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Existence of Dynamical Vacuum Black Holes

(joint with M. Dafermos and I. Rodnianski)

Gustav Holzegel

Department of Mathematics

Imperial College, London

JGRG Hirosaki, November 7th, 2013

Slide 1

Overview

1. Dynamical Formulation of General Relativity

2. Black Hole Stability Problem

3. Construction of Dynamical Black Holes

Slide 2
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The dynamical formulation of General Relativity

Recall that the vacuum Einstein equations

Rµν = 0

admit a geometric initial value formulation (“Cauchy problem”):

(Σ, hµν , Kµν) + constraints → (M, gµν) satisfying Rµν = 0.

This is the natural setting to construct general solutions and to

discuss the notion of stability. What are the properties of the

maximum development of a given initial data set?

Slide 3

(M, g)

(Σ, ḡ, K)

[Choquet-Bruhat, Geroch]

Slide 4
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Similarly, there is a ‘characteristic initial value problem” where

initial data are being posed on (what will be) null-hypersurfaces of the

spacetime.

N1

S0

N2

(M, g)

[Rendall, Chrusciel, Luk]

Slide 5

The Black Hole Stability Problem

The Kerr family of solutions (M, gM,a) is believed to play the central

role as the final state for vacuum gravitational collapse. The

(M, gM,a) satisfy

Rµν = 0 .

Do sufficiently small perturbations of Kerr initial data converge

• to a black hole solution?

• another Kerr solution (outside the event horizon)?

This question is still wide open. The only non-linear global stability

result of this type (in the asymptotically flat context) is the celebrated

“Stability of the Minkowski space” (Christodoulou-Klainerman,

Lindblad-Rodnianski).

Slide 6
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Common Folklore

• “The Positive Mass Theorem implies stability of Minkowski space”

Positive mass has nothing to do with stability. Stability of

Minkowski space holds even for Rµν − 1
2Rgµν = −8πTµν with Tµν

the energy momentum tensor of a scalar field. On the other hand,

a PM exists for anti de Sitter space: AdS is a “ground state” and

yet (believed to be) classically non-linearly unstable.

• “Extreme black holes are stable” Stability has nothing to do

with being supersymmetric or not. (see work of Aretakis;

Poster 33 by Murata et al)

• “The stability of the Kerr solution is known/ proven.” (Only mode

stability known (Whiting). Not even linear stability is known!)

Slide 7

Why the stability problem is hard...

As a PDE, we think of Rµν = 0 as (R = DΓ + ΓΓ)

✷ggµν = (∂g)2

a coupled system of non-linear wave equations. Even understanding

this system around flat space is hard (Stability of Minkowski space is

a 500 page book!). The key is to use the dispersion of linear waves

to control the non-linearities.

In the black hole problem, you have

• final state has fewer symmetries

• final state unknown; not all components of curvature decay

• more complicated geometry (trapping, redshift, superradiance)

Slide 8
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The idea is to first understand appropriate linearized problems:

• system of gravitational perturbations

• Maxwell

• The wave equation (“poor man’s linearization”), ✷gψ = 0.

There is a huge body of work in the physics literature, including the

famous monograph of Chandraskehar.

This is based on mode analysis and doesn’t tell you anything about

the behavior of general solutions.

Robust tools needed, based on understanding the geometry.

Slide 9

Intense research over the past ten years recently culminated in a

complete understanding of ✷gψ = 0 for g a sub-extremal member of

the Kerr family (|a| < M) by Dafermos and Rodnianski:

Solutions to the linear wave equation ✷gψ = 0 for g a fixed

sub-extremal Kerr background decay polynomially in time on the

black hole exterior, including along the event horizon.

I +
H
+

→
v

|φ| ≤ C
t for r > 2M and |φ| ≤ C

v for 2M ≤ r ≤ 3M

Slide 10
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Extremal Case: Instability! Aretakis; Lucietti, Murata, Reall, Tanahashi

This can be generalized to the case of a cosmological constant.

✷gψ = 0

• de Sitter: exponential decay for Kerr-de Sitter

(Dafermos-Rodnianski, Melrose, Dyatlov)

• anti de Sitter: logarithmic decay for Kerr-anti de Sitter

(G.H.-Smulevici)

These results are suggestive for the non-linear problem.

Slide 11

This concludes Part II of the talk.

The non-linear problem is still quite far away. However, there is a

simpler question which has not been answered satisfactorily:

Do there exist any non-trivial spacetimes converging in time

to a member of the Kerr family?

There are examples arising from toy-problems in symmetry classes:

• spherically-symmetric self-gravitating scalar field in 4d

[Christodoulou, Dafermos-Rodnianski]; polynom. decay to Schwschild

• vacuum in 5d with bi-axial symmetry; polynomial decay to
Schwarzschild [G.H]

• Robinson-Trautman metrics [Chrusciel]; exponential convergence to

Schwarzschild

Slide 12
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The main result of this talk is the following

Theorem 1. There exists a large class of smooth vacuum black hole

spacetimes which asymptote in time to a Kerr spacetime for any

choice of parameters |a| ≤ M .

• no symmetry assumptions

• full functional degrees of freedom (for characteristic IVP)

• exponential convergence in time to Kerr (non-generic!)

• extremal case included

Slide 13

The construction proceeds by constructing appropriate “finite”

problems and then show convergence:

scattering
data

on
I +sc

at
te
rin

g
da

ta
on

H
+

approximate scattering data

trivial data

sc
at
te
rin

g
da

ta
on

H
+

Of course, establishing uniform estimates for the finite backwards

problem is key.

Note that one of the main difficulties of the stability problem is absent

here: Final state is a-priori presribed!

Slide 14
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Remarks

Difference with the stability problem: Now not trying to control

arbitrary solutions arising from Cauchy data but constructing special

solutions from infinity.

The solutions decay to a fixed Kerr solution exponentially fast,

while generic solutions will decay only polynomially in time.

In this sense, the set of spacetimes constructed in this way is small.

I’ll explain to you why the exponential decay is necessary (i.e. why the

construction from infinity cannot do better).

Slide 15

On the other hand, the set of spacetimes thus constructed is large in

the sense that all free functions in the characteristic problem are

indeed “free” except that they have to decay exponentially.

You can think of the data prescribed as parametrizing how radiation

leaves the spacetime.

Again: No symmetry assumptions!

Slide 16
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The reason for the exponential decay can be traced back to the

blue-shift effect:
scattering

data
on

I +
sc
at
te
rin

g
da

ta
on

H
+

i0
A

B

At the level of the analysis, this can already be seen for the linear

wave equation ✷gΨ = 0.

Slide 17

Tµν = ∂µψ∂νψ −
1
2
gµν (∂ψ)2

∇µ (TµνXν) = Tµν
(X)πµν .

Applying this with a vectorfield X everywhere timelike on the exterior [in

order to produce non-degenerate energies! Tµνnµnν ∼ |Dψ|2], one sees that

Στf

H+ I+
R

Tµνπ
µν

Z

Σt

|Dψ|2 ≤ C

Z tf

t

dt̄

Z

Σt̄

|Dψ|2 + “data”

Slide 18
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The constant of the bad forcing term is related to the surface gravity

of the horizon. From Gronwall’s inequality, it is then easy to see that

imposing sufficiently strong exponential decay can be propagated.

Remark

Note that we are dealing with non-degenerate energies here. For

Schwarzschild, one could actually work with the degenerate energies

arising from ∂t and construct an isomorphism between scattering data

on H+ and I+ and data on Σ0, cf. Dimock et al.

For Kerr or for a non-linear wave equation on Schwarzschild this

breaks down which is why we work with non-degenerate energies from

the beginning.

Slide 19

The analogy with the linear wave equation, explains the exponential

decay.

• only the “naive” energy estimate is used – in particular, no

symmetries/ approximate Killing properties

• the complicated geometry of the black hole exterior

(superradiance, trapping) does not enter

• Schwarzschild- and Kerr are “equally difficult”

Slide 20
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The full problem

• fix differentiable structure of Schwarzschild/ Kerr, want to equip

the manifold with metrics expressed in double null coordinates

• mixed characteristic/ Cauchy problem (data: conformal geometry

of the cones [Rendall, Christodoulou])

• in order to estimate solutions need appropriate formulation:

∇αWαβγδ = 0 Bianchi equations

∇Γ + ΓΓ = W (null)-structure equations

• Renormalization of these equations: Substract Schwarzschild/

Kerr values from components of Γ and W .

Cf. Newman Penrose. We’re doing estimates!

Slide 21

The estimates

For the Bianchi equations, you do (weighted) energy estimates

providing in particular decay estimates for L2-curvature fluxes.

Στf

H+ I+

∫

|W |2

Given the curvature fluxes, you can estimate the Γ’s from the

transport equations.

Slide 22

480



Everything is coupled → large bootstrap.

Crucial Ingredients

• exponential decay required by blue-shift near the event horizon

• understanding the non-linearities of the Einstein equation near

null-infinity (null-condition, hierarchy)

Slide 23

Final comments I

• We constructed a class of smooth dynamical black hole solutions

without symmetry depending on the full scattering data.

(Previously: symmetry classes & Robinson-Trautman [Chrusciel])

• Some of the estimates, as well as the formalism established, may

be useful for the forward problem

• relation with “ultimately Schwarzschildean spacetimes” [G.H]

• Generalization to de Sitter and Anti-de Sitter black holes:

Understand boundary initial value-problem

cf. [Friedrich, G.H.-Smulevici]

• better results (polynomial decay) in the extremal case?

Slide 24
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Final comments II

What about polynomial decay? The theorem is believed to be sharp

in the following sense:

Conjecture 1. Blue shift-conjecture: For generic, polynomially

decaying scattering data there does not exist a spacetime (M, g)

“bounded” by H+ and I+ and smooth up to H+.

Note the word “generic”! You have to be very lucky to pick data such

that you CAN find an infilling solution!

Slide 25

THANK YOU!
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482



Let us turn to the full problem (for Schwarzschild). Particularly

important is an appropriate formulation of the equations, which

involves the issue of renormalization. We formulate the vacuum

Einstein equations as

∇αWαβγδ = 0 Bianchi equations

∇Γ + ΓΓ = W (null)-structure equations

null decomposition + renormalization

Slide 27

One fixes the differentiable structure of the Schwarzschild manifold

and wants to equip the manifold with metrics of the form

g = −4Ω2dudv + /gCD

(

dθC + bCdv
) (

dθD + bDdv
)

corresponding to a double-null foliation. [In Schwschild Ω2 = 1 − 2M
r

,

/g = r2 (u, v) γ, b = 0. We can write the metric arising from the mixed

IVP locally in this way (Rendall, Christodoulou). We null-decompose

with respect to the foliation and renormalize all quantities (Γ, ψ) with

respect to their Schwarzschild values and finally obtain a system of

hyperbolic and transport equations for decaying quantities:

/∇3ψ = /Dψ̃ + Γψ , /∇4ψ̃ = /Dψ + Γψ

and

/∇3Γ = ΓΓ + ψ , /∇4Γ = ΓΓ + ψ

Slide 28
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The proof proceeds as follows.

1. estimate the curvature on spacelike and null-hypersurfaces (fluxes)

via energy estimates from the null-Bianchi equations.

2. estimate the Ricci-coefficients on the spheres S2 (u, v) from the

transport equations using the curvature fluxes.

3. “Bootstrap” appropriate exponential decay of these norms

Step 1: r-weighted estimates + null-structure in the non-linearities

Step 2: requires another important null structure

Slide 29

The estimates for the Bianchi equations are done separately for each

“Bianchi pair” (see “ultimately Schwarzschildean spacetimes” [G.H]).

In fact, we first provide a systematic formulation of the equations.

/∇3ψp = /Dψ′
p′ + E3 [ψp] (1)

/∇4ψ
′
p′ + γ4

(

ψ′
p′

)

trχψ′
p′ = /Dψp + E4

[

ψ′
p′

]

(2)

with the index p indicating the radial decay at null-infinity.

Structure of equations (i.e. their p-decay) is preserved under

commutation with the operators { /∇3, r /∇4, r /∇}.

Slide 30
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Systematic formulation of the null-structure equations:

/∇3

(3)

Γ p =
∑

p1+p2≥p

(fp1
+ Γp1

) Γp2
+ ψp

/∇4

(4)

Γ p =
∑

p1+p2=p+1

fp1

(3)

Γ p2
+

∑

p1+p2≥p+2

(fp1
+ Γp1

) Γp2
+ ψp+2

Note the gain of two powers in the 4-direction except for the

anomalous boxed term. The key observation is that whenever a boxed

term appears, the Γp involved satisfies an equation in the 3 direction!

This structure is preserved under commutation with { /∇3, r /∇4, r /∇} !

Slide 31

Think as follows
∫

S2(u,v)
r2p−2|Γp|

2√
/gd2θ ≤ data +

∫ uhoz

u

dū

∫

S2

r2p−2|ψp|
2√

/gd2θ

+

∫ uhoz

u

dū

∫

S2

r2p−2|Γp|
2√

/gd2θ

Insert bootstrap assumptions... No loss in r! In the other direction,
∫

S2(u,v)
r2q−2|Γp|

2√
/gd2θ ≤ data +

∫ v∞

v

dv̄

∫

S2

r2q−2|ψp+2|
2√

/gd2θ

+

∫ v∞

v

dv̄

∫

S2

1

r2
r2q−2|Γp|

2√
/gd2θ

The 1
r2 is necessary for integrability near infinity! For the 1

r -term,

r2q−2|Γp|2 will decay in r to ensure integrability and a smallness

factor comes from the fact that the Γp involved has already been

improved in the 3-direction.

Slide 32
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This is, schematically, how the bootstrap assumptions can be

improved. It essentially works because the bad linear terms (caused

by the blueshift) can be estimated by choosing the exponential rate

that is bootstrapped sufficiently large:

C

∫ t2

t1

dt

∫

Σt

|Dψ|2 ≤ C
1

A
e−At

while all non-linear error-terms can be made small by choosing the t0
of the bottom slice large. However, recall that understanding the

radial decay was crucial!

Slide 33

This gives uniform control for every solution arising from t0 < tf < ∞.

The final step is to obtain convergence. For this one needs to compare

(i.e. identify) two spacetimes. The fixed differentiable structure

provides a natural setting to do this.

One considers differences of null-structure and Bianchi equations and

repeats the estimates. There is a slight simplification if one is willing

to use elliptic estimates.

Slide 34
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“Destroying the event horizon of regular black holes”

by Zilong Li

[JGRG23(2013)110703]
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Destroying the Event Horizon of Regular Black Holes

JGRG23 @ Hirosaki University

Zilong Li

Fudan University

7 Nov. 2013

This talk is mainly based on Z. Li & C. Bambi, PRD 87, 124022 (2013).

Pioneer Works

• One can overspin (overcharge) a near extremal Kerr (Reissner
-Nordstrom) black hole by throwing in a test particle, as long as
the back reaction e↵ects may be considered negligible.
—– [V. Hubeny, PRD 59, 064013 (1999); T. Jacobson & T.

Sotiriou, PRL 104, 021101 (2010)]

• For all orbits capable of producing naked singularities, the
conservative self-force is non-negligible and seems to have the right
sign to prevent the particles from being captured, thus saving the
cosmic censorship conjecture.
—– [E. Barausse et al., PRL 105, 261102 (2010); P. Zimmerman

et al., arXiv:1211.3889]
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Spacetime Metric

The line element in Boyer-Lindquist coordinates can be written as

ds2 = gttdt
2 + grrdr

2 + g✓✓d✓
2 + 2gt�dtd�+ g��d�

2 ,

the non-vanishing spacetime metric coe�cients are

gtt = �
✓
1� 2mr

⌃

◆
, grr =

⌃

�
,

gt� = �2amr sin2 ✓

⌃
, g✓✓ = ⌃ ,

g�� =

✓
r2 + a2 +

2a2mr sin2 ✓

⌃

◆
sin2 ✓ ,

where ⌃ = r2 + a2 cos2 ✓ , � = r2 � 2mr + a2 .

3 of 12

Black holes vs. Regular black holes

In the metric coe�cients, the mass term m is given by

mKerr = M Kerr Black Holes (KBHs),

mKN = M � Q2

2r
Kerr-Newman Black Holes (KNBHs),

mB =
Mr3

(r2 + g2)3/2
Bardeen Black Holes (BBHs),

mH =
Mr3

r3 + g3
Hayward Black Holes (HBHs).

The event horizon of black holes can be obtained by solving � = 0.
[C. Bambi & L. Modesto, PLB 721, 329 (2013)]

4 of 12
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Test-particle approximation

One can imagine an experiment in which a black hole absorbs a small
particle of energy E, angular momentum L, and electric charge q = 0.

