUP	
  in	
  GR	
  by	
  emphasizing	
  duality in	
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  black	
  hole	
  mass	
  

Can	
  black	
  holes	
  exist	
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  mass?	
  	
  

B.  Carr,  J.  Mureika,  P.  Nicolini,  JHEP  07  (2015)  52,  arXiv:1504.07637

Black  Hole  Characteristics:  Horizon



Black  Hole  Temperature
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BLACK HOLES IN HIGHER DIMENSIONS

Schwarzschild radius rS= MP
-1(MBH/MP)1/(1+n)

Temperature TBH = (n+1)/rS < 4D case
Lifetime tBH =MP

-1(MBH/MP)(n+3)/(1+n) > 4D case

Standard model => Vn ~ MP
-n , MD ~ Mp, 

Large extra dimensions => Vn >> MP
-n, MD << Mp

TeV quantum gravity?

   BLACK HOLES AS A PROBE OF HIGHER DIMENSIONS

Carr & Giddings (2009)

       Forming black holes by collisions

Cross-section   $(ij     BH) = %rS
2&(E - MBH

min)

Schwarzschild radius  rS= MP
-1(MBH/MP)1/(1+n)

Temperature  TBH = (n+1)/rS   < 4D case

Lifetime  'BH =MP
-1(MBH/MP)(n+3)/(1+n) > 4D case

centre of mass energy

MODES OF BLACK HOLE FORMATION

M-theory => extra compactified dimensions (n)

BLACK  HOLES  AND  HIGHER  DIMENSIONS

Gauss  law
(R<RE)

(R>RE)

3D  black  hole  smaller  than  RE for

This  intersects  standard  Compton  boundary  at  new  Planck  scales

Assume  D=3+n  dimensions  for  R<RE

T-dualities arise naturally in string theory and are known to map momentum-carrying string
states to winding states and vice-versa [13]. In addition, since they map sub-Planckian length
scales to super-Planckian ones, switching to the dual description for R < RP allows the descrip-
tion of physical systems in an otherwise inaccessible regime [14, 15]. Though it is unclear what
role T-duality may play, at a fundamental level, in relating point particles and black holes, these
considerations reinforce the suggestion that there may be such a connection.

4 Higher-dimensional black holes

The black hole boundary in Fig. 1 assumes there are three spatial dimensions but many theories,
including string theory, suggest that dimensionality could increase on su�ciently small scales
[38]. For simplicity, we first assume that the extra dimensions are associated with a single length
scale RE . If the number of extra dimensions is n, then, in the Newtonian approximation, the
gravitational force between two masses M1 and M2 is

Fgrav =
GDM1M2

R2+n
, (4.1)

where GD is the higher-dimensional gravitational constant and D = 3 + n + 1 is the number of
spacetime dimensions in the relativistic theory. This becomes

Fgrav =
GM1M2

R2
with G =

✓
GD

Rn
E

◆
(4.2)

for R & RE , so one recovers the inverse-square law there. The higher-dimensional nature of the
gravitational force is only manifest for R . RE . This follows directly from the fact that general
relativity can be extended to an arbitrary number of dimensions, so we may take the weak field
limit of Einstein’s field equations in 3 + n + 1 dimensions to obtain the Newtonian gravitational
potential generated by a mass M as [39, 40]

Vgrav =
GDM

R1+n
(4.3)

for R . RE . This becomes

Vgrav =
GM

R
(4.4)

for R & RE . In the Newtonian limit, the e↵ective gravitational constants at large and small
scales are di↵erent because of the dilution e↵ect of the extra dimensions.

There are two interesting mass scales associated with the length scale RE : the mass whose
Compton wavelength is RE ,

ME ⇠ ~
cRE

⇠ MP
RP

RE
, (4.5)

and the mass whose Schwarzschild radius is RE ,

M 0
E ⇠ M2

P

ME
⇠ MP

RE

RP
. (4.6)

These mass scales are reflections of each other in the line M = MP . An important implication of
Eq. (4.3) is that the usual expression for the Schwarzschild radius no longer applies for masses

11

transformation M ! M2
P /M . The considerations of this paper are not dependent on the validity

of the BHUP correspondence itself but we mention this as an example of a particular context
in which the duality arises.

[PREVIOUS VERSION OF THIS PARA WAS VERY CONFUSING SINCE IT DID NOT
DISTINGUISH BETWEEN RS AND ADD MODELS OR BETWEEN LARGE AND PLANCK-
SCALE EXTRA DIMENSIONS OR MENTION THAT BULK ONLY REFERS TO LATTER.
WE MUST CLARIFY TYPE OF EXTRA DIMENSIONS BEFORE DISCUSSING IMPLICA-
TIONS FOR UP.] The black hole boundary in Fig. 1 assumes there are three spatial dimensions
but many theories suggest that dimensionality could increase on small scales. In particular, su-
perstring theory is consistent only in (9 + 1) spacetime dimensions, even though our observable
universe is (3+1)-dimensional. In current models, ordinary matter is described by open strings,
whose end-points are confined to a (p + 1)-dimensional Dp-brane, while gravity is described by
closed strings that propagate in the full space [5, 6, 7]. In the Randall-Sundrum picture [13],
p = 3 and one of the extra dimensions is large (i.e. much larger than the Planck scale), so the
universe corresponds to a D3 brane in a 5-dimensional bulk. However, there could still be other
dimensions ompactified on the brane, in which case the universe would be a Dp-brane, which is
compactified on p�3 extra dimensions. In the ADD model there are n extra spatial dimensions,
all compactified on the same scale [14] but one could consider a model with a sequence of large
extra dimensions of di↵erent compactifiication scales. In this case, there would be a hierarchy of
branes, D3 < D4 < ... < Dp�3 and the dimensionality of the universe would increase as one goes
to smaller scales. An additional motivation for this is that the D3-brane of the first scenario is
expected to have some thickness in quantum theory and this might be interpreted as an e↵ective
compactification scale for the confined matter.

This motivates us to consider the behavior of black holes and quantum mechanical particles
in spacetimes with extra directions. For simplicity, we begin by assuming that all the extra
dimensions in which matter is free to propagate are compactified on a single length scale RE .
If there are n extra dimensions, and black holes with RS < RE are assumed to be spherically
symmetric with respect to the full (3 + n)-dimensional space, then the Schwarzschild radius is
given by [15]

RS = RE

✓
M

M 0
E

◆1/(1+n)

for MP < M < M 0
E ⌘ c2RE/G . (1.6)

So the slope of the black hole boundary in Fig. 1 becomes shallower in this range of M 0. The
question now arises of whether the M dependence of RC is also a↵ected by the extra dimensions.
The usual assumption is that it is not, so that one still has RC / M�1. In this case, the duality
between RC and RS is broken and the intersect of the Schwarzschild and Compton lines is
changed to

R0
P ⇠ (R2

P Rn
E)1/(2+n), M 0

P ⇠ (M2
P Mn

E)1/(2+n) . (1.7)

This gives M 0
P ⇠ MP and R0

P ⇠ RP for RE ⇠ RP but M 0
P ⌧ MP and R0

P � RP for RE � RP .
As is well known, the e↵ective higher-dimensional Planck mass therefore decreases (allowing the
possibility of TeV quantum gravity) and the e↵ective higher-dimensional Planck length increases
[14]. However, in this paper we argue that in some circumstances one expects

RC = RE

✓
M

ME

◆�1/(1+n)

for M > ME ⌘ ~/(cRE) = M2
P /M 0

E , (1.8)

which preserves the duality between RC and RS . In this case, the e↵ective Planck mass is
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scale  of  extra  
dimensions

All  extra  dimensions  with  scale  RE

Ri=aiRP => (RP’/RP) = a1 a2 .....ad

ai = a => RP’ = RPad(/d+2)
GUPcf. 2D black holes with n = -2 (Mureika & Nicolini 2013)

For  hierarchy  of  compactification  scales:

we  can  define  average  compactification  scale

Clearly, n = 1 is excluded on empirical grounds but n = 2 is possible. One expects n = 7
in M-theory [22], so it is interesting that RE needs to be of order a Fermi if all of the extra
dimensions are large [EXPAND?]. RE ! 10�17cm as n ! 1 since this is the smallest scale
which can be probed by the LHC.

The above analysis assumes that all the extra dimensions have the same size. One could
also consider a hierarchy of compactification scales, Ri = ↵iRP with ↵1 � ↵2 � .... � ↵n � 1,
such that the dimensionality progressively increases as one goes to smaller distances [18]. In this
case, the e↵ective average length scale associated with the compact internal space is

hREi =

 
nY

i=1

Ri

!1/n

= RP

 
nY

i=1

↵i

!1/n

. (3.8)

and the new e↵ective Planck scales are

R0
P ⇠

 
R2

P

nY

i=1

Ri

!1/(2+n)

⇠ (R2
P hREin)1/(2+n) (3.9)

M 0
P ⇠

 
M2

P

nY

i=1

Mn
i

!1/(2+n)

⇠ (M2
P hMEin)1/(2+n) , (3.10)

where Mi ⇠ ~/(cRi) and hMEi ⇠ ~/(chREi). For Rk+1 . R . Rk, the e↵ective Schwarzschild
radius is then given by

RS = R⇤(k)

✓
M

MP

◆1/(1+k)

, R⇤(k) =

 
RP

knY

i=1

Ri

!1/(1+k)

. (3.11)

This situation is represented in Fig. 2(b). Clearly, the Planck scales are not changed as much
in this case as in the scenario for which the n extra dimensions all have the same scale.

The relationship between the various key scales (RE , R0
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Figure 1. Experimental constraints on the parameters α (coupling strength) and λ

(range) of Yukawa interaction for α (> 0). Shaded area indicates excluded area at

95% confidence level. Constraint curves for over km scales are taken from (Fischbach

& Talmadge 1999, Adelberger et al. 2009). See Section 3 for short-range tests at below

laboratory scale.

should take the form of the Yukawa potential in (5). The Yukawa potential can also be

expressed in terms of a distance-dependent gravitational “constant”

GY ukawa(r) = G∞(1 + αe−r/λ). (6)

Then, the relation between GN and G∞ is

GN = GY ukawa(rN) →
{

G∞(1 + α) (rN ≪ λ)

G∞ (λ ≪ rN)
. (7)

For Fujii’s specific prediction, GN = 4
3
G∞ is obtained when α = 1/3 and λ ≫ rN . We

can assume G∞ = GN only when λ ≪ rN . For other cases, we cannot, in general, use

the measured value GN as G∞ in (5).

Triggered by Fujii’s proposal, a number of modern experiments were performed at

geophysical (∼ km) and laboratory (∼ m) scales. The experimental constraints on the

Yukawa parameters are shown in Figure 1. This so-called α−λ plot was first introduced

by Talmadge as a model-independent expression of experimental constraints (Talmadge

et al. 1988).

In 1976, Long claimed that he had found evidence for a distance dependence in

G of the form GLong(r) = G∞(1 + 0.002 ln [r/cm]) at a cm scale (Long 1976). Many

laboratory Cavendish-type experiments tried to confirm his result; however, all attempts

failed to confirm any violation of the Newtonian inverse square law. Then, in 1986,

Fischbach claimed that there must be composition dependence in G; this was based

on the reanalysis of the classic Etövösh experiment data (Eötvös et al. 1922). This

Murata  &  Tanaka  2015



COMPTON  WAVELENGTH  IN  3D

Cross-­section  for  photon-­electron  scattering

Reduced  wavelength  appears  in  KG  or  Dirac  equations

de  Broglie                                                                  =>  pair-­production  for  R<RC

Non-­relativistic  limit  on  localisationRelativistic  argument

unchanged but the e↵ective Planck length becomes

R⇤ ⇠ (RP Rn
E)1/(1+n) � R0

P , (1.9)

so it is increased more than before. While there is no TeV quantum gravity in this scenario, we
will see that the preservation of duality has interesting physical implications.

The plan of the paper is as follows. Sec. 2 considers the derivation of the standard ex-
pression for the 3D Compton wavelength. Sec. 3 discusses the (well-known) expression for the
Schwarzschild radius for a (3 + n)-dimensional black hole. Sec. 4 discusses the form of the Un-
certainty Principle in hgher dimensions, emphasizing that this depends crucially on the form
assumed for the wave function in the higher-dimensional space. Sec. 5 then derives the associ-
ated expressions for the e↵ective Compton wavelength in hgher dimensions. Sec. 6 explores the
consequences of our claim for the detectability of primordial black hole evaporations and recent
D-particle scattering results. Sec. 7 gives some general conclusions and suggestions for future
work. Some subtleties concerning the interpretation of the Uncertainty Principle are discussed
in the Appendix.

2 Derivations of the 3D Compton wavelength

The Compton wavelength is defined as RC = h/(Mc) and first appeared historically in the
expression for the Compton cross-section in the scattering of photons o↵ electrons [REF?].
Subsequently, it has arisen in various other contexts and it is important to distinguish these when
discussing how the expression for the Compton wavelength is modified in higher-dimensional
models. The reduced Compton wavelength ~/(Mc) appears naturally in the Klein-Gordon and
Dirac equations but the non-reduced expression is relevant for processes which involve turning
photon energy (hc/�) into rest mass energy (Mc2).

One can also associate the Compton wavelength with the localisation of a particle and this
will be relevant when we come to discuss the modifications required with extra dimensions.
The arguments are of two types. The first is associated with pair-production and combines the
relativistic energy-momentum relation with the de Broglie relations:

E = ~!, ~p = ~~k . (2.1)

Since E > Mc2 for � < RC , this shows that RC acts as a fundamental barrier beyond which
pair-production occurs rather than further localization of the wave-packet of the original parti-
cle. While the de Broglie wavelength marks the scale at which non-relativistic quantum e↵ects
become important and the classical concept of a particle gives way to the idea of a wave packet,
the Compton wavelength marks the point at which relativistic quantum e↵ects become signif-
icant and the concept of a single wave packet as a state in which the particle number remains
fixed becomes invalid [16]. RC is an e↵ective minimum width because on smaller scales one
must switch to a field description in which particle creation and annihilation occur.

The second argument uses the de Broglie relation from non-relativistic quantum mechanics,
together with a more dubious ‘relativistic’ argument. Combining the non-relativistic expression
for the 3-momentum ~p = M~v with a maximum speed |~v| < c implies P < Mc. The relation
(2.1) then gives

k = |~k| <
Mc

~
) � =
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k
>
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Mc

) RC =
h

Mc
. (2.2)
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“Does  Compton–Schwarzschild  duality  in  higher  
dimensions  exclude  TeV quantum  gravity?’  

Matthew  Lake  and  Bernard  Carr  

To  preserve  duality,  effective  Compton  wavelength  must  become

transformation M ! M2
P /M . The considerations of this paper are not dependent on the validity

of the BHUP correspondence itself but we mention this as an example of a particular context
in which the duality arises.

[PREVIOUS VERSION OF THIS PARA WAS VERY CONFUSING SINCE IT DID NOT
DISTINGUISH BETWEEN RS AND ADD MODELS OR BETWEEN LARGE AND PLANCK-
SCALE EXTRA DIMENSIONS OR MENTION THAT BULK ONLY REFERS TO LATTER.
WE MUST CLARIFY TYPE OF EXTRA DIMENSIONS BEFORE DISCUSSING IMPLICA-
TIONS FOR UP.] The black hole boundary in Fig. 1 assumes there are three spatial dimensions
but many theories suggest that dimensionality could increase on small scales. In particular, su-
perstring theory is consistent only in (9 + 1) spacetime dimensions, even though our observable
universe is (3+1)-dimensional. In current models, ordinary matter is described by open strings,
whose end-points are confined to a (p + 1)-dimensional Dp-brane, while gravity is described by
closed strings that propagate in the full space [5, 6, 7]. In the Randall-Sundrum picture [13],
p = 3 and one of the extra dimensions is large (i.e. much larger than the Planck scale), so the
universe corresponds to a D3 brane in a 5-dimensional bulk. However, there could still be other
dimensions ompactified on the brane, in which case the universe would be a Dp-brane, which is
compactified on p�3 extra dimensions. In the ADD model there are n extra spatial dimensions,
all compactified on the same scale [14] but one could consider a model with a sequence of large
extra dimensions of di↵erent compactifiication scales. In this case, there would be a hierarchy of
branes, D3 < D4 < ... < Dp�3 and the dimensionality of the universe would increase as one goes
to smaller scales. An additional motivation for this is that the D3-brane of the first scenario is
expected to have some thickness in quantum theory and this might be interpreted as an e↵ective
compactification scale for the confined matter.

This motivates us to consider the behavior of black holes and quantum mechanical particles
in spacetimes with extra directions. For simplicity, we begin by assuming that all the extra
dimensions in which matter is free to propagate are compactified on a single length scale RE .
If there are n extra dimensions, and black holes with RS < RE are assumed to be spherically
symmetric with respect to the full (3 + n)-dimensional space, then the Schwarzschild radius is
given by [15]

RS = RE

✓
M

M 0
E

◆1/(1+n)

for MP < M < M 0
E ⌘ c2RE/G . (1.6)

So the slope of the black hole boundary in Fig. 1 becomes shallower in this range of M 0. The
question now arises of whether the M dependence of RC is also a↵ected by the extra dimensions.
The usual assumption is that it is not, so that one still has RC / M�1. In this case, the duality
between RC and RS is broken and the intersect of the Schwarzschild and Compton lines is
changed to

R0
P ⇠ (R2

P Rn
E)1/(2+n), M 0

P ⇠ (M2
P Mn

E)1/(2+n) . (1.7)

This gives M 0
P ⇠ MP and R0

P ⇠ RP for RE ⇠ RP but M 0
P ⌧ MP and R0

P � RP for RE � RP .
As is well known, the e↵ective higher-dimensional Planck mass therefore decreases (allowing the
possibility of TeV quantum gravity) and the e↵ective higher-dimensional Planck length increases
[14]. However, in this paper we argue that in some circumstances one expects

RC = RE

✓
M

ME

◆�1/(1+n)

for M > ME ⌘ ~/(cRE) = M2
P /M 0

E , (1.8)

which preserves the duality between RC and RS . In this case, the e↵ective Planck mass is

4

Then  revised  Planck  length  is
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but  Planck  mass  is  unchanged  =>  no  TeV quantum  gravity!
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If  (3+n)D  wave  function  is  spherically  symmetric  in  all dim’

=>    RC ~  M-­1 (as  in  3D  case)

If  (3+n)D  wave  function  is  quasi-­spherical  (i.e.  spherically  
symmetric  in  large  dimensions  but  pancaked  in  extra  dim’)

=>    RC ~  M-­1/(1+n)

M.  Lake  and  B.  Carr  (2016)  arXiv:1611.01913.

This  preserves  duality  between  RC and  RS

BUT  IS  THIS  TRUE?
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Collisional Penrose process 

of

spinning particles

• In 2009, it is showed that the center 
of mass energy diverges when two 
particles (1),(2) collide near the 
horizon of an extreme Kerr BH. 
(BSW process) (Banados, Silk and West ‘09)

Introduction

𝐸𝑐𝑚 ≡ − 𝑃1
𝜇
+ 𝑃2

𝜇
𝑃1𝜇 + 𝑃2𝜇 → ∞

(at the horizon of an extreme BH)

• Due to the red shift, it is not trivial 
that the energy at infinity (of a 
resulting particle (3)) also diverges.

Particle(1)

Particle(4)

Particle(3)

Particle(2)



• The observable energy efficiency at infinity

Elastic collision of the same mass particles

→ 6.32(Leiderschneider & Piran ‘16)

Compton scattering (a photon & a massive particle)

→ 13.92 (Schnittman ‘14)  → Maximum efficiency

(c.f. Ogasawara, Harada & Miyamoto ‘16, 
Leiderschneider & Piran ‘16, Zaslavskii ’16)

The ratio of the resulting energy 

to the sum of initially energy

Introduction

Particle(1)

Particle(4)

Particle(3)

Particle(2)

• We studied the effect of spin to the energy efficiency.

𝜂 ≡
𝐸3

𝐸1 + 𝐸2

• The above works do not include the 
case that particles are spinning. This 
case is also physically reasonable. 

• E.O.M

𝑣𝜇 =
𝑑z𝜇

𝑑𝜏

Spinning particle

The center 

of mass 𝑧𝜇

𝑝𝜇 = 𝜇𝑣𝜇 + 𝑣𝜈
DS𝜇𝜈

𝑑𝜏

• The Mometum and the four velocity

The signature 𝑣𝜇𝑣𝜇
is non trivial

𝑠/𝜇𝑀

𝐸/𝜇

The relation between 𝐸 and 𝑠 for a 

particle to reach the horizon  with 

satisfying 𝑣𝜇𝑣𝜇 < 0.

𝜃 = 𝜋/2

𝜙
An extreme 

Kerr BH

𝑣𝜇𝑣𝜇 < 0



• The radial motion
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• The radial motion

This value is the max  angular 

momentum with which the 

particle can reach the horizon. 

This particle is called critical. 

A particle greater than 

critical is called super-critical. 

sub-critical

𝐽 = 2𝐸𝑀

𝐽 > 2𝐸𝑀

𝐽 < 2𝐸𝑀

(1): critical (2): sub-critical.

Red  : 𝑠 = 0.44𝜇𝑀
Blue : 𝑠 = 0
Green:𝑠 = −0.27𝜇𝑀

𝜃 = 𝜋/2

𝜙
An extreme 

Kerr BHSpinning particle

We choose the property of 

the spinning particle as 

with the spinless case.

• The collision near the horizon: 𝑟𝑐 =
𝑀

1−𝜖

Collisional Penrose Process

𝐸1 + 𝐸2 = 𝐸3 + 𝐸4
𝐽1 + 𝐽2 = 𝐽3 + 𝐽4

𝑃1
𝑟 + 𝑃2

𝑟 = 𝑃3
𝑟 + 𝑃4

𝑟

𝑠1 + 𝑠2 = 𝑠3 + 𝑠4

• Conservation laws

Head-on collision 



• The collision near the horizon: 𝑟𝑐 =
𝑀

1−𝜖

Collisional Penrose Process

𝐸1 + 𝐸2 = 𝐸3 + 𝐸4
𝐽1 + 𝐽2 = 𝐽3 + 𝐽4

𝑃1
𝑟 + 𝑃2

𝑟 = 𝑃3
𝑟 + 𝑃4

𝑟

𝑠1 + 𝑠2 = 𝑠3 + 𝑠4

• Conservation laws

𝐽1 = 2𝐸1𝑀,   𝐽2 = 2𝐸2𝑀(1 + 𝜁) (𝜁 < 0) Head-on collision 

• The collision near the horizon: 𝑟𝑐 =
𝑀

1−𝜖

Collisional Penrose Process

𝐸1 + 𝐸2 = 𝐸3 + 𝐸4
𝐽1 + 𝐽2 = 𝐽3 + 𝐽4

𝑃1
𝑟 + 𝑃2

𝑟 = 𝑃3
𝑟 + 𝑃4

𝑟

𝑠1 + 𝑠2 = 𝑠3 + 𝑠4

• Conservation laws

𝑠3 = 𝑠1, 𝑠4 = 𝑠2𝐽3 = 2𝐸3𝑀(1 + 𝛼3𝜖 + 𝛽3𝜖
2)

𝐽1 = 2𝐸1𝑀,   𝐽2 = 2𝐸2𝑀(1 + 𝜁) (𝜁 < 0) Head-on collision 



• The collision near the horizon: 𝑟𝑐 =
𝑀

1−𝜖

Collisional Penrose Process

𝐸1 + 𝐸2 = 𝐸3 + 𝐸4
𝐽1 + 𝐽2 = 𝐽3 + 𝐽4

𝑃1
𝑟 + 𝑃2

𝑟 = 𝑃3
𝑟 + 𝑃4

𝑟

𝑠1 + 𝑠2 = 𝑠3 + 𝑠4

• Conservation laws

𝑠3 = 𝑠1, 𝑠4 = 𝑠2

1. Expand the radial momentum about 𝜖 and 

check the conservation law order by order.

2. Solve in terms of 𝐸2 and 𝐸3
3. Analyze the energy efficiency: 𝜂 =

𝐸3

𝐸1+𝐸2

𝐽3 = 2𝐸3𝑀(1 + 𝛼3𝜖 + 𝛽3𝜖
2)

𝐽1 = 2𝐸1𝑀,   𝐽2 = 2𝐸2𝑀(1 + 𝜁) (𝜁 < 0) Head-on collision 

The elastic scattering (the same masses) 

The effect of spin in the case of 𝐸1 = 𝜇, 𝛼3 = +0

𝐸3,𝑚𝑎𝑥 = 30.016𝜇

It has to be analyzed whether 𝐸2 = 𝜇
is possible or not since the particle (2) 

has the restriction 𝐸2 ≥ 𝜇, 

Maximum efficincy:15.01

𝐽3 = 2𝐸3𝑀(1 + 𝛼3𝜖 + 𝛽3𝜖
2)

𝐽1 = 2𝐸1𝑀, 𝐽2 = 2𝐸2𝑀(1 + 𝜁)

𝐸3 = 𝐸3(𝐸1, 𝑠1, 𝑠2, 𝛼3),
𝐸2 = 𝐸2(𝐸1, 𝑠1, 𝑠2, 𝛼3, 𝛽3, 𝜁).

The contour map of 𝐸3 in terms of 𝑠1 and 𝑠2. 

In the green region the timelike condition of the 

particle (3) is satisfied. 𝐸3 can reach the maximum 

at the red point: (𝑠1, 𝑠2)=(0.013,−0.27)

𝜁

𝛽3

The relation giving 𝐸2 = 𝜇 in 

terms of 𝜁 and 𝛽3



The maximum efficiency: 

26.85 (𝐸1 → ∞).

The parameters giving 𝐸2 = 𝜇

𝐽3 = 2𝐸3𝑀(1 + 𝛼3𝜖 + 𝛽3𝜖
2)

𝐽1 = 2𝐸1𝑀, 𝐽2 = 2𝐸2𝑀(1 + 𝜁)

𝐸3,𝑚𝑎𝑥=26.85𝐸1

The “Compton” scattering
(the scattering of a massless particle (1) 
and a massive particle (2)) 𝐸3/𝐸1 = 𝐸3(𝑠2, 𝛼3),

𝐸2 = 𝐸2(𝐸1, 𝑠2, 𝛼3, 𝛽3, 𝜁).

𝜁

𝛽3

The relation giving 𝐸2 = 𝜇 in terms of 𝜁
and 𝛽3 in the case of 𝐸1 = 102𝜇.

The contour map of 𝐸3/𝐸1 in terms of 𝑠2 and 𝛼3. 

The timelike condition is trivial for a spinless particle. 

𝐸3/𝐸1 can also reach the maximum at the 

red point: (𝑠2, 𝛼3)=(−0.27,+0)

Conclusion and discussion
➢ The maximum efficiency in the elastic collision of the same 

mass spinning particles: 15.01

(the spinless case: 6.32)

➢ The maximum efficiency in the “Compton” scattering: 26.85

(the spinless case: 13.93)

➢ In the case of the rear-end collision, 

the efficiency is not good as the head-on collision case.

we can obrain about twice as large efficiency as the 

spinless case when the spin of the particle (2) is negative. 

(chosen as antiparallel to the BH).

 The case where particle (2) is also 

near critical

 The case of non-extreme BH

 About the super Penrose process Rear-end collision



Negative 𝛽3 when 𝛼3 is zero 

To bounce back, 𝛼3𝜖 + 𝛽3𝜖
2 > 0 is needed; hence, 

the particle 3 cannot come back to infinity when 𝛼3
is exactly zero and 𝛽3 is negative.

Like 𝜖, 𝛿 -definition of limit, we can choose 𝜖 as much smaller 
than any small 𝛼3. Therefore, the particle 3 can bounce back 
when 𝛽3 is negative and in the sence of 𝛼3 → +0, 𝛼3 = 0.

From the timelike condition we find that

𝑠1 and 𝑠3 must be small. Hence, we first 

set 𝑠1 and 𝑠3 is set to zero.

The contour map of 𝐸3 in terms of 𝛼3 and 

𝑠2 when 𝑠1 and 𝑠3 is set to zero.

𝑠

𝐸

From the left graph, we find 𝛼3 = +0
gives the largest efficiency.

Hence next we set 𝛼3 = +0 and 

analyze the maximal efficiency.

The elastic scattering (the same masses) 

𝐽3 = 2𝐸3𝑀(1 + 𝛼3𝜖 + 𝛽3𝜖
2)

𝐽1 = 2𝐸1𝑀, 𝐽2 = 2𝐸2𝑀(1 + 𝜁)

𝐸3 = 𝐸3(𝐸1, 𝑠1, 𝑠2, 𝛼3),
𝐸2 = 𝐸2(𝐸1, 𝑠1, 𝑠2, 𝛼3, 𝛽3, 𝜁).



The effect of spin in the case of 𝐸1 = 𝜇, 𝛼3 = +0

𝐸3,𝑚𝑎𝑥 = 15.64𝜇 Maximum efficincy:15.64

𝐽3 = 2𝐸3𝑀(1 + 𝛼3𝜖 + 𝛽3𝜖
2)

𝐽1 = 2𝐸1𝑀, 𝐽2 = 2𝐸2𝑀(1 + 𝜁)

𝐸3 = 𝐸3(𝐸1, 𝑠1, 𝛼3),
𝐸2 = 𝐸2(𝐸1, 𝑠1, 𝛼3, 𝛽3, 𝜁).

The contour map of 𝐸3 in terms of 𝑠1 and 𝑠2. 

In the green region the timelike condition of the 

particle (3) is satisfied.

The inverse “ Compton” scattering
(the scattering of a massive particle (1) 
and a massless particle (2))

The contour map of 𝐸2 in 

terms of 𝜁 and 𝛽3.

𝐸2 = 0 is possible when 𝛽3𝜁 → ∞.

𝛽3

𝜁

How to describe a spinning particle

• Timelike condition 𝑃𝜇 = 𝜇𝑣𝜇 + 𝑣𝜈
DS𝜇𝜈

𝑑𝜏

In the case of the spin-less case, the time-like condition is trivial but in this 

case this condition nontrivial because momentum is not parallel to 4 velocity. 

𝑣𝜇𝑣𝜇 < 0

This graph is obtained by 

𝑎 → 𝑀(Extreme Kerr),

𝑟 → 𝑀(to evaluate at the horizon)

For 𝐸 = 𝜇,

−0.270 < s < 0.449

𝑠

𝐸



Momentum of a spinning particle

Δ = 𝑟 − 1 2

Σ = 𝑟2
𝑢(0) =

𝑟3 + 1 + 𝑠 𝑟 + 𝑠 𝐸 − 𝑟 + 𝑠 𝐽

𝜇𝑟2 Δ(1 −
𝑠2

𝑟3
)

𝑢(3) =
− 1 + 𝑠 𝐸 + 𝐽

𝜇𝑟 (1 −
𝑠2

𝑟3
)

𝑢(1) =

Momentums of a particle can be written by 𝐸, J as below;

Radial momentum 
conservation at 1st order

We get a quadratic equation of 𝐸3: 

The elastic scattering 
(the same masses) 



Radial momentum 
conservation at 2nd order

Since this fixes the value of 𝐸2, 

we obtain the efficiency by 
𝜂 ≡

𝐸3
𝐸1 + 𝐸2

This efficiency is obtained 

when 𝛼3, 𝛽3, and 𝜁 are given.

Linear equation of 𝐸2

The elastic scattering 
(the same masses) 
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1.Fitting with data and Parameter search (Newton, GR) 

2.Simulation and obtaining RV curve (                                ) 

3.Calculate GR effect 

4.Comparison between          and data

1. What we want to do

czNewton(t), czGR(t)

c�z

Saida-san has talked about Step 2, 3 and 4. 
I wll talk about detail of Step 1.

c�z := czGR(t) � czNewton(t)



• Method 
χ2- fitting of theory with obs. data 

• fitting parameters (19 parameters)
-          : Mass of Sgr A* 
-          : Distance to Sgr A* 
-          : S2’s initial conditions 
-          : Our velocity 
-          : Astro. ref. point for Keck 
-          : Velocity of ref. point for Keck 
-          : Astro. ref. point for VLT 
-          : Velocity of ref. point for VLT

MSgrA⇤
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Newton Gravity 
General Relativity

Astro. data : Keck + VLT 
Spect. data : Subaru + Keck + VLT

(X, Y ) = (RA, Dec)
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2. fitting method : χ2-fitting

• Fitting and Test of a Model using Obs. Data 
‣ Hypotheses 
- Measurement of each obs. data      is individually 
a stochastic process obeying                  . 

- Mean      of each obs. data     is modeled with L 
parameters,                             . 

Step1：Find the best-fit values of Ai . 
Step2：Test the goodness of fitting. 
Step3：If good, then estimate the error of fitting.