• Absorption condition:

E �
�gt�L

g��
;

• Destroying condition:

�(r) = 0 has no solutions .

Once these two conditions are satisfied, the test particle can be
plunged into the black hole and destroy its event horizon.

5 of 12

Test-particle approximation: KNBHs

  M = 1
  a = 0.9
 Q = 0.43588989431 

0 2 4 6 8 10
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10
!

5

Kerr!Newman Black Hole

  M = 1
  a = 0.4
 Q = 0.9165151389 
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0
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L!10!5

E!
10
!

5

Kerr!Newman Black Hole

Combination of (E, L) that can destroy a near extremal black hole.
The allowed energy range of E is of order L2/M3, which is
comparable to the correction of the self-force. [E. Barausse et. al,
PRD 84, 104006 (2011); S. Gao and Y. Zhang, PRD 87, 044028
(2013)] That is, the horizon of the Kerr-Newman black hole survived.
6 of 12
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Test-particle approximation: BBHs & HBHs
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Bardeen Black Hole
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Hayward Black Hole

 M = 1
 a = 0.4
 g = 0.6708585186 
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Bardeen Black Hole

 M = 1
 a = 0.4
 g = 0.9625397004
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Hayward Black Hole

The horizon of the Bardeen/Hayward black hole can be destroyed.
7 of 12

Thin disk accretion process

In the case of a thin disk on the equatorial plane, the neutral gas
reaches the innermost stable circular orbit (ISCO) and it then plunges
quickly onto the compact object, which changes its mass M and spin
J by

M ! M + �M , J ! J + �J ,

where

�M = ✏ISCO�m, �J = �ISCO�m,

✏ISCO and �ISCO are, respectively, the specific energy and the specific
angular momentum of a test-particle at the ISCO, while �m is its
rest-mass.

8 of 12
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Thin disk accretion process: KNBHs

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Kerr−Newman Black Hole

J/M2

Q
/M

0.8692 0.8693
0.4942

0.4943

0.4944

Tracks of the evolution of black holes.
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Thin disk accretion process: BBHs & HBHs
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0
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Hayward Black Hole
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g/
M

0.99405 0.99412

0.1816

0.1817

The evolution of the Bardeen/Hayward black hole ends up with
horizonless state.
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Conclusions

We have presented two di↵erent examples strongly suggesting that
regular black hole can be destroyed:

Test particle plunging and thin disk accretion.

It should be noted that regular black holes have no central
singularities. And we can destroy the event horizon because we do not
violate the cosmic censorship conjecture. So, our work support this
conjecture, but the true reason may be more fundamental and needs
further discussion.
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Thank You !
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Supersymmetric Plebański-Demiański solution
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based on
D.Klemm and M.N, JHEP 1305 (2013) 123
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JGRG23 at Hirosaki Univ.

Introduction

 Supersymmetric (BPS) solutions in supergravities

microscopic utilization

•black hole entropy counting

‣theoretical playgrounds for superstrings

classical utilization:

‣positive energy theorem a la Witten-Nester

Witten 1981, Nester 1981

•AdS/CFT correspondence

non-perturbative objects

 gravitational backgrounds preserving supersymmetries

Strominger-Vafa 1996

Maldacena 1998

characterized by the existence of Killing spinors
obeying 1st-order differential eqs.

 attracted much attention in a variety of contexts

•stability of ground states
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BPS geometry: an example

Majumbdar-Papapetrou solution

:half-BPS state (                  is projected out)

:constant spinor

‣Characteristic properties

• Zero Hawking temperature

• Mechanical equilibrium

• Vacuum interpolation near horizon: AdS2xS2

infinity: Minkowski
Maximal SUSY

H = 1 +
N�

i

Qi

|�x� �xi|
(N=1 recovers extremal RN)

• BPS inequality (M≧Q) is saturated

(analogue of instanton)

Einstein-Maxwell theory (bosonic sector of N=2 SUGRA)

Gibbons-Hull 1992

BPS solutions

systematic classification

‣BPS solutions are restrictive 

Questions:

‣various classification schemes

Killing spinor eq. is 1st-order & linear

desirable if we can find all BPS solutions

Tod 1983, Gauntlett et al 2002, Gran et al 2004 and many others

BPS solutions are obtained systematically

‣to what extent these properties are universal?

: Killing spinor

Newman-Penrose, spinor bilinears, spinorial geometries

4D, 5D, 6D, 10D (IIA, IIB), 11D supergravities
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Our work

what we have done

BPS solutions in gauged supergravities

the BPS system obeys nonlinear set of PDEs

whole picture of BPS geometries is far from understood

finding of the most general Petrov D BPS solutions 
(Plabanski-Demianski family)

focus on 4D Einstein-Maxwell-Λ(<0) theory

‣important in AdS/CFT correspondence

‣systematic classification is possible Caldarelli and Klemm 2003

explored physical properties

Contents

•Classification of BPS solutions

•Supersymmetric Plebanski-Demianski solutions

•Concluding remarks

bilinear methods

BPS conditions

Wick rotation to Euclidean solutions
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4D N=2 gauged supergravity
Einstein-Maxwell-Λ system

Chapter 10

N = 2 gauged supergravity

10.1 極小模型
重力作用

S =
1

16πG

∫
(R − 2Λ) ⋆ 1 − 2F ∧ ⋆F , (10.1)

ここで

Λ = −3ℓ−2 . (10.2)

Killingスピノール

∇̂µϵ =
(
∇µ +

i
4
Fνργ

νργµ +
1
2ℓ

γµ − i
ℓ
Aµ

)
ϵ . (10.3)

可積分条件

∇̂[µ∇̂ν]ϵ =
[
1
8
Cµνabγ

ab +
i
8

(
(1 − γ5)∇ρF

+
µν + (1 + γ5)∇ρF

−
µν

)
γρ − i

2ℓ
(Fµν + iγ5 ⋆ Fµν + γ[µ

ρFν]ρ)

+
1
4

(
Eρ[µ − 1

6
Eσ

σgρ[µ

)
γρ

ν] −
3i
8

(
(1 − γ5)∇[µF+

νρ] + (1 + γ5)∇[µF−
νρ]

)]
ϵ . (10.4)

10.1.1 正エネルギー定理
Nester2形式

N̂µν = −i
(
∇̂ρϵγ

µνρϵ + ϵ̄γµνρ∇̂ρϵ
)

= Nµν + Hµν − 4i
ℓ

ϵ̄γabϵ . (10.5)

ここで

Nµν = −i
(
∇ρϵγ

µνρϵ + ϵ̄γµνρ∇ρϵ
)

, Hµν = −2ϵ̄(Fµν − iγ5 ⋆ Fµν)ϵ . (10.6)

Stokesの定理より

−
∫

Σ
nµ∇νN̂µν =

1
2

∫

∂Σ
N̂µνdSµν

=
1
2

∫

∂Σ
ÑµνdSµν −

∫

∂Σ
dSµν(ϵ̄∞ϵ∞Fµν − iϵ̄∞γ5ϵ∞ ⋆ Fµν)

= ϵ̄∞JABσABϵ∞ − ϵ̄∞(Qe − iγ5Qm)ϵ∞ (10.7)

Qe =
∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (10.8)

∇νN̂µν =2i∇̂ρϵγ
µνρ∇̂νϵ −

(
Rµ

ν − 1
2
Rδµ

ν − Tµ
ν

)
(iϵ̄γνϵ) − 2 [(∇νFµν)ϵ̄ϵ − (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] . (10.9)
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‣Killing spinor has a gauge charge

‣Killing spinor equation

plays the role of gauge coupling

Kosteleck-Perry 1996

(R-symmetry is made local)

‣Λ must be -ve (no deSitter SUGRA)

:gravitino mass

Spinor bilinears
Given a Dirac spinor   , one can define spinor bilinears

A matrix     can be expanded in a basis

CHAPTER 10. N = 2 SUPERGRAVITY

Qe，Qm は電荷，磁荷である

Qe =

∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (10.11)

Nester-Witten 2形式の発散は

∇νN̂
µν =2i∇̂ρϵγ

µνρ∇̂νϵ−
(
Rµ

ν − 1

2
Rδµν − Tµ

ν

)
(iϵ̄γνϵ)− 2 [(∇νF

µν)ϵ̄ϵ− (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] .

(10.12)

Einstien方程式，Maxwell方程式，Bianchi恒等式および Dirac-Witten条件を仮定すれば右辺は非負の寄
与のみ：

−nµ∇νN̂
µν = 2[gij(∇̂iϵ)

†∇̂iϵ− (γi∇̂iϵ)
†γj∇̂jϵ] ≥ 0 . (10.13)

よって，一般に次の不等式が成立

M ≥
√
Q2

e +Q2
m . (10.14)

10.2 超対称解
10.2.1 双線形関係式
双線形

E : = ϵ̄ϵ , (10.15a)

B : = iϵ̄γ5ϵ , (10.15b)

Vµ : = iϵ̄γµϵ , (10.15c)

Uµ : = iϵ̄γ5γµϵ , (10.15d)

Φµν : = iϵ̄γµνϵ , (10.15e)

ϵが可換スピノールであることに注意し，ϵ̄ϵを 4× 4の行列とみなすと，基底 {1, γµ, γ5, γµ, γ5γµ, γµν} で展
開できる

4ϵϵ̄ = E1− iV µγµ +
i

2
Φµνγµν + iUµγ5γµ − iBγ5 , (10.16)

これは Fierz恒等式に対応する．

iV µγµϵ = −iUµγ5γµϵ = −(E + iBγ5)ϵ , iΦµνγµνϵ = 2(E − iBγ5)ϵ . (10.17)

ϵ̄で縮約すると

f := −V µVµ = UµUµ = E2 +B2 , (10.18)

E2 −B2 = 1
2ΦµνΦ

µν . (10.19)

ϵ̄γµγνϵ = Egµν − iΦµν , (10.20a)

ϵ̄γ5γµγνϵ = −iBgµν + ⋆Φµν , (10.20b)

ϵ̄γµνγρϵ = −ϵµνρσU
σ − 2iV[µgν]ρ , (10.20c)

ϵ̄γ5γµνγρϵ = −ϵµνρσV
σ − 2iU[µgν]ρ , (10.20d)

ϵ̄γµνγρσϵ = −Bϵµνρσ + 2i(Φµ[ρgσ]ν − gµ[ρΦσ]ν)− 2Egµ[ρgσ]ν , (10.20e)

ϵ̄γ5γµνγρσϵ = −iEϵµνρσ + 2ϵµνλ[ρΦ
λ
σ] + 2iBgµ[ρgσ]ν , (10.20f)

ϵ̄γµγρσγνϵ = −Bϵµνρσ − 2iΦµ[ρgσ]ν − 2igµ[ρΦσ]ν − igµνΦρσ + 2Egµ[ρgσ]ν , (10.20g)

ϵ̄γ5γµγρσγνϵ = −iEϵµνρσ − 2iBgµ[ρgσ]ν + 2ϵµνλ[ρΦ
λ
σ] + gµν ⋆ Φρσ , (10.20h)
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V is timelike/null
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ν

)
(iϵ̄γνϵ)− 2 [(∇νF

µν)ϵ̄ϵ− (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] .

(10.12)

Einstien方程式，Maxwell方程式，Bianchi恒等式および Dirac-Witten条件を仮定すれば右辺は非負の寄
与のみ：

−nµ∇νN̂
µν = 2[gij(∇̂iϵ)

†∇̂iϵ− (γi∇̂iϵ)
†γj∇̂jϵ] ≥ 0 . (10.13)

よって，一般に次の不等式が成立

M ≥
√
Q2

e +Q2
m . (10.14)

10.2 超対称解
10.2.1 双線形関係式
双線形

E : = ϵ̄ϵ , (10.15a)

B : = iϵ̄γ5ϵ , (10.15b)

Vµ : = iϵ̄γµϵ , (10.15c)

Uµ : = iϵ̄γ5γµϵ , (10.15d)

Φµν : = iϵ̄γµνϵ , (10.15e)

ϵが可換スピノールであることに注意し，ϵ̄ϵを 4× 4の行列とみなすと，基底 {1, γµ, γ5, γµ, γ5γµ, γµν} で展
開できる

4ϵϵ̄ = E1− iV µγµ +
i

2
Φµνγµν + iUµγ5γµ − iBγ5 , (10.16)

これは Fierz恒等式に対応する．

iV µγµϵ = −iUµγ5γµϵ = −(E + iBγ5)ϵ , iΦµνγµνϵ = 2(E − iBγ5)ϵ . (10.17)

ϵ̄で縮約すると

f := −V µVµ = UµUµ = E2 +B2 , (10.18)

E2 −B2 = 1
2ΦµνΦ

µν . (10.19)

ϵ̄γµγνϵ = Egµν − iΦµν , (10.20a)

ϵ̄γ5γµγνϵ = −iBgµν + ⋆Φµν , (10.20b)

ϵ̄γµνγρϵ = −ϵµνρσU
σ − 2iV[µgν]ρ , (10.20c)

ϵ̄γ5γµνγρϵ = −ϵµνρσV
σ − 2iU[µgν]ρ , (10.20d)

ϵ̄γµνγρσϵ = −Bϵµνρσ + 2i(Φµ[ρgσ]ν − gµ[ρΦσ]ν)− 2Egµ[ρgσ]ν , (10.20e)

ϵ̄γ5γµνγρσϵ = −iEϵµνρσ + 2ϵµνλ[ρΦ
λ
σ] + 2iBgµ[ρgσ]ν , (10.20f)

ϵ̄γµγρσγνϵ = −Bϵµνρσ − 2iΦµ[ρgσ]ν − 2igµ[ρΦσ]ν − igµνΦρσ + 2Egµ[ρgσ]ν , (10.20g)

ϵ̄γ5γµγρσγνϵ = −iEϵµνρσ − 2iBgµ[ρgσ]ν + 2ϵµνλ[ρΦ
λ
σ] + gµν ⋆ Φρσ , (10.20h)
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を用いると，次の代数関係式が得られる

EVµ = ⋆ΦµνU
ν , EUµ = ⋆ΦµνV

ν , (10.21a)

BVµ = ΦµνU
ν , BUµ = ΦµνV

ν , (10.21b)

EB = − 1
4Φµν ⋆ Φµν , (10.21c)

EΦµν = −ϵµνρσV
ρUσ +B ⋆ Φµν , (10.21d)

Φ(µ
ρ ⋆ Φν)ρ = 1

4gµνΦρσ ⋆ Φρσ , (10.21e)

ΦµρΦν
ρ = VµVν − UµUν + gµνE

2 , ⋆Φµρ ⋆ Φν
ρ = VµVν − UµUν + gµνB

2 . (10.21f)

これより，特に次の関係式が成立

V µUµ = 0 . (10.22)

微分関係式

∇µE = FµνV
ν , (10.23a)

∇µB = − ⋆ FµνV
ν , (10.23b)

∇µVν = −EFµν +B ⋆ Fµν , (10.23c)

∇µUν = −2F(µ
ρ ⋆ Φν)ρ +

1
2gµνFρσ ⋆ Φρσ , (10.23d)

∇µΦνρ = −Uµ ⋆ Fνρ − 2ϵνρσ[µFτ ]
σUτ . (10.23e)

これより，∇(µVν) = 0となるから，V は Killingベクトル．また，V 0 = ϵ†ϵ > 0 であるから，V は時間
的，または光的な定常性のKillingベクトルとなる．また，Maxwell方程式と Bianchi恒等式が成り立てば，
(F, ⋆F ) も V のもと不変に保たれる：

L V g = 0 , L V F = 0 , L V ⋆ F = 0 . (10.24)

また，

V µ∇µU
ν = V µ∇νUµ = ∇ν(UµVµ)− Uµ∇νVµ = Uµ∇µV

ν , (10.25)

より V と U は可換 [V,U ] = 0

10.2.2 時間的超対称解
まず始めに，V が時間的な場合を考える．このとき，Φは次のように表せる

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (10.26)

F も電磁ポテンシャル (E,B)を用いて解ける

Fµν = f−1
(
2V[µ∇ν]E + ϵµνρσV

ρ∇σB
)
, ⋆Fµν = f−1

(
−2V[µ∇ν]B + ϵµνρσV

ρ∇σE
)
. (10.27)

これらより

FµνFµν = 2f−1
[
(∇B)2 − (∇E)2

]
, Fµν ⋆ Fµν = 4f−1∇µE∇µB ,

Fµν ⋆ Φµν = f−1Uµ∇µ(B
2 − E2) , ΦµνF

µν = −2f−1Uµ∇µ(EB) . (10.28)

(10.26)，(10.27)を (10.23c)，(10.23d)に代入すると

∇µVν =f−1
[
−V[µ∇ν]f − ϵµνρσV

ρ(E∇σB −B∇σE)
]
, (10.29)

∇µUν =− 1
2gµνU

ρ∇ρ(ln f) + U(µ∇ν) ln f − f−2VµVνU
ρ∇ρf + 2f−2V(µϵν)ρστ (E∇ρB −B∇ρE)V σUτ .