µi
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µi = fi(A1, · · · , AL)

zi
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P (Z; µi, �i)

zi
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Best-fit values                            correspond to the 
minimum of χ2 

➡        is a stochastic variable, because    ’s are the 
stochastic variables. 

➡The probability distribution of        is χ2 -distribution 
of N−L degrees of freedom.

�2
min

�2
min zi
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3. Best-fit parameter

• Maximum Likelihood Estimation (MLE) 
- Just find χ2min 

- Merit：Short calculation times 

- Demerit：Cannot obtain the error（Need an extra estimation） 

• Bayesian inference ← Our next approach 
- Compute probability distribution of parameters Ai . 

- Merit：Introduction of a prior Prob. Dist. from previous result. 

- Demerit：very long time

Two approaches to find χ2min

Prob. Dist. we want = Likelihood ⇥ prior Prob. Dist.



• Markov Chain Monte Carlo method（MCMC） 
- One of the Monte Carlo method 

- Random Walk following Markov process (Markov Chain) 

- Change the parameter values following probability (Likelihood). 

- Next step tends to go to high likelihood value. (Metropolis method)

parameter

Pr
ob

ab
ilit
y

• How to obtain the Likelihood? 
- Now, we use χ2 -fitting. 

- p-value（cumulative probability）of χ2 = Likelihood

• Histogram by MCMC 
- Taking many step of Markov chain, we can obtain the histogram 

showing prob. dis. of parameters. 

- Estimate mean, deviation, … form this histogram.もっともっと長くサンプリングしてみる
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ターゲットとなる「パラメーターの分布」に近づいてきた
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• Setting 

- Theory : Newton Gravity 

- Fitting data : only RV data (Subaru + Keck + VLT) 

- Fitting params. : 

- Prior Prob. Dist. : 

‣ Uniform → Test Model 

‣ Normal Dist. following result of GRAVITY+(2018)                      
→ Referencing Model

4. Fitting Examples

MSgrA⇤ , ~xapo, ~vapo
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：Date at apocenter
：Eccentricity
：Period

：inclination
：Longitude of the Ascending Node
：Argument of Perigee

Here, we can convert                  to~xapo, ~vapo
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(others?)
• BH mass seems to 
be too small. 

• Because of fitting 
by only RV.

Test Model
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red ⇠ 2.6

• I explained detail of our fitting theory with observational 
data (χ2- fitting, MCMC). 

- The plan using MCMC is not complete yet. (in progress) 

• Test fitting by MCMC (only Newton Grav.)  

- If we fit with only RV data, does NOT work. 

‣ RV data is not enough statistically. 

- It is necessary to fit with both datas (Astro. and RV).

5. Summary
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Planar domain walls  
in Kerr spacetime

Filip Ficek 
Jagiellonian University 

Cracow, Poland

Plan

• Domain walls 

• Searching for domain wall transits 

• Details of the simulation 

• Results 

• Summary



Domain walls

ϕ

V(ϕ)



Terrestrial experiments

Global Network of Optical  
Magnetometers for Exotic Physics GPS.DM



Astrophysical effects

Details of the simulation
• φ4 model 

• Black hole with either angular momentum or charge 

• Initially planar domain wall 

• Axial symmetry (2D simulation)

• Crank-Nicholson method 

• Kerr-Schild-type coordinates 

• Minkowski solution as a boundary condition at the outer boundary 

• Inner boundary of the domain below the outer horizon (no boundary conditions) 

• Causality under the horizon imposed during the discretisation

zBH

R- R+



Details of the simulation
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Results

Summary
• Domain wall transits are an active area of research. 

• There exist observational campaigns, both terrestrial and 
astrophysical. 

• Domain walls seem to be stable under the black hole 
transits 

• Angular momentum of the black hole have a little impact 
on the results 
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Masashi Kimura

Stability analysis of BHs
by the S-deformation method 

for coupled systems

8th Nov 2018

(IST, Univ. of Lisbon)
w/ Takahiro Tanaka (Kyoto Univ.)

MK, CQG 34, 235007 (2017)
MK & T.Tanaka, CQG 35, 195008 (2018)

MK & T.Tanaka, arXiv:1809.00795
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Linear gravitational perturbation on a 
highly symmetric BH usually reduces to

Linear (mode) stability of BH

modeunstable mode →
(negative energy bound state)
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implies non-existence of             mode

Sometimes,      contains negative regions

To prove (mode) stability, we need to
show the non-existence of            mode

3/18

In general, it is hard to find an appropriate
analytically

S-deformation

We can say             if  

In that case, numerical approach 
(e.g. solving PDE) was used so far

[Kodama and Ishibashi 2003] 

For continuous
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Todayʼs talk
We propose a simple method for 
finding an appropriate S-deformation

Also, extend this method to coupled 
systems

5/18

Very easy method

The existence of global regular solution 
is non-trivial

Regular S usually can be obtained from
the initial condition S = 0 at V > 0 region

Just solve                           numerically 

[Kimura 2017] 
[Kimura & Tanaka2018] 
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10 Dim Schwarzschild BH

We can find regular S without fine-tuning

7/18

If                               there exists an 
unstable mode

5D Black string

[Gregory and Laflamme, 1993]
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Relation with Schrödinger Eq.
is the Riccati equation

→

Schrödinger Eq. with zero energy

A solution which does not have any zero
corresponds to a regular S

9/18

Nodal theorem
A theorem in the Sturm–Liouville theory

If we solve the Schrödinger Eq. with the 
boundary condition
at a sufficiently large distance, the number of 
zeros coincides with the number of the negative 
energy bound states.

There should exist a regular     for stable 
spacetime
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Proposition. There exists a regular 
S-deformation for stable spacetimes

Under some assumption, we can show that
S constructed from a sol. with decaying
boundary condition is regular if the 
spacetime is stable.

11/18

Extension to multiple degrees of freedom

:           Hermitian matrix 
:    components vector 

We assume the coupling term

If there exist two or more physical degrees 
of freedom, and they are coupled, master 
Eqs sometimes become
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For any            Hermitian S,

If     is non-negative definite, spacetime
is stable

We can still find a regular S by solving

13/18

Schwarzschild BH in dCS
[Molina, Pani, Cardoso, Gualtieri 2010]
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Schwarzschild BH in dCS

We solve                              numerically

with the initial condition 
S = 0  at a large distance

15/18( S is bounded if Tr(S) is bounded) 
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Remarks for general case
The nodal theorem for coupled systems
suggest the existence of regular S
(we can explicitly show the existence of 
regular S for rapidly decaying potential)

If V > 0 in asymptotic region,
at large    is a candidate for 

an appropriate initial condition

17/18

Merit of S-deformation method
・We do not need to care about boundary

condition at infinity very much, we can
solve equation from finite point

・Any fine-tuning is not needed

・It is clear that the existence of regular S
is the sufficient condition for stability
(proof of nodal theorem is very difficult)

・Easy to show the non-existence of 
zero mode (by showing two different S)
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We proposed a simple method for finding 
S-deformation by solving 

Summary

This is a good test for stability of BH

If stable, this method should work

We can guess the threshold of the 
parameter where unstable mode appears
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Cosmological Perturbations in In5lation


Infla(on	is	a	high	energy	phase	of	accelerated	expansion	in	the	early	Universe	

with	 ä > 0

Quantum	vacuum	fluctua(ons	are	stretched	to	cosmological	scales	

Hubble	radius	

(me	

�k wavelength	

a/ȧMinkowski		
vacuum	

Par(cle	Produc(on	à		

Quantum	fluctua(ons	sourcing	the	background	

à
	

Structure	Forma(on	

CMB	

ds2 = �dt2 + a2(t)dx2



Cosmological Perturbations in In5lation


One	scalar	degree	of	freedom:													(curvature	perturba(on)																			(CMB	T°	fluctua(on)		

| ki =
1

coshrk

1X

n=0

e2in'k(�1)ntanhnrk|nk, n�ki

Two-mode	squeezed	state	(Gaussian	state)	

with	| i =
O

k2R3+

| ki

Wigner	func(on	

v / ⇣ / �T/T

W (vkkk, pkkk) =

Z
dx

2⇡2
 ⇤(vkkk � x

2
) e�ipkkkx  (vkkk +

x

2
)

Evolution Equation

@

@t
W (v, p, t) = �{W (v, p, t) , H (v, p, t)}Poisson Bracket

For	quadra8c	Hamiltonians	

2/15	

Quantum State of Cosmological Perturbations
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Cosmological Perturbations in In5lation


One	scalar	degree	of	freedom:													(curvature	perturba(on)																			(CMB	T°	fluctua(on)		v / ⇣ / �T/T

Evolution Equation

@

@t
W (v, p, t) = �{W (v, p, t) , H (v, p, t)}Poisson Bracket

Quantum Mean Value and Stochastic Average


For	quadra8c	Hamiltonians	

Super-Hubble	limit	

4/15	

D
Ô (v̂, p̂)

E
quant

=?
Z

W (v, p) O (v, p) dv dp

•  True for              and             



•  True for Hermitian, quadratic


•  True for proper                   in the super-Hubble limit


O (v̂) O (p̂)

O (v̂, p̂)

O (v̂, p̂)

Ô = vkv†
kpkp†

k + pkp†
kvkv†

k
Example:
 hÔiquant = hÔistoch + 1/4

e2(N�NHubble crossing)

Lesgourgues,	Polarski,	Starobinky	(1997)	
J.	Mar(n,	VV	(2016)	

Stochas(c	Formalism	
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Starobinsky,	1986	

�̂coarse grained =

Z

k<�aH(N)

d3k
h
�k (N) e�ik·xâk + �⇤

k (N) eik·xâ†
k

i

d

dN
�cg = � V 0 (�cg)

3H2 (�cg)
+

H (�cg)

2⇡
⇠ (N)

coarse-grained	field:	

at	leading	order	in	slow	roll:	

Modes	smaller	than	the	coarse-graining	
scale	are	constantly	escaping	

	the	Hubble	radius	and	source	the	
coarse-grained	sector.		

(�aH
) �

1

k�1

N

super-H	
sub-H	

Quantum	backreac(on	on	super-Hubble	scales	



Primordial	Black	Holes	from	Infla(on	

Primordial	density	perturba(ons	when	modes	re-enter	the	
Hubble	radius	afer	infla(on	

�⇢

⇢

����
k=aH

⇠ ⇣

Rare	fluctua(ons	exceeding	cri(cal	value	
collapse	to	form	black	holes		

⇣ > ⇣c ⇠ 1

Mass	frac(on		
�(M) < 10�8

⇣

P (⇣)

� (M) =

Z 1

⇣c

P (⇣) d⇣

6/15	⇣c

⇣(t, x) = N (t, x) � N0(t) ⌘ �N~x = const.
tin

spa(ally	flat	slice	Ψ(x)=0	

uniform	density	slice	δρ(x)=0	

November	2018	 JGRG	28	

tf

The	Stochas(c-δN	Formalism		

7/15	

number	of	e-fold	is	a	stochas(c	variable	N (�)

⇣coarse grained = N � hNi

Moments	obey	an	itera(ve	rela(on	(Vennin	and	Starobinsky	2015)	

hN ni00 � v0

v2
hN ni0 = � n

vM2
Pl

⌦
N n�1

↵

Enqvist,	Nurmi,	Podolsky,	Rigopoulos	(2008)	
Fujita,	Kasawaki,	Tada,	Takesako	(2014)	

VV,	Starobinsky	(2015)	
VV,	Assadullahi,	Firouzjahi,	Noorbala,	Wands	(2017)		



Power	Spectrum	
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not	the	“naïve”	criterion!	

�

v

v(�) = v0


1 +

✓
�

�0

◆p�
Example:	

��well
0.000 0.005 0.010 0.015 0.020 0.025

v0N
0

100

200

300

400

500

600

700

P
( v

0
N

)

v = 0.02

v = 0.03

v = 0.04

v = 0.05

v = 0.06

NLO

NNLO

“Classical”	Regime	

Is	the	Gaussian	approxima(on	sufficient?	
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Conclusions	

•  Stochas?c-δN	needed	to	calculate	primordial	density	perturba(ons	
beyond	perturba(ve	approach	

	
•  In	the	classical	regime,	Gaussian	approxima?on	may	fail!	
	
•  Primordial	Black	Hole	bounds	require	N<1	in	quantum	diffusion	
regime	

	
•  Extension	to	mul?-field?	
	
•  Transient	slow-roll	viola?on	(inflec(on	point	models)?	
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Tn [GeV] �B(Tn)/Tn ↵ �/H(Tn)

682 1 7 ⇥ 10�3 7 ⇥ 104

Table 1: Parameters Tn, �B(Tn)/Tn, ↵ and �/H(Tn) for the evaluation of the spectrum
of gravitational wave background with the benchmark point � = 0.05, bg3 = 1, 1 =

0.05, Mdstop = 0, Xbt = 0, vA/f = 0.123 and tan� = 10.

As discussed in App. A.1, in order to have the first order phase transition and gravi-
tational wave production, �B(TC)/TC & bg2 is required. This ratio gets larger for a smaller
�+ 1 (see App. A.1.). As discussed in Sec. 2 (see Fig. 1), we have the conditions � > 0.05

and 1 > 0.05, from the requirements � > ⇢1, 1 and mh ' 125 GeV. Thus hereafter we
take � ' 0.05 and 1 ' 0.05 as the benchmark point. For simplicity we require the quartic
coupling 1 is dominated by the D-term,  ' (bg2

2/8) cos2 2�, so that tan� ' 10. The value
of the twin QCD coupling constant bg3 can be somewhat different from the value of the
visible QCD coupling constant g3 because the exact Z2 symmetry is not necessary from the
view point of naturalness [2, 18]. Here we simply set the twin QCD coupling to be bg3 = 1.
The change of the value of bg3 allowed by naturalness leads to a 10% effect for �B(TC)/TC .
In addition, we take Xbt = 0 in our evaluation for the following reason. A non-zero Xbt tends
to induce unwanted color-breaking vacua. In order to avoid the appearance of such vacua,
larger soft masses are required, which reduces the ratio between the effective mass and the
cubic term. Thus, with a non-zero Xbt, �B(TC)/TC will get smaller compared to the case
with a vanishing Xbt.

Now the ratio �B(TC)/TC is determined by the twin stop soft parameters and the
U(4)-breaking scale f . Figure 4 shows the ratio �B(TC)/TC as the function of the left and
right-handed twin stop (common) soft masses |em2

bQ| = |em2
btR

| ⌘ M2
dstop

for vA/f = 0.123. The
renormalization scale is set to be µ = T . We can see that the ratio �B(TC)/TC takes the
maximal value for the massless limit of the light twin stop Mdstop ' 0, which is roughly 0.9.
For other choices of the ratio vA/f & 0.1, required from the point of view of naturalness,
we confirmed that �B(TC)/TC ' 0.9 > bg2 for Mdstop ' 0. Thus, for this parameter choice,
the phase transition is the first order, which leads to the generation of the gravitational
wave. Note that here we admit the strong violation of the Z2 symmetry in the soft stop
mass, but we assume that the Z2 symmetry is hold for tan� otherwise we cannot have the
Mexican-hat type U(4)-breaking potential.

Now let us evaluate the spectrum of gravitational wave background generated in this
model. For this purpose, we need to estimate the nucleation temperature Tn, the latent
heat density ↵ and the duration of the phase transition � (see App. A.2 for the detailed def-
inition). They can be obtained by solving the bounce equations for the thermal resummed
effective potential V (�B, T ) = V0 + VCW + Vthermal + Vring + V

(2)
thermal. Table 1 shows the

values of these parameters for our benchmark points, � = 0.05, 1 = 0.05, bg3 = 1, tan� =

10, Xbt = 0, and vA/f = 0.123.
Figure 5 shows the spectrum of the gravitational wave background for our benchmark

point (see App. A.2 for the formalism to calculate it). The most dominant source of the
gravitational wave for our benchmark point is found to be the sound wave of the plasma
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Standard single-field inflation with Einstein gravity 
Planck Collaboration: Constraints on Inflation
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
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joint 68 % and 95 % CL regions assume dns/d ln k = 0.

limits obtained from a ⇤CDM-plus-tensor fit. We refer the inter-
ested reader to PCI15 for a concise description of the inflationary
models studied here and we limit ourselves here to a summary
of the main results of this analysis.

– The inflationary predictions (Mukhanov & Chibisov 1981;
Starobinsky 1983) originally computed for the R2 model
(Starobinsky 1980) to lowest order,

ns � 1 ' � 2
N
, r ' 12

N2 , (48)

are in good agreement with Planck 2018 data, confirm-
ing the previous 2013 and 2015 results. The 95 % CL al-
lowed range 49 < N⇤ < 58 is compatible with the R2 ba-
sic predictions N⇤ = 54, corresponding to Treh ⇠ 109 GeV
(Bezrukov & Gorbunov 2012). A higher reheating temper-
ature Treh ⇠ 1013 GeV, as predicted in Higgs inflation
(Bezrukov & Shaposhnikov 2008), is also compatible with
the Planck data.

– Monomial potentials (Linde 1983) V(�) = �M4
Pl (�/MPl)p

with p � 2 are strongly disfavoured with respect to the
R2 model. For these values the Bayesian evidence is worse
than in 2015 because of the smaller level of tensor modes
allowed by BK14. Models with p = 1 or p = 2/3
(Silverstein & Westphal 2008; McAllister et al. 2010, 2014)
are more compatible with the data.

– There are several mechanisms which could lower the pre-
dictions for the tensor-to-scalar ratio for a given potential
V(�) in single-field inflationary models. Important exam-
ples are a subluminal inflaton speed of sound due to a non-
standard kinetic term (Garriga & Mukhanov 1999), a non-
minimal coupling to gravity (Spokoiny 1984; Lucchin et al.

1986; Salopek et al. 1989; Fakir & Unruh 1990), or an ad-
ditional damping term for the inflaton due to dissipation in
other degrees of freedom, as in warm inflation (Berera 1995;
Bastero-Gil et al. 2016). In the following we report on the
constraints for a non-minimal coupling to gravity of the type
F(�)R with F(�) = M2

Pl + ⇠�
2. To be more specific, a quartic

potential, which would be excluded at high statistical signif-
icance for a minimally-coupled scalar inflaton as seen from
Table 5, can be reconciled with Planck and BK14 data for
⇠ > 0: we obtain a 95 % CL lower limit log10 ⇠ > �1.6 with
ln B = �1.6.

– Natural inflation (Freese et al. 1990; Adams et al. 1993) is
disfavoured by the Planck 2018 plus BK14 data with a Bayes
factor ln B = �4.2.

– Within the class of hilltop inflationary models
(Boubekeur & Lyth 2005) we find that a quartic poten-
tial provides a better fit than a quadratic one. In the quartic
case we find the 95 % CL lower limit log10(µ2/MPl) > 1.1.

– D-brane inflationary models (Kachru et al. 2003; Dvali et al.
2001; Garcı́a-Bellido et al. 2002) provide a good fit to
Planck and BK14 data for a large portion of their parame-
ter space.

– For the simple one parameter class of inflationary potentials
with exponential tails (Goncharov & Linde 1984; Stewart
1995; Dvali & Tye 1999; Burgess et al. 2002; Cicoli et al.
2009) we find ln B = �1.0.

– Planck 2018 data strongly disfavour the hybrid model driven
by logarithmic quantum corrections in spontaneously broken
supersymmetric (SUSY) theories (Dvali et al. 1994), with
ln B = �5.0.
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ABSTRACT

We report on the implications for cosmic inflation of the 2018 release of the Planck cosmic microwave background (CMB) anisotropy measure-
ments. The results are fully consistent with those reported using the data from the two previous Planck cosmological releases, but have smaller
uncertainties thanks to improvements in the characterization of polarization at low and high multipoles. Planck temperature, polarization, and lens-
ing data determine the spectral index of scalar perturbations to be ns = 0.9649±0.0042 at 68 % CL. We find no evidence for a scale dependence of
ns, either as a running or as a running of the running. The Universe is found to be consistent with spatial flatness with a precision of 0.4 % at 95 %
CL by combining Planck with a compilation of BAO data. The Planck 95 % CL upper limit on the tensor-to-scalar ratio, r0.002 < 0.10, is further
tightened by combining with the BICEP2/Keck Array BK14 data to obtain r0.002 < 0.064. In the framework of standard single-field inflationary
models with Einstein gravity, these results imply that: (a) the predictions of slow-roll models with a concave potential, V 00(�) < 0, are increasingly
favoured by the data; and (b) based on two di↵erent methods for reconstructing the inflaton potential, we find no evidence for dynamics beyond
slow roll. Three di↵erent methods for the non-parametric reconstruction of the primordial power spectrum consistently confirm a pure power law
in the range of comoving scales 0.005 Mpc�1 . k . 0.2 Mpc�1. A complementary analysis also finds no evidence for theoretically motivated
parameterized features in the Planck power spectra. For the case of oscillatory features that are logarithmic or linear in k, this result is further
strengthened by a new combined analysis including the Planck bispectrum data. The new Planck polarization data provide a stringent test of the
adiabaticity of the initial conditions for the cosmological fluctuations. In correlated, mixed adiabatic and isocurvature models, the non-adiabatic
contribution to the observed CMB temperature variance is constrained to 1.3 %, 1.7 %, and 1.7 % at 95 % CL for cold dark matter, neutrino density,
and neutrino velocity, respectively. Planck power spectra plus lensing set constraints on the amplitude of compensated cold dark matter-baryon
isocurvature perturbations that are consistent with current complementary measurements. The polarization data also provide improved constraints
on inflationary models that predict a small statistically anisotropic quadupolar modulation of the primordial fluctuations. However, the polariza-
tion data do not support physical models for a scale-dependent dipolar modulation. All these findings support the key predictions of the standard
single-field inflationary models, which will be further tested by future cosmological observations.

⇤Corresponding authors:
Fabio Finelli, finelli@iasfbo.inaf.it;
Martin Bucher, bucher@apc.univ-paris7.fr
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➤ No evidence beyond slow-roll (nor feature in the potential).

m << H

UV completion of single-field inflation



m ≳ H

UV completion of single-field inflation

The origin of heavy particles

SUSY breaking / SUGRA ?

heavy-lifted SM particles ?

Baumann & Green [1109.0292] Yamaguchi [1101.2488]

Kumar & Sundrum [1711.03988]

Chen, Wang & Xianyu [1610.06597]

m ~ H



Heavy particle production

m � H

m� ⇠ H

�

contact process

exchange process

⇣ ⇣ ⇣

⇣ ⇣ ⇣
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EFT

particle production

klong/kshort

The simplest non-Gaussian observable h⇣3i

 wave interference

 1(~r, t) = A1(~r)e
�i[!t�↵1(~r)]

 2(~r, t) = A2(~r)e
�i[!t�↵2(~r)]

I(~r) =

Z
dt   ⇤

⇠ A2
1 + A2

2 + 2A1A2 cos[↵1 � ↵2]

 =  1 + 2

The intensity

The source

credit: physics@TutorVista.com



 cosmological quantum interference

The correlation function

Two sources in de Sitter space

D
Q̂[⇣, ⇣̇, �, �̇]

E
= (non-oscillatory) + (oscillatory)

 non-analytic effects 

 analytic waves

 analytic + non-analytic waves

⇣(k, ⌘) ⇠ Ô(k) ⌘3/2

fixed by isometries of dS:

�(k, ⌘) ⇠ Ô+(k) ⌘�+ + Ô�(k) ⌘��

�± =
3

2
± i

r
m2

�

H2
� 9

4

boundary

bulk

⌘ = 0

Arkani-Hamed et. al [arXiv:last week]

The bulk time evolution is encoded in boundary correlators.

Ô±(k)

higher-dimension operators asked by a well-defined e↵ective theory in [19]. Instead, we

consider particular higher dimensional interactions as exact operators, allowing Higgs and

inflaton to form a strongly coupled system, which could arise from the symmetry breaking of

an extended group structure. 1 We use the �-h two-field system as an example, within the

frame work of [19], to show that cubic or higher-order perturbations in the Lagrangian are

always well-defined, even if quadratic perturbations are made strongly coupled in the Higgs-

inflaton system. One can identify an energy scale corresponding to the strong coupling,

above which Higgs acts as a heavy degree of freedom. Integrating out the heavy Higgs field

in the strong-coupling regime shall result in an e↵ective speed of sound c2
� for inflaton, which

captues the leading analytic (local) contribution of the heavy field to the primordial spectra

[21, 37, 39].

Due to the implicit symmetries of the inflationary background, one can expand mode

functions into power-laws ⇠ ⌘� of the conformal time in the late-time limit |⌘| ! 0, where �

characterizes the spatial dimension of an operator residing on the boundary of future infinity

(⌘ = 0) [6]. For the simplest non-Gaussian observable led by the three-point function h⇣3i,
the late-time expansion implies that the squeezed limit exhibits the scaling as

h⇣3i
h⇣2iSh⇣2iL

⇠
X

i

wi

✓
kL

kS

◆�i

, (1)

where kL/kS ⌧ 1 and kL is a long-wavelength mode that exits the horizon much earlier

than the short-wavelength mode kS. wi are coe�cients depending on the mass of the heavy

Higgs field. If the gauge symmetry is unbroken during inflation, one expects the non-analytic

scaling takes [3]

�non�analytic = 3 ± 2 iLh, Lh =

r
m2

h

H2
� 9

4
, (2)

since the Higgs field must enters the correlation functions as a pair. For mh/H > 3/2, the

non-analytic contribution creates oscillatory featurs in the bispectrum, which can be taken

as the signature of heavy particle production during inflation.

In this work, we realize the heavy-lifted Higgs production by virtue of a strong-coupling

that spontaneously breaks the gauge symmetry and give a non-zero VEV to the Higgs field.

1 For natural inflation,

3



Heavy-lifting mechanism

h

h

h

Chen, Wang & Xianyu [1610.06597]

Kumar & Sundrum [1711.03988]

Chen, Wang & Xianyu [1612.08122]

) larger fNL



�⇠R h2

�

4
h4

�F (�, @µ�)h2

Kumar & Sundrum [1711.03988]

see also Minxi He’s talk

hhi 6= 0

Spontaneous symmetry breaking during inflation

tachyonic mass

broken and Higgs VEV not too much larger than H. This is the case we focus on, and
we will see that such scenarios can give rise to observable NG for both spin-0 and spin-1
particles.

Since the Hubble scale during inflation can be very high (H . 5 ⇥ 1013GeV), inflation
and the study of NG provides an exciting arena to hunt for new particles. In this regard
two distinct possibilities arise. We discuss them next.

4.2 High Energy Physics at the Hubble Scale

We could imagine a scenario in which there exists some new spontaneously broken gauge
theory at H. Then some of the gauge-charged matter and gauge-fields may become singlets
under the residual unbroken gauge symmetry. Bosons of this type, spin-0 and spin-1, can
therefore have Hubble scale masses, couple to the inflaton, and leave their signatures on
NG at tree-level. For simplicity here, we focus on spontaneously broken U(1) gauge theory
with no residual gauge symmetry, but is straightforward to generalize to the nonabelian
case. For example, we can imagine a scalar in the fundamental representation of SU(N)

breaking the symmetry to SU(N � 1). Then the gauge boson associated with the broken
diagonal generator plays the role of the massive U(1) gauge boson that we consider now.

Let us focus on the case of single-field slow-roll inflation. We write an effective theory
with cutoff ⇤. Since we are interested in effects of gauge theory on NG, we will write down
higher derivative interaction terms between the gauge sector and inflaton. But we will not
be explicit about higher derivative terms containing gauge sector fields alone or the inflaton
alone, although we will ensure that such terms are within EFT control.

The lagrangian containing the inflaton � (with an assumed shift symmetry), the Higgs
(H) and gauge bosons (not necessarily the SM Higgs and gauge bosons) has the form

L =
1

2
M2

plR + LGauge Theory �
1

2
(@�)2 � V (�) + Linf

int + Linf-gauge
int , (4.3)

where LGauge Theory contains all the terms (including higher derivative terms) containing
gauge theory fields alone. V (�) is a generic slow roll potential. Linf

int contains higher deriva-
tive terms containing inflaton alone. For our purpose the interesting interaction terms
between gauge theory and the inflaton are contained in Linf-gauge

int , which we write below
assuming an UV cutoff ⇠ ⇤ and a set of dimensionless EFT coefficients ci,

Linf-gauge
int =

c1

⇤
@µ�(H†DµH) +

c2

⇤2
(@�)2H†H +

c3

⇤4
(@�)2|DH|2 +

c4

⇤4
(@�)2Z2

µ⌫

+
c5

⇤5
(@�)2@µ�(H†DµH) + · · · (4.4)

In Linf
int, the first term gives a quadratic mixing between Higgs and Z0. It also couples Higgs,

Z and the inflaton. But it does not contain any quadratic mixing between the inflaton and
Z; and also none between the inflaton and Higgs. But we do see, from Fig. 3, that we need
one or more quadratic mixings between the inflaton and the massive particle of interest.
Such quadratic mixing does arise from the second and the fifth term, which give quadratic

– 15 –

Goldstone EFT Goldstone EFT Slow-roll Models
F with ⇤ ⇠ 5H with ⇤ ⇠ 10H with ⇤ ⇠ 60H

h 1 � 10 0.1 � 1 0.01 � 0.1

Z 0.1 � 1 0.01 � 0.1 0.001 � 0.01

The dimensionless bispectrum F (see (2.17),(2.18)) given above is the maximum value taken
in the squeezed regime. Based on the above table, several remarks are in order. While the
above choices for EFT cutoffs lead to an observable strength of NG, we cannot make the
cutoffs much bigger, since the NG falls rapidly as a function of squeezing and the observable
precision is limited by cosmic variance, �F ⇠ 10�4 � 10�3, (1.3). The scale of Higgsing, v,
is also relevant to our theoretical control. Higgsing obviously relaxes the tight constraints
of gauge invariance, allowing tree-level NG. But there are non-trivial constraints of the
gauge structure following from having to expand observables in powers of v/⇤. In the UV
limit v ⇠ ⇤, the constraints of gauge-invariance disappear altogether. To stay in theoretic
control, we have chosen v

⇤ . 1
3 in our studies.

We have used effective non-renormalizable vertices for this paper, but it is obviously of
great interest and importance to seek a more UV-complete level of theoretical description
to have greater confidence in the opportunity to detect gauge theory states in NG. We
see that the strength of NG is bigger when it is mediated by h’s compared to mediation
by Z’s. Furthermore, if cosmological collider physics turns out to be in a purely gauge-
theoretic domain, then we would not see any states with spin > 1, and their associated
angular dependences. Spin > 2 mediated NG would signal a breakdown of point-particle
field theories, perhaps signaling the onset of string theoretic structure. On the other hand,
observing spins 0, 1 only, with stronger spin-0 signals, would give strong evidence for the
structure studied above. While the (NM)SM gives only one h and one Z, extensions of it
(for example, even just some colored scalars) or whole new gauge sectors are capable of
giving multiple h/Z-type states to observe.

We have argued that a strong possibility for mgauge�theory ⇠ H is that they arise
via a “heavy-lifting” mechanism from much lower-scale gauge theories in the current era.
If these gauge theories are already seen at lower-scale terrestrial experiments, then the
renormalization group allows us to predict expected mass ratios in NG. In principle, such
corroboration would provide spectacular evidence for the large range of validity of such
gauge theories, and the absence of intervening (coupled) states. However, we cannot hope
to get a very precise measurement of such mass ratios, given cosmic variance. But if we are
ever in the position to predict even a few such ratios, modestly precise measurements in
NG would still be compelling. Alternatively, of course, we may discover wholly unexpected
gauge-structure within the NG, at least dimly seen.

There are multiple future directions which remain to pursue. There is obviously the
need for an explicit calculation of the double-exchange diagram involving Z-type particles
which would provide a check for our estimates. Cosmological correlations derived from
inflationary expansion are famously nearly spatially scale-invariant. But in large regimes
of slow-roll inflation or in the Goldstone description, the correlators are actually nearly
spatially conformally invariant, that is they are close to the isometries of dS spacetime.
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[19]. However, in general the theory (17) does not necessarily arise from such an e↵ective

formulation, as we will show that the perturbative expansion of the system is well-defined

even in the limit of strong-coupling. A possible interpretation of the specific interaction in

(17) is to consider a composite field defined as �0
H ⌘ �Hei�/⇤. In this definition the inflaton

� looks like a “pion” of the linear sigma model if the Higgs field acquires a non-zero VEV,

namely hhi = h0 6= 0. The non-canonical interaction therefore can be naturally introduced

by the kinetic term

|@µ�
0
H |2 ! |@µ�H |2 +

�†
H�H

⇤2
(@�)2 + · · · , (19)

where ⇤ now behaves like a symmetry-breaking scale for the additional U(1) beyond the

SM. We want to emphasize that the model (17) is used as an simple example for making

Higgs heavy so that there is in fact no primary assumption for its origin.