(10.30)

ここで V = ∂/∂tとなる座標系を導入する

ds2 = −f(dt+ ω)2 + f−1hmndx
mdxn . (10.31)
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を用いると，次の代数関係式が得られる

EVµ = ⋆ΦµνU
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これより，特に次の関係式が成立

V µUµ = 0 . (10.22)

微分関係式

∇µE = FµνV
ν , (10.23a)

∇µB = − ⋆ FµνV
ν , (10.23b)

∇µVν = −EFµν +B ⋆ Fµν , (10.23c)

∇µUν = −2F(µ
ρ ⋆ Φν)ρ +

1
2gµνFρσ ⋆ Φρσ , (10.23d)

∇µΦνρ = −Uµ ⋆ Fνρ − 2ϵνρσ[µFτ ]
σUτ . (10.23e)

これより，∇(µVν) = 0となるから，V は Killingベクトル．また，V 0 = ϵ†ϵ > 0 であるから，V は時間
的，または光的な定常性のKillingベクトルとなる．また，Maxwell方程式と Bianchi恒等式が成り立てば，
(F, ⋆F ) も V のもと不変に保たれる：

L V g = 0 , L V F = 0 , L V ⋆ F = 0 . (10.24)

また，

V µ∇µU
ν = V µ∇νUµ = ∇ν(UµVµ)− Uµ∇νVµ = Uµ∇µV

ν , (10.25)

より V と U は可換 [V,U ] = 0

10.2.2 時間的超対称解
まず始めに，V が時間的な場合を考える．このとき，Φは次のように表せる

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (10.26)

F も電磁ポテンシャル (E,B)を用いて解ける

Fµν = f−1
(
2V[µ∇ν]E + ϵµνρσV

ρ∇σB
)
, ⋆Fµν = f−1

(
−2V[µ∇ν]B + ϵµνρσV

ρ∇σE
)
. (10.27)

これらより

FµνFµν = 2f−1
[
(∇B)2 − (∇E)2

]
, Fµν ⋆ Fµν = 4f−1∇µE∇µB ,

Fµν ⋆ Φµν = f−1Uµ∇µ(B
2 − E2) , ΦµνF

µν = −2f−1Uµ∇µ(EB) . (10.28)

(10.26)，(10.27)を (10.23c)，(10.23d)に代入すると

∇µVν =f−1
[
−V[µ∇ν]f − ϵµνρσV

ρ(E∇σB −B∇σE)
]
, (10.29)

∇µUν =− 1
2gµνU

ρ∇ρ(ln f) + U(µ∇ν) ln f − f−2VµVνU
ρ∇ρf + 2f−2V(µϵν)ρστ (E∇ρB −B∇ρE)V σUτ .

(10.30)

ここで V = ∂/∂tとなる座標系を導入する

ds2 = −f(dt+ ω)2 + f−1hmndx
mdxn . (10.31)
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これは Fierz恒等式に対応する．

iV µγµϵ = −iUµγ5γµϵ = −(E + iBγ5)ϵ , iΦµνγµνϵ = 2(E − iBγ5)ϵ . (12.20)

ϵ̄で縮約すると

f := −V µVµ = UµUµ = E2 +B2 , (12.21)

E2 −B2 = 1
2ΦµνΦ

µν . (12.22)

テトラッド成分で表すと，

iγ0ϵ = −E + iBγ5
f1/2

ϵ , γ3ϵ =
B − iEγ5

f1/2
ϵ . (12.23)

ϵ̄γµγνϵ = Egµν − iΦµν , (12.24a)

ϵ̄γ5γµγνϵ = −iBgµν + ⋆Φµν , (12.24b)

ϵ̄γµνγρϵ = −ϵµνρσUσ − 2iV[µgν]ρ , (12.24c)

ϵ̄γ5γµνγρϵ = −ϵµνρσV σ − 2iU[µgν]ρ , (12.24d)

ϵ̄γµνγρσϵ = −Bϵµνρσ + 2i(Φµ[ρgσ]ν − gµ[ρΦσ]ν)− 2Egµ[ρgσ]ν , (12.24e)

ϵ̄γ5γµνγρσϵ = −iEϵµνρσ + 2ϵµνλ[ρΦ
λ
σ] + 2iBgµ[ρgσ]ν , (12.24f)

ϵ̄γµγρσγνϵ = −Bϵµνρσ − 2iΦµ[ρgσ]ν − 2igµ[ρΦσ]ν − igµνΦρσ + 2Egµ[ρgσ]ν , (12.24g)

ϵ̄γ5γµγρσγνϵ = −iEϵµνρσ − 2iBgµ[ρgσ]ν + 2ϵµνλ[ρΦ
λ
σ] + gµν ⋆ Φρσ , (12.24h)

を用いると，次の代数関係式が得られる

EVµ = ⋆ΦµνU
ν , EUµ = ⋆ΦµνV

ν , (12.25a)

BVµ = ΦµνU
ν , BUµ = ΦµνV

ν , (12.25b)

EB = − 1
4Φµν ⋆ Φ

µν , (12.25c)

EΦµν = −ϵµνρσV ρUσ +B ⋆ Φµν , (12.25d)

Φ(µ
ρ ⋆ Φν)ρ =

1
4gµνΦρσ ⋆ Φ

ρσ , (12.25e)

ΦµρΦν
ρ = VµVν − UµUν + gµνE

2 , ⋆Φµρ ⋆ Φν
ρ = VµVν − UµUν + gµνB

2 . (12.25f)

これより，特に次の関係式が成立

V µUµ = 0 . (12.26)

また，荷電共役行列を用いて

Wµ = ϵTCγµϵ , (12.27)

という 1形式を定義すると，

(E2 +B2)gµν = −VµVν + UµUν +W(µW̄ν) , V µWµ = UµWµ = 0 , WµW̄µ = E2 +B2 . (12.28)

§ II 微分関係式
ϵが Killingスピノル方程式を満足するとすると，次のような微分関係式が成立する

∇µE = FµνV
ν , (12.29a)

∇µB = − ⋆ FµνV
ν , (12.29b)

∇µVν = −EFµν +B ⋆ Fµν , (12.29c)

∇µUν = −2F(µ
ρ ⋆ Φν)ρ +

1
2gµνFρσ ⋆ Φ

ρσ , (12.29d)

∇µΦνρ = −Uµ ⋆ Fνρ − 2ϵνρσ[µFτ ]
σUτ . (12.29e)
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Differential relations
Suppose    satisfies a KS eq

B: magnetic potential

E: electric potential

Chapter 10

N = 2 gauged supergravity

10.1 極小模型
重力作用

S =
1

16πG

∫
(R − 2Λ) ⋆ 1 − 2F ∧ ⋆F , (10.1)

ここで

Λ = −3ℓ−2 . (10.2)

Killingスピノール

∇̂µϵ =
(
∇µ +

i
4
Fνργ

νργµ +
1
2ℓ

γµ − i
ℓ
Aµ

)
ϵ . (10.3)

可積分条件

∇̂[µ∇̂ν]ϵ =
[
1
8
Cµνabγ

ab +
i
8

(
(1 − γ5)∇ρF

+
µν + (1 + γ5)∇ρF

−
µν

)
γρ − i

2ℓ
(Fµν + iγ5 ⋆ Fµν + γ[µ

ρFν]ρ)

+
1
4

(
Eρ[µ − 1

6
Eσ

σgρ[µ

)
γρ

ν] −
3i
8

(
(1 − γ5)∇[µF+

νρ] + (1 + γ5)∇[µF−
νρ]

)]
ϵ . (10.4)

10.1.1 正エネルギー定理
Nester2形式

N̂µν = −i
(
∇̂ρϵγ

µνρϵ + ϵ̄γµνρ∇̂ρϵ
)

= Nµν + Hµν − 4i
ℓ

ϵ̄γabϵ . (10.5)

ここで

Nµν = −i
(
∇ρϵγ

µνρϵ + ϵ̄γµνρ∇ρϵ
)

, Hµν = −2ϵ̄(Fµν − iγ5 ⋆ Fµν)ϵ . (10.6)

Stokesの定理より

−
∫

Σ
nµ∇νN̂µν =

1
2

∫

∂Σ
N̂µνdSµν

=
1
2

∫

∂Σ
ÑµνdSµν −

∫

∂Σ
dSµν(ϵ̄∞ϵ∞Fµν − iϵ̄∞γ5ϵ∞ ⋆ Fµν)

= ϵ̄∞JABσABϵ∞ − ϵ̄∞(Qe − iγ5Qm)ϵ∞ (10.7)

Qe =
∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (10.8)

∇νN̂µν =2i∇̂ρϵγ
µνρ∇̂νϵ −

(
Rµ

ν − 1
2
Rδµ

ν − Tµ
ν

)
(iϵ̄γνϵ) − 2 [(∇νFµν)ϵ̄ϵ − (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] . (10.9)
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ここで Qe，Qm は電荷，磁荷である

Qe =

∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (13.10)

Nester-Witten 2形式の発散は

∇νN̂
µν =2i∇̂ρϵγ

µνρ∇̂νϵ−
(
Rµ

ν − 1

2
Rδµν − Tµ

ν

)
(iϵ̄γνϵ)− 2 [(∇νF

µν)ϵ̄ϵ− (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] .

(13.11)

Einstien方程式，Maxwell方程式，Bianchi恒等式および Dirac-Witten条件を仮定すれば右辺は非負の寄
与のみ：

−nµ∇νN̂
µν = 2[gij(∇̂iϵ)

†∇̂iϵ− (γi∇̂iϵ)
†γj∇̂jϵ] ≥ 0 . (13.12)

よって，単純には等号成立は

M ≥ J

ℓ
+

√
Q2

e +Q2
m . (13.13)

下限が満たされるとき， 1
2

∫
⋆N̂ は V µ = iϵ̄γµϵ に対する Komar積分に一致する．

13.1.2 Osp代数

{Qi
α, Q

j
β} = δij [(γaMa4 − γabMab)C]αβ + iϵij [CαβU + i(Cγ5)αβV ] . (13.14)

13.1.3 双線形関係式
超対称解を求めるための準備として，双線形の関係式を記しておく：

E := ϵ̄ϵ , B := iϵ̄γ5ϵ , Vµ = iϵ̄γµϵ , Uµ = iϵ̄γ5γµϵ , Φµν = iϵ̄γµνϵ . (13.15)

代数関係式はゲージ化されていないときと同じである．Killingスピノール方程式が成り立つとすると，微
分関係式は

∇µE = FµνV
ν , (13.16)

∇µB = −1

ℓ
Uµ − ⋆FµνV

ν , (13.17)

∇µVν =
1

ℓ
Φµν − EFµν +B ⋆ Fµν , (13.18)

∇µUν = −1

ℓ
Bgµν − 2F(µ

ρ ⋆ Φν)ρ +
1

2
gµνFρσ ⋆ Φρσ , (13.19)

∇µΦνρ =
2

ℓ
gµ[νVρ] −

(
Uµ ⋆ Fνρ + 2ϵνρσ[µFτ ]

σUτ
)
. (13.20)

ここで ⋆Fµν = 1
2ϵµνρσF

ρσ. 5次元の超重力と違い，右辺にゲージポテンシャルをあらわに含まない．

13.1.4 G構造
F = 0なら ∇̂µ のホロノミー群は Spin(3, 1)に一致．N = 2，極小ゲージ化超重力の場合，F ̸= 0ならホロ
ノミー群は GL(4,C)に拡大される．極小非ゲージ化超重力の場合，ホロノミー群は SL(2,H)である．

13.2 時間的超対称解
V µ = (∂/∂t)µ および Uµ = ∇µzとなる局所座標を導入：

ds2 = −f (dt+ ω)2 + f−1hmndx
mdxn , hmndx

mdxn = dz2 + hMN (dxM + aMdz)(dxN + aNdz) ,
(13.21)
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また，γTµ = −C−1γµC = CγµC より

(∇̂µϵ)
T = (∇µϵ)

T + ϵT
(
− i

4
FρσCγµγ

ρσC +
1

2ℓ
CγµC −

i

ℓ
Aµ

)
. (13.24)

よってWµ = ϵTCγµϵに体する方程式は

∇µWν = − i

2
ϵTCγ(µγ

ρσγν)ϵFρσ +
1

ℓ
ϵTCγµνϵ+

2 i

ℓ
Aµϵ

TCγνϵ . (13.25)

13.1.4 G構造
F = 0なら ∇̂µ のホロノミー群は Spin(3, 1)に一致．N = 2，極小ゲージ化超重力の場合，F ̸= 0ならホロ
ノミー群は GL(4,C)に拡大される．極小非ゲージ化超重力の場合，ホロノミー群は SL(2,H)である．

13.2 時間的超対称解
13.2.1 分類
V µ = (∂/∂t)µ および Uµ = ∇µzとなる局所座標を導入：

ds2 = −f (dt+ ω)2 + f−1hmndx
mdxn , hmndx

mdxn = dz2 + hMN (dxM + aMdz)(dxN + aNdz) ,
(13.26)

代数関係式を Φについて解くと，

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (13.27)

微分関係式を F について解くと，

Fµν =
1

f

[
2V[µ∇ν]E + ϵµνρσV

ρ(∇σB + ℓ−1Uσ)
]
, ⋆Fµν =

1

f

[
−2V[µ(∇ν]B + ℓ−1Uν]) + ϵµνρσV

ρ∇σE
]
.

(13.28)

Pm
n = hm

n − UmUn とすると，微分関係式で自明でないのは次の式のみ
1

2
L UPmn = P p

(mP q
n)DpUq = −2B

ℓf
Pmn . (13.29)

ここで U は基底空間上の 1形式で，Um = (∂z)m，UmUm = 1である．この式を書き下すと，

∂zhij = −
4B

ℓf
hij =⇒ hij = h(2)

ij (xk) exp

(
−
∫

4B

ℓf
dz

)
. (13.30)

Maxwell方程式および Bianchi恒等式は

∇2E − 1

f
∇µf∇µE +

1

f
Ωµ(∇µB + ℓ−1Uµ) = 0 , (13.31a)

(∇2B + ℓ−1∇µUµ)−
1

f
∇µf(∇µB + ℓ−1Uµ)−

1

f
Ωµ∇µE = 0 . (13.31b)

ここで

Ωµ = ϵµνρσV
ν∇ρV σ = 2(E∇µB −B∇µE) +

4E

ℓ
Uµ . (13.32)

射影分解すると，

0 = D2E − 2

f

[
E{(DE)2 − (DB)2}+ 2BDmEDmB

]
+

2

ℓf

[
Um(2EDmB −BDmE) +

E

ℓ

]
, (13.33a)

0 = D2B − 2

f

[
2EDmEDmB +B{(DB)2 − (DE)2}

]
− 2

ℓf
Um(2EDmE +BDmB) . (13.33b)
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BPS sols. are stationary 

B: magnetic potential

: Killing vector

E: electric potential

Chapter 10

N = 2 gauged supergravity

10.1 極小模型
重力作用

S =
1

16πG

∫
(R − 2Λ) ⋆ 1 − 2F ∧ ⋆F , (10.1)

ここで

Λ = −3ℓ−2 . (10.2)

Killingスピノール

∇̂µϵ =
(
∇µ +

i
4
Fνργ

νργµ +
1
2ℓ

γµ − i
ℓ
Aµ

)
ϵ . (10.3)

可積分条件

∇̂[µ∇̂ν]ϵ =
[
1
8
Cµνabγ

ab +
i
8

(
(1 − γ5)∇ρF

+
µν + (1 + γ5)∇ρF

−
µν

)
γρ − i

2ℓ
(Fµν + iγ5 ⋆ Fµν + γ[µ

ρFν]ρ)

+
1
4

(
Eρ[µ − 1

6
Eσ

σgρ[µ

)
γρ

ν] −
3i
8

(
(1 − γ5)∇[µF+

νρ] + (1 + γ5)∇[µF−
νρ]

)]
ϵ . (10.4)

10.1.1 正エネルギー定理
Nester2形式

N̂µν = −i
(
∇̂ρϵγ

µνρϵ + ϵ̄γµνρ∇̂ρϵ
)

= Nµν + Hµν − 4i
ℓ

ϵ̄γabϵ . (10.5)

ここで

Nµν = −i
(
∇ρϵγ

µνρϵ + ϵ̄γµνρ∇ρϵ
)

, Hµν = −2ϵ̄(Fµν − iγ5 ⋆ Fµν)ϵ . (10.6)

Stokesの定理より

−
∫

Σ
nµ∇νN̂µν =

1
2

∫

∂Σ
N̂µνdSµν

=
1
2

∫

∂Σ
ÑµνdSµν −

∫

∂Σ
dSµν(ϵ̄∞ϵ∞Fµν − iϵ̄∞γ5ϵ∞ ⋆ Fµν)

= ϵ̄∞JABσABϵ∞ − ϵ̄∞(Qe − iγ5Qm)ϵ∞ (10.7)

Qe =
∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (10.8)

∇νN̂µν =2i∇̂ρϵγ
µνρ∇̂νϵ −

(
Rµ

ν − 1
2
Rδµ

ν − Tµ
ν

)
(iϵ̄γνϵ) − 2 [(∇νFµν)ϵ̄ϵ − (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] . (10.9)
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ここで Qe，Qm は電荷，磁荷である

Qe =

∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (13.10)

Nester-Witten 2形式の発散は

∇νN̂
µν =2i∇̂ρϵγ

µνρ∇̂νϵ−
(
Rµ

ν − 1

2
Rδµν − Tµ

ν

)
(iϵ̄γνϵ)− 2 [(∇νF

µν)ϵ̄ϵ− (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] .