The constraint on ⇤ to the system (17) is non-trivial since the target field space of �-h

can be curved. For convenience, we perform the reparametrization for both fields as

R = (⇤2 + h2)1/2, ✓ = �/⇤, (20)

so that the kinetic part of the system becomes

L � �1

2
R2 (@µ✓)

2 � 1

2

R2

R2 � ⇤2
(@µR)2 . (21)

In this representation, the classical value of R acts as the canonical radius for ✓, and the

rescaled inflaton ✓ behaves as the angular mode in the polar coordinate system. In general,

the target field space is not flat since the radial mode R is not canonically normalized. There

are two interesting limits of this system.

1. For h2 ⌧ ⇤2, the radial mode R ! ⇤ and the non-canonical �-h interaction is sup-

pressed by the factor h2/⇤2 ⌧ 1. In this limit the field space is nearly flat since it is

nothing but the conventional single-field inflation with Higgs as an additional degree

of freedom. We refer this regime as the decoupling limit of the �-h system (to be dis-

tinguished from the gravitational decoupling in the ⇡-� model). This is the parameter

space considered in [19].

2. For h2 � ⇤2, the radial mode R ! h coincide with the Higgs field. The field space

is flat as the factor R2/(R2 � ⇤2) ! 1 becomes canonically normalized in the polar
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✓
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t/(R0

p
�) is caused by the time-translation symmetry breaking and is invariant under a

constant shift of the inflaton value ✓0 ! ✓0 + c. Expanding the e↵ective potential

Ve↵ =
�

4
h4 � 1

2
✓̇2
0h

2, (11)

around h0 one finds the e↵ective mass m2
h = 2✓̇2

0. A stable h0 asked by the condition

m2
h & H2 is self-manifest if ✓̇2

0 & H2/2.

Note that the first slow-roll parameter is related to the non-zero Higgs VEV as

✏ = � Ḣ

H2
' R2

0✓̇
2

2M2
p H2

=
�R2

0h
2
0

2M2
p H2

. (12)

In the limit of the quasi-single-field inflation (h2
0 � ⇤2), the measured small but finite value

of ✏ ' �h4
0/(2M

2
p H2) reveals the hierarchy of the Higgs vacuum energy and the background

energy density.

B. Scales of heavy Higgs

The non-zero Higgs VEV h0 is very stable during inflation, given that ḣ0 is at least

second-order in the slow-roll parameters. This is consistent with the single-field inflation

dynamics at the first-order of ✏ as �2M2
p Ḣ = R2

0✓̇
2
0 and 3H✓̇0 = �V✓/R

2
0.

Performing the scalar perturbations ✓(t,x) = ✓0(t)+�✓(t,x) and h(t,x) = h0(t)+�h(t,x)

to (2), we obtain the quadratic Lagrangian as

L2 =
1

2


R2

0�✓̇
2 � R2

0

a2
(@i�✓)

2 + �ḣ2 � 1

a2
(@i�h)2 � m2

h�h
2 + 4h0✓̇0�h�✓̇

�
+ O(✏) · · · , (13)

where O(✏) means quadratic perturbations that are suppressed by the slow-roll parameters

(which includes the mass term of inflaton). The terms shown in (13) can also be derived

from the general perturbation theory.

To see the dynamics of the system, it is convenient to use the canonically normalized field

✓c = R0✓ with respect to the canonical commutation relation for canonical quantization [?

]. The quadratic Lagrangian (13) is rewritten as

L2 �
1

2


�✓̇2

c �
1

a2
(@i�✓c)

2 + �ḣ2 � 1

a2
(@i�h)2 � m2

h�h
2 + 2µ�h�✓̇c

�
, (14)

where the coupling

µ ⌘ 2h0✓̇c

R2
=

2✓̇2
0q

✓̇2
0 + �⇤2

, (15)
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[19]. However, in general the theory (17) does not necessarily arise from such an e↵ective

formulation, as we will show that the perturbative expansion of the system is well-defined

even in the limit of strong-coupling. A possible interpretation of the specific interaction in

(17) is to consider a composite field defined as �0
H ⌘ �Hei�/⇤. In this definition the inflaton

� looks like a “pion” of the linear sigma model if the Higgs field acquires a non-zero VEV,

namely hhi = h0 6= 0. The non-canonical interaction therefore can be naturally introduced

by the kinetic term
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0
H |2 ! |@µ�H |2 +

�†
H�H

⇤2
(@�)2 + · · · , (19)

where ⇤ now behaves like a symmetry-breaking scale for the additional U(1) beyond the

SM. We want to emphasize that the model (17) is used as an simple example for making

Higgs heavy so that there is in fact no primary assumption for its origin.

The constraint on ⇤ to the system (17) is non-trivial since the target field space of �-h

can be curved. For convenience, we perform the reparametrization for both fields as

R = (⇤2 + h2)1/2, ✓ = �/⇤, (20)

so that the kinetic part of the system becomes

L � �1

2
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(@µR)2 . (21)

In this representation, the classical value of R acts as the canonical radius for ✓, and the

rescaled inflaton ✓ behaves as the angular mode in the polar coordinate system. In general,

the target field space is not flat since the radial mode R is not canonically normalized. There

are two interesting limits of this system.

1. For h2 ⌧ ⇤2, the radial mode R ! ⇤ and the non-canonical �-h interaction is sup-

pressed by the factor h2/⇤2 ⌧ 1. In this limit the field space is nearly flat since it is

nothing but the conventional single-field inflation with Higgs as an additional degree

of freedom. We refer this regime as the decoupling limit of the �-h system (to be dis-

tinguished from the gravitational decoupling in the ⇡-� model). This is the parameter

space considered in [19].

2. For h2 � ⇤2, the radial mode R ! h coincide with the Higgs field. The field space

is flat as the factor R2/(R2 � ⇤2) ! 1 becomes canonically normalized in the polar
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III. ENERGY SCALES OF HEAVY-LIFTING

In this section we consider the class of heavy-lifting scenario induced by the �-h inter-

actions (12). We will use an example to demonstrate the spontaneous symmetry breaking,

without restricting the �-h interactions to be weakly coupled. We will identify a characteris-

tic energy scale µ below which the Higgs field h represents a heavy degree of freedom. In the

simplist case, µ = mh is characterized by its mass scale and a heavy degree of freedom means

that h exhibits a constant dispersion relation ! ⇡ mh for modes with physical wavenumbers

p = k/a(t) ⌧ mh. Thus if H � 102 GeV one would expect that the Higgs field is simply

a light degree of freedom during inflation since the SM value mh ⇡ 125 GeV and the Higgs

self-coupling � becomes small when running up to high energy scales [9–11].

For a strongly-coupled �-h system, we will examine the energy scale ⇤p at which the

perturbative expansion breaks down. In fact, we will show that in the strong-coupling limit

the cuto↵ scale ⇤p becomes independent of the scales ⇤i’s parametrized in (12) while the

perturbativity of the system is still well-defined. To simplify our discussion, we turn o↵ the

non-minimal coupling ⇠ and assume a positive � in the following computations.

A. The target field space of �-h system

We are interested in a system made by two fundamental scalars, which are the inflaton

� and the Higgs field h. To realize a spontaneous symmetry breaking during inflation, we
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L = Lsr(�) � �†
H�H

(@µ�)2

⇤2
� |Dµ�H |2 � �(�†

H�H)2, (17)

where it can be taken as a special case of the �-h theory (12) with ⇤2 = ⇤, c2 = 1 and

otherwise ci = 0. By taking the SM unitary gauge and omitting all SM gauge fields, the

kinetic terms of the �-h system read

L � �1

2

✓
1 +

h2

⇤2

◆
(@µ�)2 � 1

2
(@µh)2 , (18)

which represents a two-field limit of the multi-field inflation scenario based on the non-

linear sigma model [26, 27]. At a first glance, ⇤ looks like a cuto↵ scale to the non-canonical

kinetic interaction, if (17) were a kind of low-energy e↵ective Lagrangian as considered in
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H2
' R2

0✓̇
2

2M2
p H2

=
�R2

0h
2
0

2M2
p H2

. (12)

In the limit of the quasi-single-field inflation (h2
0 � ⇤2), the measured small but finite value

of ✏ ' �h4
0/(2M

2
p H2) reveals the hierarchy of the Higgs vacuum energy and the background

energy density.

B. Scales of heavy Higgs

The non-zero Higgs VEV h0 is very stable during inflation, given that ḣ0 is at least
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(which includes the mass term of inflaton). The terms shown in (13) can also be derived

from the general perturbation theory.
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(17) is to consider a composite field defined as �0
H ⌘ �Hei�/⇤. In this definition the inflaton
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where ⇤ now behaves like a symmetry-breaking scale for the additional U(1) beyond the

SM. We want to emphasize that the model (17) is used as an simple example for making

Higgs heavy so that there is in fact no primary assumption for its origin.

The constraint on ⇤ to the system (17) is non-trivial since the target field space of �-h

can be curved. For convenience, we perform the reparametrization for both fields as
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so that the kinetic part of the system becomes
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In this representation, the classical value of R acts as the canonical radius for ✓, and the

rescaled inflaton ✓ behaves as the angular mode in the polar coordinate system. In general,

the target field space is not flat since the radial mode R is not canonically normalized. There
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FIG. 2. Illustration of the energy scales with two kinds of hierarchy.

C. Perturbativity

We now check if the perturbative expansion is well-defined in the case with µh > H

where Higgs behaves as a non-relativistic field during inflation. If the condition ⇤p > µh

can be satisfied, the Higgs field recovers the usual dispersion relation ! = k as a relativistic

degree of freedom before the break down of the perturbative expansion of the theory. This

is illustrated by the left panel of Fig. 2.

Let us consider the cubic interactions introduced by the Higgs-inflaton coupling from (18)

L3 �
h0

R2
0


�✓̇2

c �
1

a2
(@i�✓c)

2

�
�h +

✓̇c

R2
0

�h2�✓̇c. (42)

With a linear dispersion relation ! = k, the temporal derivative and spatial derivative has

the same dimension so that we can easily identify ⇤p = R2
0/h0 from the first two cubic

interactions in (42). Therefore ⇤p > µh implies that

(✓̇2
0 + �⇤2)2 > 2�✓̇4

0/c
2
h. (43)

Since we are interested in the strong-coupling limit where ✓̇2
0 � �⇤2, this condition holds if

� < 1/6. The coe�cient of the third interaction in (42) is dimensionless so that perturba-

tivity simply requires ✓̇c/R
2
0 < 1, which asks � < 1 in the strong-coupling limit.

Note that in the case with µh > ⇤p, the system may enter to the non-perturbative region

with a non-linear dispersion given by (38), as illustrated by the right panel of Fig. 2. In this

case the space and time coordinate can have di↵erent dimensions, making the discussion
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Here the speed of sound c2
s is simply defined in the limit of p ⌧ (m2

h + µ2)/µ such that the

low-energy frequency can be expanded as

!2
� ! c2

hp
2 + µ4 c6

h

m6
h

p4 = c2
hp

2 + (1 � c2
h)

2 c2
h

m2
h

p4, (38)

and thus it indicates

c2
h =

m2
h

m2
h + µ2

=
✓̇2
0 + �⇤2

3✓̇2
0 + �⇤2

. (39)

The result (39) appears to be the same as using the e↵ective field approach for curved

field trajectory after neglecting the slow-roll parameter suppressed e↵ective mass [26, 27]

With the definition (38) the low-energy mode has a linear dispersion relation !� ⇡ chp for

p2 ⌧ m6
hµ

�4c�4
h and a nonlinear dispersion relation !� / p2 for p2 � m6

hµ
�4c�4

h .

The dispersion relation of the two frequency modes !± given by (36) is depicted in Fig.

1, yet keeping in mind that these solutions are only valid for subhorizon scales. The modes

!
(1)
± are in the case with µ < H and !

(2)
± are in the case with µ > H. For µ < H, !

(1)
±

become almost degenerate at the Hubble scale during inflation (p ⇠ H) and they recover

the usual linear dispersion relation ! ⇡ p.

On the other hand, in the limit of p ⌧ (m2
h + µ2)/µ the high-energy mode

!
(2)
+ ! mh/ch, (40)

describes a heavy degree of freedom during inflation as long as mh � chH. Thus, with a

coupling µ > H, the existence of Higgs as a heavy field during inflation does not necessarily

requires m2
h & H2. In fact, in the ⇡-� model one can make � a heavy mode merely due to

a strong-coupling µ with a mass m� ⌧ H < µ, provided that c2
h ⌧ 1 [21, 37]. However,

in our scenario the two parameters µ and mh are not independent, and one can check that

c2
h ! 1 in the decoupling limit of Higgs and inflaton where ✓̇2

0 ⌧ �⇤2 and c2
h ! 1/3 in the

strong-coupling limit where ✓̇2
0 � �⇤2. Based on these findings one can identify the energy

scale to have a heavy Higgs field during inflation as

µh ⌘ (m2
h + µ2)1/2 = mh/ch, (41)

where µh ! 0 as ✓̇0 ! 0. The heavy-Higgs condition µh > H, or namely m2
h > c2

hH
2 �

H2/9 implies ✓̇0 > H/
p

18. The corresponding values of the examples µ
(1)
h /H ⇡ 0.17 and

µ
(2)
h /H ⇡ 4.88 are given as the vertical lines in Fig. 1.
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➤ strong-coupling does not necessarily violate perturbativity.
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FIG. 1. The change of the dispersion relation with respect to the wavenumber k in the Hubble

unit. For !
(1)
± the parameters ⇤ = 2H, � = 0.01 and ✓̇0 = 0.1H are used, which gives µ(1) ' 0.04H.

For !
(2)
± the parameters ⇤ = 2H, � = 0.01 and ✓̇0 = 2H are used, which gives µ(2) ' 4H.

write down the equations of motion of the perturbations

�✓̈c + 3H�✓̇c +
k2

a2
�✓c = �µ

⇣
�ḣ + 3H�h

⌘
, (32)

�ḧ + 3H�ḣ +

✓
k2

a2
+ m2

h

◆
�h = µ�✓̇c. (33)

In the long-wavelength regime with k/a ! 0, we expect the usual solution �✓c ! constant

and �h ! 0 of the single-field inflation. For p = k/a � H we are allowed to neglect the

cosmic expansion so that the equations of motion are reduced to

�✓̈c + p2�✓c = �µ�ḣ, (34)

�ḧ +
�
p2 + m2

h

�
�h = µ�✓̇c. (35)

The solutions in the subhorizon regime thus take the form of �✓c ⇠ �✓±ei!±t and �h ⇠
�h±ei!±t [26, 27], where the two frequencies are found as

!2
± = p2 +

m2
h + µ2

2
±
r

p2µ2 +
(m2

h + µ2)2

4
, (36)

= p2 +
m2

h

2c2
h

±
s

p2µ2 +
m4

h

4c4
h

. (37)
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(2) µh > H
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�P⇣ : Higgs contribution to power spectrum
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FIG. 3.

the power spectrum. The results from three kinds of approaches are summarized in Fig. 3.

�P⇣ = P⇣ � P ⇤
⇣ is the deviation of the power spectrum from the expectation value of the

standard single-field inflation P ⇤
⇣ = H4/(4⇡2⇤2✓̇2

0). In summary, the Higgs corrections to the

power spectrum is negligible in the decoupling limit (h0 ⌧ ⇤) but is larger or comparable

to P ⇤
⇣ when h0 & ⇤. Note that these corrections have no feature in the scale dependence

but only lead to a rescaling of the amplitude of the power spectrum.

We discuss the results from each approach as the follows.

Equation of Motion (EoM). The equation of motion (EoM) approach [33] solves quantum

field fluctuations from a complete set of initial states that satisfy the canonical commutation

relation. The Bunch-Davies vacuum states are special examples of these initial states and are

usually applied to define as the vacuum of “free fields” for the in-in formalism [30–32] in the

interaction picture. However, according to the first-principles of the in-in formalism, these

initial states in general need not to be fully decoupled from each other, and therefore the

EoM approach is also useful to deal with mixed initial states arised from a strongly-coupled

system. Initial mode functions for the ✓-h system (29) are found to be

�✓±
k =

H

R0

p
4k3

e�ik⌘(�k⌘)1±iµ/(2H), and �h±
k = ±i�✓±

k , (47)

where the derivation is given in Appendix B.

For ✓̇0/H ⌧ 1 Higgs behaves as a light isocurvature mode with negligible corrections to

the power spectrum. For ✓̇0/H � 1 the EoM result agree with the prediction from the e↵ec-

tive field theory (EFT) method by integrating out the heavy Higgs field. In the intermediate
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FIG. 5. The bispectrum B✓ due to Higgs-inflaton exchange processes with shapes of the

intermediate-type (left panel) and the equilateral-type with oscillatory signatures (right panel).

to be strongly coupled. Therefore our computation for the bispectrum can be taken as a

modified in-in formalism based on the EoM approach given by Appedix B. To be more

precisely, we take solutions of the coupled EoM from quadratic perturbations to be the

mode functions in the interaction picture and we treat cubic interactions as perturbations,

following the scheme of (B10).

The three-point diagrams given by Fig. 4 are computed as

h�✓3(t)i = i

Z t

t0

dt1

D
0|
h
H̃I,3(t1), �✓

3
I (t)
i
|0
E

,

where H̃I,3 collects all cubic interactions (B13) with �✓I and �hI resolved from the EoM

approach. We adopt the conventional definition for the bispectrum B✓ as

h�✓k1(t)�✓k2(t)�✓k3(t)i ⌘ (2⇡)3�3(k1 + k2 + k3)B✓(k1,k2,k3), (58)

= (2⇡)7�3(k1 + k2 + k3)
P 2
✓

(k1k2k3)2
S✓(k1,k2,k3), (59)

where S✓ is the dimensionless shape function and P✓ = P⇣⇥(✓̇2
0/H

2). A common classification

of the shape function is based on the scaling behavior in the squeezed limit, for example, by

taking k1 = k2 = k and k3 = ck with c ! 0. For c ⌧ 1, a typical equilateral bispectrum

20

quasi-equilateral heavy particle production

Bispectrum (beyond single-field inflation)

k1 = k2 = ck3



Heavy Higgs production
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FIG. 6. The evolution of �h±
I with respect to ⌘ where the normalization k/H = 1 is used. The

gray dashed line is the analytic fitting of the component Canalytic ⇥ |⌘|3. The green dashed line is

analytic fitting with the late-time expansion (61) for |⌘| < 10�5.

The late-time expansion (61) implies that we can divide the correlation functions into two

parts. For example, the two-point function is divided as

���h2
I

��! (�k⌘)3 [Canalytic + Cnon�analytic] , (63)

where this decomposition applies to both �h± mode functions used in the EoM method. If

Lh > 0 (or µh/H > 3/2), the analytic part Canalytic ! |B+|2 + |B�|2 is led by a constant so

that |�h2
I | ⇠ (�k⌘)3, as seen by the �h+ result in Fig. 6. The dashed line in Fig. 6 is given

by Canalytic ⇥ |⌘|3 with Canalytic = |�h+
I |2 fitted at ⌘ = �1/k. The non-vanished coe�cients

B± imply that there must exist non-analytic contribution, where the leading terms read

Cnon�analytic ! (B+B⇤
� + B�B⇤

+) cos 2� + i(B+B⇤
� � B�B⇤

+) sin 2�, (64)

and � = Lh ln(�k⌘). The oscillatory behavior induced by the non-analytic components can

be seen by the �h� result in Fig. 6 and the right panel of Fig. 5.

Note that the oscillatory signature for the heavy particle production vanishes as µh/H <

3/2 where Lh becomes an imaginary number. In this case the non-analytic component has

a non-integer scaling as Cnon�analytic ⇠ (�k⌘)2iLh , which is the leading contribution to the

two-point function since iLh < 0.
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the non-analytic scaling with strong-coupling:

See also An et. al [1706.09971]  
for three-point functions

�h ⇠
X

i

Ôi ⌘
�i

and outlook
REMARKS

• SM particles can turn into heavy degrees of freedom during 
inflation, due to lifting mechanism (important background signals 
for the cosmological collider physics). 

• Spontaneous symmetry breaking during inflation makes SM 
particle production more efficient (larger non-Gaussianity signals). 

• In this work, we numerically confirm the non-analytic scaling of 
heavy particle production in the strong-coupling regime 
(enhanced oscillatory feature). 

• Challenge: SM signals or new physics?
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• The	distribution	of	the	height	of	the	spikes	in	the	parameter	
space

• Calculate	the	height	of	the	spikes	analytically	to	find	out	the	
nature	of	them

• Number	density	of	the	produced	gauge	bosons

• The	reheating	process	after	preheating
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Keisuke Inomata Power spectra of CMB circular polarizations induced by primordial perturbations

What we focus on

The state of CMB radiation can be described with Stokes parameters.

I :
<latexit sha1_base64="Gxli+NMJ4DT9hj+PylBLuimq4lc="></latexit><latexit sha1_base64="Gxli+NMJ4DT9hj+PylBLuimq4lc="></latexit><latexit sha1_base64="Gxli+NMJ4DT9hj+PylBLuimq4lc="></latexit><latexit sha1_base64="Gxli+NMJ4DT9hj+PylBLuimq4lc="></latexit>

related to temperature perturbations of CMB

related to E-mode, B-mode polarizations of CMB

V :
<latexit sha1_base64="aEyP9Xiuck2ajRZQx2/nAv8QDOs="></latexit><latexit sha1_base64="aEyP9Xiuck2ajRZQx2/nAv8QDOs="></latexit><latexit sha1_base64="aEyP9Xiuck2ajRZQx2/nAv8QDOs="></latexit><latexit sha1_base64="aEyP9Xiuck2ajRZQx2/nAv8QDOs="></latexit>

describes circular polarizations of CMB  

We focus on this!

�E�
i Ej� =

1

2

�
I + Q U � iV
U + iV I � Q

�

<latexit sha1_base64="pU8nyam/sCNECXsJWZCyELSfG5c="></latexit><latexit sha1_base64="pU8nyam/sCNECXsJWZCyELSfG5c="></latexit><latexit sha1_base64="pU8nyam/sCNECXsJWZCyELSfG5c="></latexit><latexit sha1_base64="pU8nyam/sCNECXsJWZCyELSfG5c="></latexit>

Q, U :
<latexit sha1_base64="jAqOD177+E77k+WIckqRWrsHGJs="></latexit><latexit sha1_base64="jAqOD177+E77k+WIckqRWrsHGJs="></latexit><latexit sha1_base64="jAqOD177+E77k+WIckqRWrsHGJs="></latexit><latexit sha1_base64="jAqOD177+E77k+WIckqRWrsHGJs="></latexit>
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• Introduction

•Calculation of Φab

•Power spectra of circular polarization

•Summary

Outline

Keisuke Inomata Power spectra of CMB circular polarizations induced by primordial perturbations

CMB and Cosmology

CMB anisotropies have determined and constrained the cosmological parameters.

However

The Planck mission has already reached 
cosmic variance in temperature perturbations.

Therefore

Planck 2018

It is important to discuss other quantities.

distortion, CMB Polarization

4/20
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Polarizations and Stokes parameters

The state of radiations can be described with Stokes parameters.

Ex = E0
x ei(�t��1)

Ey = E0
y ei(�t��2)

<latexit sha1_base64="+KV7YfIB9BpmvslwrSozhPWcx88="></latexit><latexit sha1_base64="+KV7YfIB9BpmvslwrSozhPWcx88="></latexit><latexit sha1_base64="+KV7YfIB9BpmvslwrSozhPWcx88="></latexit><latexit sha1_base64="+KV7YfIB9BpmvslwrSozhPWcx88="></latexit>

Wikipedia

�E�
i Ej� =

1

2

�
I + Q U � iV
U + iV I � Q

�
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I = (E0
x)2 + (E0

y)2

Q = (E0
x)2 � (E0

y)2

U = 2E0
xE0

y cos[�1 � �2]

V = 2E0
xE0

y sin[�1 � �2]
<latexit sha1_base64="K3D4qv+K5sJqLJDGHwNOJZfl4M4="></latexit><latexit sha1_base64="K3D4qv+K5sJqLJDGHwNOJZfl4M4="></latexit><latexit sha1_base64="K3D4qv+K5sJqLJDGHwNOJZfl4M4="></latexit><latexit sha1_base64="K3D4qv+K5sJqLJDGHwNOJZfl4M4="></latexit>

Concrete example (plane wave)

Time ave.
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Polarizations in CMB

�E�
i Ej� =

1

2

�
I + Q U � iV
U + iV I � Q

�
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I :
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related to temperature perturbations

related to E-mode, B-mode polarizations

V :
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describes circular polarizations  
Q, U :
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Thomson scattering can produce only linear polarizations.
There is no circular polarization at the last scattering surface (LSS).

circular polarizations can be 
produced from the linear polarizations 
through the Faraday conversion.

However,

LSS

Q, U
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V
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Faraday conversionobserver
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Faraday conversion 1

LSS

Q, U
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V
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Faraday conversionobserver

Faraday conversion occurs due to the 
anisotropic refraction (birefringence).

General refraction tensor:

nij =

�
nI + nQ nU + inV

nU � inV nI � nQ

�
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Wikipedia

nI + nQ
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nI � nQ
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nI + nU
<latexit sha1_base64="gFhjGlRpLJysySeSoFChPPJbbY4="></latexit><latexit sha1_base64="gFhjGlRpLJysySeSoFChPPJbbY4="></latexit><latexit sha1_base64="gFhjGlRpLJysySeSoFChPPJbbY4="></latexit><latexit sha1_base64="gFhjGlRpLJysySeSoFChPPJbbY4="></latexit>

nI � nU
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nI � nV
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�V
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�V = U 2�

c
nQ�r
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Difference of refraction indexes 
= Difference of phase velocities 

Example
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Faraday conversion 2

LSS

Q, U
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V
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Faraday conversionobserver

Generally speaking, the induced circular 
polarization can be described as

V (n̂) = �Q(n̂)U(n̂) � �U (n̂)Q(n̂)
<latexit sha1_base64="0Z1YAgD/HauoOppRxEhmTwmYAsQ="></latexit><latexit sha1_base64="0Z1YAgD/HauoOppRxEhmTwmYAsQ="></latexit><latexit sha1_base64="0Z1YAgD/HauoOppRxEhmTwmYAsQ="></latexit><latexit sha1_base64="0Z1YAgD/HauoOppRxEhmTwmYAsQ="></latexit>

�Q,U (n̂) =
2

c

� �LSS

0

d�

1 + z
�(�)nQ,U (n̂�)

<latexit sha1_base64="hwPaAkHPsdsFPSitkv2H0MD28i4="></latexit><latexit sha1_base64="hwPaAkHPsdsFPSitkv2H0MD28i4="></latexit><latexit sha1_base64="hwPaAkHPsdsFPSitkv2H0MD28i4="></latexit><latexit sha1_base64="hwPaAkHPsdsFPSitkv2H0MD28i4="></latexit>

Q � Q
Ī , U � U

Ī , V � V
Ī ,
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Ī :
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For later convenience, we define Pab and Φab as

Pab(n̂) =
1�
2

�
Q(n̂) U(n̂)
U(n̂) �Q(n̂)

�
,

�ab(n̂) =
1�
2

�
�Q(n̂) �U (n̂)
�U (n̂) ��Q(n̂)

�
.
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Then we can rewrite V as

V (n̂) = �acP
ab(n̂)� c

b (n̂).
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Averaged intensity

n̂ :
<latexit sha1_base64="q51bUwTEE3TErCvNOLl45JMMYRY="></latexit><latexit sha1_base64="q51bUwTEE3TErCvNOLl45JMMYRY="></latexit><latexit sha1_base64="q51bUwTEE3TErCvNOLl45JMMYRY="></latexit><latexit sha1_base64="q51bUwTEE3TErCvNOLl45JMMYRY="></latexit>

The direction from which 
photons come
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Keisuke Inomata Power spectra of CMB circular polarizations induced by primordial perturbations

Source of anisotropic refraction

We focus on the source coming from primordial scalar, vector, tensor 
perturbations.

The dominant source comes from photon-photon scattering.
(Montero-Camacho, Hirata, 2018)

e
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Background photons

Photons propagating to us

Background photons

Photons propagating to us

The perturbations of background radiation leads to the anisotropic refraction.
Induced by primordial perturbations
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Anisotropic refraction index

The refraction index:

nQ(x) � 1

2
(nxx � nyy)(x) � 48

�
�

5
Aeµ0aradT 4

CMBRe aE
2,�2(x)

nU (x) � nxy(x) � 48

�
�

5
Aeµ0aradT 4

CMBIm aE
2,�2(x)
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1

2

�
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(a2,lm(x) 2Ylm(p̂) + a�2,lm(x)�2Ylm(p̂)) ,

U(p̂, x) =
1

2i

�

l,m

(a2,lm(x) 2Ylm(p̂) � a�2,lm(x)�2Ylm(p̂)) ,

aE
lm(x) = �1
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Induced by primordial perturbations

p̂ :
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Photon momentum direction

(Montero-Camacho, Hirata, 2018)

11/20

Keisuke Inomata Power spectra of CMB circular polarizations induced by primordial perturbations

What we derive in this work

�Q,U (n̂) =
2

c

� �LSS

0

d�

1 + z
�(�)nQ,U (n̂�)
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To get V, we need to calculate 

Pab(n̂) =
1�
2

�
Q(n̂) U(n̂)
U(n̂) �Q(n̂)

�
,
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2

�
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�U (n̂) ��Q(n̂)

�
.
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Concretely speaking,  we calculate Plm
E/B and Φlm

E/B, which are defined as
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�
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corresponds to                . (CAB
l = �AlmBlm�)
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�

We derive the formulae for Φlm
E/B.
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Derived formulae

After tedious calculation, we finally derive 
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Transfer function

Primordial perturbations and their evolutions

Photon-Photon scattering
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Radial functions
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Calculation of circular polarization

Now, we calculate V using the formulae for Pab, Φab, and V 

V (n̂) = �acP
ab(n̂)� c

b (n̂).
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Power spectra of circular polarization

Pink terms are zero in parity 
conserved universe.
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Uniform circular polarization

�Vlm� =
�

l1m1

(CP E�B

l1 � CP B�E

l1 )(�Glm
l1�m1l1m1

)

=

��
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Uniform circular polarization can be produced by chiral GWs.
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In addition, there is the cosmic variance of V00. 
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Degeneracy for uniform V

Ṽ00 = V00 � �V00�
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Induced by chiral GW Cosmic variance

To establish that GW background is chiral with 2σ in V00, the parameters should satisfy
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• Introduction

•Calculation of Φab

•Power spectra of circular polarization

•Summary

Outline

Keisuke Inomata Power spectra of CMB circular polarizations induced by primordial perturbations

What we did

• We made the formulations for circular polarization induced by 
primordial scalar, vector, tensor perturbations.

• Using the formulations, we calculated the power spectra and uniform 
circular polarizations.

Power spectra

Uniform circular polarization
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Schwinger Effect in Inflaton-Driven Electric Field 

Hiroyuki Kitamoto（NCTS） 

Based on arXiv:1807.03753 

Introduction 
（Statistical isotropy of inflation） 

’13 J. Kim, E. Komatsu,  ’18 Planck Collaboration 

• Concerning the primordial universe, we find no significant evidence 
for violation of rotational symmetry from the current status of cosmic 
microwave background observations 

• From a theoretical viewpoint, an anisotropic inflation can be obtained 
if an U(1) gauge field has a classical value like an inflaton  

• In fact, if the gauge field respects the conformal symmetry as its 
kinetic term is canonical, the electromagnetic field decays with 
the cosmic expansion and then there is no statistical anisotropy 



Introduction 
（Model with a canonical kinetic term） 

Introduction 
（Model with a dilatonic coupling） 

’09, ’10 M. Watanabe,  
               S. Kanno, J. Soda 



Motivation 

• We consider the case that a charged test scalar field exists 

• A strong electric field leads to the pair production of charged particles 
(Schwinger effect), and the pair production induces the U(1) current 

• It is reasonable to conjecture that if we take into account the Schwinger 
effect, the induced current screens the inflaton-driven electric field 

• Evaluating the induced current, and solving the field eqs. with it, we verify 
the no-anisotropic hair conjecture for inflation 

Differences from other studies 

The studies of Schwinger effect in inflation are divided into the two groups 

• By introducing a dilatonic coupling, the classical field eqs. show that 
the electric field approaches to a constant value  

• Without mentioning the mechanism to generate a persistent electric 
field, the electric field is fixed at a constant value 

’14 T. Kobayashi, N. Afshordi, ’16 T. Hayashinaka, T. Fujita, J. Yokoyama,  
’18 T. Hayashinaka, S. S. Xue, ’18 M. Banyeres, G. Domenech, J. Garriga 

’17 J. J. Geng, B. F. Li, J. Soda, A. Wang, Q. Wu, T. Zhu, ’18 H. Kitamoto   



Validity of WKB approximation 

Particle number and Induced current 

’61 V. L. Pokrovskii,  
       I. M. Khalatnikov   



Field eqs. with Induced current 

Summary 

• In the inflation theory with a dilatonic coupling between the inflaton 
and the U (1) gauge field, a persistent electric field (and then an 
anisotropic inflation) is obtained as a solution of the classical field eqs.     