(13.11)

Einstien方程式，Maxwell方程式，Bianchi恒等式および Dirac-Witten条件を仮定すれば右辺は非負の寄
与のみ：

−nµ∇νN̂
µν = 2[gij(∇̂iϵ)

†∇̂iϵ− (γi∇̂iϵ)
†γj∇̂jϵ] ≥ 0 . (13.12)

よって，単純には等号成立は

M ≥ J

ℓ
+

√
Q2

e +Q2
m . (13.13)

下限が満たされるとき， 1
2

∫
⋆N̂ は V µ = iϵ̄γµϵ に対する Komar積分に一致する．

13.1.2 Osp代数

{Qi
α, Q

j
β} = δij [(γaMa4 − γabMab)C]αβ + iϵij [CαβU + i(Cγ5)αβV ] . (13.14)

13.1.3 双線形関係式
超対称解を求めるための準備として，双線形の関係式を記しておく：

E := ϵ̄ϵ , B := iϵ̄γ5ϵ , Vµ = iϵ̄γµϵ , Uµ = iϵ̄γ5γµϵ , Φµν = iϵ̄γµνϵ . (13.15)

代数関係式はゲージ化されていないときと同じである．Killingスピノール方程式が成り立つとすると，微
分関係式は

∇µE = FµνV
ν , (13.16)

∇µB = −1

ℓ
Uµ − ⋆FµνV

ν , (13.17)

∇µVν =
1

ℓ
Φµν − EFµν +B ⋆ Fµν , (13.18)

∇µUν = −1

ℓ
Bgµν − 2F(µ

ρ ⋆ Φν)ρ +
1

2
gµνFρσ ⋆ Φρσ , (13.19)

∇µΦνρ =
2

ℓ
gµ[νVρ] −

(
Uµ ⋆ Fνρ + 2ϵνρσ[µFτ ]

σUτ
)
. (13.20)

ここで ⋆Fµν = 1
2ϵµνρσF

ρσ. 5次元の超重力と違い，右辺にゲージポテンシャルをあらわに含まない．

13.1.4 G構造
F = 0なら ∇̂µ のホロノミー群は Spin(3, 1)に一致．N = 2，極小ゲージ化超重力の場合，F ̸= 0ならホロ
ノミー群は GL(4,C)に拡大される．極小非ゲージ化超重力の場合，ホロノミー群は SL(2,H)である．

13.2 時間的超対称解
V µ = (∂/∂t)µ および Uµ = ∇µzとなる局所座標を導入：

ds2 = −f (dt+ ω)2 + f−1hmndx
mdxn , hmndx

mdxn = dz2 + hMN (dxM + aMdz)(dxN + aNdz) ,
(13.21)
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また，γTµ = −C−1γµC = CγµC より

(∇̂µϵ)
T = (∇µϵ)

T + ϵT
(
− i

4
FρσCγµγ

ρσC +
1

2ℓ
CγµC −

i

ℓ
Aµ

)
. (13.24)

よってWµ = ϵTCγµϵに体する方程式は

∇µWν = − i

2
ϵTCγ(µγ

ρσγν)ϵFρσ +
1

ℓ
ϵTCγµνϵ+

2 i

ℓ
Aµϵ

TCγνϵ . (13.25)

13.1.4 G構造
F = 0なら ∇̂µ のホロノミー群は Spin(3, 1)に一致．N = 2，極小ゲージ化超重力の場合，F ̸= 0ならホロ
ノミー群は GL(4,C)に拡大される．極小非ゲージ化超重力の場合，ホロノミー群は SL(2,H)である．

13.2 時間的超対称解
13.2.1 分類
V µ = (∂/∂t)µ および Uµ = ∇µzとなる局所座標を導入：

ds2 = −f (dt+ ω)2 + f−1hmndx
mdxn , hmndx

mdxn = dz2 + hMN (dxM + aMdz)(dxN + aNdz) ,
(13.26)

代数関係式を Φについて解くと，

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (13.27)

微分関係式を F について解くと，

Fµν =
1

f

[
2V[µ∇ν]E + ϵµνρσV

ρ(∇σB + ℓ−1Uσ)
]
, ⋆Fµν =

1

f

[
−2V[µ(∇ν]B + ℓ−1Uν]) + ϵµνρσV

ρ∇σE
]
.

(13.28)

Pm
n = hm

n − UmUn とすると，微分関係式で自明でないのは次の式のみ
1

2
L UPmn = P p

(mP q
n)DpUq = −2B

ℓf
Pmn . (13.29)

ここで U は基底空間上の 1形式で，Um = (∂z)m，UmUm = 1である．この式を書き下すと，

∂zhij = −
4B

ℓf
hij =⇒ hij = h(2)

ij (xk) exp

(
−
∫

4B

ℓf
dz

)
. (13.30)

Maxwell方程式および Bianchi恒等式は

∇2E − 1

f
∇µf∇µE +

1

f
Ωµ(∇µB + ℓ−1Uµ) = 0 , (13.31a)

(∇2B + ℓ−1∇µUµ)−
1

f
∇µf(∇µB + ℓ−1Uµ)−

1

f
Ωµ∇µE = 0 . (13.31b)

ここで

Ωµ = ϵµνρσV
ν∇ρV σ = 2(E∇µB −B∇µE) +

4E

ℓ
Uµ . (13.32)

射影分解すると，

0 = D2E − 2

f

[
E{(DE)2 − (DB)2}+ 2BDmEDmB

]
+

2

ℓf

[
Um(2EDmB −BDmE) +

E

ℓ

]
, (13.33a)

0 = D2B − 2

f

[
2EDmEDmB +B{(DB)2 − (DE)2}

]
− 2

ℓf
Um(2EDmE +BDmB) . (13.33b)
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Differential relations
Suppose    satisfies a KS eq

BPS sols. are stationary 

B: magnetic potential

: Killing vector

•solutions fall into 2 family

‣timelike class (black holes)

‣null class (plane waves)

V µVµ < 0

V µVµ = E = B = 0

E: electric potential

Chapter 10

N = 2 gauged supergravity

10.1 極小模型
重力作用

S =
1

16πG

∫
(R − 2Λ) ⋆ 1 − 2F ∧ ⋆F , (10.1)

ここで

Λ = −3ℓ−2 . (10.2)

Killingスピノール

∇̂µϵ =
(
∇µ +

i
4
Fνργ

νργµ +
1
2ℓ

γµ − i
ℓ
Aµ

)
ϵ . (10.3)

可積分条件

∇̂[µ∇̂ν]ϵ =
[
1
8
Cµνabγ

ab +
i
8

(
(1 − γ5)∇ρF

+
µν + (1 + γ5)∇ρF

−
µν

)
γρ − i

2ℓ
(Fµν + iγ5 ⋆ Fµν + γ[µ

ρFν]ρ)

+
1
4

(
Eρ[µ − 1

6
Eσ

σgρ[µ

)
γρ

ν] −
3i
8

(
(1 − γ5)∇[µF+

νρ] + (1 + γ5)∇[µF−
νρ]

)]
ϵ . (10.4)

10.1.1 正エネルギー定理
Nester2形式

N̂µν = −i
(
∇̂ρϵγ

µνρϵ + ϵ̄γµνρ∇̂ρϵ
)

= Nµν + Hµν − 4i
ℓ

ϵ̄γabϵ . (10.5)

ここで

Nµν = −i
(
∇ρϵγ

µνρϵ + ϵ̄γµνρ∇ρϵ
)

, Hµν = −2ϵ̄(Fµν − iγ5 ⋆ Fµν)ϵ . (10.6)

Stokesの定理より

−
∫

Σ
nµ∇νN̂µν =

1
2

∫

∂Σ
N̂µνdSµν

=
1
2

∫

∂Σ
ÑµνdSµν −

∫

∂Σ
dSµν(ϵ̄∞ϵ∞Fµν − iϵ̄∞γ5ϵ∞ ⋆ Fµν)

= ϵ̄∞JABσABϵ∞ − ϵ̄∞(Qe − iγ5Qm)ϵ∞ (10.7)

Qe =
∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (10.8)

∇νN̂µν =2i∇̂ρϵγ
µνρ∇̂νϵ −

(
Rµ

ν − 1
2
Rδµ

ν − Tµ
ν

)
(iϵ̄γνϵ) − 2 [(∇νFµν)ϵ̄ϵ − (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] . (10.9)
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ここで Qe，Qm は電荷，磁荷である

Qe =

∫

∂Σ
FµνdSµν , Qm =

∫

∂Σ
⋆FµνdSµν . (13.10)

Nester-Witten 2形式の発散は

∇νN̂
µν =2i∇̂ρϵγ

µνρ∇̂νϵ−
(
Rµ

ν − 1

2
Rδµν − Tµ

ν

)
(iϵ̄γνϵ)− 2 [(∇νF

µν)ϵ̄ϵ− (∇ν ⋆ Fµν)(iϵ̄γ5ϵ)] .

(13.11)

Einstien方程式，Maxwell方程式，Bianchi恒等式および Dirac-Witten条件を仮定すれば右辺は非負の寄
与のみ：

−nµ∇νN̂
µν = 2[gij(∇̂iϵ)

†∇̂iϵ− (γi∇̂iϵ)
†γj∇̂jϵ] ≥ 0 . (13.12)

よって，単純には等号成立は

M ≥ J

ℓ
+

√
Q2

e +Q2
m . (13.13)

下限が満たされるとき， 1
2

∫
⋆N̂ は V µ = iϵ̄γµϵ に対する Komar積分に一致する．

13.1.2 Osp代数

{Qi
α, Q

j
β} = δij [(γaMa4 − γabMab)C]αβ + iϵij [CαβU + i(Cγ5)αβV ] . (13.14)

13.1.3 双線形関係式
超対称解を求めるための準備として，双線形の関係式を記しておく：

E := ϵ̄ϵ , B := iϵ̄γ5ϵ , Vµ = iϵ̄γµϵ , Uµ = iϵ̄γ5γµϵ , Φµν = iϵ̄γµνϵ . (13.15)

代数関係式はゲージ化されていないときと同じである．Killingスピノール方程式が成り立つとすると，微
分関係式は

∇µE = FµνV
ν , (13.16)

∇µB = −1

ℓ
Uµ − ⋆FµνV

ν , (13.17)

∇µVν =
1

ℓ
Φµν − EFµν +B ⋆ Fµν , (13.18)

∇µUν = −1

ℓ
Bgµν − 2F(µ

ρ ⋆ Φν)ρ +
1

2
gµνFρσ ⋆ Φρσ , (13.19)

∇µΦνρ =
2

ℓ
gµ[νVρ] −

(
Uµ ⋆ Fνρ + 2ϵνρσ[µFτ ]

σUτ
)
. (13.20)

ここで ⋆Fµν = 1
2ϵµνρσF

ρσ. 5次元の超重力と違い，右辺にゲージポテンシャルをあらわに含まない．

13.1.4 G構造
F = 0なら ∇̂µ のホロノミー群は Spin(3, 1)に一致．N = 2，極小ゲージ化超重力の場合，F ̸= 0ならホロ
ノミー群は GL(4,C)に拡大される．極小非ゲージ化超重力の場合，ホロノミー群は SL(2,H)である．

13.2 時間的超対称解
V µ = (∂/∂t)µ および Uµ = ∇µzとなる局所座標を導入：

ds2 = −f (dt+ ω)2 + f−1hmndx
mdxn , hmndx

mdxn = dz2 + hMN (dxM + aMdz)(dxN + aNdz) ,
(13.21)
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また，γTµ = −C−1γµC = CγµC より

(∇̂µϵ)
T = (∇µϵ)

T + ϵT
(
− i

4
FρσCγµγ

ρσC +
1

2ℓ
CγµC −

i

ℓ
Aµ

)
. (13.24)

よってWµ = ϵTCγµϵに体する方程式は

∇µWν = − i

2
ϵTCγ(µγ

ρσγν)ϵFρσ +
1

ℓ
ϵTCγµνϵ+

2 i

ℓ
Aµϵ

TCγνϵ . (13.25)

13.1.4 G構造
F = 0なら ∇̂µ のホロノミー群は Spin(3, 1)に一致．N = 2，極小ゲージ化超重力の場合，F ̸= 0ならホロ
ノミー群は GL(4,C)に拡大される．極小非ゲージ化超重力の場合，ホロノミー群は SL(2,H)である．

13.2 時間的超対称解
13.2.1 分類
V µ = (∂/∂t)µ および Uµ = ∇µzとなる局所座標を導入：

ds2 = −f (dt+ ω)2 + f−1hmndx
mdxn , hmndx

mdxn = dz2 + hMN (dxM + aMdz)(dxN + aNdz) ,
(13.26)

代数関係式を Φについて解くと，

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (13.27)

微分関係式を F について解くと，

Fµν =
1

f

[
2V[µ∇ν]E + ϵµνρσV

ρ(∇σB + ℓ−1Uσ)
]
, ⋆Fµν =

1

f

[
−2V[µ(∇ν]B + ℓ−1Uν]) + ϵµνρσV

ρ∇σE
]
.

(13.28)

Pm
n = hm

n − UmUn とすると，微分関係式で自明でないのは次の式のみ
1

2
L UPmn = P p

(mP q
n)DpUq = −2B

ℓf
Pmn . (13.29)

ここで U は基底空間上の 1形式で，Um = (∂z)m，UmUm = 1である．この式を書き下すと，

∂zhij = −
4B

ℓf
hij =⇒ hij = h(2)

ij (xk) exp

(
−
∫

4B

ℓf
dz

)
. (13.30)

Maxwell方程式および Bianchi恒等式は

∇2E − 1

f
∇µf∇µE +

1

f
Ωµ(∇µB + ℓ−1Uµ) = 0 , (13.31a)

(∇2B + ℓ−1∇µUµ)−
1

f
∇µf(∇µB + ℓ−1Uµ)−

1

f
Ωµ∇µE = 0 . (13.31b)

ここで

Ωµ = ϵµνρσV
ν∇ρV σ = 2(E∇µB −B∇µE) +

4E

ℓ
Uµ . (13.32)

射影分解すると，

0 = D2E − 2

f

[
E{(DE)2 − (DB)2}+ 2BDmEDmB

]
+

2

ℓf

[
Um(2EDmB −BDmE) +

E

ℓ

]
, (13.33a)

0 = D2B − 2

f

[
2EDmEDmB +B{(DB)2 − (DE)2}

]
− 2

ℓf
Um(2EDmE +BDmB) . (13.33b)
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を用いると，次の代数関係式が得られる

EVµ = ⋆ΦµνU
ν , EUµ = ⋆ΦµνV

ν , (10.21a)

BVµ = ΦµνU
ν , BUµ = ΦµνV

ν , (10.21b)

EB = − 1
4Φµν ⋆ Φµν , (10.21c)

EΦµν = −ϵµνρσV
ρUσ +B ⋆ Φµν , (10.21d)

Φ(µ
ρ ⋆ Φν)ρ = 1

4gµνΦρσ ⋆ Φρσ , (10.21e)

ΦµρΦν
ρ = VµVν − UµUν + gµνE

2 , ⋆Φµρ ⋆ Φν
ρ = VµVν − UµUν + gµνB

2 . (10.21f)

これより，特に次の関係式が成立

V µUµ = 0 . (10.22)

微分関係式

∇µE = FµνV
ν , (10.23a)

∇µB = − ⋆ FµνV
ν , (10.23b)

∇µVν = −EFµν +B ⋆ Fµν , (10.23c)

∇µUν = −2F(µ
ρ ⋆ Φν)ρ +

1
2gµνFρσ ⋆ Φρσ , (10.23d)

∇µΦνρ = −Uµ ⋆ Fνρ − 2ϵνρσ[µFτ ]
σUτ . (10.23e)

これより，∇(µVν) = 0となるから，V は Killingベクトル．また，V 0 = ϵ†ϵ > 0 であるから，V は時間
的，または光的な定常性のKillingベクトルとなる．また，Maxwell方程式と Bianchi恒等式が成り立てば，
(F, ⋆F ) も V のもと不変に保たれる：

L V g = 0 , L V F = 0 , L V ⋆ F = 0 . (10.24)

また，

V µ∇µU
ν = V µ∇νUµ = ∇ν(UµVµ)− Uµ∇νVµ = Uµ∇µV

ν , (10.25)

より V と U は可換 [V,U ] = 0

10.2.2 時間的超対称解
まず始めに，V が時間的な場合を考える．このとき，Φは次のように表せる

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (10.26)

F も電磁ポテンシャル (E,B)を用いて解ける

Fµν = f−1
(
2V[µ∇ν]E + ϵµνρσV

ρ∇σB
)
, ⋆Fµν = f−1

(
−2V[µ∇ν]B + ϵµνρσV

ρ∇σE
)
. (10.27)

これらより

FµνFµν = 2f−1
[
(∇B)2 − (∇E)2

]
, Fµν ⋆ Fµν = 4f−1∇µE∇µB ,

Fµν ⋆ Φµν = f−1Uµ∇µ(B
2 − E2) , ΦµνF

µν = −2f−1Uµ∇µ(EB) . (10.28)

(10.26)，(10.27)を (10.23c)，(10.23d)に代入すると

∇µVν =f−1
[
−V[µ∇ν]f − ϵµνρσV

ρ(E∇σB −B∇σE)
]
, (10.29)

∇µUν =− 1
2gµνU

ρ∇ρ(ln f) + U(µ∇ν) ln f − f−2VµVνU
ρ∇ρf + 2f−2V(µϵν)ρστ (E∇ρB −B∇ρE)V σUτ .

(10.30)

ここで V = ∂/∂tとなる座標系を導入する

ds2 = −f(dt+ ω)2 + f−1hmndx
mdxn . (10.31)
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さらに dU = 0であるから，U = dzとなる座標 zを導入できる

hmndx
mdxn = dz2 + hMN (dxM + aMdz)(dxM + aMdz) . (10.32)

逆行列は

g−1 = − 1

f

(
∂

∂t

)2

+ f

(
∂

∂z
− aM

∂

∂xM
− ωz

∂

∂t

)2

+
1

f
hMN

(
∂

∂xM
− ωM

∂

∂t

)(
∂

∂xN
− ωN

∂

∂t

)
.

(10.33)

V = −f(dt+ ω)より，dV = −d(ln f) ∧ V − fdω が成り立つから，(10.29)より (E,B)が与えられれば ω
は求積法で求まる

∇[µων] =
1
2ϵµµρσV

ρΩσ , Ωµ = 2(E∇µB −B∇µE) . (10.34)

この式の可積分条件はMaxwell方程式と Bianchi恒等式が保証する．またここで Ωµ := ϵµνρσV ν∇ρV σ は
V の回転ベクトルであり，上式はそのツイストポテンシャルがゼロであることを意味する．

Ernst-Maxwellポテンシャルを Ψ := E + iB とすると，

F+
µν := Fµν − i ⋆ Fµν =

1

f

(
2V[µ∇ν]Ψ− iϵµνρσV

ρ∇σΨ
)
. (10.35)

となるから，Bianchi恒等式 dF = 0およびMaxwell方程式 d ⋆ F = 0は包括的に次のように表せる：

0 = ∇2Ψ− ∇µf

f
∇µΨ− i

f
Ωµ∇µΨ , f = ΨΨ̄ . (10.36)

これを射影分解すると，Ψ−1 が 3次元基底空間上の調和関数となることがわかる：

DmDmΨ−1 = 0 . (10.37)

ここで，V,U に垂直な平面への射影演算子を次のように定義する：

Pµ
ν := fδµν + V µV ν − UµUν , (10.38)

このとき，(10.30)式の非自明な成分は

P ρ
µP

σ
ν∇ρUσ = − 1

2PµνU
ρ∇ρf . (10.39)

座標変換 xM → x′M (xN , z)により，aM = 0とすることができることに注意すると，この式は次の条件と
同等

∂zhMN = 0 . (10.40)

次に，Killingスピノール方程式を調べ，hMN に対するさらなる条件式を導く．テトラッドを次のよう
に導入

e0 = f1/2(dt+ ω) , eI = f−1/2êI (I = 1, 2) , e3 = f−1/2dz , (10.41)

(10.17)は

iγ0ϵ = f−1/2(E + iBγ5)ϵ . (10.42)

これらの場の配位を Killingスピノールに代入すると，

∂tϵ = 0 ,

[
Dm − ωm∂t +

1

4f
(−∂mf + 2iΩmγ5)

]
ϵ = 0 , (10.43)

よって ϵは時間に依存しない．また，

ϵ± :=
1± γ5

2
√
E ∓ iB

ϵ , γ5ϵ
± = ±ϵ± , (10.44)
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を用いると，次の代数関係式が得られる

EVµ = ⋆ΦµνU
ν , EUµ = ⋆ΦµνV

ν , (10.21a)

BVµ = ΦµνU
ν , BUµ = ΦµνV

ν , (10.21b)

EB = − 1
4Φµν ⋆ Φµν , (10.21c)

EΦµν = −ϵµνρσV
ρUσ +B ⋆ Φµν , (10.21d)

Φ(µ
ρ ⋆ Φν)ρ = 1

4gµνΦρσ ⋆ Φρσ , (10.21e)

ΦµρΦν
ρ = VµVν − UµUν + gµνE

2 , ⋆Φµρ ⋆ Φν
ρ = VµVν − UµUν + gµνB

2 . (10.21f)

これより，特に次の関係式が成立

V µUµ = 0 . (10.22)

微分関係式

∇µE = FµνV
ν , (10.23a)

∇µB = − ⋆ FµνV
ν , (10.23b)

∇µVν = −EFµν +B ⋆ Fµν , (10.23c)

∇µUν = −2F(µ
ρ ⋆ Φν)ρ +

1
2gµνFρσ ⋆ Φρσ , (10.23d)

∇µΦνρ = −Uµ ⋆ Fνρ − 2ϵνρσ[µFτ ]
σUτ . (10.23e)

これより，∇(µVν) = 0となるから，V は Killingベクトル．また，V 0 = ϵ†ϵ > 0 であるから，V は時間
的，または光的な定常性のKillingベクトルとなる．また，Maxwell方程式と Bianchi恒等式が成り立てば，
(F, ⋆F ) も V のもと不変に保たれる：

L V g = 0 , L V F = 0 , L V ⋆ F = 0 . (10.24)

また，

V µ∇µU
ν = V µ∇νUµ = ∇ν(UµVµ)− Uµ∇νVµ = Uµ∇µV

ν , (10.25)

より V と U は可換 [V,U ] = 0

10.2.2 時間的超対称解
まず始めに，V が時間的な場合を考える．このとき，Φは次のように表せる

Φµν =
1

f

(
2BV[µUν] − EϵµνρσV

ρUσ
)
, ⋆Φµν =

1

f

(
2EV[µUν] +BϵµνρσV

ρUσ
)
. (10.26)

F も電磁ポテンシャル (E,B)を用いて解ける

Fµν = f−1
(
2V[µ∇ν]E + ϵµνρσV

ρ∇σB
)
, ⋆Fµν = f−1

(
−2V[µ∇ν]B + ϵµνρσV

ρ∇σE
)
. (10.27)

これらより

FµνFµν = 2f−1
[
(∇B)2 − (∇E)2

]
, Fµν ⋆ Fµν = 4f−1∇µE∇µB ,

Fµν ⋆ Φµν = f−1Uµ∇µ(B
2 − E2) , ΦµνF

µν = −2f−1Uµ∇µ(EB) . (10.28)

(10.26)，(10.27)を (10.23c)，(10.23d)に代入すると

∇µVν =f−1
[
−V[µ∇ν]f − ϵµνρσV

ρ(E∇σB −B∇σE)
]
, (10.29)

∇µUν =− 1
2gµνU

ρ∇ρ(ln f) + U(µ∇ν) ln f − f−2VµVνU
ρ∇ρf + 2f−2V(µϵν)ρστ (E∇ρB −B∇ρE)V σUτ .

(10.30)

ここで V = ∂/∂tとなる座標系を導入する

ds2 = −f(dt+ ω)2 + f−1hmndx
mdxn . (10.31)

89

‣diff-cond. for (E, B) gives

‣diff-cond. for V gives ω

CHAPTER 10. N = 2 SUPERGRAVITY

さらに dU = 0であるから，U = dzとなる座標 zを導入できる

hmndx
mdxn = dz2 + hMN (dxM + aMdz)(dxM + aMdz) . (10.32)

逆行列は

g−1 = − 1

f

(
∂

∂t

)2

+ f

(
∂

∂z
− aM

∂

∂xM
− ωz

∂

∂t

)2

+
1

f
hMN

(
∂

∂xM
− ωM

∂

∂t

)(
∂

∂xN
− ωN

∂

∂t

)
.

(10.33)

V = −f(dt+ ω)より，dV = −d(ln f) ∧ V − fdω が成り立つから，(10.29)より (E,B)が与えられれば ω
は求積法で求まる

∇[µων] =
1
2ϵµµρσV

ρΩσ , Ωµ = 2(E∇µB −B∇µE) . (10.34)

この式の可積分条件はMaxwell方程式と Bianchi恒等式が保証する．またここで Ωµ := ϵµνρσV ν∇ρV σ は
V の回転ベクトルであり，上式はそのツイストポテンシャルがゼロであることを意味する．

Ernst-Maxwellポテンシャルを Ψ := E + iB とすると，

F+
µν := Fµν − i ⋆ Fµν =

1

f

(
2V[µ∇ν]Ψ− iϵµνρσV

ρ∇σΨ
)
. (10.35)

となるから，Bianchi恒等式 dF = 0およびMaxwell方程式 d ⋆ F = 0は包括的に次のように表せる：

0 = ∇2Ψ− ∇µf

f
∇µΨ− i

f
Ωµ∇µΨ , f = ΨΨ̄ . (10.36)

これを射影分解すると，Ψ−1 が 3次元基底空間上の調和関数となることがわかる：

DmDmΨ−1 = 0 . (10.37)

ここで，V,U に垂直な平面への射影演算子を次のように定義する：

Pµ
ν := fδµν + V µV ν − UµUν , (10.38)

このとき，(10.30)式の非自明な成分は

P ρ
µP

σ
ν∇ρUσ = − 1

2PµνU
ρ∇ρf . (10.39)

座標変換 xM → x′M (xN , z)により，aM = 0とすることができることに注意すると，この式は次の条件と
同等

∂zhMN = 0 . (10.40)

次に，Killingスピノール方程式を調べ，hMN に対するさらなる条件式を導く．テトラッドを次のよう
に導入

e0 = f1/2(dt+ ω) , eI = f−1/2êI (I = 1, 2) , e3 = f−1/2dz , (10.41)

(10.17)は

iγ0ϵ = f−1/2(E + iBγ5)ϵ . (10.42)

これらの場の配位を Killingスピノールに代入すると，

∂tϵ = 0 ,

[
Dm − ωm∂t +

1

4f
(−∂mf + 2iΩmγ5)

]
ϵ = 0 , (10.43)

よって ϵは時間に依存しない．また，

ϵ± :=
1± γ5

2
√
E ∓ iB

ϵ , γ5ϵ
± = ±ϵ± , (10.44)
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これは Fierz恒等式に対応する．

iV µγµϵ = −iUµγ5γµϵ = −(E + iBγ5)ϵ , iΦµνγµνϵ = 2(E − iBγ5)ϵ . (12.20)

ϵ̄で縮約すると

f := −V µVµ = UµUµ = E2 +B2 , (12.21)

E2 −B2 = 1
2ΦµνΦ

µν . (12.22)

テトラッド成分で表すと，

iγ0ϵ = −E + iBγ5
f1/2

ϵ , γ3ϵ =
B − iEγ5

f1/2
ϵ . (12.23)

ϵ̄γµγνϵ = Egµν − iΦµν , (12.24a)

ϵ̄γ5γµγνϵ = −iBgµν + ⋆Φµν , (12.24b)

ϵ̄γµνγρϵ = −ϵµνρσUσ − 2iV[µgν]ρ , (12.24c)

ϵ̄γ5γµνγρϵ = −ϵµνρσV σ − 2iU[µgν]ρ , (12.24d)

ϵ̄γµνγρσϵ = −Bϵµνρσ + 2i(Φµ[ρgσ]ν − gµ[ρΦσ]ν)− 2Egµ[ρgσ]ν , (12.24e)

ϵ̄γ5γµνγρσϵ = −iEϵµνρσ + 2ϵµνλ[ρΦ
λ
σ] + 2iBgµ[ρgσ]ν , (12.24f)

ϵ̄γµγρσγνϵ = −Bϵµνρσ − 2iΦµ[ρgσ]ν − 2igµ[ρΦσ]ν − igµνΦρσ + 2Egµ[ρgσ]ν , (12.24g)

ϵ̄γ5γµγρσγνϵ = −iEϵµνρσ − 2iBgµ[ρgσ]ν + 2ϵµνλ[ρΦ
λ
σ] + gµν ⋆ Φρσ , (12.24h)

を用いると，次の代数関係式が得られる

EVµ = ⋆ΦµνU
ν , EUµ = ⋆ΦµνV

ν , (12.25a)

BVµ = ΦµνU
ν , BUµ = ΦµνV

ν , (12.25b)

EB = − 1
4Φµν ⋆ Φ

µν , (12.25c)

EΦµν = −ϵµνρσV ρUσ +B ⋆ Φµν , (12.25d)

Φ(µ
ρ ⋆ Φν)ρ =

1
4gµνΦρσ ⋆ Φ

ρσ , (12.25e)

ΦµρΦν
ρ = VµVν − UµUν + gµνE

2 , ⋆Φµρ ⋆ Φν
ρ = VµVν − UµUν + gµνB

2 . (12.25f)

これより，特に次の関係式が成立

V µUµ = 0 . (12.26)

また，荷電共役行列を用いて

Wµ = ϵTCγµϵ , (12.27)

という 1形式を定義すると，

(E2 +B2)gµν = −VµVν + UµUν +W(µW̄ν) , V µWµ = UµWµ = 0 , WµW̄µ = E2 +B2 . (12.28)

§ II 微分関係式
ϵが Killingスピノル方程式を満足するとすると，次のような微分関係式が成立する

∇µE = FµνV
ν , (12.29a)

∇µB = − ⋆ FµνV
ν , (12.29b)

∇µVν = −EFµν +B ⋆ Fµν , (12.29c)

∇µUν = −2F(µ
ρ ⋆ Φν)ρ +

1
2gµνFρσ ⋆ Φ

ρσ , (12.29d)

∇µΦνρ = −Uµ ⋆ Fνρ − 2ϵνρσ[µFτ ]
σUτ . (12.29e)
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とおくと，空間成分は次の式に帰着

Dmϵ± = 0 , (10.45)

よってこれらはDm に対するカイラルな平行スピノールであり，ϵについて解くと

ϵ =
√
E − iBϵ+ +

√
E + iBϵ− (10.46)

Dmϵ± = 0を満たす ϵ± が存在するためには，

0 = [Dm, Dn]ϵ
± =

1

2

(
hm[pSq]n[h]− hn[pSq]m[h]

)
γpqϵ± , (10.47)

ここで Smnは Schoutenテンソルである Smn[h] := Rmn[h]− (1/4)(h)R[h]hmn．この式を ϵ̄，ϵ̄γ5 で縮約す
ると，

Sp
[m[h]Φn]p = 0 , Sp

[m[h] ⋆ Φn]p = 0 . (10.48)

これより，3次元基底空間は平坦．これは次のようにしても示すことができる．ds2(h) = dz2+e2φ(x,y)(dx2+
dy2)とすると，Dmϵ± = 0は次のように分解

∂zϵ
± = 0 ,

(
∂x + 1

2∂yφγ
12
)
ϵ± = 0 ,

(
∂y − 1

2∂xφγ
12
)
ϵ± = 0 . (10.49)

可積分条件 (∂x∂y − ∂y∂x)ϵ± = 0 より，

(∂2
xφ+ ∂2

yφ)γ
12ϵ = 0 =⇒ ∆φ = 0 . (10.50)

ζ = x+ iyとおくと，∆φ = 0より，φ(ζ, ζ̄) = f(ζ) + f̄(ζ)となるから，

ds22 = e2[f(ζ)+f̄(ζ̄)]dζdζ̄ . (10.51)

ここで共形変換 ζ → a(ζ)の自由度により f = 0とおけるから，ds2(h)は平坦．
よって時間的超対称解の一般解は IWP族に定まる：

ds2 = −|Ψ|2(dt+ ω)2 + |Ψ|−2dx⃗2 , dω = 2Im(ΨdΨ̄) . (10.52)

ここで

∆Ψ−1 = 0 , iV (F − i ⋆ F ) = dΨ . (10.53)

10.2.3 光的超対称解
次に V が光的の場合 (E = B = 0)を考える．F と Φは次の関係式を満たす

iV F = 0 , iV ⋆ F = 0 , iV Φ =0 , iV ⋆ Φ = 0 ,

ΦµνΦ
µν = 0 , Φµν ⋆ Φµν = 0 , Φ(µ

ρ ⋆ Φν)ρ = 0 . (10.54)

これより

FµνF
µν = 0 , Fµµ ⋆ Fµν = 0 , FµνΦ

µν = 0 , Fµν ⋆ Φµν = 0 . (10.55)

微分関係式より ∇µV = 09であるから，このときの時空は pp波で，局所座標 (u, v)を用いて次のよう
に表せる

Vµ = −∇µu , V µ =

(
∂

∂v

)µ

, (10.56)

vは光的測地線のアフィンパラメータである．よって計量は vに依存せず，局所的に次のように表せる．

ds2 = −2du
(
dv +Hdu+ βidx

i
)
+ g̃ijdx

idxj . (10.57)
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さらに dU = 0であるから，U = dzとなる座標 zを導入できる

hmndx
mdxn = dz2 + hMN (dxM + aMdz)(dxM + aMdz) . (10.32)

逆行列は

g−1 = − 1

f

(
∂

∂t

)2

+ f

(
∂

∂z
− aM

∂

∂xM
− ωz

∂

∂t

)2

+
1

f
hMN

(
∂

∂xM
− ωM

∂

∂t

)(
∂

∂xN
− ωN

∂

∂t

)
.