• We investigated the pair production of scalar particles in the inflaton-
driven electric field. In particular, we evaluated the induced current 
due to the pair production 

• The result indicates that the statistical isotropy of inflation holds true 
regardless of whether the dilatonic coupling is present or not 

• Solving the field eqs. with the induced current, we found that the first-
order backreaction screens the electric field with the cosmic expansion 



Open problems 

• In order to prove the no-anisotropic hair conjecture completely, the 
whole time evolution of the electric field should be investigated 

• For the investigation, we need to evaluate the induced current on 
general backgrounds  

• The investigation of the pair production of charged fermions in the 
inflaton-driven electric field is another future subject  
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Looking for quantum-gravitational

corrections to R + R2 inflation

Alexei A. Starobinsky

Landau Institute for Theoretical Physics RAS,
Moscow - Chernogolovka, Russia

The 28th Workshop on General Relativity and
Gravitation in Japan - JGRG28

Rikkyo University, Tokyo, Japan, 09.11.2018

Present status of inflation

The simplest one-parametric inflationary models

Inflation in f (R) gravity

Quantum corrections to the simplest model during inflation

Conclusions



Inflation
The inflationary scenario is based on the two cornerstone
independent ideas (hypothesis):

1. Existence of inflation (or, quasi-de Sitter stage) – a stage of
accelerated, close to exponential expansion of our Universe in
the past preceding the hot Big Bang with decelerated,
power-law expansion.

2. The origin of all inhomogeneities in the present Universe is
the effect of gravitational creation of particles and field
fluctuations during inflation from the adiabatic vacuum
(no-particle) state for Fourier modes covering all observable
range of scales (and possibly somewhat beyond).

Existing analogies in other areas of physics.
1. The present dark energy.
2. Creation of electrons and positrons in an external elecric
field.



Outcome of inflation
In the super-Hubble regime (k � aH) in the coordinate
representation:

ds2 = dt2 − a2(t)(δlm + hlm)dx ldxm, l ,m = 1, 2, 3

hlm = 2R(r)δlm +
2∑

a=1

g (a)(r) e(a)lm

e
l(a)
l = 0, g

(a)
,l e

l(a)
m = 0, e

(a)
lm e lm(a) = 1

R describes primordial scalar perturbations, g – primordial
tensor perturbations (primordial gravitational waves (GW)).

The most important quantities:

ns(k)− 1 ≡ d lnPR(k)

d ln k
, r(k) ≡ Pg

PR

In fact, metric perturbations hlm are quantum (operators in
the Heisenberg representation) and remain quantum up to the
present time. But, after omitting of a very small part,
decaying with time, they become commuting and, thus,
equivalent to classical (c-number) stochastic quantities with
the Gaussian statistics (up to small terms quadratic in R, g).

In particular:

R̂k = Rk i(âk−â†k)+O
(

(âk − â†k)2
)

+...+O(10−100)(âk+â†k)+, , ,

The last term is time dependent, it is affected by physical
decoherence and may become larger, but not as large as the
second term.

Remaining quantum coherence: deterministic correlation
between k and −k modes - shows itself in the appearance of
acoustic oscillations (primordial oscillations in case of GW).



CMB temperature anisotropy

Planck-2015: P. A. R. Ade et al., arXiv:1502.01589

CMB temperature anisotropy multipoles
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CMB E-mode polarization multipoles
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Present status of inflation
Now we have numbers: N. Agranim et al., arXiv:1807.06209

The primordial spectrum of scalar perturbations has been
measured and its deviation from the flat spectrum ns = 1 in
the first order in |ns − 1| ∼ N−1H has been discovered (using
the multipole range ` > 40):

< R2(r) >=

∫
PR(k)

k
dk , PR(k) = (2.10± 0.03)·10−9

(
k

k0

)ns−1

k0 = 0.05 Mpc−1, ns − 1 = −0.035± 0.004

Two fundamental observational constants of cosmology in
addition to the three known ones (baryon-to-photon ratio,
baryon-to-matter density and the cosmological constant).
Existing inflationary models can predict (and predicted, in
fact) one of them, namely ns − 1, relating it finally to
NH = ln kBTγ

~H0
≈ 67.2. (note that (1− ns)NH ∼ 2).



Direct approach: comparison with simple smooth

models
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The simplest models producing the observed scalar

slope

L =
f (R)

16πG
, f (R) = R +

R2

6M2

M = 2.6× 10−6
(

55

N

)
MPl ≈ 3.1× 1013GeV

ns − 1 = − 2

N
≈ −0.036, r =

12

N2
≈ 0.004

N = ln
kf
k

= ln
a0Tγ
k
−O(10), HdS(N = 55) = 1.3×1014GeV

The same prediction from a scalar field model with
V (φ) = λφ4

4
at large φ and strong non-minimal coupling to

gravity ξRφ2 with ξ < 0, |ξ| � 1, including the
Brout-Englert-Higgs inflationary model.

The simplest purely geometrical inflationary model

L =
R

16πG
+

N2

288π2PR(k)
R2 + (small rad. corr.)

=
R

16πG
+ 5.1× 108 R2 + (small rad. corr.)

The quantum effect of creation of particles and field
fluctuations works twice in this model:
a) at super-Hubble scales during inflation, to generate
space-time metric fluctuations;
b) at small scales after inflation, to provide scalaron decay into
pairs of matter particles and antiparticles (AS, 1980, 1981).

Weak dependence of the time tr when the radiation dominated
stage begins:

N(k) ≈ NH + ln
a0H0

k
− 1

3
ln
MPl

M
− 1

6
ln(MPltr )



The most effective decay channel: into minimally coupled
scalars with m� M . Then the formula

1√−g
d

dt
(
√−gns) =

R2

576π

(Ya. B. Zeldovich and A. A. Starobinsky, JETP Lett. 26, 252
(1977)) can be used for simplicity, but the full
integral-differential system of equations for the Bogoliubov
αk , βk coefficients and the average EMT was in fact solved in
AS (1981). Scalaron decay into graviton pairs is suppressed
(A. A. Starobinsky, JETP Lett. 34, 438 (1981)).

For this channel of the scalaron decay:

N(k) ≈ NH + ln
a0H0

k
− 5

6
ln
MPl

M

Possible microscopic origins of this phenomenological model.

1. Follow the purely geometrical approach and consider it as
the specific case of the fourth order gravity in 4D

L =
R

16πG
+ AR2 + BCαβγδC

αβγδ + (small rad. corr.)

for which A� 1, A� |B |. Approximate scale (dilaton)
invariance and absence of ghosts in the curvature regime
A−2 � (RR)/M4

P � B−2.

One-loop quantum-gravitational corrections are small (their
imaginary parts are just the predicted spectra of scalar and
tensor perturbations), non-local and qualitatively have the
same structure modulo logarithmic dependence on curvature.



2. Another, completely different way:

consider the R + R2 model as an approximate description of
GR + a non-minimally coupled scalar field with a large
negative coupling ξ (ξconf = 1

6
) in the gravity sector::

L =
R

16πG
− ξRφ2

2
+

1

2
φ,µφ

,µ − V (φ), ξ < 0, |ξ| � 1 .

Geometrization of the scalar:

for a generic family of solutions during inflation and even for
some period of non-linear scalar field oscillations after it, the
scalar kinetic term can be neglected, so

ξRφ = −V ′(φ) +O(|ξ|−1) .

No conformal transformation, we remain in the the physical
(Jordan) frame!

These solutions are the same as for f (R) gravity with

L =
f (R)

16πG
, f (R) = R − ξRφ2(R)

2
− V (φ(R)).

For V (φ) =
λ(φ2−φ20)2

4
, this just produces

f (R) = 1
16πG

(
R + R2

6M2

)
with M2 = λ/24πξ2G and

φ2 = |ξ|R/λ.

The same theorem is valid for a multi-component scalar field,
as well as for the mixed Higgs-R2 model.



Inflation in the mixed Higgs-R2 Model
M. He, A. A. Starobinsky and J. Yokoyama, JCAP 1805
(2018) 064; arXiv:1804.00409.

L =
1

16πG

(
R +

R2

6M2

)
−ξRφ

2

2
+

1

2
φ,µφ

,µ−λφ
4

4
, ξ < 0, |ξ| � 1

In the attractor regime during inflation (and even for some
period after it), we return to the f (R) = R + R2

6M2 model with

the renormalized scalaron mass M → M̃ :

1

M̃2
=

1

M2
+

24πξ2G

λ

More generally, R2 inflation (with an arbitrary ns , r) serves as
an intermediate dynamical attractor for a large class of
scalar-tensor gravity models.

Inflation in f (R) gravity
The simplest model of modified gravity (= geometrical dark
energy) considered as a phenomenological macroscopic theory
in the fully non-linear regime and non-perturbative regime.

S =
1

16πG

∫
f (R)
√−g d4x + Sm

f (R) = R + F (R), R ≡ Rµ
µ

Here f ′′(R) is not identically zero. Usual matter described by
the action Sm is minimally coupled to gravity.

Vacuum one-loop corrections depending on R only (not on its
derivatives) are assumed to be included into f (R). The
normalization point: at laboratory values of R where the
scalaron mass (see below) ms ≈ const.

Metric variation is assumed everywhere. Palatini variation
leads to a different theory with a different number of degrees
of freedom.



Field equations

1

8πG

(
Rν
µ −

1

2
δνµR

)
= −

(
T ν
µ (vis) + T ν

µ (DM) + T ν
µ (DE)

)
,

where G = G0 = const is the Newton gravitational constant
measured in laboratory and the effective energy-momentum
tensor of DE is

8πGT ν
µ (DE) = F ′(R)Rν

µ−
1

2
F (R)δνµ+

(
∇µ∇ν − δνµ∇γ∇γ

)
F ′(R) .

Because of the need to describe DE, de Sitter solutions in the
absence of matter are of special interest. They are given by
the roots R = RdS of the algebraic equation

Rf ′(R) = 2f (R) .

The special role of f (R) ∝ R2 gravity: admits de Sitter
solutions with any curvature.

Reduction to the first order equation

In the absence of spatial curvature and ρm = 0, it is always
possible to reduce these equations to a first order one using
either the transformation to the Einstein frame and the
Hamilton-Jacobi-like equation for a minimally coupled scalar
field in a spatially flat FLRW metric, or by directly
transforming the 0-0 equation to the equation for R(H):

dR

dH
=

(R − 6H2)f ′(R)− f (R)

H(R − 12H2)f ′′(R)

See, e.g. H. Motohashi amd A. A. Starobinsky, Eur. Phys. J C
77, 538 (2017), but in the special case of the R + R2 gravity
this was found and used already in the original AS (1980)
paper.



Analogues of large-field (chaotic) inflation: f (R) ≈ R2A(R)
for R →∞ with A(R) being a slowly varying function of R ,
namely

|A′(R)| � A(R)

R
, |A′′(R)| � A(R)

R2
.

Analogues of small-field (new) inflation, R ≈ R1:

f ′(R1) =
2f (R1)

R1
, f ′′(R1) ≈ 2f (R1)

R2
1

.

Thus, all inflationary models in f (R) gravity are close to the
simplest one over some range of R .

Perturbation spectra in slow-roll f (R) inflationary

models

Let f (R) = R2 A(R). In the slow-roll approximation
|R̈ | � H |Ṙ |:

PR(k) =
κ2Ak

64π2A′2k R
2
k

, Pg (k) =
κ2

12Akπ2

N(k) = −3

2

∫ Rk

Rf

dR
A

A′R2
, κ2 = 8πG

where the index k means that the quantity is taken at the
moment t = tk of the Hubble radius crossing during inflation
for each spatial Fourier mode k = a(tk)H(tk).



Different types of quantum corrections to the

simplest model

I Logarithmic running of the free model parameter M with
curvature.

I Terms with higher derivatives of R considered
perturbatively (to avoid the appearance of ghosts).

I Terms arising from the conformal anomaly.

First type: logarithmic running with curvature

Due to the scale-invariance of the R + R2 model for R � M2,
one may expect logarithmic running of the dimensionless
coefficient in front of the R2 term for large energies and
curvatures. This running should be also related to the
imaginary part of the effective action describing the scalaron
decay after the end of inflation.

The concrete ’asymptotically safe’ model with

f (R) = R +
R2

6M2
[

1 + b ln
(

R
µ2

)]

was recently investigated in L.-H. Liu, T. Prokopec,
A. A. Starobinsky, Phys. Rev. D 98, 043505 (2018);
arXiv:1806.05407.



However, comparison with CMB observational data on ns − 1
shows that b is small by modulus: |b|NH . 1, |b| . 10−2.
Thus, from the observational point of view this model can be
simplified to

f (R) = R +
R2

6M2

[
1− b ln

(
R

µ2

)]
,

for which the analytic solution exists:

ns − 1 = −4b

3

(
e

2bN
3 − 1

)−1

r =
16b2

3

e
4bN
3

(
e

2bN
3 − 1

)2

For |b|N � 1, these expressions reduce to those for the
R + R2 model.

Second type: terms with higher derivatives of R

S =
1

2κ2

∫
d4x
√−g

[
R + αR2 + γR�R

]
, α =

1

6M2

An inflationary regime in this model was first considered in
S. Gottlöber, H.-J. Schmidt and A. A. Starobinsky, Class.
Quant. Grav. 7, 803 (1990). But this model, if taken in full,
has a scalar ghost in addition to a physical massive scalar and
the massless graviton.

Its recent re-consideration avoiding ghosts:
A. R. R. Castellanos, F. Sobreira, I. L. Shapiro and
A. A. Starobinsky, arXiv:1810.07787.



The idea is to treat the γR�R term perturbatively with
respect to the R + R2 gravity, i.e., to consider only those
solutions which reduce to the solutions of the R + R2 gravity
in the limit γ − 0. Then the second (ghost) scalar degree of
freedom does not appear.

Results:

1. |k | . 0.3 where k = γ
6α2 .

2. In the limit kN � 1, leading corrections ∝ kN to ns − 1
and r vanish. The first result is in the agreement with that in
a more general non-local gravity model without ghosts
constructed in A. S. Koshelev, L. Modesto, L. Rachwal and
A. A. Starobinsky, JHEP 1611, 067 (2016); arXiv:1604.03127
which contains an infinite number of R derivatives.

Third type: terms arising from the conformal

(trace) anomaly

The tensor producing the ∝
(
RµνR

µν − R2

3

)
term in the trace

anomaly:

T ν
µ =

k2
2880π2

(
Rα
µR

ν
α −

2

3
RRν

µ −
1

2
δνµRαβR

αβ +
1

4
δνµR

2

)

It is covariantly conserved in the isotropic case only! Can be
generalized to the weakly anisotropic case by adding a term
proportional to the first power of the Weyl tensor.

T 0
0 =

3H4

κ2H2
1

, T = − 1

κ2H2
1

(
RµνR

µν − R2

3

)
, H2

1 =
2880π2

κ2k2



The spectrum of scalar and tensor perturbations in this case
was calculated already in A. A. Starobinsky, Sov. Astron. Lett.
9, 302 (1983).

ns − 1 = −2β
eβN

eβN − 1
, β =

M2

3H2
1

If ns > 0.957 and N = 55, then H1 > 7.2M .

Conclusions
I The simplest viable inflationary model in f (R) gravity is

the R + R2 one. It is one-parametric and has the
preferred value r = 12

N2 = 3(ns − 1)2 ≈ 0.004.
I Thus, it has sense to search for primordial GW from

inflation at the level r > 10−3 using CMB polarization
and temperature anisotropy!

I Inflation in f (R) gravity represents a dynamical attractor
for slow-rolling scalar fields strongly coupled to gravity.

I Comparison with observational data on ns(k)− 1 shows
that quantum corrections to the R + R2 model in the
observable part of inflation are small, no more than a few
percents. This smallness has been expected since it is
caused by the anomalously large value of the
dimensionless coefficient in front of the R2 term which
finally follows from actual smallness of present large-scale
inhomogeneity of the Universe.
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Astro-models w. I. Dvorkin, K. Olive, J. Silk, E. Vangioni���
GW background w. G. Cusin, I. Dvorkin, C. Pitrou ���

Gravity waves���

Since September 2015, we can detect GW with interferometers 
 
5 binary BH systems and 1 binary NS system 
 
But there are many other types of sources 



Sources: sensitivity curces and expected fluxes���

Origin of stellar mass black holes���

Physical models 
 Stellar evolution model 
 Initial mass of the star, binarity 

 
Environmental properties 

 Chemical composition 
 Porperties of the host galaxy 

Massive star 
(M*, Z*) 

Core collapse 

Supernova Neutron star 

Black hole 
MBH 



Galaxy stellar population evolution���

Each galaxy has a stellar formation history that depends on its mass and metallicity. 
 
A stellar evolution model gives the lifetime of the star and mBH=gs(M*, Z*)  
so that one can predict 

 - the rate of SN  
 - the rate of BH formation 
 - the BH mass spectrum 

as a function of time after the galaxy formation (and then redshift) 

galaxy of mass MG and metallicity Z 

How to predict the BH binaries formation rate���

For a galaxy of mass MG and metallicity Z 
 
-  The star formation rate  

[Springel-Hernqvist (2003)] 
-  Initial mass function 

   [Salpeter α=2.35]   

-  Stellar evolution model 
   [Woosley-Weaver (1995)] 
   [Fryer et al. (2012)] 
   [Limongi et al. (2017)] 

BH formation rate 

mBH = gs(M⇤, Z⇤)

 (z)

�(M⇤) =
dN⇤
dM⇤

/ M�↵
⇤

⌧(M⇤, Z⇤)

Fraction of BH in binary systems Birth rate of binaries 

�(MBH)



BH mergers rate���
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This depends on the lifetime of the binary BH systems, that is on their orbital 
parameters at formation (and eventually environment) 

Stress-energy tensor of a GW���

tµ⌫ =
c4

32⇡G

⇥
@µh↵�@⌫h

↵�
⇤

The GW stress-energy tensor is quadratic in hµν and obtained by expanding the 
Einstein tensor to second order. 
 
Long but textbook computation gives 

where the […] is defined as 

[A(t)] ⌘ 1

T0

Z T0

0

dt A(t)

The GW energy density is then defined as 

t00 =
c2

32⇡G
[ḣTT

ij ḣTT
ij ]



Energy density���

⌦GW(⌫0) =
1

⇢c

d⇢GW

d ln ⌫0

This leads to the definition of the  

⇢GW(⌫0) = t00

from which one defines the density parameter 

In a FL universe, it gives (I shall come back on this later) 

⌦GW(⌫0) =
1

⇢c

Z
dz

(1 + z)4H(z)

Z
d✓GnG(z; ✓G)LG(⌫G; ✓G)

⌫G = ⌫0(1 + z)

Elements to predict ΩGW���

It depends on 
 - the background cosmology; 
 - the distribution of galaxies n(MG,z); 

 
 - the subgalactic physics (SFR, IMF, stellar evolution, binarity); 

 
 - the GW emission of each type of source 

To integrate over the galaxy distribution one needs the Halo mass function 
(calibrated on numerical simulations [Tinker et al. (2008)]) 

dn

dMG
(MG, z)



Evolution models���

Redshift
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[Dvorkin, Vangioni, Silk, JPU, Olive, 1604.04288], 

SFR as function of redshift 

Optical depth as function of redshift Metallicity as function of redshift 

Parameters of the models 

BH mass & influence of metallicity ���

[Dvorkin, JPU,  Vangioni, Silk, 1709.09197], 



BH merger rate���
Total merger rate normalized 
to 10−7 Mpc−3 yr−1 at z = 0. Merger rate by unit BH mass at z=0 

Merger rate by unit mass as function of z 

[Dvorkin, Vangioni, Silk, JPU, Olive, 1604.04288], 

Comparing astrophysical models���
Log10 of the detection rate in units of M¤

−2 yr−1. 

[Dvorkin, JPU, Vangioni, Silk, 1709.09197] ���
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GW background���

[Dvorkin, JPU, Vangioni, Silk, 1607.06818] ���

Anisotropy of the AGWB���

This assumes that the spacetime is spatially stricly homogeneous and isotropic (FL) 

This is indeed not realistic 



Anisotropy of the AGWB���

Univers has large scale structure: 

Sources are not isotropically distributed + light propagates in a perturbed spacetime 

⌦GW(⌫0) =

Z
d2e0 ⌦GW(⌫0, e0)

⌦GW(⌫0, e0) =
1

⇢c

d3⇢GW(⌫0, e0)

d ln ⌫0 d2e0

Strain and density���

At the observer the GW is the superposity of many individual strains produced by 
different astrophysical systems 

h0(x0, t0, e0; t) /
N(e0)X

i

hi[Pem(x0, t0, e0), t]e
i'i

d2⇢GW

d2e0
(x0, t0, e0) / [ḣ0(tO,x0, e0; t)ḣ0(t0,x0, e0; t)]

Its energy density from direction e0 is 

Since sources are incoherent 



Strain and density���

The strain is not correlated while its energy density is. 
 

The good quantity to describe the AGWB is NOT the strain but its 
energy density. 

So the energy density, 

is a stochastic quantity. So it has a non-vanishing correlation function 

The strain is also a stochastic variable, but  uncorrelated on the sky because 
sources are incoherent 

[Cusin, Pitrou, JPU, 1711.11345] 

Anisotropy of the AGWB���

uµ
0

eµ
0

dV

Observer 4-velocity 

Direction of observation 

3D-physical volume 

It is given by the intersection of the 4-
volume and the observer past-light 
cone. 

[Cusin, Pitrou, JPU, 1704.06184] 



Anisotropy of the AGWB���

Anisotropy of the AGWB: GW propagation���

As in electromagnetism, it can be shown that in the eikonal limit GW follows null 
geodesics. 

kµ =
dxµ

d�

Dkµ

D�
⌘ k⌫r⌫k

µ = 0kµkµ = 0

Ghe observer 4-velosity defines a preferred notion of spatial sections. The GW 4-
vector can then be decomposed as: 

kµ = E (uµ � eµ)

eµuµ = 0 , eµeµ = 1

E = 2⇡⌫ ⌘ �uµkµ

pµ ⌘ (gµ⌫ + uµu⌫) k⌫ = �Eeµ

Direction of observation 

Energy/Cyclic frequency 

Spatial projection of the GW 4-vector: 



Anisotropy of the AGWB: redshift���

The general definition of the redshift is then 

1 + zG ⌘ ⌫G

⌫0
=

uµ
G kµ(�G)

uµ
0 kµ(�0)

Given initial conditions at the observer 

xµ(�0) = xµ
0 ,

dxµ(�)

d�

����
�=�0

= E0(u
µ
0 � eµ

0 ) .

One gets 

xµ(�, xµ
0 , eµ

0 ) z(�, xµ
0 , eµ

0 ) eµ(�, xµ
0 , eµ

0 )

AGWB: general derivation���



AGWB: (1) cosmological scales���

For each galaxy, characterized by θG we define 

The flux measured by the observer in the frequency band [ν0,ν0+dν0] 

AGWB: (2) galactic scales���

The effective luminosity (per unit frequency) can be split as  

There are 2 types of contributions. 

Inspiraling binaries 

Mergers and supernovae 



AGWB: General expression���
d3⇢GW

d⌫0d2⌦0
(⌫0, e0) =

Z
d�

Z
d✓G � [xµ(�), ⌫0, ✓G]

d3NG

d� d2⌦0
[xµ(�), ✓G]

� =
1 + zG

D2
L

LG

d3NG[xµ(�), ✓G] = nG[xµ(�), ✓G]d3V [xµ(�)]

d3V [xµ(�)] = D2
A(�)d2e0

q
pµ(�)pµ(�)d�

d3⇢GW

d⌫0d2⌦0
(⌫0, e0) =

1

4⇡

Z
d�

Z
d✓G

p
pµ(�)pµ(�)

[1 + zG(�)]
3 nG [xµ(�), ✓G] LG(⌫G, ✓G)

Galaxy number 
density 

Effective luminosity 

Spatial displacement 

redshift 

[Cusin, Pitrou, JPU, 1704.06184] 

AGWB: General expression���

This expression is covariant, valid in any spacetime geometry. 
 
It requires  - the determination of the past lightcone structure 

   [geodesis of the spacetime] 
 

  - a cosmological model 
   [galaxy distribution, …] 

 
  - an astrophysical model  
   [type of sources / emissivity / effective luminosity]  

At background level (FL), it recovers the standard formula used in the literature 

d3⇢GW

d⌫0d2⌦0
(⌫0) =

1

4⇡H0

Z
dz̄

1

E(z̄)

1

(1 + z̄)4

Z
d✓G n̄G(z̄, ✓G)LG(⌫G, ✓G)



Perturbed FL���

ds2 = a2
⇥
�(1 + 2 )d⌘2 + (1 � 2�)�ijdxidxj

⇤

 =  +⇧, � =  �⇧.

uµ ⌘ 1

a
(1 �  , vi) ⌘ ūµ + �uµ

Spacetime metric at linear order in (scalar) perturbation 

Bardeen potentials 

Velocity field 

Perturbed FL: general expression���

Gathering these 3 elements and plugging in the general formula, one gets 

⌦GW =
1

4⇡
⌦̄GW + �⌦GW(e, ⌫0)

�⌦GW(e, ⌫0) =
⌫0

⇢c
E(⌘0,x0, e, ⌫0)

E =
1

4⇡

Z
d⌘ a4

Z
d✓G n̄G LG(⌫G, ✓G)


�G + 4 + 4⇧� 2e · rv � 6

Z ⌘

⌘0

d⌘0 ̇

�

Local overdensity Doppler 

Integrated « SW » 

Local physics 

Einstein effect 
[Cusin, Pitrou, JPU, 1704.06184] 



Perturbed FL: general expression���

Now one needs the angular power spectrum of this thing. 

Observables)Output)

Sub.galac1c)scales)

Galac1c)scales)

Cosmological)scales)

Sources) SFR) IMF) Stellar)evolu1on)

Rm
i [✓(i), ✓G]

Ni[✓
(i), ✓G]dEi

d⌫

Li[⌘, ✓G]
Galaxy)GW)luminosity)

Halo)mass)func1on)

dnG

d✓G
(✓G, z)
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Ri(⌫, z)

Z(✓G, z)

Reionisa1on)
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BH-mergers source function���

0 1 2 3 4 5 6 7
10-38

10-37

10-36

z

A
(ν
,z
) ν = 100 Hz

ν = 32 Hz

ν = 10 Hz

Cl: first prediction – BH mergers���
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[Cusin, Dvorkin, Pitrou, JPU, 1803.03236] 



Cl: first prediction – BH mergers���

[Cusin, Dvorkin, Pitrou, JPU, (in prep.)] 
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Cl: analytic estimation���

On large scales, the dominant contribution arises from the density contrast and 
from the contribution at late time. 
 
Assuming bias scales at (1+z)1/2 and matter dominated  

�2
GW(⌫0) ⌘

X

`

(2` + 1)

4⇡
C`(⌫0)

Variance due to the large scale structure can be estimated to be 

32 Hz 100 Hz 
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2 )C`(⌫0) '


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�2 Z

kmin

P�(k)dk



Cl: z-dependence���
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Cross-correlations���
General expression has a cosmological and a local astrophysical components 
 
 
New observables correlated with all  
other cosmological probe 
 
 
Long way to detection but still a lot  
of thing to dig 
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[Cusin, Dvorkin, Pitrou, JPU, 1803.03236] 



Conclusions���

First expression of the astrophysical GW backgound  
 
First shape of the angular power spectrum for BH-merger sources 
 
Stellar evolution models lead to significantly different predictions for binary-BH 
systems distribution. 
 
Lots need to be done: 

 - explore dependence on astrophysical models 
 - most of the astrophysical parameters are badly known 
 - explore effects of the cosmology 
 - include other sources 

 
It opens a potential new window bridging astrophysics and cosmology 

 - understand the population of stellar BH 
 - test correlation between BH and dark matter distribution. 

 
 - Upper bounds obtained by LIGO up to l=7 

 
 - and indeed, you can even put PBH…. 
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Test of the equivalence principle 
at cosmological distance 
with gravitational waves
Atsushi Nishizawa (KMI, Nagoya U.)

Nov. 5-9, 2018 @ Rikkyo U.
28th JGRG

l From GW170817/GRB170817A, GW speed has been 
measured so precisely

l Constraint on amplitude damping rate

Test of gravity with GWs

LIGO Scientific Collaboration 2016-2017

LSC + Fermi + INTEGRAL, ApJL 848, L13

Arai & Nishizawa 2018�75.3  ⌫  78.4
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h00
ij + (2 + ⌫)Hh0

ij + (c2
Tk2 + a2µ2)hij = 0
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LIGO Scientific 
Collaboration 2017

l GWs from 5 BBH and 1 BNS have been detected so far.

l GW propagation

l graviton mass µ  7.7 ⇥ 10�23 eV
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GW amplitude damping

h = e�DhGR
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: gravitational constant 
for GWs

effective distance to a source dL,e↵(z) =

s
Ggw(z)

Ggw(0)
dL(z)
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Set 

Source redshift is necessary to compare with true distance.

Nishizawa 2018

h00
ij + (2 + ⌫)Hh0

ij + k2hij = 0
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in Horndeski theory

gravitational lensing

Ggw
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Equivalence principle in modified gravity

k2 = �4⇡Gmatter(k, ⌧)�⇢m
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GWs

All are 
in GR

GN
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Well constrained at
small scale, but not 
at cosmological 
distance yet.

In modified gravity that explains the cosmic accelerating 
expansion, the equivalence principle is likely to be broken.



Horndeski theory
Horndeski 1974
Deffayet, Gao, Steer, and Zahariade 2011
Kobayashi, Yamaguchi, Yokoyama 2011

S =

Z
dx4p�g
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Li + Lm
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l Most general scalar-tensor theory containing up to 2nd order 
spacetime derivatives.

l A single scalar field, but with four arbitrary functions of     
and� X = �rµ�rµ�/2 G2, G3, G4, G5
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<latexit sha1_base64="27MGhGOQ2Zwo6YaDWDKisKXpNjg="></latexit><latexit sha1_base64="cvvY5tlVPTqBkMh4YLVtlUeolJw="></latexit><latexit sha1_base64="cvvY5tlVPTqBkMh4YLVtlUeolJw="></latexit><latexit sha1_base64="YO11yIrsuMoo8oQL8motN/9FIOg="></latexit>

Gravitational constants 
in Horndeski theory

Poisson eq.

lensing eq.

Glight = GN

M2
pl
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1 +
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2
+

�2
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In the limit of quasi-static approximation,

from scalar
field fluctuations 

De Felice, Kobayashi, Tsujikawa 2011
Pogosian & Silvestri 2016

↵T = c2
T � 1
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Model parameter estimation

We estimate parameter errors with the Fisher information matrix.

l generate 500 sources with SNR > 8 for each case.

l source direction & inclination angles: uniformly random

l GW waveform:

Khan et al. 2016

post-Newtonian inspiral waveform for BH-NS and BNS

phenomenological IMR waveform (PhenomD) for BBH

HLV network,  redshift prior

constant ⌫, µ

30M� � 30M�

10M� � 10M�

10M� � 1.4M�

�z = 10�3

1.4 M� � 1.4 M�
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Sensitivity with 2nd gen. detectors
Nishizawa 2018
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is measured with the error of O(1)
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3rd gen. detectors

Using time-dependent (Earth rotation) antenna pattern functions 
for BNS. (1 day at 2 Hz, 2 hours at 5 Hz before merger)

BNS can be observed for long time because of good sensitivity at 
low frequencies (1-10Hz). 

Sensitivity with 3rd gen. detectors
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is measured with the error of O(0.01).
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Redshift dependence
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detector network 
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erros are independent 
of source redshifts
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smaller errors for 
heavier binaries 
(deu to larger SNR)
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thick bars (25-75%)
thin bars (5-95%)

Summary
l The equivalence principle at cosmological distance has not 
been tested precisely yet and can be a key test for modified
gravity theories that explain the cosmic accelerating expansion. 

l Gravitational constant for GWs is proved by measuring the 
amplitude damping rate       during GW propagation. 

l current constraint from GW170817

current detector network (aLIGO, KAGRA, etc.) 

future detector network (ET-D, CE, etc.) 
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CMB observations and BSM physics

• (ns, r) precision measurements from CMB
• No signal of physics beyond the Standard Model (BSM) 

at the LHC

credit: NASA



Planck Collaboration: Constraints on Inflation
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limits obtained from a ⇤CDM-plus-tensor fit. We refer the inter-
ested reader to PCI15 for a concise description of the inflationary
models studied here and we limit ourselves here to a summary
of the main results of this analysis.