(10.33)

V = −f(dt+ ω)より，dV = −d(ln f) ∧ V − fdω が成り立つから，(10.29)より (E,B)が与えられれば ω
は求積法で求まる

∇[µων] =
1
2ϵµµρσV

ρΩσ , Ωµ = 2(E∇µB −B∇µE) . (10.34)

この式の可積分条件はMaxwell方程式と Bianchi恒等式が保証する．またここで Ωµ := ϵµνρσV ν∇ρV σ は
V の回転ベクトルであり，上式はそのツイストポテンシャルがゼロであることを意味する．

Ernst-Maxwellポテンシャルを Ψ := E + iB とすると，

F+
µν := Fµν − i ⋆ Fµν =

1

f

(
2V[µ∇ν]Ψ− iϵµνρσV

ρ∇σΨ
)
. (10.35)

となるから，Bianchi恒等式 dF = 0およびMaxwell方程式 d ⋆ F = 0は包括的に次のように表せる：

0 = ∇2Ψ− ∇µf

f
∇µΨ− i

f
Ωµ∇µΨ , f = ΨΨ̄ . (10.36)

これを射影分解すると，Ψ−1 が 3次元基底空間上の調和関数となることがわかる：

DmDmΨ−1 = 0 . (10.37)

ここで，V,U に垂直な平面への射影演算子を次のように定義する：

Pµ
ν := fδµν + V µV ν − UµUν , (10.38)

このとき，(10.30)式の非自明な成分は

P ρ
µP

σ
ν∇ρUσ = − 1

2PµνU
ρ∇ρf . (10.39)

座標変換 xM → x′M (xN , z)により，aM = 0とすることができることに注意すると，この式は次の条件と
同等

∂zhMN = 0 . (10.40)

次に，Killingスピノール方程式を調べ，hMN に対するさらなる条件式を導く．テトラッドを次のよう
に導入

e0 = f1/2(dt+ ω) , eI = f−1/2êI (I = 1, 2) , e3 = f−1/2dz , (10.41)

(10.17)は

iγ0ϵ = f−1/2(E + iBγ5)ϵ . (10.42)

これらの場の配位を Killingスピノールに代入すると，

∂tϵ = 0 ,

[
Dm − ωm∂t +

1

4f
(−∂mf + 2iΩmγ5)

]
ϵ = 0 , (10.43)

よって ϵは時間に依存しない．また，

ϵ± :=
1± γ5

2
√
E ∓ iB

ϵ , γ5ϵ
± = ±ϵ± , (10.44)
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となることに注意すれば，微分形式でも同じ結果が確認できる

dF+ =d[f−1(V ∧ dΨ− i ⋆ (V ∧ dΨ))]

=− i

ΨΨ̄

(
d ⋆3 dΨ− 2

Ψ
dΨ ∧ ⋆3dΨ

)

=− iΨ

Ψ̄
d ⋆3 dΨ

−1 = 0 . (12.44)

ここで，V,U に垂直な平面への射影演算子を次のように定義する：

Pµ
ν := fδµν + V µV ν − UµUν , (12.45)

このとき，(12.35)式の非自明な成分は

P ρ
µP

σ
ν∇ρUσ = − 1

2PµνU
ρ∇ρf =⇒ DmUn = 0 . (12.46)

座標変換 xM → x′M (xN , z)により，aM = 0とすることができることに注意すると，この式は次の条件と
同等

∂zhMN = 0 . (12.47)

また，Ψ = E + iB より

Ψ(Φµν + i ⋆ Φµν) = iV[µUν] − ϵµνρσV
ρUσ . (12.48)

次に，Killingスピノール方程式を調べ，hMN に対するさらなる条件式を導く．テトラッドを次のよう
に導入

e0 = f1/2(dt+ ω) , eI = f−1/2êI (I = 1, 2) , e3 = f−1/2dz , (12.49)

(12.20)は

iγ0ϵ = f−1/2(E + iBγ5)ϵ , (12.50)

この射影条件を Killingスピノール方程式に代入すると，

∂tϵ = 0 ,

[
Dm − ωm∂t +

1

4f
(−∂mf + 2iΩmγ5)

]
ϵ = 0 , (12.51)

よって ϵは時間に依存しない．これを導くのに γ3ϵ = f−1/2(B − iEγ5)ϵ や γ12ϵ = iϵは用いてないことに
注意．また，

ϵ± :=
1± γ5

2
√
E ∓ iB

ϵ , γ5ϵ
± = ±ϵ± , (12.52)

とおくと，空間成分はDmϵ± = 0に帰着よってこれらはDmに対するカイラルな平行スピノールであり，ϵ
について解くと

ϵ =
√
E − iBϵ+ +

√
E + iBϵ− (12.53)

ここで iγ0ϵ = f−1/2(E + iBγ5)ϵ であるから，

f−1/2(E + iBγ5)ϵ =
√
E + iBϵ+ +

√
E − iBϵ− → iγ0[

√
E − iBϵ+ +

√
E + iBϵ−] . (12.54)

すなわち ϵ± は独立でなく iγ0ϵ+ = ϵ− を満たす．これより，

ϵ =
(√

E − iB + iγ0
√
E + iB

) 1 + γ5
2

η , Dmη = 0 . (12.55)

[iγ0ϵ = f−1/2(E + iBγ5)ϵ は iγ0ϵ = ±f−1/2(E ± iBγ5)ϵ のうちの 1 つ?．これは 5D minimal SUGRA
の U(1)-reduction + truncationで得られるから 1/2 SUSYのはず．electricな RNは 1/2-SUSYでこれは
EM-dualityで不変．]
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とおくと，空間成分は次の式に帰着
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ϵ =
√
E − iBϵ+ +

√
E + iBϵ− (10.46)

Dmϵ± = 0を満たす ϵ± が存在するためには，

0 = [Dm, Dn]ϵ
± =

1

2

(
hm[pSq]n[h]− hn[pSq]m[h]

)
γpqϵ± , (10.47)

ここで Smnは Schoutenテンソルである Smn[h] := Rmn[h]− (1/4)(h)R[h]hmn．この式を ϵ̄，ϵ̄γ5 で縮約す
ると，

Sp
[m[h]Φn]p = 0 , Sp

[m[h] ⋆ Φn]p = 0 . (10.48)

これより，3次元基底空間は平坦．これは次のようにしても示すことができる．ds2(h) = dz2+e2φ(x,y)(dx2+
dy2)とすると，Dmϵ± = 0は次のように分解

∂zϵ
± = 0 ,

(
∂x + 1

2∂yφγ
12
)
ϵ± = 0 ,

(
∂y − 1

2∂xφγ
12
)
ϵ± = 0 . (10.49)

可積分条件 (∂x∂y − ∂y∂x)ϵ± = 0 より，

(∂2
xφ+ ∂2

yφ)γ
12ϵ = 0 =⇒ ∆φ = 0 . (10.50)

ζ = x+ iyとおくと，∆φ = 0より，φ(ζ, ζ̄) = f(ζ) + f̄(ζ)となるから，

ds22 = e2[f(ζ)+f̄(ζ̄)]dζdζ̄ . (10.51)

ここで共形変換 ζ → a(ζ)の自由度により f = 0とおけるから，ds2(h)は平坦．
よって時間的超対称解の一般解は IWP族に定まる：

ds2 = −|Ψ|2(dt+ ω)2 + |Ψ|−2dx⃗2 , dω = 2Im(ΨdΨ̄) . (10.52)

ここで

∆Ψ−1 = 0 , iV (F − i ⋆ F ) = dΨ . (10.53)

10.2.3 光的超対称解
次に V が光的の場合 (E = B = 0)を考える．F と Φは次の関係式を満たす

iV F = 0 , iV ⋆ F = 0 , iV Φ =0 , iV ⋆ Φ = 0 ,

ΦµνΦ
µν = 0 , Φµν ⋆ Φµν = 0 , Φ(µ

ρ ⋆ Φν)ρ = 0 . (10.54)

これより

FµνF
µν = 0 , Fµµ ⋆ Fµν = 0 , FµνΦ

µν = 0 , Fµν ⋆ Φµν = 0 . (10.55)

微分関係式より ∇µV = 09であるから，このときの時空は pp波で，局所座標 (u, v)を用いて次のよう
に表せる

Vµ = −∇µu , V µ =

(
∂

∂v

)µ

, (10.56)

vは光的測地線のアフィンパラメータである．よって計量は vに依存せず，局所的に次のように表せる．

ds2 = −2du
(
dv +Hdu+ βidx

i
)
+ g̃ijdx

idxj . (10.57)
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Timelike class in gauged supergravity (Λ<0)

 Canonical form for timelike family

compact form). The general BPS solution reads2

ds2 = −
4

ℓ2FF̄

(

dt + ωidxi
)2

+
ℓ2FF̄

4

[

dz2 + e2φ
(

dx2 + dy2
)]

, (2.1)

F =
ℓ2

4
FF̄

[

V ∧ df + ∗
(

V ∧
(

dg +
1

ℓ
dz

))]

,

where i = 1, 2; x1 = x, x2 = y, and we defined ℓF = 2i/(f − ig), with f = ϵ̄ϵ

and g = iϵ̄Γ5ϵ. Here, 1/ℓ is the minimal coupling between the graviphoton and the
gravitini, which is related to the cosmological constant by Λ = −3ℓ−2, and F denotes

the electromagnetic field strength. The timelike Killing vector is given by V = ∂t. The
functions φ, F, F̄ , that depend on x, y, z, are determined by the system

∆F + e2φ[F 3 + 3FF ′ + F ′′] = 0 , (2.2)

∆φ +
1

2
e2φ[F ′ + F̄ ′ + F 2 + F̄ 2 − FF̄ ] = 0 , (2.3)

φ′ − Re(F ) = 0 , (2.4)

where ∆ = ∂2
x + ∂2

y , and a prime denotes differentiation with respect to z. (2.2) comes
from the combined Maxwell equation and Bianchi identity, whereas (2.3) results from

the integrability condition for the Killing spinor ϵ. Finally, the shift vector ω is obtained
from3

∂zωi =
ℓ4

8
(FF̄ )2ϵij(f∂jg − g∂jf) ,

∂iωj − ∂jωi =
ℓ4

8
(FF̄ )2e2φϵij

(

f∂zg − g∂zf +
2f

ℓ

)

, (2.5)

with ϵ12 = 1.

2.1 Symmetries and properties of the equations

Before presenting new solutions of the timelike case, let us study some general properties
of the system (2.2) – (2.4). First of all, we note that it is invariant under PSL(2, R)

transformations

z →
az + b

cz + d
, ad − bc = 1 , (2.6)

if the fields transform according to

F → (cz + d)2F − ∂z(cz + d)2 ,

φ → φ − 2 ln(cz + d) . (2.7)
2We have chosen the conformal gauge for the two-metric hij appearing in [4].
3It can be shown that the integrability conditions for (2.5) follow from the Maxwell equations.

4

•need to solve a set of nonlinear PDEs

•in the canonical form,  AdS takes nonstandard form

AdS(3) in SL(2,R) 
bi-invariant form

BPS system

is not hypersurface-orthogonal
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Plebanski-Demianski solution

Goal: BPS conditions for Plebanski-Demianski family

‣7 parameters (mass,ang-momentum, electric charge, 
magnetic charge, nut, acceleration, cosmological constant)

‣the most general Petrov type D metric with non-null Maxwell field

Plebanski-Demianski ‘76

This means that an observer following orbits of the Killing vector associated with the Killing

spinor is rotating by the constant angular velocity ℓ−1 with respect to the static observer at

AdS infinity. This is in accordance with the fact that the Bogomol’nyi bound for (N = 2)

gauged supergravity involves the angular momentum [35,36],

M ≥ 1

ℓ
|J |+ Q , (2.17)

where M and J are the Abott-Deser mass and angular momentum respectively [37], and Q

denotes the electric charge3. The same remark applies also to the BPS solutions in five dimen-

sions, where for instance AdS5 is represented by a fibration over the Bergmann manifold [4].

The above instance illustrates that well-known static BPS solutions may be expressed in

a rotating frame in the formulation of [12]. This raises an additional obstacle to obtain BPS

solutions. Bearing these remarks in mind, we shall show below how to derive supersymmetric

solutions.

3. The Plebański-Demiański solution

The complete family of type-D spacetimes with a non-null electromagnetic field, whose two

principal null congruences are aligned with the two repeated principal null congruences of

the Weyl tensor, was given by Plebański and Demiański [31]4. It solves the field equations of

Einstein-Maxwell-(A)dS gravity and describes a rotating, charged and uniformly accelerating

mass. The metric and field strength read respectively

ds2 =
1

(1− pq)2

{
− Q(q)

p2 + q2
(dτ − p2dσ)2 +

p2 + q2

Q(q)
dq2

+
p2 + q2

P (p)
dp2 +

P (p)

p2 + q2
(dτ + q2dσ)2

}
, (3.1)

F =
Q(p2 − q2) + 2Ppq

(p2 + q2)2
dq ∧ (dτ − p2dσ) +

P(p2 − q2)− 2Qpq

(p2 + q2)2
dp ∧ (dτ + q2dσ) , (3.2)

where the structure functions are given by

P (p) = (−Λ/6− P2 + α) + 2np− εp2 + 2mp3 + (−Λ/6− Q2 − α)p4 ,

Q(q) = (−Λ/6 + Q2 + α)− 2mq + εq2 − 2nq3 + (−Λ/6 + P2 − α)q4 . (3.3)

Here, α, ε,m, n,P,Q are arbitrary parameters, with P and Q representing the magnetic and

electric charges respectively. Eqn. (3.1) together with (3.2) solve the equations of motion

following from (2.1).

The main purpose of this section is to determine the condition under which the general

PD solution preserves supersymmetry.

3Note that the magnetic charge does not enter the osp(4|2) superalgebra since it breaks SO(3, 2) covari-

ance [38].
4For a more recent review cf. [39].

– 5 –

•contains many interesting subclasses (Kerr-Newman-AdS, 
Reissner-Nordstrom-AdS, AdS C-metric)

•Boyer-Lindquist analysis for Kerr-Newman-AdS doesn’t work

Caldarelli-Klemm 1999(KS eq. depends nontrivially on r & θ)
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BPS conditions

‣BPS conditions for Plebanski-Demianski family

where

t =
τ

2P
− σ

2Q
, y =

τ

2P
+

σ

2Q
, x = α(q) + β(p) ,

with

α′(q) =
mℓq + ℓ(P2 + Q2)q2 − ℓm2

2(P2+Q2) +
ℓε
2

2PQQ(q)
,

β′(p) =
mℓp− ℓ(P2 + Q2)p2 + ℓm2

2(P2+Q2) −
ℓε
2

2PQP (p)
.