– The inflationary predictions (Mukhanov & Chibisov 1981;
Starobinsky 1983) originally computed for the R2 model
(Starobinsky 1980) to lowest order,

ns � 1 ' � 2
N
, r ' 12

N2 , (48)

are in good agreement with Planck 2018 data, confirm-
ing the previous 2013 and 2015 results. The 95 % CL al-
lowed range 49 < N⇤ < 58 is compatible with the R2 ba-
sic predictions N⇤ = 54, corresponding to Treh ⇠ 109 GeV
(Bezrukov & Gorbunov 2012). A higher reheating temper-
ature Treh ⇠ 1013 GeV, as predicted in Higgs inflation
(Bezrukov & Shaposhnikov 2008), is also compatible with
the Planck data.

– Monomial potentials (Linde 1983) V(�) = �M4
Pl (�/MPl)p

with p � 2 are strongly disfavoured with respect to the
R2 model. For these values the Bayesian evidence is worse
than in 2015 because of the smaller level of tensor modes
allowed by BK14. Models with p = 1 or p = 2/3
(Silverstein & Westphal 2008; McAllister et al. 2010, 2014)
are more compatible with the data.

– There are several mechanisms which could lower the pre-
dictions for the tensor-to-scalar ratio for a given potential
V(�) in single-field inflationary models. Important exam-
ples are a subluminal inflaton speed of sound due to a non-
standard kinetic term (Garriga & Mukhanov 1999), a non-
minimal coupling to gravity (Spokoiny 1984; Lucchin et al.

1986; Salopek et al. 1989; Fakir & Unruh 1990), or an ad-
ditional damping term for the inflaton due to dissipation in
other degrees of freedom, as in warm inflation (Berera 1995;
Bastero-Gil et al. 2016). In the following we report on the
constraints for a non-minimal coupling to gravity of the type
F(�)R with F(�) = M2

Pl + ⇠�
2. To be more specific, a quartic

potential, which would be excluded at high statistical signif-
icance for a minimally-coupled scalar inflaton as seen from
Table 5, can be reconciled with Planck and BK14 data for
⇠ > 0: we obtain a 95 % CL lower limit log10 ⇠ > �1.6 with
ln B = �1.6.

– Natural inflation (Freese et al. 1990; Adams et al. 1993) is
disfavoured by the Planck 2018 plus BK14 data with a Bayes
factor ln B = �4.2.

– Within the class of hilltop inflationary models
(Boubekeur & Lyth 2005) we find that a quartic poten-
tial provides a better fit than a quadratic one. In the quartic
case we find the 95 % CL lower limit log10(µ2/MPl) > 1.1.

– D-brane inflationary models (Kachru et al. 2003; Dvali et al.
2001; Garcı́a-Bellido et al. 2002) provide a good fit to
Planck and BK14 data for a large portion of their parame-
ter space.

– For the simple one parameter class of inflationary potentials
with exponential tails (Goncharov & Linde 1984; Stewart
1995; Dvali & Tye 1999; Burgess et al. 2002; Cicoli et al.
2009) we find ln B = �1.0.

– Planck 2018 data strongly disfavour the hybrid model driven
by logarithmic quantum corrections in spontaneously broken
supersymmetric (SUSY) theories (Dvali et al. 1994), with
ln B = �5.0.
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• Monomial potentials (p ≧ 2) in GR are disfavored.

proofs JCAP_076P_0415

5.4 Potential driven G5-inflation: h5 = const.

Finally, we consider the simplest case of h5 = −1/M5, for which the Lagrangian is of the
form

L =
M2

P R

2
+ X − V − 1

M5
XGµν∇µ∇νφ

+
1

6M5

[
(!φ)3 − 3!φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3

]
. (5.32)

As far as we know, inflation dynamics of this Lagrangian has not been addressed in the
literature (although the model itself was proposed in [32]). Below, we show that inflation
with sub-strong coupling excursion is possible in this model.

Assuming that the h5 term dominates over the canonical kinetic term in the equation
of motion during inflation, realized when (using the equation of motion)

H3φ̇ ≫ M5, i.e. M
2(2p−3)
2p+3

P m
4(4−p)
2p+3 ≫ M

10
2p+3 , (5.33)

we have an expression for φ̇ in terms of φ,

φ̇ = −
√

M5Vφ

9H4
, (5.34)

which can be used to calculate the e-folding number during inflation

N =

∫
H

φ̇
dφ ≃ 2√

3p3/2(2p + 3)

m4−p

M3
P M5/2

φN
p+ 3

2 − p

2p + 3
. (5.35)

Thus the field value N e-folds before the end of inflation is given by

φN ≃
[
√

3p3/2

(
p +

3

2

)
M3

P M5/2

m4−p

(
N +

p

2p + 3

)] 2
2p+3

. (5.36)

The Planck normalization gives one constraint on the parameters, which can be written
as

Pζ =
1

16π2
√

2p
p+6
2p+3

[√
3

(
p +

3

2

)(
N +

3

2p + 3

)] 4p+3
2p+3

(
m

MP

) 2(p+6)
2p+3 (m

M

)− 5p
2p+3

. (5.37)

For instance, taking p = 2, N = 60 yields

m = 2.2 × 10−12

(
M

MP

)−5/3( Pζ

2.2 × 10−9

) 7
6

MP . (5.38)

Substituting this back into φN=60, we obtain an upper bound for the field excursion during
inflation

∆φ " φN=60 = 4.1 × 10−2

(
M

1011GeV

)5/3( Pζ

2.2 × 10−9

)−1 (√
ϵMP H2

) 1
3 , (5.39)

which is smaller than (
√

ϵMP H2)1/3 if M " 1011 GeV.
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limits obtained from a ⇤CDM-plus-tensor fit. We refer the inter-
ested reader to PCI15 for a concise description of the inflationary
models studied here and we limit ourselves here to a summary
of the main results of this analysis.

– The inflationary predictions (Mukhanov & Chibisov 1981;
Starobinsky 1983) originally computed for the R2 model
(Starobinsky 1980) to lowest order,

ns � 1 ' � 2
N
, r ' 12

N2 , (48)

are in good agreement with Planck 2018 data, confirm-
ing the previous 2013 and 2015 results. The 95 % CL al-
lowed range 49 < N⇤ < 58 is compatible with the R2 ba-
sic predictions N⇤ = 54, corresponding to Treh ⇠ 109 GeV
(Bezrukov & Gorbunov 2012). A higher reheating temper-
ature Treh ⇠ 1013 GeV, as predicted in Higgs inflation
(Bezrukov & Shaposhnikov 2008), is also compatible with
the Planck data.

– Monomial potentials (Linde 1983) V(�) = �M4
Pl (�/MPl)p

with p � 2 are strongly disfavoured with respect to the
R2 model. For these values the Bayesian evidence is worse
than in 2015 because of the smaller level of tensor modes
allowed by BK14. Models with p = 1 or p = 2/3
(Silverstein & Westphal 2008; McAllister et al. 2010, 2014)
are more compatible with the data.

– There are several mechanisms which could lower the pre-
dictions for the tensor-to-scalar ratio for a given potential
V(�) in single-field inflationary models. Important exam-
ples are a subluminal inflaton speed of sound due to a non-
standard kinetic term (Garriga & Mukhanov 1999), a non-
minimal coupling to gravity (Spokoiny 1984; Lucchin et al.

1986; Salopek et al. 1989; Fakir & Unruh 1990), or an ad-
ditional damping term for the inflaton due to dissipation in
other degrees of freedom, as in warm inflation (Berera 1995;
Bastero-Gil et al. 2016). In the following we report on the
constraints for a non-minimal coupling to gravity of the type
F(�)R with F(�) = M2

Pl + ⇠�
2. To be more specific, a quartic

potential, which would be excluded at high statistical signif-
icance for a minimally-coupled scalar inflaton as seen from
Table 5, can be reconciled with Planck and BK14 data for
⇠ > 0: we obtain a 95 % CL lower limit log10 ⇠ > �1.6 with
ln B = �1.6.

– Natural inflation (Freese et al. 1990; Adams et al. 1993) is
disfavoured by the Planck 2018 plus BK14 data with a Bayes
factor ln B = �4.2.

– Within the class of hilltop inflationary models
(Boubekeur & Lyth 2005) we find that a quartic poten-
tial provides a better fit than a quadratic one. In the quartic
case we find the 95 % CL lower limit log10(µ2/MPl) > 1.1.

– D-brane inflationary models (Kachru et al. 2003; Dvali et al.
2001; Garcı́a-Bellido et al. 2002) provide a good fit to
Planck and BK14 data for a large portion of their parame-
ter space.

– For the simple one parameter class of inflationary potentials
with exponential tails (Goncharov & Linde 1984; Stewart
1995; Dvali & Tye 1999; Burgess et al. 2002; Cicoli et al.
2009) we find ln B = �1.0.

– Planck 2018 data strongly disfavour the hybrid model driven
by logarithmic quantum corrections in spontaneously broken
supersymmetric (SUSY) theories (Dvali et al. 1994), with
ln B = �5.0.
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• Monomial potentials (p ≧ 2) in GR are disfavored.

• What if we could nail down to further precision?

proofs JCAP_076P_0415

5.4 Potential driven G5-inflation: h5 = const.

Finally, we consider the simplest case of h5 = −1/M5, for which the Lagrangian is of the
form

L =
M2

P R

2
+ X − V − 1

M5
XGµν∇µ∇νφ

+
1

6M5

[
(!φ)3 − 3!φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3

]
. (5.32)

As far as we know, inflation dynamics of this Lagrangian has not been addressed in the
literature (although the model itself was proposed in [32]). Below, we show that inflation
with sub-strong coupling excursion is possible in this model.

Assuming that the h5 term dominates over the canonical kinetic term in the equation
of motion during inflation, realized when (using the equation of motion)

H3φ̇ ≫ M5, i.e. M
2(2p−3)
2p+3

P m
4(4−p)
2p+3 ≫ M

10
2p+3 , (5.33)

we have an expression for φ̇ in terms of φ,

φ̇ = −
√

M5Vφ

9H4
, (5.34)

which can be used to calculate the e-folding number during inflation

N =

∫
H

φ̇
dφ ≃ 2√

3p3/2(2p + 3)

m4−p

M3
P M5/2

φN
p+ 3

2 − p

2p + 3
. (5.35)

Thus the field value N e-folds before the end of inflation is given by

φN ≃
[
√

3p3/2

(
p +

3

2

)
M3

P M5/2

m4−p

(
N +

p

2p + 3

)] 2
2p+3

. (5.36)

The Planck normalization gives one constraint on the parameters, which can be written
as

Pζ =
1

16π2
√

2p
p+6
2p+3

[√
3

(
p +

3

2

)(
N +

3

2p + 3

)] 4p+3
2p+3

(
m

MP

) 2(p+6)
2p+3 (m

M

)− 5p
2p+3

. (5.37)

For instance, taking p = 2, N = 60 yields

m = 2.2 × 10−12

(
M

MP

)−5/3( Pζ

2.2 × 10−9

) 7
6

MP . (5.38)

Substituting this back into φN=60, we obtain an upper bound for the field excursion during
inflation

∆φ " φN=60 = 4.1 × 10−2

(
M

1011GeV

)5/3( Pζ

2.2 × 10−9

)−1 (√
ϵMP H2

) 1
3 , (5.39)

which is smaller than (
√

ϵMP H2)1/3 if M " 1011 GeV.
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Starobinsky R2 Inflation  
[Starobinsky 1980; Mukhanov & Chibisov 1981]

• One of the oldest models of Inflation, before models of 
Sato and Guth

• A single parameter M characterizes the model.

S =
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R2 Inflation as scalar-tensor theory  
[Whitt 1984; Maeda 1988]
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�ĝ

�
�1

2
(�̂�̂)2 � V (�̂)

�

SE =

�
d4x

��g

�
1

2�2
R � 1

2
(��)2 � U(�) � 1

2
e�

�
2
3��(��̂)2 � e�

�
8
3��V (�̂)

�



R2 Inflation [Starobinsky 1980]
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Then the gravitational Lagrangian reads [27, 28]

Lgrav =
p�g

"
M2

p

2
R � 1

2
@µ�@µ�� V (�)

#
, (14)

where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame as the Einstein frame, where � is
the canonically normalized scalar field that drives infla-
tion in the early universe (dubbed inflaton or scalaron).

In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (�) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 30] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (⇣k and �+,⇥

k , respectively) on large scales
are given by

P⇣(k) =
k3

2⇡2
|⇣k|2 ' H2

8⇡2✏M2
p

' V

24⇡2✏V M4
p

, (15)

P�(k) =
k3

⇡2
|�k|2 ' 2H2

⇡2M2
p

' 2V

3⇡2M4
p

, (16)

where all quantities are evaluated at the CMB scale k =
k⇤ and slow roll parameters are defined as

✏ = � Ḣ

H2
, ✏V =

V 02M2
p

2V
. (17)

From Eqs. (13), (15) and (17), we get

P⇣(k) ' 3M2

128⇡2M2
p

e
2
p

2
3

�
Mp ' N2M2

24⇡2M2
p

, (18)

where the number of e-folds is given by

N⇤ = �
Z ⇤

f

dtH ' 3

4
e
p

2
3

�⇤
Mp . (19)

The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [28, 31–33]

M ' 10�5Mp
4⇡

p
30

N⇤

✓ P⇣(k⇤)
2 ⇥ 10�9

◆1/2

(20)

⇠ 10�5 Mp ⇠ 1027cm�1 ⇠ 1051Mpc�1,

which is roughly the physical size of the Hubble horizon
at the end of inflation.

The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):

r =
P�(k)

P⇣(k)
' 16✏ ' 12

N2⇤
. (21)

Scale dependences of the primordial spectra are given
by

ns � 1 =
d ln P⇣(k)

d ln k
' �6✏V + 2⌘V ' � 2

N⇤
, (22)

nt =
d ln P�(k)

d ln k
' �2✏V ' � 3

2N2⇤
, (23)

dns

d ln k
' 16✏V ⌘V � 24✏2V � 2⇠2V ' � 2

N2⇤
, (24)

dnt

d ln k
' 4✏V ⌘V � 8✏2V ' � 3

N3⇤
, (25)

where we have used ✏V ' 3/(4N2
⇤ ), ⌘V = V 00M2

p /V '
�1/N⇤ and ⇠2V = V 0V 000M4

p /V 2 ' 1/N2
⇤ .

A precise value of N⇤ depends on particle contents of
the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.

In the Einstein frame picture, we can do the equivalent
analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as

Lmattp�ĝ
= � ĝµ⌫(Dµ�̂)⇤D⌫ �̂� ��(�̂⇤�̂)2 � m2

�

f
�̂⇤�̂

� ˆ̄ 
h
êµ
↵�

↵(@µ � �̂µ � igÂµ) + f�1/2m 

i
 ̂

� 1

4
F̂µ⌫ F̂µ⌫ +

�h(g)

2g
(ln f)F̂µ⌫ F̂µ⌫ , (26)

where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)

Âµ = Aµ, Âµ = f�1Aµ, (28)

respectively, and the covariant derivative for scalars is
defined as

Dµ�̂ = @µ�̂+ �̂@µ(ln f1/2) � igÂµ�̂. (29)

The spin connection is conformally invariant: �̂µ = �µ

(see footnote 4 of [36]). The gauge coupling constant is
denoted by g and its running is associated with the beta
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Gravitational reheating by scalaron decay  
[YW & Komatsu gr-qc/0612120; YW 1011.3348; YW & White 1503.08430]
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Gravitational reheating by scalaron decay  
[YW & Komatsu gr-qc/0612120; YW 1011.3348; YW & White 1503.08430]
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Gravitational reheating by scalaron decay  
[YW & Komatsu gr-qc/0612120; YW 1011.3348; YW & White 1503.08430]
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function from heavy intermediate particles �h(g). Insert-

ing ln f =
p

2/3(�/Mp) into Eq. (29) while expanding
Eq. (12) as

f = 1 +

r
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✓
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◆2

+ · · · , (30)

we get order by order expansion of the interaction La-
grangian with respect to �. The scalaron � can decay
into the matter sector via trilinear interactions [36]:
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+
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2
p

6gMp

�Fµ⌫Fµ⌫ , (31)

where we have integrated by parts, used equations of mo-
tion for � and �⇤ to get the second equality, and omitted
carets on the variables. Note that we did not take a uni-
tary gauge because the electroweak gauge symmetry is
likely restored due to thermal corrections from standard
model particles before the scalaron decay. Otherwise, it
is convenient to take a unitary gauge with massive gauge
bosons.

Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [35, 36] (also see [37,
38])
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where N�, N and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ⇠R�⇤�. If ⇠ = �1/6, �
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (⇠ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless

fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 34]

Although the scalaron cannot decay into gauge fields
classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
↵ = g2/(4⇡) and bi’s are the lowest coe�cients of the
beta functions from charged particles heavier than the
scalaron. In the original setup [1], the gravitational trace
anomaly induces the R2 term whose dimensionless con-
stant M2

p /M2 ⇠ O(1010) is required to match with the
observed amplitude of primordial curvature perturba-
tions, which would naively imply the excessive number
of degrees of freedom Ngrav ⇠ O(1010) (also see [39]).
Even if tiny fraction of Ngrav is charged under the stan-
dard model gauge group, we can expect |Pi=heavy bi| ⇠
O(102)�O(104) at reheating while avoiding strong cou-
plings at inflationary energy scales. Since the gauge
coupling constant takes value of ↵/(

p
8⇡) ⇠ O(10�2) �

O(10�1) at the energy scale ⇠ O(109 GeV), the anomaly
process could dominate over the scalar channel. In this
case, the shadow of heavy charged particles determines
the reheating process [36]. Note that this apparently con-
troversial property is similar to the gauge trace anomaly
of quantum chromodynamics [40] and to the super-Weyl-
Kähler anomaly [41].

If there is no charged particle heavier than the scalaron
at reheating, then the anomaly process cannot be ex-
pressed by the local e↵ective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [36].

Now we can estimate the reheating temperature by
using the scalaron decay rate (or equivalently lifetime)
as
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where g⇤ = g⇤(Trh) is the e↵ective number of relativistic
species at the time of reheating and the reheating tem-
perature Trh is defined by the moment: �tot = 3H =

3⇡g
1/2
⇤ T 2

rh/(
p

10Mp). To get Trh = O(109 GeV), we have
assumed the standard model g⇤ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
N� = 4 and ⇠ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ⇠ O(109 � 1012 GeV) depending on the number
of heavy charged modes.

Since the scalaron oscillation phase evolves as a dust-
dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [30]
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we get order by order expansion of the interaction La-
grangian with respect to �. The scalaron � can decay
into the matter sector via trilinear interactions [36]:
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where we have integrated by parts, used equations of mo-
tion for � and �⇤ to get the second equality, and omitted
carets on the variables. Note that we did not take a uni-
tary gauge because the electroweak gauge symmetry is
likely restored due to thermal corrections from standard
model particles before the scalaron decay. Otherwise, it
is convenient to take a unitary gauge with massive gauge
bosons.

Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [35, 36] (also see [37,
38])
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where N�, N and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ⇠R�⇤�. If ⇠ = �1/6, �
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (⇠ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless

fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 34]

Although the scalaron cannot decay into gauge fields
classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
↵ = g2/(4⇡) and bi’s are the lowest coe�cients of the
beta functions from charged particles heavier than the
scalaron. In the original setup [1], the gravitational trace
anomaly induces the R2 term whose dimensionless con-
stant M2

p /M2 ⇠ O(1010) is required to match with the
observed amplitude of primordial curvature perturba-
tions, which would naively imply the excessive number
of degrees of freedom Ngrav ⇠ O(1010) (also see [39]).
Even if tiny fraction of Ngrav is charged under the stan-
dard model gauge group, we can expect |Pi=heavy bi| ⇠
O(102)�O(104) at reheating while avoiding strong cou-
plings at inflationary energy scales. Since the gauge
coupling constant takes value of ↵/(
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O(10�1) at the energy scale ⇠ O(109 GeV), the anomaly
process could dominate over the scalar channel. In this
case, the shadow of heavy charged particles determines
the reheating process [36]. Note that this apparently con-
troversial property is similar to the gauge trace anomaly
of quantum chromodynamics [40] and to the super-Weyl-
Kähler anomaly [41].

If there is no charged particle heavier than the scalaron
at reheating, then the anomaly process cannot be ex-
pressed by the local e↵ective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [36].

Now we can estimate the reheating temperature by
using the scalaron decay rate (or equivalently lifetime)
as
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where g⇤ = g⇤(Trh) is the e↵ective number of relativistic
species at the time of reheating and the reheating tem-
perature Trh is defined by the moment: �tot = 3H =

3⇡g
1/2
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rh/(
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10Mp). To get Trh = O(109 GeV), we have
assumed the standard model g⇤ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
N� = 4 and ⇠ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ⇠ O(109 � 1012 GeV) depending on the number
of heavy charged modes.

Since the scalaron oscillation phase evolves as a dust-
dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [30]
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we get order by order expansion of the interaction La-
grangian with respect to �. The scalaron � can decay
into the matter sector via trilinear interactions [36]:
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where we have integrated by parts, used equations of mo-
tion for � and �⇤ to get the second equality, and omitted
carets on the variables. Note that we did not take a uni-
tary gauge because the electroweak gauge symmetry is
likely restored due to thermal corrections from standard
model particles before the scalaron decay. Otherwise, it
is convenient to take a unitary gauge with massive gauge
bosons.

Based on the above gravitationally induced couplings,
the scalaron decay rate is given by [35, 36] (also see [37,
38])
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where N�, N and NA are the number of modes for each
field. In Eq. (32), we have included non-minimal gravita-
tional coupling to the Higgs boson ⇠R�⇤�. If ⇠ = �1/6, �
is conformally coupled to gravity and the induced deriva-
tive coupling cancels out; as a result, the leading term in
Eq. (32) vanishes. We shall assume a minimal coupling
of the Higgs boson to gravity (⇠ = 0) to avoid complexity
for now. As is well known, massless fermions are confor-
mally invariant and the decay rate to a pair of massless

fermions vanishes [see Eq. (33)]. These rates are consis-
tent with the Jordan frame analysis [2, 10, 34]

Although the scalaron cannot decay into gauge fields
classically, it does quantum mechanically via the gauge
trace anomaly process with the rate of Eq. (34), where
↵ = g2/(4⇡) and bi’s are the lowest coe�cients of the
beta functions from charged particles heavier than the
scalaron. In the original setup [1], the gravitational trace
anomaly induces the R2 term whose dimensionless con-
stant M2

p /M2 ⇠ O(1010) is required to match with the
observed amplitude of primordial curvature perturba-
tions, which would naively imply the excessive number
of degrees of freedom Ngrav ⇠ O(1010) (also see [39]).
Even if tiny fraction of Ngrav is charged under the stan-
dard model gauge group, we can expect |Pi=heavy bi| ⇠
O(102)�O(104) at reheating while avoiding strong cou-
plings at inflationary energy scales. Since the gauge
coupling constant takes value of ↵/(

p
8⇡) ⇠ O(10�2) �

O(10�1) at the energy scale ⇠ O(109 GeV), the anomaly
process could dominate over the scalar channel. In this
case, the shadow of heavy charged particles determines
the reheating process [36]. Note that this apparently con-
troversial property is similar to the gauge trace anomaly
of quantum chromodynamics [40] and to the super-Weyl-
Kähler anomaly [41].

If there is no charged particle heavier than the scalaron
at reheating, then the anomaly process cannot be ex-
pressed by the local e↵ective Lagrangian [the last term
of Eq. (26)]. In this case, the anomalous decay rate has
to be computed directly from loop diagrams with light
intermediate charged particles as in [36].

Now we can estimate the reheating temperature by
using the scalaron decay rate (or equivalently lifetime)
as
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where g⇤ = g⇤(Trh) is the e↵ective number of relativistic
species at the time of reheating and the reheating tem-
perature Trh is defined by the moment: �tot = 3H =

3⇡g
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⇤ T 2

rh/(
p

10Mp). To get Trh = O(109 GeV), we have
assumed the standard model g⇤ = 106.75 as the matter
sector and that the scalar decay channel is dominant with
N� = 4 and ⇠ = 0 for the Higgs boson. If the anomaly
channel is dominant, the reheating temperature can be as
high as ⇠ O(109 � 1012 GeV) depending on the number
of heavy charged modes.

Since the scalaron oscillation phase evolves as a dust-
dominated phase, the number of efolds at the CMB scale
and the reheating temperature are associated by [30]
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Then the gravitational Lagrangian reads [27, 28]

Lgrav =
p�g
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where we have redefined R with the rescaled metric and
removed carets (ˆ) on variables. We call this conformally
(Weyl) rescaled frame as the Einstein frame, where � is
the canonically normalized scalar field that drives infla-
tion in the early universe (dubbed inflaton or scalaron).

In the Einstein frame picture, inflation takes place dur-
ing slow rolling of the scalaron on the flat part of its
potential V (�) [Eq. (13)]. Therefore, we can use stan-
dard formulas on potential-driven slow roll inflation in
the literature (see, e.g., [12, 30] for reviews). The power
spectra of primordial curvature and gravitational wave
perturbations (⇣k and �+,⇥

k , respectively) on large scales
are given by
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From Eqs. (13), (15) and (17), we get
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The unique parameter, scalaron mass M , is thus fixed
by the COBE-WMAP normalization of the amplitude of
curvature perturbations as [28, 31–33]
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⇠ 10�5 Mp ⇠ 1027cm�1 ⇠ 1051Mpc�1,

which is roughly the physical size of the Hubble horizon
at the end of inflation.

The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):
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Scale dependences of the primordial spectra are given
by
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A precise value of N⇤ depends on particle contents of
the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.

In the Einstein frame picture, we can do the equivalent
analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as
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where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)

Âµ = Aµ, Âµ = f�1Aµ, (28)

respectively, and the covariant derivative for scalars is
defined as

Dµ�̂ = @µ�̂+ �̂@µ(ln f1/2) � igÂµ�̂. (29)

The spin connection is conformally invariant: �̂µ = �µ

(see footnote 4 of [36]). The gauge coupling constant is
denoted by g and its running is associated with the beta
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A precise value of N⇤ depends on particle contents of
the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
namical, contrary to the general relativity, and starts os-
cillating after inflation. It is similar to a dust-dominated
phase.

In the Einstein frame picture, we can do the equivalent
analysis. Expanding the scalaron potential (13) around
the origin, we get V (�) ' M2�2/2 + · · · for � . Mp.
Thus we can interpret an oscillating homogeneous field
� as a condensate of massive scalar particles (scalarons)
with zero momenta and mass M . When the metric is
rescaled, interaction between the scalaron and matter
sector is semi-classically [35] and quantum mechanically
[36] induced as
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where the standard model is symbolically treated as the
matter sector in which fields of spin-0 (�), spin-1/2 ( )
and spin-1 (Aµ) are rescaled as

�̂ = f�1/2�,  ̂ = f�3/4 , (27)

Âµ = Aµ, Âµ = f�1Aµ, (28)

respectively, and the covariant derivative for scalars is
defined as

Dµ�̂ = @µ�̂+ �̂@µ(ln f1/2) � igÂµ�̂. (29)

The spin connection is conformally invariant: �̂µ = �µ

(see footnote 4 of [36]). The gauge coupling constant is
denoted by g and its running is associated with the beta
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H2
, ✏V =

V 02M2
p

2V
. (17)

From Eqs. (13), (15) and (17), we get

P⇣(k) ' 3M2

128⇡2M2
p

e
2
p

2
3

�
Mp ' N2M2

24⇡2M2
p

, (18)
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at the end of inflation.

The primordial amplitude of gravitational waves is
characterized by the ratio between Eqs. (16) and (15):

r =
P�(k)

P⇣(k)
' 16✏ ' 12

N2⇤
. (21)

Scale dependences of the primordial spectra are given
by

ns � 1 =
d ln P⇣(k)

d ln k
' �6✏V + 2⌘V ' � 2

N⇤
, (22)

nt =
d ln P�(k)

d ln k
' �2✏V ' � 3

2N2⇤
, (23)

dns

d ln k
' 16✏V ⌘V � 24✏2V � 2⇠2V ' � 2

N2⇤
, (24)

dnt

d ln k
' 4✏V ⌘V � 8✏2V ' � 3

N3⇤
, (25)

where we have used ✏V ' 3/(4N2
⇤ ), ⌘V = V 00M2

p /V '
�1/N⇤ and ⇠2V = V 0V 000M4

p /V 2 ' 1/N2
⇤ .

A precise value of N⇤ depends on particle contents of
the universe and how they couple to the inflaton dur-
ing reheating. How does reheating take place after the
R2-inflation? The matter sector is assumed to be confor-
mally coupled to gravity in the original work [1, 2], where
he estimated the gravitational decay rate of the scalaron
by using Bogoliubov’s method in the Jordan frame (see
also [10, 34]). In this frame, the Ricci scalar becomes dy-
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cillating after inflation. It is similar to a dust-dominated
phase.
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Preheating in R2 inflation (Minkowski)  [Takeda & YW 1405.3830]
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FIG. 1: Time evolution of the fluctuations from t = 0[1/M ] for each initial amplitude of the background field �/Mp =
2, 0.5, 0.1, 0.01. Each line is the snapshot of the spectrum of the fluctuations at several time. The vertical axis ��k is the
Fourier mode of the fluctuation ��(x) and the horizontal axis k is the corresponding momentum.

Redefining the time variable as Mt ⌘ 2T̂ , we can trans-
form the EOM for ��k [Eq. (39)] into the Mathieu equa-
tion:

��00k +
h
A1k � 2q1 cos(2T̂ )

i
��k = 0, (48)

where a prime denotes a derivative with respect to T̂ .
Parameters q1 and A1k are defined as

q1 ⌘ 2
p

6
�

Mp
, (49)

A1k ⌘ 4 + 4

✓
k

M

◆2

+
7

36
q2
1 . (50)

The Mathieu equation (48) has a growing mode solution
that leads to instabilities. The instabilities are classified
to two cases, whether q < 1 or q > 1. When q < 1, a
growth of the fluctuations can be induced by a narrow
resonance [13] whose instability mode is characterized by
the parameter Ak = n2, where n is a natural number.
When q > 1, a growth of the fluctuations can be induced
by a broad resonance [14], namely instabilities occur at
the break down of the adiabatic condition: |d!/dt|/!2 >
1.

For 0.2Mp . � . 2Mp such that q1 & 1, enhance-
ment of the fluctuations would be induced by a broad
resonance. Substituting the frequency (47) into the non-
adiabatic condition |d!/dt|/!2 > 1, we get

✓
k

M

◆2

< � 1 � 7

6

✓
�

Mp

◆2

+
p

6
�

Mp
cos(Mt)

+

✓
3

2

◆ 1
3
✓

�

Mp

◆ 2
3

|sin(Mt)| 2
3 , (51)

which yields a broad resonance band. Fig. 2 shows the
right-hand side of Eq. (51). An exponential instability
takes place if the adiabatic condition is violated, i.e. if the
lines in Fig. 2 lie above zero for some time. We find the
instability can occur for � = 0.5Mp within 0  k/M <
0.47, which explains the broad resonance band of the
right top panel in Fig. 1. For � = 2Mp, even though

q1 = 4
p

6 > 1, the broad resonance condition [Eq. (51)
and Fig. 2] indicates that there is no instability band due
to the lower harmonic frequency. In this case, however,
the higher harmonic becomes important, which we will
explain later.

For � < 0.2Mp, parameter q1 is smaller than 1, and

Broad resonance

2nd narrow resonance
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parametric self-resonances cannot overcome the e↵ect of
the expansion, and thus instabilities do not occur during
the reheating epoch in the absence of the back-reaction
from the metric of space-time.

B. Metric preheating

We will now take the metric perturbations into ac-
count. Under the coordinate (gauge) transformation
t ! t + �t, the field and the scale factor are trans-
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FIG. 7: Time evolution of the fluctuations from t = 0[1/M ]
to t = 104[1/M ] with the Mukhanov-Sasaki equation. Each
line is the snapshot of the spectrum of the fluctuations at t =
0, 10, 102, 103, 104[1/M ]. The vertical axis ��k is the Fourier
mode of the fluctuation ��(x) and the horizontal axis k is the
corresponding momentum.

formed as �(x, t + �t) ' �0(t) + ��(x, t) + �̇0(t)�t
and a(t + �t) ' a(t) + ȧ(t)�t = a(t) + a(t)H�t, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t + �t)dxidxj ' a2(t)e2⇣dx2

i , we take H�t = ⇣ and

�(x, t + �t) ' �0(t) + ��(x, t) + �̇0(t)⇣/H. Then, we
cannot separate fluctuations �� and ⇣ since their linear
combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [44]:

vk = a

 
��k � �̇0

H
⇣k

!
, (64)

where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[44]) [45–50]. In a flat gauge (i.e., on the zero curvature
time-slice, ⇣k = 0), the Mukhanov-Sasaki equation reads

��̈k + 3H��̇k +


k2

a2
+ V 00(�0) + �F

�
��k = 0, (65)

where the back-reaction from the metric perturbations is
given by

�F ⌘
˙2�0

M2
p H

V 0(�0) +
�̇2

0

M4
p H2

V (�0). (66)

The background equations are given by Eqs. (61) and
(62).