In particular, we see that

e2φ =
4P2Q2Q(q)P (p)

(p+ q)4
, (3.59)

which is very similar to (3.11), but the product of two quartic functions is now dressed with

a factor (p+ q)−4.

4. Supersymmetry of the general PD solution

After having studied the two different scaling limits which remove either the acceleration or

the rotation parameter, we come now to the general PD solution (3.1), (3.2), with the aim to

work out the necessary and sufficient constraints imposed by the existence of Killing spinors.

It turns out that the first integrability condition det([∇̂µ, ∇̂ν ]) = 0 reduces again to the single

equation detΠ = 0. The exact form of Π is not illuminating so we do not display it here and

only show the final result. We find that detΠ = 0 is equivalent to the two conditions

n[m2 + n2 − (P2 + Q2)ε] + 2m(P2 + Q2)(P2 − α)

+
1

ℓ2
[

2nPQ+m(P2 − Q2)
]

= 0 , (4.1)

(P2 + Q2)[m2P2 − n2Q2 − (m2 + n2)α]

+
1

ℓ2

[

2mnPQ+
1

2
(P2 − Q2)(m2 − n2)

]

= 0 . (4.2)

These equations constrain the parameters α and ε to be functions of m,n,P,Q.

In order to recover the integrability conditions for the two limiting cases, we have to be

careful since eqn. (4.1) does not survive in these limits. For the Carter-Plebański metric, we

use the following relation instead of (4.1),

[(m2 + n2)− (P2 + Q2)ε]2 − (P2 + Q2)2
[

1

ℓ4
+

2

ℓ2
(P2 − Q2) + 4(P2 − α)(Q2 + α)

]

= 0 ,

which is obtained from (4.1) and (4.2). Then the limit (3.5) gives precisely eqn. (3.8). For

the C-metric, we need to use the equation which eliminates α from (4.1) by using (4.2). Then

the limit (3.47) recovers (3.55) and (3.56).
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This means that an observer following orbits of the Killing vector associated with the Killing

spinor is rotating by the constant angular velocity ℓ−1 with respect to the static observer at

AdS infinity. This is in accordance with the fact that the Bogomol’nyi bound for (N = 2)

gauged supergravity involves the angular momentum [35,36],

M ≥ 1

ℓ
|J |+ Q , (2.17)

where M and J are the Abott-Deser mass and angular momentum respectively [37], and Q

denotes the electric charge3. The same remark applies also to the BPS solutions in five dimen-

sions, where for instance AdS5 is represented by a fibration over the Bergmann manifold [4].

The above instance illustrates that well-known static BPS solutions may be expressed in

a rotating frame in the formulation of [12]. This raises an additional obstacle to obtain BPS

solutions. Bearing these remarks in mind, we shall show below how to derive supersymmetric

solutions.

3. The Plebański-Demiański solution

The complete family of type-D spacetimes with a non-null electromagnetic field, whose two

principal null congruences are aligned with the two repeated principal null congruences of

the Weyl tensor, was given by Plebański and Demiański [31]4. It solves the field equations of

Einstein-Maxwell-(A)dS gravity and describes a rotating, charged and uniformly accelerating

mass. The metric and field strength read respectively

ds2 =
1

(1− pq)2

{
− Q(q)

p2 + q2
(dτ − p2dσ)2 +

p2 + q2

Q(q)
dq2

+
p2 + q2

P (p)
dp2 +

P (p)

p2 + q2
(dτ + q2dσ)2

}
, (3.1)

F =
Q(p2 − q2) + 2Ppq

(p2 + q2)2
dq ∧ (dτ − p2dσ) +

P(p2 − q2)− 2Qpq

(p2 + q2)2
dp ∧ (dτ + q2dσ) , (3.2)

where the structure functions are given by

P (p) = (−Λ/6− P2 + α) + 2np− εp2 + 2mp3 + (−Λ/6− Q2 − α)p4 ,

Q(q) = (−Λ/6 + Q2 + α)− 2mq + εq2 − 2nq3 + (−Λ/6 + P2 − α)q4 . (3.3)

Here, α, ε,m, n,P,Q are arbitrary parameters, with P and Q representing the magnetic and

electric charges respectively. Eqn. (3.1) together with (3.2) solve the equations of motion

following from (2.1).

The main purpose of this section is to determine the condition under which the general

PD solution preserves supersymmetry.

3Note that the magnetic charge does not enter the osp(4|2) superalgebra since it breaks SO(3, 2) covari-

ance [38].
4For a more recent review cf. [39].
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necessary conditions for SUSYs 

where ⋆Fµν = (1/2)ϵµνρσFρσ, and

Eµν ≡ Rµν − 2

(

FµρFν
ρ − 1

4
gµνFρσFρσ

)

+
3

ℓ2
gµν . (3.52)

When the bosonic equations of motion are satisfied, the last line of (3.51) drops out. For the

C-metric (3.48), det([∇̂µ, ∇̂ν ]) = 0 is equivalent to detΠ = 0, where

Π ≡ (Q− iΓ5P)(ℓ
−1 −

√

QΓ1 −
√
PΓ2) +

i

12
(P ′′ +Q′′)Γ0Γ1 . (3.53)

Here we have employed the frame

e0 =

√
Qdτ

p+ q
, e1 =

dq

(p + q)
√
Q

, e2 =
dp

(p+ q)
√
P

, e3 =

√
Pdσ

p+ q
. (3.54)

The condition detΠ = 0 boils down to

m[m2 − (Q2 + P2)ε] + 2n(Q2 + P2)2 = 0 , (3.55)

m2

[

Q2 − P2

2ℓ2
+ (Q2 + P2)α

]

+ n2(Q2 + P2)2 = 0 . (3.56)

In this case, it is straightforward to check that with

f =
QP

Q2 + P2
[m− (p − q)(Q2 + P2)] , (3.57a)

g =
(Q2 + P2)ε−m2 + 2m(P2q − Q2p) + 2(Q2 + P2)(p2Q2 + q2P2)

2(Q2 + P2)(p + q)
, (3.57b)

V = P∂τ − Q∂σ , (3.57c)

z = ℓ
m2 + (Q2 + P2)[m(p − q) + 2pq(Q2 + P2)− ε]

2(Q2 + P2)(p + q)
, (3.57d)

all the algebraic and differential bilinear equations (2.13)-(2.18) and (2.24)-(2.28) in [12] are

satisfied. The conditions (3.55), (3.56) are thus not only necessary, but also sufficient for

supersymmetry of the AdS C-metric6.

The canonical form (2.4) of the AdS C-metric in the BPS limit is given by

ds2 = −P2Q(q)− Q2P (p)

(p+ q)2

[

dt+
P2Q(q) + Q2P (p)

P2Q(q)− Q2P (p)
dy

]2

+
(p+ q)2

P2Q(q)− Q2P (p)

[

dz2 +
4P2Q2Q(q)P (p)

(p+ q)4
(dx2 + dy2)

]

, (3.58)

6One might be concerned with equation (2.7), which actually does not result from algebraic or differential

constraints on the bilinears, but from the additional condition (3.25) of [12]. However, this equation is satisfied

since one can verify that it is equivalent to the trace part of Einstein’s equations, provided (2.6), (2.8) and

(2.9) hold.
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n[m2 + n2 − (P2 + Q2)ε] + 2m(P2 + Q2)(P2 − α)

+
1

ℓ2
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2nPQ+m(P2 − Q2)

]
= 0 , (13.135)

(P2 + Q2)[m2P2 − n2Q2 − (m2 + n2)α]

+
1

ℓ2

[
2mnPQ+

1

2
(P2 − Q2)(m2 − n2)

]
= 0 . (13.136)

ここで

c+ = mP+ nQ , c− = mQ− nP , (13.137)

とおくと，双線形が以下のように求まる

f =
(P2 + Q2)[c−pq(pQ+ Pq)− c+(pP− qQ)]− c+c−(p2 + q2)
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, (13.138a)

g =−
c2−pq + c2+
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c+[P(p3 + q) + Q(p+ q3)]− c−[Pq2(p3 + q)− Qp2(p+ q3)]
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V =c+∂τ − c−∂σ , (13.138c)

z =ℓ
m2 + n2 − (P2 + Q2)(mp+ nq)

1− pq
. (13.138d)

C計量と同様にして，正準形を求めると

t =
τ

2c+
− σ

2c−
, y =

τ

2c+
+

σ

2c−
, x = α(q) + β(p) , (13.139)
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ω =
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2c+c−P (p)
. (13.140)
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BPS条件 det[∇̂µ, ∇̂ν ] = 0 は次の 2つの条件に帰着する：

n[m2 + n2 − (P2 + Q2)ε] + 2m(P2 + Q2)(P2 − α)

+
1

ℓ2
[
2nPQ+m(P2 − Q2)

]
= 0 , (13.136)

(P2 + Q2)[m2P2 − n2Q2 − (m2 + n2)α]

+
1

ℓ2

[
2mnPQ+

1

2
(P2 − Q2)(m2 − n2)

]
= 0 . (13.137)

ここで

c+ = mP+ nQ , c− = mQ− nP , (13.138)

とおくと，双線形が以下のように求まる
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(p2 + q2)(P2 + Q2)
, (13.139a)
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c2−pq + c2+
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+
c+[P(p3 + q) + Q(p+ q3)]− c−[Pq2(p3 + q)− Qp2(p+ q3)]

(1− pq)(p2 + q2)
, (13.139b)

V =c+∂τ − c−∂σ , (13.139c)
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m2 + n2 − (P2 + Q2)(mp+ nq)

1− pq
. (13.139d)

C計量と同様にして，正準形を求めると

t =
τ
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− σ

2c−
, y =

τ

2c+
+

σ

2c−
, x = α(q) + β(p) , (13.140)

とすれば，
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4)Q(q)
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2
−P (p)Q(q)

(1− pq)4
,
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The BPS solution is therefore completely specified by the four constants γ0, ρ1/(ℓ2ρ4),

ρ2/(ℓ2ρ4) and ψ1/(ℓ2ρ4). One easily verifies that the charges (3.25), together with the

parameters (3.26), do indeed satisfy the conditions (3.8) found in [29], where B+ = 0 if

ρ1/(2γ0ℓ) − ρ2 > 0 and B− = 0 if ρ1/(2γ0ℓ) − ρ2 < 0. We have thus confirmed that the

supersymmetric Carter-Plebański spacetime must obey (3.8), but the converse is also true:

The two constraints (3.8) leave four free constants out of the six Q,P, ε,α,m, n. Since the

BPS solution that we obtained here contains also four parameters, the integrability conditions

(3.8) are not only necessary, but also sufficient for the existence of a Killing spinor.

3.1.1 Kerr-Newman-AdS

The Kerr-Newman-AdS (KNAdS) spacetime can be obtained from the Carter-Plebański so-

lution (3.6) by setting

p = a cos θ , q = r , τ = t̃− aφ

Ξ
, σ = − φ

aΞ
,

n = 0 , ε = 1 +
a2

ℓ2
, α = a2 + P2 , (3.27)

which yields the KNAdS metric in Boyer-Lindquist coordinates,

ds2 = − ∆

Σ2

(

dt̃− a sin2 θ

Ξ
dφ

)2

+
Σ2

∆
dr2 +

Σ2

∆θ
dθ2 +

∆θ sin
2 θ

Σ2

(

adt̃− r2 + a2

Ξ
dφ

)2

, (3.28)

where

Σ2 = r2 + a2 cos2 θ , Ξ = 1− a2ℓ−2 ,

∆ = (r2 + a2)(1 + ℓ−2r2)− 2mr +Q2 + P2 , ∆θ = 1− a2ℓ−2 cos2 θ .

In this subcase, the necessary and sufficient conditions for supersymmetry (3.8) boil down to

mP = 0 , B+B− = 0 ,

with

B± = m2 −
[

1 +
a2

ℓ2
± 2

ℓ
(a2 + P2)1/2

]

(P2 + Q2) .

For m = 0 we have thus the Dirac-type condition

(

1− a2

ℓ2

)2

=
4

ℓ2
P2 , (3.29)

which is precisely eqn. (98) of [28], while for P = 0 we get

m2 =
(

1± a

ℓ

)2
Q2 , (3.30)

i.e., eqn. (93) of [28]. This fills a gap in [28], where only the first integrability conditions for

Killing spinors of the KNAdS black hole were considered. In a similar way one can easily verify
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lution (3.6) by setting

p = a cos θ , q = r , τ = t̃− aφ

Ξ
, σ = − φ

aΞ
,

n = 0 , ε = 1 +
a2

ℓ2
, α = a2 + P2 , (3.27)

which yields the KNAdS metric in Boyer-Lindquist coordinates,

ds2 = − ∆

Σ2

(

dt̃− a sin2 θ

Ξ
dφ

)2

+
Σ2

∆
dr2 +

Σ2

∆θ
dθ2 +

∆θ sin
2 θ

Σ2

(

adt̃− r2 + a2

Ξ
dφ

)2

, (3.28)

where

Σ2 = r2 + a2 cos2 θ , Ξ = 1− a2ℓ−2 ,

∆ = (r2 + a2)(1 + ℓ−2r2)− 2mr +Q2 + P2 , ∆θ = 1− a2ℓ−2 cos2 θ .

In this subcase, the necessary and sufficient conditions for supersymmetry (3.8) boil down to

mP = 0 , B+B− = 0 ,

with

B± = m2 −
[

1 +
a2

ℓ2
± 2

ℓ
(a2 + P2)1/2

]

(P2 + Q2) .

For m = 0 we have thus the Dirac-type condition

(

1− a2

ℓ2

)2

=
4

ℓ2
P2 , (3.29)

which is precisely eqn. (98) of [28], while for P = 0 we get

m2 =
(

1± a

ℓ

)2
Q2 , (3.30)

i.e., eqn. (93) of [28]. This fills a gap in [28], where only the first integrability conditions for

Killing spinors of the KNAdS black hole were considered. In a similar way one can easily verify

– 9 –

The BPS solution is therefore completely specified by the four constants γ0, ρ1/(ℓ2ρ4),

ρ2/(ℓ2ρ4) and ψ1/(ℓ2ρ4). One easily verifies that the charges (3.25), together with the

parameters (3.26), do indeed satisfy the conditions (3.8) found in [29], where B+ = 0 if

ρ1/(2γ0ℓ) − ρ2 > 0 and B− = 0 if ρ1/(2γ0ℓ) − ρ2 < 0. We have thus confirmed that the
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∆
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Euclidean solutions

‣Wick rotation gives a solution with Euclidean signature
F =

Q(q2 + ω2p2)− 2Ppqω

(q2 − ω2p2)2
dq ∧ (dτ − ωp2dσ) +

2Qpqω − P(q2 + ω2p2)

(q2 − ω2p2)2
dp ∧ (q2dσ − ωdτ) ,

(5.3)

where the structure functions are given by

P (p) = k + 2ω−1np− εp2 + 2mp3 + (ω2k − P2 + Q2 + ω2Λ/3)p4 ,

Q(q) = (−ω2k + P2 − Q2)− 2mq + εq2 − 2ω−1nq3 − (k + Λ/3)q4 . (5.4)

Taking the tetrad frame

e1 =

√

Q

q2 − ω2p2
(dτ − ωp2dσ)

1− pq
, e2 =

√

q2 − ω2p2

Q

dq

1− pq
,

e3 =

√

q2 − ω2p2

P

dp

1− pq
, e4 =

√

P

q2 − ω2p2
(−ωdτ + q2dσ)

1− pq
, (5.5)

one can define a self-dual two-form Ω = e1 ∧ e2 + e3 ∧ e4 and Jµ
ν := gµρΩνρ. It can then

be shown that J · J = −1 and the Nijenhuis tensor for J vanishes, i.e., the almost complex

structure J is integrable7 (see [50] for a discussion of the Carter-Plebański family). It should

be noted that the two-form Ω fails to be closed so that it does not correspond to a Kähler

structure.

Taking into account the above rescaling and subsequent analytic continuation, the BPS

conditions (4.1), (4.2) become

n[m2 − n2 − (P2 − Q2)ε] + 2ωm(Q2 − P2)(Λ/6 + k)

+
Λω

3

[

2nPQ−m(P2 + Q2)
]

= 0 , (5.6)

(P2 − Q2)[m2P2 − n2Q2 + (m2 − n2)(ω2k + Λω2/6− P2)]

+
Λω2

3

[

−2mnPQ+
1

2
(P2 +Q2)(m2 + n2)

]

= 0 . (5.7)

It would be interesting to explicitly check from first principles, using the results of [44],

that the Euclidean solution (5.2), (5.3), with the parameters given by (5.6), (5.7), is indeed

supersymmetric in Euclidean gauged supergravity.