We have numerically integrated the coupled Eq. (61),
(62) and (65) with the same numerical method as in the
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and a(t + �t) ' a(t) + ȧ(t)�t = a(t) + a(t)H�t, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t + �t)dxidxj ' a2(t)e2⇣dx2

i , we take H�t = ⇣ and

�(x, t + �t) ' �0(t) + ��(x, t) + �̇0(t)⇣/H. Then, we
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combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [44]:
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where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[44]) [45–50]. In a flat gauge (i.e., on the zero curvature
time-slice, ⇣k = 0), the Mukhanov-Sasaki equation reads
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where the back-reaction from the metric perturbations is
given by
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The background equations are given by Eqs. (61) and
(62).

We have numerically integrated the coupled Eq. (61),
(62) and (65) with the same numerical method as in the

Without back-reaction from metric, 
Hubble damping wins over instabilities.

With back-reaction from metric, 
preheating is balanced with 

 Hubble damping.
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and a(t + �t) ' a(t) + ȧ(t)�t = a(t) + a(t)H�t, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t + �t)dxidxj ' a2(t)e2⇣dx2

i , we take H�t = ⇣ and

�(x, t + �t) ' �0(t) + ��(x, t) + �̇0(t)⇣/H. Then, we
cannot separate fluctuations �� and ⇣ since their linear
combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [44]:

vk = a

 
��k � �̇0

H
⇣k

!
, (64)

where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
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formed as �(x, t + �t) ' �0(t) + ��(x, t) + �̇0(t)�t
and a(t + �t) ' a(t) + ȧ(t)�t = a(t) + a(t)H�t, re-
spectively. With an almost flat FLRW spatial metric
hij(x, t + �t)dxidxj ' a2(t)e2⇣dx2

i , we take H�t = ⇣ and

�(x, t + �t) ' �0(t) + ��(x, t) + �̇0(t)⇣/H. Then, we
cannot separate fluctuations �� and ⇣ since their linear
combination is physical. In this case, the gauge invari-
ant combination of the perturbations is known as the
Mukhanov-Sasaki variable [44]:

vk = a

 
��k � �̇0

H
⇣k

!
, (64)

where ⇣k is the perturbation of the three curvature given
in Sec. II. During the post-inflationary oscillation phase,
⇣k has a singular behavior, which can be avoided by in-
stead using the EOM for vk (Mukhanov-Sasaki equation
[44]) [45–50]. In a flat gauge (i.e., on the zero curvature
time-slice, ⇣k = 0), the Mukhanov-Sasaki equation reads

��̈k + 3H��̇k +


k2

a2
+ V 00(�0) + �F

�
��k = 0, (65)

where the back-reaction from the metric perturbations is
given by

�F ⌘
˙2�0

M2
p H

V 0(�0) +
�̇2

0

M4
p H2

V (�0). (66)

The background equations are given by Eqs. (61) and
(62).

We have numerically integrated the coupled Eq. (61),
(62) and (65) with the same numerical method as in the
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this is the first study of inflaton decay and gravitino production in the theory described by a

modified action of supergravity. In section 3, we study various partial decay rates of the inflaton.

In section 4, we discuss the cosmological constraints from gravitino abundance. We summarize

and discuss differences from the original (non-SUSY) version of the Starobinsky model in sec-

tion 5. The duality transformation between a higher derivative SUGRA and the corresponding

standard SUGRA is reviewed, and some generalization of it is discussed in Appendix A. We use

the reduced Planck unit c = ! = MG = 1 with MG = MPl/
√

8π = 1/
√

8πG unless otherwise

stated, and basically use the notation and convention of Ref. [52].

2 Starobinsky model embedded in matter-coupled old-minimal

supergravity

The Starobinsky model is based on a pure gravity action with a second order term of scalar

curvature. In the supergravity side, a generic (super)gravitational action up to matter and

(super)derivatives is

Sgrav =

∫
d4xd4θEN(R, R̄) +

[∫
d4xd2Θ2E F (R) + H.c.

]
, (1)

where R is the curvature chiral superfield, E is the full density, E is the chiral density, Θ is

the so-called new Θ variable [52], N(R, R̄) is a Hermitian function, and F (R) is a holomorphic

function.2

To discuss inflaton decay and reheating of the universe, we consider a simple way of coupling

the above action to matter sector. We take the minimal coupling between the SUGRA sector

described by the curvature chiral superfield R and the matter sector described by chiral superfields

φi and vector superfields V A:

S =

∫
d4xd4θE

(
N(R, R̄) + J

(
φ, φ̄egV

))

+

[∫
d4xd2Θ2E

(
F (R) + P (φ) +

1

4
hAB(φ)W AW B

)
+ H.c.

]

=

∫
d4xd4θEN(R, R̄)

+

[∫
d4xd2Θ2E

(
F (R) +

3

8

(
D̄D̄ − 8R

)
e−K(φ)/3 + P (φ) +

1

4
hAB(φ)W AW B

)
+ H.c.

]
,

(2)

where g is the gauge coupling constant, φ collectively denotes φi’s, J
(
φ, φ̄egV

)
is a Hermitian

function, P (φ) is a holomorphic function, and K(φ)(φ, φ̄egV ) = −3 ln
(
−J(φ,φ̄egV )

3

)
is the Kähler

potential of the matter fields.

2The first, non-holomorphic term is called D-term action as it is from D-component of Kähler potential of R,

while the second, holomorphic term is called F -term action as it is from F -component of superpotential of R.

3

Higher derivative SUGRA [Cecotti 1987; Ferrara & Porrati 2014] 

↓  duality trans. by T, S (T is the Lagrange multiplier)  
The above action can be recast into the following form [30, 50]:

S =

∫
d4xd2Θ2E

3

8

(
D̄D̄ − 8R

)
e−K/3 + W +

1

4
hABW AW B + H.c., (3)

with the Kähler potential and superpotential specified as follows,

K = −3 ln

(
T + T̄ − N(S, S̄) − J(φ, φ̄egV )

3

)
, (4)

W = 2TS + F (S) + P (φ). (5)

The derivation (in a more general setup) is reviewed in Appendix A. Note that the dependence

of these potentials on the inflaton T is completely determined by the structure of the theory:

the origin of the inflaton T is the Lagrange multiplier.3 This structure is not altered even if

non-minimal couplings between R and matter superfields, which we do not discuss in this paper,

are introduced because they become non-minimal couplings between S (but not T ) and matter

superfields in the transformed theory.4 Therefore, in this sense, the couplings between T and

matters discussed in this paper are universal in old-minimal Starobinsky inflation.

The Kähler metric and its inverse are given by

gIJ̄ =
3

(
T + T̄ − N − J

)2

⎛
⎜⎝

1 −NS̄ −Jj̄

−NS NSS̄

(
T + T̄ − N − J

)
+ NSNS̄ NSJj̄

−Ji NS̄Ji Jij̄

(
T + T̄ − N − J

)
+ JiJj̄

⎞
⎟⎠ ,

(6)

gĪJ =
T + T̄ − N − J

3

⎛
⎜⎝

(
T + T̄ − N − J

)
+ NSNS + JkJ

k NS J j

N S̄ N S̄S 0

J ī 0 J īj

⎞
⎟⎠ , (7)

where I, J, · · · = T, S, i, j, . . . (or φi, φj , . . . ) are field indices, N S̄S = (NSS̄)−1, J īj is the inverse

matrix of Jij̄ , and indices are uppered and lowered by these matrices, e.g. NS = N S̄SNS̄ and

J ī = J ījJj . The scalar potential is

V =

(
3

A

)2 (
N S̄S |2T + FS |2 + |2S|2

(
A + NSNS + JiJ

i
)

+ P̄īJ
ījPj

+
{
2S̄
[
(2T + FS) NS + PiJ

i − 3W
]
+ h.c.

})
+

g2

2
DADA, (8)

where we have defined a compact notation A ≡ T + T̄ −N −J .5 Indices of D-terms, DA (DA), are

lowered (lifted) by (the inverse of) the real part of the gauge kinetic matrix function hR
AB (hAB

R ).

3Recently, the work [53] suggested a higher derivative SUGRA model in which a superpotential term of S and

T is given by W = g(T )S. Such a superpotential can be realized if T is not a Lagrange multiplier but a chiral

multiplet coupled to R and R̄ (see Ref. [54] for an earlier discussion). We briefly discuss similar extensions in

Appendix A. In this work, we discuss the minimal case that the chiral multiplets T and S are purely originated

from the gravitational multiplet and its higher derivative modes, and that the superpotential term of T and S is

given by W = 2TS as in eq. (5).
4We briefly discuss a possibility of T dependent gauge kinetic functions in Appendix A.
5 It is often denoted as Ω = −3A in the standard notation [52], and φ̃ = −3A in the conformal SUGRA

notation [55]. The functional form of Ω is important for the SUSY breaking effects on inflationary dynamics [56].
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J ī 0 J īj
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The inflaton (or SUGRA) sector (T and S) of this class of modified SUGRA models was

studied in Ref. [34]. The Starobinsky model is realized in this setup essentially as the modified

Cecotti model [31]:

N(S, S̄) = − 3 +
12

m2
Φ

SS̄ − ζ

m4
Φ

(
SS̄
)2

, (9)

F (S) =0, (10)

where mΦ is the inflaton mass at the vacuum, and ζ (> 0) gives a SUSY-breaking mass to

S and stabilizes its potential. The real part of T becomes the inflaton, and the canonically

normalized scalar potential is that of the Starobinsky model, V =
3m2

Φ
4

(
1 − e−

√
2/3R̂eT

)2
, where

R̂eT ≡ −K/
√

6 is the canonically normalized inflaton field (during inflation). S is the sGoldstino

field that breaks SUSY during inflation. At the vacuum (T = S = 0), SUSY is preserved.

Introduction of the linear term in S/mΦ into eq. (9) can make SUSY breaking vacua with

an almost vanishing cosmological constant without spoiling inflation [57]. This is an interesting

possibility because the higher derivative version of the purely supergravitational theory describes

not only the inflation but also SUSY breaking. However, the SUSY breaking scale becomes

the inflation scale (mΦ ∼ 1013 GeV), which typically makes the Higgs particle too heavy [58].

Although the tree-level contributions to soft SUSY breaking parameters can be suppressed by

assuming a minimal coupling between the MSSM sector and the SUGRA sector as in our setup,

there are anomaly-mediated contributions to gaugino masses, which in turn give other particles

their masses through renormalization group running.

Therefore, we concentrate on models that deviate (if any) only slightly from the simple model

(9), (10). For definiteness, we assume |NS | and |N S̄SFSS | are at most of order the gravitino mass

m3/2, which is supposed to be much smaller than the inflaton mass, m3/2 ≪ mΦ. Perturbation

by higher order terms are negligible because VEV of S is suppressed.6 Since the inflaton sector

does not break SUSY at the vacuum, we introduce a hidden SUSY breaking sector. We treat the

SUSY breaking sector as general as possible, but occasionally we assume a simple SUSY breaking

sector described by

J(z, z̄) =|z|2 − |z|4
Λ2

, (11)

P (z) =µ2z + W0, (12)

where J(z, z̄) and P (z) are the Kähler potential and superpotential of the SUSY breaking field

z [see equations (4) and (5)]. We also assume that VEVs of φi, J(φi, φ̄j̄), P (φi), and their

derivatives are negligibly small except for those of SUSY breaking field z, which is easily satisfied

if φi’s are charged under some unbroken symmetry.

All of the four scalar degrees of freedom and four fermionic degrees of freedom in the inflaton

sector are degenerate in their masses (= mΦ) at the zeroth order of perturbation with respect

6 Although it vanishes at the leading order, it has a value of the order of the gravitino mass after SUSY breaking.

See the following discussion.
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5.2 The R + R2 supergravity inflation

The embedding of the Starobinsky model of inflation in old-minimal supergravity in a superspace

approach consists of reproducing the Lagrangian (47). This is achieved by the action [92, 93, 94, 95,

96]

L = �3M2
P

Z
d4✓ E


1 � 4

m2
RR̄ +

⇣

3m4
R2R̄2

�
. (59)

Modifications and further properties can be found in [97, 98, 99, 101, 102, 103, 104, 100, 105, 106,

107, 108, 109, 110]. We mention that attention should be paid to the full couplings of the inflaton

field that may yield a di↵erent reheating temeprature in each of these models since not all of them

are pure supergravitational.

The old-minimal supergravity multiplet contains the graviton (ea
m), the gravitino (G̃ =  ↵

m), and a

pair of auxiliary fields: the complex scalar M and the real vector bm. Lagrangian (59) when expanded

to components yields R2 terms and kinematic terms for the “auxiliary” fields M and bm. One may

work directly with (59) but it is more convenient to turn to the dual description in terms of two

chiral superfields: T and S and standard supergravity [92]. During inflation the universe undergoes

a quasi de Sitter phase which implies that supersymmetry is broken, the the mass of the sgoldstino

S becomes large and it can be integrated out [111, 112]. In this stage a non-linear realization of

supersymmetry during inflation is possible [113, 114, 115, 116]. The real component of T is not

integrated out due to the non-linear realization and it is the only dynamic degree of freedom during

inflation [93, 94, 96]. Eventually one finds the e↵ective model (48).

The inflationary predictions for the supergravity R2 model are found to be identical to the non-

supersymmetric Starobinsky R2 predictions (49). In addition, the reheating phase is much similar

and the inflaton decay rate roughly the same. Indeed, in the work of [117] the inflaton decay

channels were identified and the branching ratios calculated. The total decay rate was parametrized

as �sugra-inf = c0m3
�/M2

Pl, where m� ⌘ minf and the reheating temperature was estimated to be

Trh|sugraR2 =

✓
90

⇡2g⇤(Trh)

◆1/4p
�sugra-infMPl ⇠ 109 GeV . (60)

The fact that the reheating temperature is found to be about the same with that predicted in

the non-supersymmetric R2 model (52) means the supergravity and non-supergravity versions of the

R2 inflation models are completely degenerate in terms of the inflationary predictions. However,

the details of the expansion history of the universe after the decay of the inflaton should break the

degeneracy between the supergravity-R2 and gravity R2. We can directly apply the analysis and the

results of the previous sections by minimally completing the supergravity R2 sector with the MSSM

and a basic supersymmetry breaking sector. Let us first examine the implications of the supergravity

R2 inflation to the abundances of superparticles.

The R2 supergravity scenario can be distinguished in two basic cases: the ultra high scale su-

persymmetry breaking m3/2 > m� and the sub-inflation supersymmetry breaking scale m� > m3/2
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Starobinsky SUGRA R2 inflation 
The inflaton (or SUGRA) sector (T and S) of this class of modified SUGRA models was

studied in Ref. [34]. The Starobinsky model is realized in this setup essentially as the modified

Cecotti model [31]:
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where mΦ is the inflaton mass at the vacuum, and ζ (> 0) gives a SUSY-breaking mass to

S and stabilizes its potential. The real part of T becomes the inflaton, and the canonically

normalized scalar potential is that of the Starobinsky model, V =
3m2

Φ
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(
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, where
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6 is the canonically normalized inflaton field (during inflation). S is the sGoldstino

field that breaks SUSY during inflation. At the vacuum (T = S = 0), SUSY is preserved.

Introduction of the linear term in S/mΦ into eq. (9) can make SUSY breaking vacua with

an almost vanishing cosmological constant without spoiling inflation [57]. This is an interesting

possibility because the higher derivative version of the purely supergravitational theory describes

not only the inflation but also SUSY breaking. However, the SUSY breaking scale becomes

the inflation scale (mΦ ∼ 1013 GeV), which typically makes the Higgs particle too heavy [58].

Although the tree-level contributions to soft SUSY breaking parameters can be suppressed by

assuming a minimal coupling between the MSSM sector and the SUGRA sector as in our setup,

there are anomaly-mediated contributions to gaugino masses, which in turn give other particles

their masses through renormalization group running.

Therefore, we concentrate on models that deviate (if any) only slightly from the simple model

(9), (10). For definiteness, we assume |NS | and |N S̄SFSS | are at most of order the gravitino mass

m3/2, which is supposed to be much smaller than the inflaton mass, m3/2 ≪ mΦ. Perturbation

by higher order terms are negligible because VEV of S is suppressed.6 Since the inflaton sector

does not break SUSY at the vacuum, we introduce a hidden SUSY breaking sector. We treat the

SUSY breaking sector as general as possible, but occasionally we assume a simple SUSY breaking

sector described by

J(z, z̄) =|z|2 − |z|4
Λ2

, (11)

P (z) =µ2z + W0, (12)

where J(z, z̄) and P (z) are the Kähler potential and superpotential of the SUSY breaking field

z [see equations (4) and (5)]. We also assume that VEVs of φi, J(φi, φ̄j̄), P (φi), and their

derivatives are negligibly small except for those of SUSY breaking field z, which is easily satisfied

if φi’s are charged under some unbroken symmetry.

All of the four scalar degrees of freedom and four fermionic degrees of freedom in the inflaton

sector are degenerate in their masses (= mΦ) at the zeroth order of perturbation with respect

6 Although it vanishes at the leading order, it has a value of the order of the gravitino mass after SUSY breaking.

See the following discussion.
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5.2 The R + R2 supergravity inflation

The embedding of the Starobinsky model of inflation in old-minimal supergravity in a superspace

approach consists of reproducing the Lagrangian (47). This is achieved by the action [92, 93, 94, 95,

96]

L = �3M2
P

Z
d4✓ E


1 � 4

m2
RR̄ +

⇣

3m4
R2R̄2

�
. (59)

Modifications and further properties can be found in [97, 98, 99, 101, 102, 103, 104, 100, 105, 106,

107, 108, 109, 110]. We mention that attention should be paid to the full couplings of the inflaton

field that may yield a di↵erent reheating temeprature in each of these models since not all of them

are pure supergravitational.

The old-minimal supergravity multiplet contains the graviton (ea
m), the gravitino (G̃ =  ↵

m), and a

pair of auxiliary fields: the complex scalar M and the real vector bm. Lagrangian (59) when expanded

to components yields R2 terms and kinematic terms for the “auxiliary” fields M and bm. One may

work directly with (59) but it is more convenient to turn to the dual description in terms of two

chiral superfields: T and S and standard supergravity [92]. During inflation the universe undergoes

a quasi de Sitter phase which implies that supersymmetry is broken, the the mass of the sgoldstino

S becomes large and it can be integrated out [111, 112]. In this stage a non-linear realization of

supersymmetry during inflation is possible [113, 114, 115, 116]. The real component of T is not

integrated out due to the non-linear realization and it is the only dynamic degree of freedom during

inflation [93, 94, 96]. Eventually one finds the e↵ective model (48).

The inflationary predictions for the supergravity R2 model are found to be identical to the non-

supersymmetric Starobinsky R2 predictions (49). In addition, the reheating phase is much similar

and the inflaton decay rate roughly the same. Indeed, in the work of [117] the inflaton decay

channels were identified and the branching ratios calculated. The total decay rate was parametrized

as �sugra-inf = c0m3
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Pl, where m� ⌘ minf and the reheating temperature was estimated to be
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The fact that the reheating temperature is found to be about the same with that predicted in

the non-supersymmetric R2 model (52) means the supergravity and non-supergravity versions of the

R2 inflation models are completely degenerate in terms of the inflationary predictions. However,

the details of the expansion history of the universe after the decay of the inflaton should break the

degeneracy between the supergravity-R2 and gravity R2. We can directly apply the analysis and the

results of the previous sections by minimally completing the supergravity R2 sector with the MSSM

and a basic supersymmetry breaking sector. Let us first examine the implications of the supergravity

R2 inflation to the abundances of superparticles.

The R2 supergravity scenario can be distinguished in two basic cases: the ultra high scale su-

persymmetry breaking m3/2 > m� and the sub-inflation supersymmetry breaking scale m� > m3/2
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Z may dominate after inflation.

The inflaton (or SUGRA) sector (T and S) of this class of modified SUGRA models was

studied in Ref. [34]. The Starobinsky model is realized in this setup essentially as the modified

Cecotti model [31]:

N(S, S̄) = − 3 +
12

m2
Φ

SS̄ − ζ
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Φ

(
SS̄
)2

, (9)

F (S) =0, (10)

where mΦ is the inflaton mass at the vacuum, and ζ (> 0) gives a SUSY-breaking mass to

S and stabilizes its potential. The real part of T becomes the inflaton, and the canonically

normalized scalar potential is that of the Starobinsky model, V =
3m2

Φ
4

(
1 − e−

√
2/3R̂eT

)2
, where

R̂eT ≡ −K/
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6 is the canonically normalized inflaton field (during inflation). S is the sGoldstino

field that breaks SUSY during inflation. At the vacuum (T = S = 0), SUSY is preserved.

Introduction of the linear term in S/mΦ into eq. (9) can make SUSY breaking vacua with

an almost vanishing cosmological constant without spoiling inflation [57]. This is an interesting

possibility because the higher derivative version of the purely supergravitational theory describes

not only the inflation but also SUSY breaking. However, the SUSY breaking scale becomes

the inflation scale (mΦ ∼ 1013 GeV), which typically makes the Higgs particle too heavy [58].

Although the tree-level contributions to soft SUSY breaking parameters can be suppressed by

assuming a minimal coupling between the MSSM sector and the SUGRA sector as in our setup,

there are anomaly-mediated contributions to gaugino masses, which in turn give other particles

their masses through renormalization group running.

Therefore, we concentrate on models that deviate (if any) only slightly from the simple model

(9), (10). For definiteness, we assume |NS | and |N S̄SFSS | are at most of order the gravitino mass

m3/2, which is supposed to be much smaller than the inflaton mass, m3/2 ≪ mΦ. Perturbation

by higher order terms are negligible because VEV of S is suppressed.6 Since the inflaton sector

does not break SUSY at the vacuum, we introduce a hidden SUSY breaking sector. We treat the

SUSY breaking sector as general as possible, but occasionally we assume a simple SUSY breaking

sector described by

J(z, z̄) =|z|2 − |z|4
Λ2

, (11)

P (z) =µ2z + W0, (12)

where J(z, z̄) and P (z) are the Kähler potential and superpotential of the SUSY breaking field

z [see equations (4) and (5)]. We also assume that VEVs of φi, J(φi, φ̄j̄), P (φi), and their

derivatives are negligibly small except for those of SUSY breaking field z, which is easily satisfied

if φi’s are charged under some unbroken symmetry.

All of the four scalar degrees of freedom and four fermionic degrees of freedom in the inflaton

sector are degenerate in their masses (= mΦ) at the zeroth order of perturbation with respect

6 Although it vanishes at the leading order, it has a value of the order of the gravitino mass after SUSY breaking.

See the following discussion.
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Constraints from gravitino abundance 

Figure 1: Constraint on masses of gravitino and SUSY breaking field from LSP overabundance

from gravitino decay. Blue, red, yellow, and green shaded regions, corresponding to direct pro-

duction, thermal production, z particle decay, and z coherent oscillation decay, are excluded.

parameter space in Fig. 1. In this figure, the dominant decay mode of the inflaton is assumed to

be a model-independent one, namely the anomaly-induced decay into gauge bosons and gauginos

as discussed in subsection 3.1.3. The inflaton mass is taken as mΦ = 3.2 × 1013 GeV, and the

reheating temperature after inflaton decay is TR ≃ 1.0 × 109 GeV. Instantaneous reheating oc-

curs in spite of the Planck-suppressed interaction [81]. As can be seen from the Figure, most of

the parameter space are excluded. The lower unshaded region is also excluded by the standard

constraint of the cosmological moduli problem [82, 83] unless baryon asymmetry is regenerated

e.g. by the Affleck-Dine mechanism [84]. (In this case the modulus (Polonyi) field is the SUSY

breaking field z.) Note that the range of gravitino mass 106GeV ! m3/2 ! 3 × 1011GeV (corre-

sponding to 3TeV ! mwino ! TR; not shown in the Figure) is excluded by thermally produced

wino abundance [85] even without considering the wino LSP from gravitino decay. See also

Ref. [86] for non-thermal production of wino dark matter via the decay of long-lived particles. As

usual, this problem is ameliorated or solved by assuming R-parity breaking so that LSP decays

or thermal inflation [87] so that it is diluted.

5 Summary and Discussion

In this paper, we studied coupling of the SUSY Starobinsky model to matter sector in the old-

minimal supergravity, inflaton decay and its cosmological consequences. To this end, we first

transformed the supergravity theory of supercurvature R minimally coupled to matter to an

equivalent one in the form of the standard no-scale type supergravity of inflaton T plus another

matter superfield S. The notable feature there is that the interactions of the inflaton T to other
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Wino LSP is assumed for:

gravitino mass > 10^4.5 GeV
→ anomaly mediation 
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→ gravity mediation
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Figure 1: The lefthand timeline represents the thermal history of the early universe when dark
matter is populated in the thermal bath that emerges shortly after after inflation. The right
timeline represents a possible nonthermal history where dark matter production occurs directly
from scalar decay.

occurs at Tf ' mX/20 and g⇤ ⇠ 100, assuming the e↵ective number of degrees of freedom is similar
to that of the Standard Model [39]. The abundance simplifies to

⌦therm
dm h2 ' 0.12

✓
1.63 ⇥ 10�26cm3/s

h�vi

◆
. (7)

where we have used GeV�2 · c ' 1.17 ⇥ 10�17 cm3/s. WIMPs with typical speeds (v ' 0.3c) and
electroweak cross-sections (⇡ 1 pb) yield ⌦therm

dm h2 ' 0.12 in agreement with the data, a coincidence
often called the WIMP miracle.

Simple SUSY models with thermal WIMPs are in growing conflict with collider data and direct
detection experiments [40]. By contrast, nonthermal models posit that dark matter production
occurs at temperatures below standard thermal freeze-out4 leading to dark matter with novel and
unexpected experimental signatures. For example, if a heavy relic comes to dominate the energy
density following inflation and the dark matter particle is one its decay products, the resulting relic
density is still given by (6) but with T = Tr and g⇤ = g⇤(Tr), the value at the time of reheating

⌦NT
dm h2 ' 8.60 ⇥ 10�11

✓
mX

g⇤(Tr)1/2h�viTr

◆
,

' 0.10
⇣ mX

100 GeV

⌘✓10.75

g⇤

◆1/2✓3 ⇥ 10�23 cm3/s

h�vi

◆✓
10 MeV

Tr

◆
. (8)

The similarity to the thermal freezeout result (6) arises because when the WIMPs are produced
from scalar decay they will rapidly annihilate until their number density reduces to the point where
annihilations can no longer occur. This process is essentially instantaneous (on cosmological time

4If the particles were produced above their freeze-out threshold, they could thermalize via their mutual interactions.
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CMB uncertainties from the post-inflationary evolution
 [Easther, Galvez, Ozsoy, Watson 2013]

2 CMB observables and the post-inflationary evolution

It is convenient to expand the power spectra of the dimensionless curvature perturbation as

PR(k) = As

✓
k

k⇤

◆ns�1+(1/2)(dns/d ln k) ln(k/k⇤)+(1/6)(d2ns/d ln k2)(ln(k/k⇤))2+...

(1)

where As is the scalar amplitude and the powers of the expansion are the scalar spectral index ns,

the running and the running of the ns. In general one can assume that the scale dependence of the

spectral index to be given at leading order by the expression

ns(k⇤) = 1 � ↵

N⇤
, (2)

where N⇤ is the number of e-folds remaining till the end of inflation after the moment the pivot

scale k⇤ exits the Hubble radius, N⇤ ⌘
R tend

t⇤
Hdt = ln(aend/a⇤). The N⇤ is a critical quantity that

determines the ns value. It carries the information of how much the observable k�1
⇤ CMB scale has

been stretched since the inflationary era. The uncertainty on the N⇤ comes mainly from the post-

accelaration stage and induces an uncertainty on the spectral index value given by the ns running

that for the Eq. (2) reads

�ns = ↵
�N

N2
=

(1 � ns)
2

↵
�N . (3)

For �N ⇠ 1�10 the �ns is of size O(1�10)h , that is within the accuracy of the future observations.

To explicitly estimate the N⇤ value one relates the size of the scale k�1
⇤ = (a⇤H⇤)�1, which exited

the Hubble radius H�1
⇤ during inflation, to the size of the present Hubble radius H�1

0 [3],

k⇤
a0H0

=
a⇤

aend

aend

aBBN

aBBN

aeq

aeq

a0

H⇤
Heq

Heq

H0

, (4)

where the subscripts refer to the time of horizon crossing (⇤), the time inflation ends (end), the time

BBN takes place (BBN), the radiation-matter equality (eq) and the present time (0). We define

Ñdark the number of e-folds from the end of inflation until the beginning of the BBN

Ñdark ⌘ ln

✓
aBBN

aend

◆
⌘ 1

3(1 + w̄dark)
ln

⇢end

⇢BBN

, (5)

where w̄dark stands for the average value of the equation of state parameter during the dark pre-
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Shift in (ns, r) due to late entropy production

• After inflaton decay, a diluter field X (modulus, flaton) may dominate the 
universe until BBN. Decays of X produce entropy:
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The ”0” denotes d/dN and �, �0, �00, �000 are estimated at N = N (th). In the above expressions,

given than �NX > 1 and �NX/N (th) < 1, terms of order O (�N4
X/N6) and smaller have been

neglected. We have also assumed that the terms in the parentheses in Eq. (16) are roughly of order

�. Otherwise, if �0, �00, �000 � 1, the F� correction can be important, however such a behavior is not

found in any of the known universality classes [35]. One can see that the next-to-leading correction

�(N)/N2 is at most of h accuracy and for ↵�NX > � the contribution to the spectral index shift

is found to be subdominant with respect to the ↵-dependent terms.

In order to specify the �NX , elements of the X scalar cosmic evolution have to be specified.

When the scalar X coherently oscillates about the minimum of a e↵ectively quadratic potential it is

w̄X = 0. In such a case, at the cosmic time tdom
X ⌧ ��1

X the energy density of X is larger than that of

the plasma and the universe enters a scalar dominated era that dilutes any pre-existing abundances

of the relativistic degrees of freedom at the time of the X decay. The X field decays and reheats

the universe with temperature T rh
X ⌘ T dec

X . Considering instant decay of the scalar X, the dilution

magnitude is estimated to be
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where Sbefore and Safter denote the entropy density right before and after the decay of the X field. The

g⇤ and gs count the total number of the e↵ectively massless degrees of freedom for the energy density

and entropy respectively and can be taken to be approximately equal. The T dec
X is the temperature

that the X scalar reheats the universe at the time H�1 ' ��1
X . It is DX = 1 when no dilution takes

place. Overall, the size of the �NX due to the X scalar domination reads
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where we considered that w̄X = 0. After plugging in the dilution magnitude we get
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The maximum value of the �NX ⇠ 15 is achieved when Ñrh ! 0 and Ñrad ! 0. This case

corresponds to the maximum dilution scenario where the X field oscillations dominate the energy

density of the universe right after the end of high scale inflation until the onset of BBN. The �NX = 0
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Figure 1: The shift in the spectral index value and the dilution magnitude DX due to scalar condensate
domination (SC) and due to thermal inflation (TI) for the Starobinsky R2 inflation (left panel), general
plateau and linear inflationary potentials (right panel). The maximum number of the dilution is given by
the ratio Trh/TBBN for scalar condensate domination and the �NX |TI . 10 constraint for thermal inflation.
The red dots show the e-folds number if there is no entropy production after infaton decay. It is N (th) ' 54
for R2 inflation and N (th) ' 56, 57 for the general plateau and linear potential respectively (red dots).
Order O(1) corrections to the dilution magnitude are expected due to the uncertainty at the number of the
relativistic degrees of freedom at ultra high energies.

and the parameters describing reheating are chosen. Then from Eq. (14) the n
(th)
s = ns(N

(th)) and

the ns = ns(N
(th) � �NX) can be estimated and hence the spectral index shift �ns, given by the

Eq. (15) or (20), is obtained. In Fig. 1 we illustrate the shift in the spectral index due to a non-

thermal phase that is implemented after reheating and before BBN. In the left panel we considered

the Starobinsky R2 model that predicts Trh ⇠ 109 GeV [37], and in the right panel a Starobinsky-like

potential with non-gravitational interactions and a linear potential V / � both characterized by

a fiducial reheating temperature Trh = 1012 GeV. The knowledge of these inflaton features enables

the explicit calculation of the n
(th)
s value, that corresponds to the red dots in the plots. A scalar

condensate domination or thermal inflation shifts the spectral index value according to the formula

(20) as illustrated in the Fig. 1.

From a more bottom-up approach, the postulation of a non-thermal phase during the pre-BBN era

is not enough to determine the �ns and �r. Although a rough estimation of the spectral index shift

can be done by the approximate expression (3) the result is far from accurate and cannot consistently

constrain the early universe cosmic history. The best method is to choose an inflation model that

is in accordance with a particular BSM description of the early universe (e.g. a supersymmetric,

stringy or modified gravity framework) and estimate the �ns and �r according to the pre-BBN

cosmology implied by the BSM theory at hand. Examples of BSM cosmic processes connected with

the expansion history of the universe are the dark matter production and the baryogenesis processes.

In the following we will consider the supersymmetric BSM scenario and determine features of the
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Merits: Gauge coupling unification, stable dark matter, baryogenesis, 
stringy UV completion, … 

Supersymmetric dark matter cosmology

1. Gravitino LSP

2. Neutralino LSP (WIMP)

•  Thermal DM (freeze out): thermal scatterings with the MSSM, 
messenger fields

• Non-thermal DM (freeze in): decays, thermal scatterings

Light WIMP mass is disfavored by the LHC.
ΩDMh2 is severely constrained when sparticle masses increase:

3.3 Axino dark matter

In the sake of completeness of the basic LSP scenarios, we briefly comment here on the axino dark

matter. In supersymmetry, the axion solution to the strong CP problem comes with an extra scalar,

the saxion and a fermion, the axino ã. If the axino is the LSP it is a well motivated dark matter

candidate [78, 79]. It freezes out at high temperatures T f.o.
ã ⇠ 1011GeV(fa/1012GeV)2, where fa

the axion decay constant. At lower temperatures it can be produced from thermal scatterings and

decays. In that case, for a radiation dominated universe, the axino relic density parameter is the

sum of the contributions from thermal scatterings, the gravitino decay and the NLSP decays

⌦ã ' mã

m3/2

⇣
⌦

MSSM(sc)
3/2 + ⌦

f̃(dec)
3/2

⌘
+

mã

mNLSP

⌦NLSP + ⌦
MSSM(sc)
ã , (35)

for T dec
3/2 below the NLSP freeze out temperature. We note that the two body decay of a squark

to an axino is subdominant for gluino masses less than squark mass [80]. It is ⌦
MSSM(sc)
ã ⇠ 2.8 ⇥

108(mã/GeV)Yã where Yã(KSVZ) ⇠ 10�7(Trh/104GeV)(1011GeV/fa)
2 for the KSVZ axion model,

see e.g [81], and Yã(DFSZ) ⇠ 10�5(µ/TeV)2(1011GeV/fa)
2 for the DFSZ axion model where µ the

superpotential Higgs/Higgsino parameter, see e.g [82].

For axino mass not much smaller than the NLSP, the axino dark matter case is quite similar to

the neutralino LSP. For mã & TeV the axino dark matter is also cosmologically problematic since

its relic density parameter generally violates the ⌦DMh2 = 0.12 bound, and the essential conclusion

is that, in general, a special thermal history of the universe is required for the axino dark matter

scenario as well. Remarkably in these models, the saxion can play the rôle of the diluter X for its

condensate decay can produce late entropy that successfully decreases the LSP abundance [83], see

also [84] for some recent results on the reheating temperature and the ⌦LSP constraint.

4 Alternative cosmic histories and supersymmetry

The overview of the predicted relic density of supersymmetric dark matter in section 3 suggests that

the observational value of ⌦DMh2 gets generally severely violated when the sparticle masses increase.

For gravitino and neutralino LSP one can collectively write down a general scaling with respect to

the mass parameters and temperature

⌦3/2 / m↵
3/2

✓
mg̃

m3/2

◆� ✓ mf̃

m3/2

◆�

T �
rh , m3/2 < mg̃, mf̃ , (36)

and

⌦�̃0 / m↵̃
�̃0 m�̃

3/2

✓
mf̃

m3/2

◆�̃

T �̃
rh , m�̃0 < m3/2, mf̃ (37)

where the exponents (↵, �, �, �) and (↵̃, �̃, �̃, �̃) are either positive or zero, depending on the dark

matter production mechanism considered.
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• If DX = 1 then Trh . m̃ or m̃ ⇠ TeV (A)

• If O(TeV) < (mLSP , m̃) < Trh then DX 6= 1 , (B)

where m̃ the sparticle mass scale.

Hence, scenarios with high reheating temperature generally require an extra scalar field that

causes dilution.

4.3 The diluter field X

In supersymmetric theories generically exist scalar fields with rather flat potentials and very weak or

MPl suppressed interactions. These kind of scalars, that are common in supergravity and superstring

theories, are here collectively labeled X. The X domination, either due to its nearly constant

potential energy or due to the energy stored in its oscillations about the vacuum, dilutes the LSP

abundance DX times and supplements it with the contribution from the diluter decay

⌦<
LSP ! ⌦<

LSP

DX

+ ⌦X
LSP ⌘ ⌦LSP , (39)

where we labeled ⌦<
LSP the LSP abundance before the X decay. In order to specify the ⌦LSP the

system of the three interacting cosmic fluids of X, LSP and radiation has to be solved and we refer

the reader to references [89, 86, 85] for detailed analytic results. For gravitino or axino LSP the above

expression generally applies. For the neutralino LSP one should also check whether the conditions (i)

T dec
X < T f.o.

�̃0 and (ii) n�̃0 h�vi < H(T dec
X ) hold. If not, then in the case (i) the neutralinos might reach

a thermal equilibrium value Y
(th)

�̃0 . In the case (ii) pair annihilations take place until the neutralino

yield reaches the value Y
(th)

�̃0 ⇥ (T f.o.
�̃0 /T dec

X ); this corresponds to the so-called annihilation scenario

and works mostly for wino-like LSP with TeV mass scale. Let us mention here that the radiation

produced from the decay of the X particles for the times �X/H < 1 can produce neutralinos even

for T dec
X < T f.o.

�̃0 [89, 85], which accounts for an extra contribution to ⌦LSP that may be important

in particular scenarios without, however, modifying the conclusions of the current analysis. Finally,

the ⌦X
LSP depends on the branching ratio BrX

LSP of the diluter into two LSPs (directly or via cascade

decays) and the X decay temperature T dec
X . The LSP yield from the X decay reads

Y X
LSP ⌘ nLSP

s
=

3

2
BrX

LSP

T dec
X

mX

. (40)

If the Y X
LSP is subdominant the observed dark matter has to be produced by processes taking place

at higher temperatures than T dec
X and was appropriately diluted by the decay of the scalar X. On

the other hand, if the dilution DX decreases the initial LSP abundance to negligible levels, then the

LSP production from the X decay should fit the observed dark matter abundance. The constraint

⌦LSPh2  0.12 implies

DX � Dmin
X ⌘ ⌦<

LSP

0.12 h�2
, (41)
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Alternative cosmic histories and SUSY 

★ High reheating temp. generally overproduce light LSP                    
→ Dilution of DM abundance is necessary: diluter field X

1000 104 105 106 107 108 109
1

1000

106

109

1012

1015

mX ! mLSP !GeV"

M
ax
Po
ss
ib
le
D
ilu
tio
n

c!108, "" ""

c!1, Thermal Gravitino LSP
c!108, "" ""

c!1, Thermal Neutralino LSP
c!108, "" ""

c!1, Gravitino LSP
Dilution BoundBBN lower 

mX  mass bound
for c = 1

Trh ! 109 GeV

Excluded

Figure 5: The maximum possible dilution size, caused by a scalar X condensate, with respect to the
LSP mass, for gravitino LSP (black, brown) and neutralino LSP (blue). We have made the conservative
assumption mX ' mLSP that maximizes the diluter X lifetime. In the area above the lines it is ⌦<

LSPh2/DX >
0.12, hence it is an excluded parameter area. The solid and dashed lines correspond to c = 1 and c = 108

according to the parametrization (42). For a gravitationally decaying diluter (c=1), the thermal gravitino
scenario (brown solid line) is excluded because the X spoils the BBN predictions. The plot demonstrates
the decrease of the dilution e�ciency for large supersymmetry breaking scale and Trh = 109 GeV.

which determines the dilution magnitude and consequently the shift in the spectral index (20). The

Dmin
X is referred as the required dilution throughout the text, necessary to give at most a critical

density of LSP particles today.

The X decay is not free from constraints. It must decay before the BBN [75], not overproduce

LSPs and not overproduce late decaying particles such as gravitinos. In the simple but quite unnat-

ural case that the X is lighter than LSP then it is BrX
LSP = 0 and the X decay generates Standard

Model radiation only. The BrX
LSP = 0 scenario becomes natural if mLSP < mX < 2mLSP since the

channel X ! G̃G̃ or �̃0�̃0 is forbidden due to kinematic constraints.

If the decay of the X produces LSPs or other late decaying particles the relevant branching ratios

have to be considered. This is a model dependent issue and should be examined in the context of

each model. In the next section we consider the supergravity R2 inflation and we take into account

the X decay rate and channels. Actually, the details of the X decay do not change any of the

conclusions synopsised in the conditions (A) and (B). The minimum amount of dilution (41) is

necessary regardless the diluter branching ratios, and this is a key point of this work.

4.4 The maximum possible dilution due to a scalar condensate

If the diluter mass is about or larger than the LSP mass, mX & mLSP, then the dilution magnitude

is correlated with the supersymmetry breaking scale. A late time entropy production takes place
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when the radiation dominated era gets interrupted by an X domiation era at T dom
X < Trh, where Trh

is the reheating temperature caused by the inflaton decay. For an oscillating scalar field the dilution

magnitude is DX ' T dom
X /T dec

X . The decay rate of the X scalar can be parametrized as

�X =
c

4⇡

m3
X

M2
Pl

, (42)

and the X decay temperature is T dec
X ' (⇡2g⇤/90)�1/4(�XMPl)

1/2. For c ⇠ 1 the X decays grav-

itationally and T dec
X ⇠ 4 MeV (MX/105GeV)3/2. For c � 1 non-gravitational decay channels ex-

ist; for example if the X field has Yukawa-like coupling yX to light degrees of freedom then it is

�X = y2
XmX/8⇡. For the borderline case that T dom

X = Trh and mX = mLSP the dilution magnitude

due to an oscillating scalar field, DX , reaches a maximum value. Consequently, a minimum value for

the ⌦<
LSPh2/DX exists which obviously must be below the observational value ⌦DMh2 = 0.12.

In particular, for gravitino LSP the lowest T dec
X value is achieved for �min

X = (c/4⇡)m3
LSP/M2

Pl and

c ⇠ 1. Assuming that gravitinos are mainly produced by thermal scatterings then the maximum

possible dilution value, Dmax
X = Trh/T

dec(min)
X � DX , yields the lower bound

�̂sc c1/2

✓
m3/2

7 ⇥ 108 GeV

◆5/2

<
⌦<

3/2h
2/0.12

DX

 1 , (43)

where ⌦<
3/2 = ⌦

MSSM(sc)
3/2 , �̂sc & 1, see Eq. (25), and the parameter c is explicitly written. Note that

although the Trh is dropped out in the above relation it must be Trh > m3/2. The constraint (43) says

that the abundance of gravitino LSPs produced from thermal scatterings in the plasma is possible to

get diluted to observationally acceptable values by an oscillating scalar field that obtains mass from

the supersymmetry breaking only if

m3/2 < 7 ⇥ 108 GeV . (44)

The constraint becomes more severe if �̂sc � 1, that is, if m2
3/2 ⌧ m2

g̃ < T 2
rh, or for a non-gravitational

scalar X, c � 1 or for mX � m3/2. For thermalized gravitinos instead, the formula (28) applies and

the maximum possible dilution magnitude gives the following constraint

c1/2
⇣ m3/2

105 GeV

⌘5/2
✓

109 GeV

Trh

◆
<

⌦<
3/2h

2/0.12

DX

 1 , (45)

where ⌦<
3/2 = ⌦eq

3/2. We see from (45) that typical reheating temperatures Trh = 109�1012 GeV imply

a mass bound m3/2 . 106 GeV for thermalized LSP gravitinos. Although such heavy gravitinos hardly

get thermalized via interactions with the MSSM plasma, thermalized messengers can bring them to

thermal equilibrium. Again here, the bound (45) becomes more severe for c � 1 or for mX � m3/2.

When the neutralino is the LSP the �̃0 relic abundance is determined at the freeze out tempera-

ture that is T f.o.
�̃0 ⇠ m�̃0/20. If the decay temperature of the X field is below the T f.o.

�̃0 the neutralinos
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• If DX = 1 then Trh . m̃ or m̃ ⇠ TeV (A)

• If O(TeV) < (mLSP , m̃) < Trh then DX 6= 1 , (B)

where m̃ the sparticle mass scale.

Hence, scenarios with high reheating temperature generally require an extra scalar field that

causes dilution.

4.3 The diluter field X

In supersymmetric theories generically exist scalar fields with rather flat potentials and very weak or

MPl suppressed interactions. These kind of scalars, that are common in supergravity and superstring

theories, are here collectively labeled X. The X domination, either due to its nearly constant

potential energy or due to the energy stored in its oscillations about the vacuum, dilutes the LSP

abundance DX times and supplements it with the contribution from the diluter decay

⌦<
LSP ! ⌦<

LSP

DX

+ ⌦X
LSP ⌘ ⌦LSP , (39)

where we labeled ⌦<
LSP the LSP abundance before the X decay. In order to specify the ⌦LSP the

system of the three interacting cosmic fluids of X, LSP and radiation has to be solved and we refer

the reader to references [89, 86, 85] for detailed analytic results. For gravitino or axino LSP the above

expression generally applies. For the neutralino LSP one should also check whether the conditions (i)

T dec
X < T f.o.

�̃0 and (ii) n�̃0 h�vi < H(T dec
X ) hold. If not, then in the case (i) the neutralinos might reach

a thermal equilibrium value Y
(th)

�̃0 . In the case (ii) pair annihilations take place until the neutralino

yield reaches the value Y
(th)

�̃0 ⇥ (T f.o.
�̃0 /T dec

X ); this corresponds to the so-called annihilation scenario

and works mostly for wino-like LSP with TeV mass scale. Let us mention here that the radiation

produced from the decay of the X particles for the times �X/H < 1 can produce neutralinos even

for T dec
X < T f.o.

�̃0 [89, 85], which accounts for an extra contribution to ⌦LSP that may be important

in particular scenarios without, however, modifying the conclusions of the current analysis. Finally,

the ⌦X
LSP depends on the branching ratio BrX

LSP of the diluter into two LSPs (directly or via cascade

decays) and the X decay temperature T dec
X . The LSP yield from the X decay reads

Y X
LSP ⌘ nLSP

s
=

3

2
BrX

LSP

T dec
X

mX

. (40)

If the Y X
LSP is subdominant the observed dark matter has to be produced by processes taking place

at higher temperatures than T dec
X and was appropriately diluted by the decay of the scalar X. On

the other hand, if the dilution DX decreases the initial LSP abundance to negligible levels, then the

LSP production from the X decay should fit the observed dark matter abundance. The constraint

⌦LSPh2  0.12 implies

DX � Dmin
X ⌘ ⌦<

LSP

0.12 h�2
, (41)
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Figure 6: The scalar tilt (in black) and tensor-to-scalar ratio (in orange) values when post-inflationary
dilution is considered for the Starobinsky R2 inflation model. The solid line corresponds to a change of
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X ).

5.2.2 The ns and r predictions for particular supersymmetry breaking examples

In this subsection we explore the impact on (ns, r) observables of the two base case dark matter sce-

narios of supersymmetry, the gravitino and the neutralino, when the initial conditions for the hot Big

Bang are set by the supergravity Starobinsky inflation. We consider both thermal and non-thermal

dark matter production from the hot plasma and scalar decays. We examine di↵erent and illustra-

tive supersymmetry breaking schemes and we quantify how the expected values for the inflationary

observables change due to a non-thermal post-reheating phase dictated by the universal constraint

⌦LSPh2  0.12. We mention that this analysis, that probes cosmologically a BSM scheme, can be

applied to any other inflationary model after the appropriate adjustments regarding the reheating

phase, the reheating temperature and the inflaton field branching ratios.

Example I: Gravitino Dark Matter. The gravitino is the LSP if the supersymmetry breaking

is mediated more e�ciently to the MSSM than to the supergravity sector. The standard paradigm

is the gauge mediation scenario [49]. In such a scenario the supersymmetry breaking Z field de-

cays dominantly into MSSM fields with non-gravitational interactions. Following realistic models

[66, 67, 68], it is the imaginary part of the Z field that decays last and the dominant channel is onto

a pair of gauginos, in particular binos, with the decay temperature given by

T dec
Z ' 760MeV

✓
15

g⇤

◆1/4 ⇣ mZ

TeV

⌘1/2
✓

GeV

m3/2

◆⇣ mg̃

TeV

⌘2
✓

1 � 4
m2

g̃

m2
Z

◆1/4

. (73)
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5.1 The Starobinsky R2 inflation

The Starobinsky model [90] is an f(R) gravity model described by the Lagrangian

e�1L = �M2
Pl

2
R +

M2
Pl

12m2
R2 . (47)

This theory is conformally equivalent to the Einstein gravity with a scalar field ', the scalaron,

minimally coupled to gravity

e�1L = �M2
Pl

2
R � 1

2
@'@'� 3

4
m2M2

Pl

⇣
1 � e�

p
2
3
'/MPl

⌘2

. (48)

From the CMB normalization [1] we get m ' 1.3 ⇥ 10�5MPl. The inflationary predictions of the

R2 theory [91] at leading order are given by the following expressions of the primordial spectra and

tensor-to-scalar-ratio r⇤ = 16✏⇤,

ns = 1 � 2

N⇤
,

dns

d ln k
' � 2

N2
⇤

, r⇤ =
12

N2
⇤

. (49)

Also, the tensor spectral tilt and running are respectively nt = �3/(2N2
⇤ ), dnt/d ln k ' �3/N3

⇤ .

After the end of the inflationary expansion the inflaton is a homogeneous condensate of scalar

gravitons. The scalaron universally interacts with other elementary particles only with gravitational

strength and the inflaton perturbative decay process can be computed. The lifetime of the scalaron

is rather long and ' decays after it has oscillated excessively many times about the minimum of its

potential. The universe during scalaron oscillation phase evolves as a pressureless matter dominated

phase and the e↵ective value of the equation of state during reheating is to good approximation zero,

w̄rh = 0, [37]. Thus the �Nrh given by the expression (10) reads

�Nrh|R2 =
1

12
ln

✓
⇢end

⇢rh

◆
. (50)

The energy density of the inflaton at the end of inflation is found to be ⇢end ' (3/2)VR2('end) '
3.3 ⇥ 10�11M4

Pl. The energy density at the end of reheating, ⇢rh = (⇡2/30)g⇤rhT 4
rh, is determined by

the reheating temperature Trh and the number of the degrees of freedom g⇤(Trh) ⌘ g⇤rh. In total, for

the R2 inflation the expression (12) is recast into

N⇤|R2 = 55.9 +
1

4
ln ✏⇤ +

1

4
ln

V⇤
⇢end

+
1

12
ln
⇣g⇤rh

100

⌘
+

1

3
ln

✓
Trh

109 GeV

◆
��NX . (51)

The reheating temperature is estimated by equating �inf = H, where �inf ⌘ �' is the decay rate of

the scalar graviton,

Trh |R2 =

✓
⇡2

90
g⇤rh

◆�1/4p
�infMPl ⇠ 109 GeV

✓
100

g⇤rh

◆1/4

. (52)

26

Assuming only Standard Model degrees of freedom, at that energy scales it is g⇤rh = 106.75, thus

Trh ⇠ 109 GeV. For the R2 we get for the first slow roll parameter ✏⇤ = (3/4)/N2
⇤ thus 1/4 ln ✏⇤ =

�2.1+1/2 ln(54/N⇤). In addition the R2 plateau potential changes very slowly with the ' value and

for N⇤ = 45 � 60 it is 1/4 ln(V⇤/⇢end) ⇡ 0.2, hence

N⇤|R2 = N (th)
��
R2 ��NX = 54 ��NX . (53)

In the above equation the logarithmic correction 1/2 ln(54/N⇤) has been neglected because its value

is less than 0.1 for relevant values of the N⇤. The thermal n
(th)
s value that the standard Starobinsky

R2 inflation model predicts at leading order is found when we substitute the thermal e-folds number

N (th) = 54 into the Eq. (49), that is n
(th)
s = 0.963. In terms of the e-folds number, the other two slow

roll parameters for the Starobinsky model read ⌘V ' �1/N and ⇠V ' 1/N2. Since the corrections

at second order in slow roll at the scalar tilt will not be negligible in the future it is crucial to go to

order 1/N2. Also, going at next-to-leading order we could probe �NX ⇠ 1 changes that could shed

light on the pre-BBN cosmic history. For the Starobinsky model the expression (14) reads [33]

ns = 1 � ↵R2

N
+
�R2(N)

N2
= 1 � 2

N
+

0.81 + 3/2 ln(N)

N2
. (54)

Also, going to order 1/N3 the tensor-to-scalar ratio and running read

r =
12

N2
� 18

N3
(2.1 + ln N) and ↵s = ��2

N2
+

1

N3
(�0.68 + 3 ln N) . (55)

Plugging N (th) = 54 in Eq.(54) the thermal scalar tilt value is obtained

n(th)
s

��
R2 = 0.965 , (56)

that is 2h larger than the leading order prediction. We also take at next-to-leading order

r(th)
��
R2 = 0.0034 and ↵(th)

s

��
R2 = �0.037 . (57)

Note that the r value is 17% smaller than the value obtained at leading order. Furthermore, going

to accuracy level 1/N3 the r = r(ns) relation reads

r � 3(1 � ns)
2 +

23

4
(1 � ns)

3 = 0 . (58)

The Eq. (58) was obtained from the expressions ns = ns(✏V , ⌘V , ⇠V ) and r = r(✏V , ⌘V ) written up to

1/N3 order. In particular for the Starobinsky model it is ns � 1 = 2⌘V � (19/6)⌘2
V � 2C⌘2

V + O(⌘3
V )

and r = 12⌘2
V +(8�24C)⌘3

V +O(⌘4
V ) where C ⌘ �2+ln 2+�, with � the Euler-Mascheroni constant.

If nature is successfully described by the Standard Model of particle physics and the R2 inflation

model then the �NX has to be zero and hence ns = n
(th)
s . Next we review and estimate the expected

ns and r values for the R2 supergravity inflation model.
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CMB observables: Starobinsky R2 inflation 

# mZ m3/2 mf̃ m�̃0 (LSP) D(X) N⇤ ns r Origin

1 107 106 106 103 102|min 52|max 0.964|max 0.0036|min Non-th
2 109 108 108 103 102|min 52|max 0.964|max 0.0036|min Th
3 108 107 107 105 108|min 48|max 0.961|max 0.0042|min Non-th

4 105 105 105 103 1 54 0.965 0.0034 Th

Table 2: The ns and r prediction for neutralino LSP and anomaly/gravity mediation scheme for
the R2 supergravity model. In the case # 1 the neutralino annihilate after the decay of gravitinos,
while in case # 2 neutralinos acquire a thermal abundance. In the case # 3 the neutralinos from the
gravitino decay are overabundant and a diluter X is required. The case # 4 is the standard thermal
WIMP scenario. The masses are in GeV units.

Example II: Neutralino Dark Matter. For gravity or anomaly mediation of supersymmetry

breaking the gravitino mass is naturally heavier than the neutralinos. The gravitino decay populates

the universe with neutralinos. Here we assume the gravitino mass to be above 105 GeV not to spoil

BBN predictions at the time of decay. The gravitinos are produced non-thermally by the decay of

the inflaton, see Eq. (63), which generally accounts for a subleading contribution in the framework of

R2 supergravity inflation, and by the decay of the supersymmetry breaking scalar field Z. Contrary

to the GMSB case the Z scalar oscillations are not thermally damped and generally the Z produces

late entropy if displaced from the zero temperature minimum. The temperature that the Z field

decays is estimated by considering the various partial decay rates. The dominant decay channel is

into a pair of gravitinos, when mZ � m3/2, and the total decay rate yields the decay temperature

T dec
Z ' 4 ⇥ 109GeV

⇣ mZ

108GeV

⌘5/2
✓

GeV

m3/2

◆
. (75)

If the Z field oscillations dilute the thermal plasma then the gravitinos coming from the Z decay

are the leading source of dark matter neutralinos at the gravitino decay temperature T dec
3/2 . The

neutralinos are generally found to be overabundant when supersymmetry breaks at energies beyond

the TeV scale and dilution is required. Hence we assume the presence of a diluter field X that

decreases the LSP relic density via late entropy production. We mention that according to the

general constraint (46) the neutralinos with mass m�̃0 > 107 GeV are impossible to get diluted by

the oscillations of the X scalar and thermal inflation is required.

Let us now consider benchmark mass patterns for the supersymmetry breaking sector plus the

MSSM, characterized mainly by split and quasi-natural sparticle mass spectrum.

1. m�̃0 . 103 GeV, m3/2 ⇠ mf̃ ' 106 GeV, mZ ' 107 GeV. Here we assume the annihila-

tion scenario where the neutralino has an annihilation cross section few orders of magnitude

higher that the conventional value. The universe is generally dominated by the Z scalar that

decays to gravitinos at the temperature T dec
Z ⇠ 12 GeV. In turn, the gravitinos produced from
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# mZ mg̃ mf̃ m3/2 (LSP) DX N⇤ ns r Origin

1 104 104 104 102 104|min 51|max 0.963|max 0.0038|min Th
2 104 104 105 103 1010|min 46|max 0.960|max 0.0044|min Th
3 106 105 106 104 106|min 49|max 0.962|max 0.0041|min Non-th
4 103 103 104 10 1 54 0.965 0.0034 Th

Table 1: The ns and r prediction for gravitino LSP and a gauge mediation scheme for the R2

supergravity model. In the cases # 1, 2 and 4 the gravitinos are produced from thermal scatterings of
messengers and MSSM fields while in the case # 3 from the non-thermal decay of the supersymmetry
breaking Z field. In cases # 1, 2 and 3 dilution is required to decrease the LSP abundance below
the observational bound. In the case # 4 non-minimal hidden sector features have been assumed.
The masses are in GeV units.

dominates the energy density of the universe shortly after the reheating in order such a dilution

size to be realized. The shift in the spectral index and tensor-to-scalar ratio are respectively

|�ns| & 5 ⇥ 10�3 and �r & 10 ⇥ 10�4.

3. m3/2 ' 104 GeV, mg̃ ' 105 GeV , mf̃ ⇠ mZ ' 106 GeV and Mmess > Trh. The Z field

does not receive thermal corrections because the messengers are not thermalized. The Z scalar

oscillations generally have a large enough amplitude and Z does dominate the energy density

of the universe. Equations (73) and (74) say that the spurion Z decays at T dec
Z ' 1 GeV

and produces non-thermally gravitinos that exceed about 106.5 times the observational bound.

In order the Z condensate to get diluted the X field has to be a flaton and cause thermal

inflation. In this case, the shift in the spectral index and tensor-to-scalar ratio are respectively

|�ns| & 3 ⇥ 10�3 and �r & 7 ⇥ 10�4.

4. m3/2 = few GeV, mg̃ ⇠ mf̃ ⇠ mZ = few TeV. There are scenarios in the literature that

reconcile gravitino cosmology with high reheating temperatures [53, 56, 26, 54] and generally

assume non-minimal features for the hidden sector. For example when the messengers masses

lay in the range Mmess . 106 GeV and the goldstino does not reside in a single chiral superfield

[56], or when the messenger coupling is controlled by the VEV of another field [26] it is possible

that gravitinos have the right abundance. These supersymmetry breaking schemes do not

require dilution and predict �ns = 0 and �r = 0. We mention that these scenarios, in their

original versions, work better when supersymmetry is broken about the TeV scale. Features of

these scenarios are currently tested by the LHC experiments.

The above benchmark examples for the gravitino dark matter scenario are synopsized in the the

table 1 and Fig. 8.
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5.2 The R + R2 supergravity inflation

The embedding of the Starobinsky model of inflation in old-minimal supergravity in a superspace

approach consists of reproducing the Lagrangian (47). This is achieved by the action [92, 93, 94, 95,

96]

L = �3M2
P

Z
d4✓ E


1 � 4

m2
RR̄ +

⇣

3m4
R2R̄2

�
. (59)

Modifications and further properties can be found in [97, 98, 99, 101, 102, 103, 104, 100, 105, 106,

107, 108, 109, 110]. We mention that attention should be paid to the full couplings of the inflaton

field that may yield a di↵erent reheating temeprature in each of these models since not all of them

are pure supergravitational.

The old-minimal supergravity multiplet contains the graviton (ea
m), the gravitino (G̃ =  ↵

m), and a

pair of auxiliary fields: the complex scalar M and the real vector bm. Lagrangian (59) when expanded

to components yields R2 terms and kinematic terms for the “auxiliary” fields M and bm. One may

work directly with (59) but it is more convenient to turn to the dual description in terms of two

chiral superfields: T and S and standard supergravity [92]. During inflation the universe undergoes

a quasi de Sitter phase which implies that supersymmetry is broken, the the mass of the sgoldstino

S becomes large and it can be integrated out [111, 112]. In this stage a non-linear realization of

supersymmetry during inflation is possible [113, 114, 115, 116]. The real component of T is not

integrated out due to the non-linear realization and it is the only dynamic degree of freedom during

inflation [93, 94, 96]. Eventually one finds the e↵ective model (48).

The inflationary predictions for the supergravity R2 model are found to be identical to the non-

supersymmetric Starobinsky R2 predictions (49). In addition, the reheating phase is much similar

and the inflaton decay rate roughly the same. Indeed, in the work of [117] the inflaton decay

channels were identified and the branching ratios calculated. The total decay rate was parametrized

as �sugra-inf = c0m3
�/M2

Pl, where m� ⌘ minf and the reheating temperature was estimated to be

Trh|sugraR2 =

✓
90

⇡2g⇤(Trh)

◆1/4p
�sugra-infMPl ⇠ 109 GeV . (60)

The fact that the reheating temperature is found to be about the same with that predicted in

the non-supersymmetric R2 model (52) means the supergravity and non-supergravity versions of the

R2 inflation models are completely degenerate in terms of the inflationary predictions. However,

the details of the expansion history of the universe after the decay of the inflaton should break the

degeneracy between the supergravity-R2 and gravity R2. We can directly apply the analysis and the

results of the previous sections by minimally completing the supergravity R2 sector with the MSSM

and a basic supersymmetry breaking sector. Let us first examine the implications of the supergravity

R2 inflation to the abundances of superparticles.

The R2 supergravity scenario can be distinguished in two basic cases: the ultra high scale su-

persymmetry breaking m3/2 > m� and the sub-inflation supersymmetry breaking scale m� > m3/2
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# mZ m3/2 mf̃ m�̃0 (LSP) D(X) N⇤ ns r Origin

1 107 106 106 103 102|min 52|max 0.964|max 0.0036|min Non-th
2 109 108 108 103 102|min 52|max 0.964|max 0.0036|min Th
3 108 107 107 105 108|min 48|max 0.961|max 0.0042|min Non-th

4 105 105 105 103 1 54 0.965 0.0034 Th

Table 2: The ns and r prediction for neutralino LSP and anomaly/gravity mediation scheme for
the R2 supergravity model. In the case # 1 the neutralino annihilate after the decay of gravitinos,
while in case # 2 neutralinos acquire a thermal abundance. In the case # 3 the neutralinos from the
gravitino decay are overabundant and a diluter X is required. The case # 4 is the standard thermal
WIMP scenario. The masses are in GeV units.

Example II: Neutralino Dark Matter. For gravity or anomaly mediation of supersymmetry

breaking the gravitino mass is naturally heavier than the neutralinos. The gravitino decay populates

the universe with neutralinos. Here we assume the gravitino mass to be above 105 GeV not to spoil

BBN predictions at the time of decay. The gravitinos are produced non-thermally by the decay of

the inflaton, see Eq. (63), which generally accounts for a subleading contribution in the framework of

R2 supergravity inflation, and by the decay of the supersymmetry breaking scalar field Z. Contrary

to the GMSB case the Z scalar oscillations are not thermally damped and generally the Z produces

late entropy if displaced from the zero temperature minimum. The temperature that the Z field

decays is estimated by considering the various partial decay rates. The dominant decay channel is

into a pair of gravitinos, when mZ � m3/2, and the total decay rate yields the decay temperature

T dec
Z ' 4 ⇥ 109GeV

⇣ mZ

108GeV

⌘5/2
✓

GeV

m3/2

◆
. (75)

If the Z field oscillations dilute the thermal plasma then the gravitinos coming from the Z decay

are the leading source of dark matter neutralinos at the gravitino decay temperature T dec
3/2 . The

neutralinos are generally found to be overabundant when supersymmetry breaks at energies beyond

the TeV scale and dilution is required. Hence we assume the presence of a diluter field X that

decreases the LSP relic density via late entropy production. We mention that according to the

general constraint (46) the neutralinos with mass m�̃0 > 107 GeV are impossible to get diluted by

the oscillations of the X scalar and thermal inflation is required.

Let us now consider benchmark mass patterns for the supersymmetry breaking sector plus the

MSSM, characterized mainly by split and quasi-natural sparticle mass spectrum.

1. m�̃0 . 103 GeV, m3/2 ⇠ mf̃ ' 106 GeV, mZ ' 107 GeV. Here we assume the annihila-

tion scenario where the neutralino has an annihilation cross section few orders of magnitude

higher that the conventional value. The universe is generally dominated by the Z scalar that

decays to gravitinos at the temperature T dec
Z ⇠ 12 GeV. In turn, the gravitinos produced from
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# mZ mg̃ mf̃ m3/2 (LSP) DX N⇤ ns r Origin

1 104 104 104 102 104|min 51|max 0.963|max 0.0038|min Th
2 104 104 105 103 1010|min 46|max 0.960|max 0.0044|min Th
3 106 105 106 104 106|min 49|max 0.962|max 0.0041|min Non-th
4 103 103 104 10 1 54 0.965 0.0034 Th

Table 1: The ns and r prediction for gravitino LSP and a gauge mediation scheme for the R2

supergravity model. In the cases # 1, 2 and 4 the gravitinos are produced from thermal scatterings of
messengers and MSSM fields while in the case # 3 from the non-thermal decay of the supersymmetry
breaking Z field. In cases # 1, 2 and 3 dilution is required to decrease the LSP abundance below
the observational bound. In the case # 4 non-minimal hidden sector features have been assumed.
The masses are in GeV units.

dominates the energy density of the universe shortly after the reheating in order such a dilution

size to be realized. The shift in the spectral index and tensor-to-scalar ratio are respectively

|�ns| & 5 ⇥ 10�3 and �r & 10 ⇥ 10�4.

3. m3/2 ' 104 GeV, mg̃ ' 105 GeV , mf̃ ⇠ mZ ' 106 GeV and Mmess > Trh. The Z field

does not receive thermal corrections because the messengers are not thermalized. The Z scalar

oscillations generally have a large enough amplitude and Z does dominate the energy density

of the universe. Equations (73) and (74) say that the spurion Z decays at T dec
Z ' 1 GeV

and produces non-thermally gravitinos that exceed about 106.5 times the observational bound.

In order the Z condensate to get diluted the X field has to be a flaton and cause thermal

inflation. In this case, the shift in the spectral index and tensor-to-scalar ratio are respectively

|�ns| & 3 ⇥ 10�3 and �r & 7 ⇥ 10�4.

4. m3/2 = few GeV, mg̃ ⇠ mf̃ ⇠ mZ = few TeV. There are scenarios in the literature that

reconcile gravitino cosmology with high reheating temperatures [53, 56, 26, 54] and generally

assume non-minimal features for the hidden sector. For example when the messengers masses

lay in the range Mmess . 106 GeV and the goldstino does not reside in a single chiral superfield

[56], or when the messenger coupling is controlled by the VEV of another field [26] it is possible

that gravitinos have the right abundance. These supersymmetry breaking schemes do not

require dilution and predict �ns = 0 and �r = 0. We mention that these scenarios, in their

original versions, work better when supersymmetry is broken about the TeV scale. Features of

these scenarios are currently tested by the LHC experiments.

The above benchmark examples for the gravitino dark matter scenario are synopsized in the the

table 1 and Fig. 8.
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5.2 The R + R2 supergravity inflation

The embedding of the Starobinsky model of inflation in old-minimal supergravity in a superspace

approach consists of reproducing the Lagrangian (47). This is achieved by the action [92, 93, 94, 95,

96]

L = �3M2
P

Z
d4✓ E


1 � 4

m2
RR̄ +

⇣

3m4
R2R̄2

�
. (59)

Modifications and further properties can be found in [97, 98, 99, 101, 102, 103, 104, 100, 105, 106,

107, 108, 109, 110]. We mention that attention should be paid to the full couplings of the inflaton

field that may yield a di↵erent reheating temeprature in each of these models since not all of them

are pure supergravitational.

The old-minimal supergravity multiplet contains the graviton (ea
m), the gravitino (G̃ =  ↵

m), and a

pair of auxiliary fields: the complex scalar M and the real vector bm. Lagrangian (59) when expanded

to components yields R2 terms and kinematic terms for the “auxiliary” fields M and bm. One may

work directly with (59) but it is more convenient to turn to the dual description in terms of two

chiral superfields: T and S and standard supergravity [92]. During inflation the universe undergoes

a quasi de Sitter phase which implies that supersymmetry is broken, the the mass of the sgoldstino

S becomes large and it can be integrated out [111, 112]. In this stage a non-linear realization of

supersymmetry during inflation is possible [113, 114, 115, 116]. The real component of T is not

integrated out due to the non-linear realization and it is the only dynamic degree of freedom during

inflation [93, 94, 96]. Eventually one finds the e↵ective model (48).

The inflationary predictions for the supergravity R2 model are found to be identical to the non-

supersymmetric Starobinsky R2 predictions (49). In addition, the reheating phase is much similar

and the inflaton decay rate roughly the same. Indeed, in the work of [117] the inflaton decay

channels were identified and the branching ratios calculated. The total decay rate was parametrized

as �sugra-inf = c0m3
�/M2

Pl, where m� ⌘ minf and the reheating temperature was estimated to be

Trh|sugraR2 =

✓
90

⇡2g⇤(Trh)

◆1/4p
�sugra-infMPl ⇠ 109 GeV . (60)

The fact that the reheating temperature is found to be about the same with that predicted in

the non-supersymmetric R2 model (52) means the supergravity and non-supergravity versions of the

R2 inflation models are completely degenerate in terms of the inflationary predictions. However,

the details of the expansion history of the universe after the decay of the inflaton should break the

degeneracy between the supergravity-R2 and gravity R2. We can directly apply the analysis and the

results of the previous sections by minimally completing the supergravity R2 sector with the MSSM

and a basic supersymmetry breaking sector. Let us first examine the implications of the supergravity

R2 inflation to the abundances of superparticles.

The R2 supergravity scenario can be distinguished in two basic cases: the ultra high scale su-

persymmetry breaking m3/2 > m� and the sub-inflation supersymmetry breaking scale m� > m3/2
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Figure 8: Constraints on the (ns, r) contour plane from Planck-2015 in the pink, and the schematic illus-
tration of 2� forecast constraints from a future CMB probe with sensitivity �ns ⇠ 10�3 and �r ⇠ 10�3

depicted with the dotted and dashed ellipsis. The R2 model is targeted with a fiducial value of r ⇠ 4⇥10�3.
The red asterisks correspond to the predictions of the four benchmark models (#1, 2, 3, 4) with gravitino
LSP and the green asterisks to the four benchmark models (#1, 2, 3, 4) with neutralino LSP, as explained in
the text and tables 1 and 2 respectively. If the future CMB experimental probes select the area inside the
dashed ellipsis then either the R2 or the SUGRA-R2 inflation model is selected plus a roughly continuous
thermal phase with reheating temperature, Trh ⇠ 109 GeV. The selection of the dashed ellipsis area will
exclude a large class of supersymmetry models that predict a too large LSP abundance for that reheating
temperature. On the contrary, if the dotted ellipsis area is selected then the duration of the thermal phase
before the BBN is much limited and extra scalar particles should be present above the TeV scale, hence
supporting the SUGRA-R2 model rather than the R2 inflation model plus ”desert”.
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• We cannot exclude or verify SUSY by (ns, r) precision 
measurements even if R2 inflation is verified. 

• Nevertheless we can support the presence of BSM physics by 
ruling out the “BSM-desert” hypothesis for a particular inflation 
model.

• Hence precision cosmology can offer us complementary constrains 
to the parameter space of SUSY.

Conclusion
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Main message 1  
arXiv:1805.03946

Significantly improved from the 1st version 

Large modification

PTEP 

accepted version

Please check it (again)!!
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Main message 2  

◎Better motivated than Press-Schechter

◎Optimized criterion proposed in Shibata-Sasaki(1999)

◎No window function dependence for a narrow spectrum

Please use our procedure!!! 

(Although it is a bit(?) more complicated than PS…)

◎Non-linearity is taken into account

A new procedure to estimate PBH abundance
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Introduction
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Primordial BHs 

◎Remnant of primordial non-linear inhomogeneity

◎Several aspects

◎May provide a fraction of dark matter and BH binaries

◎Trace the inhomogeneity in the early universe

-Inflationary models which provide a large number of PBHs

-Threshold of PBH formation

-Observational constraints on PBH abundance

-Spin distribution of PBHs

[Zeldovich and Novikov(1967),Hawking(1971)]

JGRG28@Rikkyo Chulmoon Yoo
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PBH formation epoch 
◎Just after the horizon entry

𝐥𝐧(𝐥𝐞𝐧𝐠𝐭𝐡)

𝒂/𝒌

𝟏/𝑯∼ 𝐜𝐨𝐧𝐬𝐭 for inflation

∼ 𝒂𝟐 for RD

∼ 𝒂𝟑/𝟐 for MD

𝐥𝐧(𝒂)inflation early MD RD MD

Horizon entry

◎Mass of PBH in RD era

𝑴 ∼ 𝟏/𝑯 ∝ 𝒂𝟐 ∝ 𝟏/𝑻𝟐 ∝ 𝟏/𝑬𝟐 ⇒ 𝑴 ∼ 𝑴𝐩𝐥
𝑬𝐩𝐥

𝑬

𝟐

∼ 𝟏𝑴⊙
𝟏𝐆𝐞𝐕

𝑬

𝟐

1eV
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Press-Schechter formalism 

and the point at issue

JGRG28@Rikkyo Chulmoon Yoo
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Perturbation Variables 

◎Relation between 𝜻 and density perturbation 𝜹

𝜹 = −
𝟒 𝟏 + 𝒘

𝟑𝒘 + 𝟓

𝟏

𝒂𝟐𝑯𝟐
𝒆𝟓/𝟐𝜻𝚫𝐞−𝜻/𝟐

with long wave-length approx. comoving slicing, 𝒑 = 𝒘𝝆

◎Spatial metric

𝐝𝒍𝟐 = 𝒂𝟐𝐞−𝟐𝜻෥𝜸𝒊𝒋𝐝𝒙
𝒊𝐝𝒙𝒋

◎Newtonian counterpart

𝜻 ∼ 𝝓:Newton potential, 𝜹 ∼ 𝝆: density
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Press-Schechter 
◎Simplest conventional estimation(Press-Schechter)

- Assumption 1: threshold is given by the amplitude of 𝜻 or 𝜹

- Assumption 2: Gaussian distribution for 𝜻 or 𝜹

- Production probability(PBH fraction to the total density) 𝜷𝟎

𝜷𝟎 = 𝟐 𝟐𝝅𝝈𝟐
𝟏/𝟐

|𝜹𝐭𝐡|׬
∞

𝐞𝐱𝐩 −
𝜹𝟐

𝟐𝝈𝟐
𝒅𝜹 = 𝐞𝐫𝐟𝐜

|𝜹th|

𝟐𝝈

◎Points at issue

- 𝜻 ∼ potential ⇒ depends on environments

- 𝜹 has an upper bound∼ 𝒪(𝟏) ⇒ cannot be a Gaussian variable

JGRG28@Rikkyo Chulmoon Yoo

10

𝜹𝐭𝐡 and Statistics of 𝜻

◎Threshold should be set based on 𝜹

◎Statistical properties are well known for 𝜻

◎What we have to do

- Statistics of 𝜻 ⇒ probability of 𝜹 ⇒ PBH formation prob.

- w/ long-wavelength approx. and w/o linear approx. 

◎Relation between 𝜻 and 𝜹 w/ long-wavelength approx.

𝜹 = −
𝟒 𝟏 + 𝒘

𝟑𝒘 + 𝟓

𝟏

𝒂𝟐𝑯𝟐
𝒆𝟓/𝟐𝜻𝚫𝐞−𝜻/𝟐

comoving slicing, 𝒑 = 𝒘𝝆
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Our Procedure

JGRG28@Rikkyo Chulmoon Yoo
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Variables for Profile of 𝜻
◎Variables: 𝝁 = −𝜻|𝒓=𝟎, 𝒌∗

𝟐 = 𝚫𝜻|𝒓=𝟎/𝝁

peak scale 𝟏/𝒌∗ with 𝒌∗
𝟐 = 𝚫𝜻|𝒓=𝟎/𝝁

profile: −𝜻(𝒓)

peak amplitude 

𝝁 = −𝜻|𝒓=𝟎
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Flow Chart

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

[Bardeen et. al(1986)]

Horizon entry cond.

JGRG28@Rikkyo Chulmoon Yoo

14

Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion
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(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Horizon entry cond.

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]
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Expansion around Extremum
◎Probability distribution of linear combinations of 𝜻(𝒙𝒊)

𝒫 𝑽𝑰 𝐝
𝒏𝑽 = 𝟐𝝅 −𝒏/𝟐 𝐝𝐞𝐭ℳ −𝟏/𝟐𝐞𝐱𝐩 −

𝟏

𝟐
𝑽𝑰 ℳ

−𝟏 𝑰𝑱
𝑽𝑱 𝐝𝒏𝑽

correlation matrix: ℳ𝑰𝑱 =< 𝑽𝑰𝑽𝑱 >= ׬
𝒅𝒌

𝟐𝝅 𝟑

𝒅𝒌′

𝟐𝝅 𝟑 < ෩𝑽𝑰
∗ 𝒌 ෩𝑽𝑱 𝒌′ >

◎Taylor expansion of 𝜻

𝜻 = 𝜻𝟎 + 𝜻𝟏
𝒊 𝒙𝒊 +

𝟏

𝟐
𝜻𝟐
𝒊𝒋
𝒙𝒊𝒙𝒋 + 𝑶(𝒙𝟑)

◎Non-zero correlations in pairs of 𝜻𝟎, 𝜻𝟏
𝒊 , 𝜻𝟐

𝒊𝒋

𝝈𝟎
𝟐 ≔ ׬

𝒅𝒌

𝒌
𝒫 𝒌 =< 𝜻𝟎𝜻𝟎 > 𝝈𝟏

𝟐 ≔ ׬
𝒅𝒌

𝒌
𝒌𝟐𝒫 𝒌 = −𝟑 < 𝜻𝟎𝜻𝟐

𝒊𝒊 >= 𝟑 < 𝜻𝟏
𝒊 𝜻𝟏

𝒊 >

𝝈𝟐
𝟐 ≔ ׬

𝒅𝒌

𝒌
𝒌𝟒𝒫 𝒌 = 𝟓 < 𝜻𝟐

𝒊𝒊𝜻𝟐
𝒊𝒊 >= 𝟏𝟓 < 𝜻𝟐

𝒊𝒊𝜻𝟐
𝒋𝒋
>= 𝟏𝟓 < 𝜻𝟐

𝒊𝒋
𝜻𝟐
𝒊𝒋
> with 𝒊 ≠ 𝒋

𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ =

𝟐 ⋅ 𝟑𝟑/𝟐

𝟐𝝅 𝟑/𝟐
𝝁𝒌∗

𝝈𝟐

𝝈𝟎𝝈𝟏
𝟑 𝒇

𝝁𝒌∗
𝟐

𝝈𝟐
𝑷𝟏

𝝁

𝝈𝟎
,
𝝁𝒌∗

𝟐

𝝈𝟐
𝒅𝝁𝒅𝒌∗

◎Peak number density(skip details…) [Bardeen et. al(1986)]

JGRG28@Rikkyo Chulmoon Yoo

16

Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Horizon entry cond.

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]
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Typical Peak Profile

JGRG28@Rikkyo

◎Mean value of 𝜻(𝒓) with the conditional probability 𝑷(𝜻 𝒓 |𝝁, 𝒌∗)

◎Typical peak profile for a given set of (𝝁, 𝒌∗)

[Bardeen et. al(1986)]

ത𝜻 𝒓; 𝝁, 𝒌∗ = 𝝁 −
𝟏

𝟏−𝜸𝟐
𝝍+

𝝈𝟏
𝟐

𝝈𝟐
𝟐 ∆𝝍 +

𝒌∗
𝟐

𝜸 𝟏−𝜸𝟐
𝝈𝟎

𝝈𝟐
𝜸𝟐𝝍+

𝝈𝟏
𝟐

𝝈𝟐
𝟐 ∆𝝍

where 𝝍 𝒓 =
𝟏

𝝈𝟎
𝟐 < 𝜻 𝒓 𝜻𝟎 >=

𝟏

𝝈𝟎
𝟐 ׬

d𝒌

𝒌

𝐬𝐢𝐧 𝒌𝒓

𝒌𝒓
𝒫(𝒌)

◎Variance

<𝚫𝜻 𝒓 𝟐|𝝁,𝒌∗>

𝝈𝟎
𝟐 = 𝟏 −

𝝍𝟐

𝟏−𝜸𝟐
−

𝟏

𝜸𝟐 𝟏−𝜸𝟐
𝟐𝜸𝟐𝝍+

𝝈𝟏
𝟐

𝝈𝟐
𝟐 ∆𝝍

𝝈𝟏
𝟐

𝝈𝟐
𝟐 ∆𝝍

−
𝟓

𝜸𝟐
𝝍′

𝒓
−

∆𝝍

𝟑

𝟐

−
𝟏

𝜸𝟐
𝝍′𝟐 ∼ 𝒪 𝟏 ⇒ 𝚫𝜻 𝒓 𝟐 ∼ 𝝈𝟎

𝟐 ≪ 𝟏

JGRG28@Rikkyo Chulmoon Yoo
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Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Horizon entry cond.

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]



JGRG28@Rikkyo Chulmoon Yoo

19

Compaction Function
◎Definition of the compaction function 𝒞

𝒞 ≔
𝜹𝑴

𝑹
𝜹𝑴 = 𝑴𝐌𝐒 𝒓 −𝑴𝐅 𝒓𝒆−𝜻

◎Compaction function 𝒞 and averaged density perturbation ഥ𝜹

𝒞 =
𝟏

𝟐
ഥ𝜹 𝑯𝑹 𝟐

◎Criterion for 𝒞𝐦𝐚𝐱 at 𝒓 = 𝒓𝐦

𝒞𝐦𝐚𝐱 >
𝟏

𝟐
𝜹𝐭𝐡 = 𝟎. 𝟐𝟔𝟕 in comoving slice(0.4 for CMC slice)

profile dep. profile dep.

Model 1 Model 2

[Harada,CY,Nakama,Koga(2015)]

NRF-JSPS workshop@Shikotsuko Chulmoon Yoo
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Threshold for ത𝜻
◎Shape of the profile

◎Compaction function

𝒈 𝒓; 𝒌∗ ≔
ത𝜻 𝒓

𝝁
= −

𝟏

𝟏−𝜸𝟐
𝝍+

𝝈𝟏
𝟐

𝝈𝟐
𝟐 ∆𝝍 +

𝒌∗
𝟐

𝜸 𝟏−𝜸𝟐
𝝈𝟎

𝝈𝟐
𝜸𝟐𝝍+

𝝈𝟏
𝟐

𝝈𝟐
𝟐 ∆𝝍

𝝍 𝒓 =
𝟏

𝝈𝟎
𝟐 ׬

d𝒌

𝒌

𝐬𝐢𝐧 𝒌𝒓

𝒌𝒓
𝒫(𝒌)

𝒞 =
𝟏

𝟑
𝟏 − 𝟏 − 𝒓𝜻′ 𝟐 ⇒ 𝝁 =

𝟏 − 𝟏 − 𝟑𝒞

𝒓𝒈′

◎Threshold 𝒞𝐭𝐡 ⇒ Threshold 𝝁𝒕𝒉
𝒌∗ (𝒌∗)

𝝁𝐭𝐡
𝒌∗ 𝒌∗ =

𝟏 − 𝟏 − 𝟑𝒞𝐭𝐡
ത𝒓𝐦 𝒌∗ 𝒈𝐦

′ 𝒌∗
=

𝟐 − 𝟒 − 𝟔𝜹th
𝟐ത𝒓m 𝒌∗ 𝒈m

′ 𝒌∗
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Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Horizon entry cond.

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]

JGRG28@Rikkyo Chulmoon Yoo
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Horizon Entry and Threshold
◎Estimation of the PBH mass for the typical profile

𝑴(𝝁, 𝒌∗) =
𝟏

𝟐
𝜶𝑯−𝟏 =

𝟏

𝟐
𝜶𝑹 ቚ

𝒓=ത𝒓𝐦
=
𝟏

𝟐
𝜶𝒂ത𝒓𝐦𝒆

−ത𝜻 = 𝑴𝒆𝒒𝒌𝒆𝒒
𝟐 ത𝒓𝐦

𝟐 (𝒌∗)𝒆
−𝟐ത𝜻(𝝁,𝒌∗)

where we have assumed 𝜶 ∼ 𝒪(𝟏) factor

𝑴 = 𝑴(𝝁, 𝒌∗) 𝒌∗ = 𝒌∗(𝝁,𝑴) 𝝁 = 𝝁(𝑴, 𝒌∗)

*note 𝜶 = 𝑲 𝒌∗ 𝝁 − 𝝁𝐭𝐡 𝒌∗
𝜸

with 𝜸 ≃ 𝟎. 𝟑𝟔

if we take into account the critical behavior

horizon entry

◎We obtain the relation of 𝑴, 𝒌∗, 𝝁
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Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Horizon entry cond.

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]

JGRG28@Rikkyo Chulmoon Yoo
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An Extended Spectrum
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An Extended 𝒫(𝒌)

JGRG28@Rikkyo

◎𝒫 𝒌 = 𝟑
𝟔

𝝅
𝝈𝟐

𝒌

𝒌𝟎

𝟑

𝐞𝐱𝐩 −
𝟑

𝟐

𝒌𝟐

𝒌𝟎
𝟐

◎Moments

𝝈𝒏
𝟐 =

𝟐𝒏+𝟏

𝟑𝒏 𝝅
𝚪

𝟑

𝟐
+ 𝒏 𝝈𝟐𝒌𝟎

𝟐𝒏

◎2 point correlation

𝝍 𝒓 = 𝐞𝐱𝐩 −
𝒌𝟎
𝟐𝒓𝟐

𝟔

◎Profile 𝒈(𝒓; 𝒌∗)

JGRG28@Rikkyo Chulmoon Yoo
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Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

Optimized criterion

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Horizon entry cond.

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]
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𝑴(𝝁, 𝒌∗)

JGRG28@Rikkyo

◎ 𝑴 = 𝑴(𝝁, 𝒌∗)

◎ 𝝁 𝒌∗,𝑴

𝝁𝐦𝐢𝐧 𝑴 = 𝝁(𝟎,𝑴)

JGRG28@Rikkyo Chulmoon Yoo
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Flow Chart

Peak # density 𝒏𝐩𝐤
(𝒌∗) 𝝁, 𝒌∗ 𝐝𝝁𝐝𝒌∗ Typical profile ത𝜻(𝒓; 𝝁, 𝒌∗)

PBH mass 𝑴 = 𝑴(𝝁, 𝒌∗) Threshold 𝝁𝐭𝐡
(𝒌∗) = 𝝁𝐭𝐡

𝒌∗ (𝒌∗)

A criterion with 

compaction function

𝒌∗ = 𝒌∗(𝝁,𝑴)

𝝁𝐭𝐡
𝑴

= 𝝁𝐭𝐡
𝑴
(𝑴)𝒏𝐩𝐤

(𝑴)
𝝁,𝑴 𝐝𝝁𝐝𝑴 𝝁 = 𝝁(𝒌∗,𝑴)

Bounded below as

𝝁 > 𝝁𝐦𝐢𝐧(𝑴)

PBH # density: 𝒏𝐁𝐇𝐝 𝐥𝐧𝑴 ≔ 𝝁𝐛׬
∞
𝐝𝝁 𝒏𝐩𝐤

𝑴 (𝝁,𝑴) 𝑴𝐝 𝐥𝐧𝑴

𝝁𝐛 ≔ 𝐦𝐚𝐱 𝝁𝐦𝐢𝐧 𝑴 ,𝝁𝐭𝐡
𝑴

𝑴

Peak Theory for Gaussian 𝜻 with 𝒫(𝒌)
[Bardeen et. al(1986)]
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𝝁𝐭𝐡
𝑴
(𝑴)

JGRG28@Rikkyo

◎ 𝝁𝐭𝐡
𝑴

◎Steeper suppression in larger mass

Chulmoon Yoo
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𝜷𝟎(𝑴)

JGRG28@Rikkyo

◎ 𝒌𝟎 = 𝟏𝟎𝟓𝒌𝐞𝐪

◎Spectrum shift by one order of mag.

◎Significantly larger abundance  

𝑴

𝑴𝐞𝐪
≃
𝒌𝐞𝐪
𝟐

𝒌𝟎
𝟐
ത𝒓𝐦
𝟐 𝒌𝟎

𝟐𝒆−𝟐𝝁
෠𝜻𝐦 ∼

𝒌𝐞𝐪
𝟐

𝒌𝟎
𝟐 × 𝟏𝟎

- Optimized criterion 

- No suppression 

from a window function 

significant enhancement
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Note on Window Function

JGRG28@Rikkyo

◎Two roles in the PS formalism

◎Don’t we need a Window function any more?

◎For our specific power spectrum

1. Smooth out the smaller scale inhomogeneity

2. Introduce the scale dependence of the mass spectrum

・No smaller scale inhomogeneity(single scale)

・The scale dependence is automatically induced by 

the random variable 𝒌∗, which characterizes the profile

◎We need a window function for a broad spectrum

JGRG28@Rikkyo Chulmoon Yoo
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Main message  
A new procedure to estimate PBH abundance

◎Better motivated than PS

◎Optimized criterion is implemented

◎No window function dependence for a narrow spectrum

Please use our procedure!!! 

◎Non-linearity is taken into account

◎A bit(?) complicated, but see 1805.03946 

for the analytic expression for the monochromatic case

for a simpler approximate formula

Thank you for your attention 
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Introduction

Gravitational lensing theory can be approached in three ways:

1 null geodesics in 4-dimensional spacetime;

2 standard approximation used in astronomy: quasi-Newtonian
impulse approximation in Euclidean 3-space;

3 optical geometry: 3-dimensional manifold whose geodesics are
spatial projections of null geodesics, by Fermat’s principle:

Static spacetime: Riemannian optical geometry.

E.g., for ds2 = gttdt2 + gijdx
idx j ,

null curves obey dt2 = hijdx
idx j

with optical metric hij = − gij
gtt
.

Stationary spacetime: Finslerian optical geometry.
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The isoperimetric problem

In Euclidean geometry, an area A bounded by perimeter L satisfies

L2 ≥ 4πA,

the isoperimetric inequality. The limiting case is the circle.

The isoperimetric problem
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The isoperimetric problem

In Euclidean geometry, an area A bounded by perimeter L satisfies

L2 ≥ 4πA,

the isoperimetric inequality. The limiting case is the circle.

Question: what does the isoperimetric problem imply for optical
geometry? Constraints on time delays/angles for lensed images?

Theorem
In Schwarzschild equatorial optical

geometry, assume sets S and

Σ := {r ≤ c} ) {r = 3m} satisfy
|S | ≥ |Σ|. Then, |∂S | ≥ |{r = c}|.

[Roesch & Werner (2018), forthcoming]
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The Gauss-Bonnet method

A closed area A ⊂ M in metric surface (M, h) with piecewise-
smooth boundary ∂A = ∪iγi obeys the Gauss-Bonnet theorem,

χ(A) =

∫

A

K

2π
dA +

∑

i

(∫

γi

k

2π
dt +

θ(N−i ,N
+
i )

2π

)
,

with Euler characteristic χ, Gaussian curvature K , exterior jump
angle θ(N+

i ,N
−
i ) at vertex i , geodesic curvature k : ∇γ̇ γ̇ = kN.

Note for later: by definition, k = 0 iff γ is geodesic.

This can be applied to gravitational lensing, e.g. on a domain

• including the lens, for topological image multiplicity;

• excluding the lens, for the asymptotic deflection angle,

α̂ = −
∫

A∞
K dA.

[Gibbons & Werner, Class. Quantum Grav. (2008)]
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But stationary spacetimes?

Given the Kerr solution in Boyer-Lindquist coordinates,

ds2 =
∆

ρ2
(dt − a sin2 θdφ)2 − sin2 θ

ρ2

(
(r2 + a2)dφ− adt

)2

−ρ
2

∆
dr2 − ρ2dθ2,

solving for the optical geometry, one finds

dt =
√
hij(x)dx idx j + βi (x)dx i ,

where h is a Riemannian metric, and β ∝ a is a one-form.

This is not Riemannian but a special case of Finsler geometry
called Kerr-Randers optical geometry (away from the ergoregion boundary).
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Finsler geometry

A Finsler manifold (M,F ), with x ∈ M, V ∈ TxM, has a smooth
function F : TM\0→ R+

0 with is homogeneous such that
F (x , λV ) = λF (x ,V ), λ > 0, and convex such that the Hessian

gij(x ,V ) =
1

2

∂2F 2(x ,V )

∂V i∂V j

is positive definite.

Note, using Euler’s theorem of homogeneity,

F 2(x ,V ) = gij(x ,V )V iV j .

There is also a unique torsion-free and almost metrically
compatible connection called the Chern connection Γi

jk(x ,V ).
Viz., Γi jk (x, V ) = 1

2
g is

(
δgsj

δxk
+
δgsk
δxj
− δgjk

δxs

)
,

where δ
δxi

= ∂
∂xi
− ({ j

ik
}V k − C j

ik{ k
mn}VmV n) ∂

∂V j , with Cartan tensor Cijk = 1
2

∂gij (x,V )

∂Vk .
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Gauss-Bonnet for Kerr-Randers

How to apply the Gauss-Bonnet method to gravitational lensing in
stationary spacetimes like Kerr, with Finslerian optical geometry?

1 Osculating Riemannian geometry: find a suitable vector field
V̄ yielding a fiducial optical geometry ḡij(x) = gij(x , V̄ (x));
[Werner, Gen. Rel. Grav. (2012); Jusufi, Werner et al., Phys. Rev. D (2017); Jusufi & Övgün, (2018)]

2 Riemannian Gauss-Bonnet in spatial, not optical, geometry
where light rays are non-geodesic curves ⇒ k 6= 0.
[Ono, Ishihara & Asada, Phys. Rev. D (2017; 2018)]

3 Finslerian Gauss-Bonnet applied directly to Kerr-Randers.
Basic steps to be discussed in the following.
[Gudapati & Werner, in preparation]
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Gauss-Bonnet for Kerr-Randers

For Finsler surfaces, this yields [Itoh, Sabau & Shimada, Kyoto J. Math. (2010)]

χ(A) =

∫

A

1

L

(
N∗(Kω1 ∧ ω2 − Jω1 ∧ ω3)− dL ∧ N∗(ω3)

)

+
∑

i

(∫

γi

k(N)

Lσ
dt +

λ(N−i ,N
+
i )

L

)
,

with coframe fields ωi over TM\0, normal vector fields N,
Gaussian curvature K , indicatrix length L, Landsberg scalar J,
the Landsberg angle λ, and length parameter σ2 = g(γ,N)ij γ̇

i γ̇j .

Note, in particular, the following property of the so-called
N-parallel curvature k(N):

Note on geodesics and curvature

In Finsler geometry, a covariant derivative is defined with respect

to a vector field V , that is (∇(V )
Y X )i = dX i

dt + Γi
jk(x ,V )X jY k .

Now Finsler geodesics, minimizing Finslerian curve length, satisfy

∇(γ̇)
γ̇ γ̇ = 0.

However, unlike in Riemannian geometry, there exist also different
autoparallels, called N-parallels,

∇(N)
γ̇ N = 0.

N-parallel curvature, defined by the relation ∇(N)
γ̇ N = −k(N)

σ2 γ̇,
vanishes for those N-parallels, not for the geodesics.
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Concluding remarks

• The Gauss-Bonnet method can be extended to the Finslerian
optical geometry of stationary spacetimes;

• However, the Riemannian simplification with k = 0 for
geodesic light rays does not carry over to Finsler geometry;

• A technical similarity with the Asada group’s Riemannian
approach emerges thus even in the Finslerian treatment;

• We are currently exploiting this Gauss-Bonnet theorem
for the concrete case of Kerr-Randers optical geometry.
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