One can easily verify that the Euclidean PD solution is (anti-)self-dual if

m = ±n , Q = ±P , (5.8)

for which Cµνρσ = ±(1/2)ϵµνλτCλτ
ρσ and Fµν = ±(1/2)ϵµνρσFρσ are satisfied. When the

(anti-)self-duality condition (5.8) holds, the stress-energy tensor of the Maxwell field van-

ishes identically (hence the metric is Einstein), and the BPS equations (5.6) and (5.7) follow

automatically.

7This argument does not ensure the global existence of the complex structure on the whole space. For

instance, the manifold with m = n = |P|− |Q| = 0 and Λ > 0 describes S4, in which a global complex structure

cannot be defined. We thank Yukinori Yasui for pointing this out.
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‣complex structures

self-dual 2-form

Nijenhuis tensor:

•almost complex structure J is integrable

Provided the eqns. (4.1) and (4.2) hold, a long but straightforward calculation shows that

with

f =
(P2 + Q2)[c−pq(pQ+ Pq)− c+(pP− qQ)]− c+c−(p2 + q2)

(p2 + q2)(P2 + Q2)
, (4.3a)

g = −
c2−pq + c2+

(1− pq)(P2 + Q2)

+
c+[P(p3 + q) + Q(p+ q3)]− c−[Pq2(p3 + q)− Qp2(p + q3)]

(1− pq)(p2 + q2)
, (4.3b)

V = c+∂τ − c−∂σ , (4.3c)

z = ℓ
m2 + n2 − (P2 + Q2)(mp + nq)

1− pq
, (4.3d)

where

c+ = mP+ nQ , c− = mQ− nP , (4.4)

all the bilinear equations in [12] are satisfied. Eqs. (4.1) and (4.2) are thus necessary and

sufficient for supersymmetry of the general PD solution.

5. Euclidean case

Euclidean supersymmetric solutions and gravitational instantons are of importance due to

their relevance for non-perturbative effects in quantum gravity [42–44]. Moreover, the bound-

aries of BPS geometries that asymptote to Euclidean AdS admit conformal Killing spinors [45],

and provide thus possible backgrounds on which Euclidean superconformal field theories can

be defined. Such theories have been attracting much attention recently in the context of

localization techniques [46–49].

In order to analytically continue the general PD solution (3.1), (3.2) to the Euclidean

case, we first proceed as in [39], and explicitly include a parameter ω which represents the

twist of the repeated principal null congruences. This is done by rescaling

p → ω1/2p , q → ω−1/2q , τ → ω1/2τ , σ → ω1/2σ ,

m+ in → ω−3/2(m+ in) , Q+ iP → ω−1(Q+ iP) , ε → ω−1ε , k → k ,

where the parameter k is defined by k = −Λ/6− P2 + α. The resulting solution can then be

Wick-rotated by taking

τ → iτ , ω → iω , n → in , Q → iQ , (5.1)

which leads to

ds2 =
1

(1− pq)2

{

Q(q)

q2 − ω2p2
(dτ − ωp2dσ)2 +

q2 − ω2p2

Q(q)
dq2

+
q2 − ω2p2

P (p)
dp2 +

P (p)

q2 − ω2p2
(−ωdτ + q2dσ)2

}

, (5.2)
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:                              is almost complex

F =
Q(q2 + ω2p2)− 2Ppqω

(q2 − ω2p2)2
dq ∧ (dτ − ωp2dσ) +

2Qpqω − P(q2 + ω2p2)

(q2 − ω2p2)2
dp ∧ (q2dσ − ωdτ) ,

(5.3)

where the structure functions are given by

P (p) = k + 2ω−1np− εp2 + 2mp3 + (ω2k − P2 + Q2 + ω2Λ/3)p4 ,

Q(q) = (−ω2k + P2 − Q2)− 2mq + εq2 − 2ω−1nq3 − (k + Λ/3)q4 . (5.4)

Taking the tetrad frame

e1 =

√

Q

q2 − ω2p2
(dτ − ωp2dσ)

1− pq
, e2 =

√

q2 − ω2p2

Q

dq

1− pq
,

e3 =

√

q2 − ω2p2

P

dp

1− pq
, e4 =

√

P

q2 − ω2p2
(−ωdτ + q2dσ)

1− pq
, (5.5)

one can define a self-dual two-form Ω = e1 ∧ e2 + e3 ∧ e4 and Jµ
ν := gµρΩνρ. It can then

be shown that J · J = −1 and the Nijenhuis tensor for J vanishes, i.e., the almost complex

structure J is integrable7 (see [50] for a discussion of the Carter-Plebański family). It should
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It would be interesting to explicitly check from first principles, using the results of [44],

that the Euclidean solution (5.2), (5.3), with the parameters given by (5.6), (5.7), is indeed

supersymmetric in Euclidean gauged supergravity.

One can easily verify that the Euclidean PD solution is (anti-)self-dual if

m = ±n , Q = ±P , (5.8)

for which Cµνρσ = ±(1/2)ϵµνλτCλτ
ρσ and Fµν = ±(1/2)ϵµνρσFρσ are satisfied. When the

(anti-)self-duality condition (5.8) holds, the stress-energy tensor of the Maxwell field van-

ishes identically (hence the metric is Einstein), and the BPS equations (5.6) and (5.7) follow

automatically.

7This argument does not ensure the global existence of the complex structure on the whole space. For

instance, the manifold with m = n = |P|− |Q| = 0 and Λ > 0 describes S4, in which a global complex structure

cannot be defined. We thank Yukinori Yasui for pointing this out.

– 16 –

•Ω fails to give a Kähler structure (dΩ≠0)
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(anti-)self-duality condition (5.8) holds, the stress-energy tensor of the Maxwell field van-

ishes identically (hence the metric is Einstein), and the BPS equations (5.6) and (5.7) follow

automatically.

7This argument does not ensure the global existence of the complex structure on the whole space. For

instance, the manifold with m = n = |P|− |Q| = 0 and Λ > 0 describes S4, in which a global complex structure

cannot be defined. We thank Yukinori Yasui for pointing this out.
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√
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generalizations of [Martelli-Passian and Sparks arXiv:12124618]
to U(1)xU(1) symmetry 

Euclidean bilinear relations given by Dunajski-Gutowski-Tod are satisfied
for non (anti-)self dual solutions

Contents

•Classification of BPS solutions

•Supersymmetric Plebanski-Demianski solutions

•Concluding remarks

bilinear methods

BPS conditions

Wick rotation to Euclidean solutions
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Concluding remarks

 Summary

‣another wick rotation (ℓ→iL) gives fake supergravity

 Future outlook

general solutions: fibration over Gauduchon-Tod space

‣worked out necessary and sufficient conditions for which the general 
Plebanski-Demianski family of solution admits Killing spinors

‣Euclidean solutions give a locally complex mfd

‣PD solutions in matter coupled SUGRA (vector-& hyper-multiplets)

•bilinear vector is no longer Killing 

Meessen and Palomo-Lozano ‘09
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“Large D gravity”

by Kentaro Tanabe

[JGRG23(2013)110705]
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LARGE D GRAVITY 

with  R.  Emparan,  …. 

KENTARO TANABE 

              ( UNIVERSITY OF BARCELONA )     

WHY LARGE D 

dimension (D) is a parameter of GR 

 gravity can be simplified at high D or low D 

earlier work on large D gravity 
¾  Large D limit of Feynman graph of gravitons 

¾  Gregory-Laflamme mode, Shockwave collision 

¾  Large D gravity and 2-D gravity 

[ Strominger (1981),…  ] 

[ Asnin, et.al. (2007), Camps, et.al. (2010), Coelho, et.al. (2012) ] 

[ Soda (1993), Grumiller, et.al. (2003) ]  

[ Emparan, Suzuki, KT (2013) ] 

focus on the practical aspect of large D gravity  
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BH AT LARGE D 
WHY simplified?   →   BH has two scales at large D 

≃ 𝑟 �  coordinate scale 

�  physical scale 

size of BH from asymptotic infinity  ( far from BH ) 

≃ 𝑟/D 
 gradient of potential, temperature of BH  ( near BH )   

METHOD 
we can use the Matched Asymptotic Expansion (MAE) 

𝑟/𝐷 𝑟 ≪ 

• GR ~ gravity in 2-D 

• 1/D expansion 

near region far region 

overlap region:  
బ
 ≪ 𝑟 − 𝑟 ≪ 𝑟  

 MAE can be good approximation at large D  

• BH~ point particle 

• Newtonian approximation 
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EXAMPLE 
Gregory-Laflamme instability 

¾  instability of black brane 

[ Asnin, et.al. (2007),  
  Emparan, Suzuki, KT (2013)] 

𝑒ஐ௧ା௭ 

𝐷 = 𝑛 + 4 

numerical results by P. Figueras 

Ω = Ω(𝑘) 

𝑧 

PURPOSE 
Large D gravity is useful method to solve the (any) 
gravitational problem 

To demonstrate it more,  

�  apply to QuasiNormal Modes (QNMs) 

𝜔ொேெ(𝑙, 𝑛) 
𝑙 

eikonal  limit 
WKB method 

highly dumped 
monodromy method 

our large D  
       formula 

MAE 

𝑛 = overtone number 
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QNM IN LARGE D 

BACKGROUND 

perturbation 

tensor  

vector  

scalar 

[ Kodama and Ishibashi (2003) ] 

Schrodinger type eq 

D-dim Schwarzschild BH 
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PERTURBATION EQ. 

   𝑑
ଶ

𝑑𝑟∗ଶ
+ 𝜔ଶ   − 𝑉 𝑟    𝜓   𝑟 = 0   

𝑉 𝑟 = 𝑓 𝑟      𝑙 𝑙 + 𝐷 − 3
𝑟ଶ   + 𝐷 − 2 𝐷 − 4

4𝑟ଶ 𝑓 𝑟 + 𝐷 + 2
2𝑟 𝑓ᇱ 𝑟  

𝑓 𝑟 = 1 −   𝑟𝑟   
ିଷ

 

perturbation equation for the tensor type 

potential:  

𝑑𝑟∗   = 𝑑𝑟  /𝑓(𝑟) 

WHERE IS QNM? 

BH infinity 

outgoing to infinity ingoing to horizon 

𝑅(𝜔) 𝑇(𝜔) 

𝑇 𝜔 ≃ 𝑅(𝜔) QNM condition: 

𝜔ଶ 

𝑟∗ = ∞ 𝑟∗ = −∞ 

𝜔ଶ 

[ Schutz and Will (1985) ] 

QNMs 

𝑇 𝜔 ≃ 𝑒ି(ఠ)𝑅(𝜔) 

𝐵 𝜔 = ∫ 𝑉 − 𝜔ଶ  𝑑𝑟∗ 
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TOP OF POTENTIAL 
𝐷 − 3 ଶ𝜔ଶ Thus QNMs exists around 

𝜔ொேெ ≃ 𝐷 − 3   𝜔   

𝜔𝑟 =   ଶመ  ାଵ
ଶ + 𝑂(𝐷ିଵ)  

where 

𝑉 𝑟 = 𝑓 𝑟      𝑙 𝑙 + 𝐷 − 3
𝑟ଶ   + 𝐷 − 2 𝐷 − 4

4𝑟ଶ 𝑓 𝑟 + 𝐷 + 2
2𝑟 𝑓ᇱ 𝑟  

𝑙መ = 
ିଷ  

𝜔ொேெ  ? 

( critical frequency ) 

POTENTIAL SHAPE 

potential shape 
( e.g. D=100, l=2 ) 

𝑉 𝑟 = 𝑓 𝑟      𝑙 𝑙 + 𝐷 − 3
𝑟ଶ   + 𝐷 − 2 𝐷 − 4

4𝑟ଶ 𝑓 𝑟 + 𝐷 + 2
2𝑟 𝑓ᇱ 𝑟  

triangular potential 

𝑉(𝑟∗) 

𝑟∗ 

Near the top of the potential  

0 

𝑂 1
𝐷  

𝑂(𝐷ଶ) 
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TRIANGULAR POTENTIAL 

we approximate V(r) by triangular potential  

QNM will exist around  

𝜔ொேெ = 𝐷 − 3 𝜔(  1   + 𝛿𝜔  ) 
correction 

   𝑑
ଶ

𝑑𝑟∗ଶ
+ 𝜔ଶ   − 𝑉 𝑟    𝜓   𝑟 = 0   

𝑉(𝑟∗) 

𝑟∗ 

𝜔ଶ 

𝜔ଶ 

   𝑑
ଶ

𝑑𝑟∗ଶ
+ 𝐷 − 3 ଶ𝜔  (  𝛿𝜔 − 𝑟∗  ) 𝜓   𝑟 = 0   

0 

AIRY FUNCTION 

   𝑑
ଶ

𝑑𝑟∗ଶ
+ 𝐷 − 3 ଶ𝜔

ଶ(  𝛿𝜔 − 𝑟∗  ) 𝜓   𝑟 = 0   
𝑉(𝑟∗) 

𝑟∗ 

𝜔ଶ 

𝜔ଶ 

solution is written by Airy function 

𝜓 𝑟 = Ai     𝑥    𝑥 = − 𝐷 − 3 ଶ𝜔
ଶ ଵ/ଷ 𝛿𝜔 − 𝑟∗  with 

0 

boundary condition ( QNM = bound state ) 

𝜓 𝑟 ቚ
∗ୀ

= 0   
−𝑉(𝑟∗) 

𝑟∗ 

−𝜔ଶ 

0 

(c.f. tunneling in infinite potential well) 
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QNM CONDITION 

Ai     𝑥   = 0 
with  𝑥 = − 𝐷 − 3 ଶ𝜔

ଶ ଵ/ଷ𝛿𝜔 

QNMs are given by the zeros of the Airy function 

𝜔ொேெ = 𝐷 − 3 𝜔 + − 𝐷 − 3 𝜔 ଵ/ଷ  𝒂𝒌 

zeros of the Airy function 𝜔𝑟 =
  2𝑙መ   + 1

2  

𝑎ଵ = −2.338. . , 𝑎ଶ = −4.088, . . 𝑎ଷ = −5.521… 

Airy function 

PROPERTIES 
¾  MAE gives same result 

•  triangular potential approximation (my naïve argument) is 
correct  

¾  Imaginary part of QNMs is always negative  

I𝑚 𝜔ொேெ = 3
2   𝜔  𝑎 < 0 

•  there is no unstable mode ( stability of Schwarzschild BH ) 

¾  there are an infinite number of QNMs labeled by 𝒂𝒌   
•  𝑘   can be regarded as an overtone number  

¾  same results for other type perturbation (scalar, vector) 
•  isospectrality of QNMs is restored at large D ? 
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SUMMARY 
By using large D gravity, we obtained the analytic formula 
for QNMs of Schwarzschild BH 

𝜔ொேெ = 𝐷 − 3 𝜔 + − 𝐷 − 3 𝜔 ଵ/ଷ  𝒂𝒌 

for all type perturbations 

Numerical results agree with our analytic formula 
numerical :  

our formula :   

Im   𝜔ொேெ = 1.334  Dଵ/ଷ ( by V. Cardoso ) 

Im   𝜔ொேெ = 1.227  Dଵ/ଷ 
for 𝑙 = 0 scalar perturbation (lowest),  up to 𝐷 = 25 

now we are updating numerical data up to 𝐷  ~100 (  with  O.  Dias,  …  ) 

FUTURE WORK 
Large D gravity is useful and interesting  
�  application 

•  gravitational collapse ( Choptuik phenomena ) 

•  QNMs for other black holes ( AdS-BH, rotating BH ) 

•  shockwave collision, apparent horizon formation 

•  BS - caged BH transition 

•  application to AdS/CFT ( e.g. holographic superconductor ) 

•  relation with the large D technique in condensed matter physics 

• … 

�  conceptual 
• why gravity is so simplified at large D   

[ Emparan, Grumiller, KT (2013) ] 
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“Propagation of twisted waves in a Kerr space-time”

by Atsuki Masuda

[JGRG23(2013)110706]
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Propagation of twisted wave 
in Kerr space-time

Atsuki Masuda
Osaka City University

collaborator: Hideki Ishihara(Osaka City University)
                   Shunichiro Kinoshita (Osaka City University)

CONTENTS
• property of twisted wave
•propagation of twisted 
wave in a curved spacetime

•result 
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m:integer Φ:angular component of cylindical 
� � ei(kz+m���t)

m=1

z

What is twisted waves?

L̂z� = �i
�

��
�

= m�
eigenstates of orbital 
angular momentum! 

Twisted wave

0
amplitude

Max

phase
0

2π

Transverse　plane
m=1
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About Twisted wave
•wave vectors are twisted.
•  Twisted wave propagates with orbital 
angular momentum
• Twisted wave have vortex structure

F. Tamburini et al
Astronomy and Astrophysics, 488, Issue 3,  pp.1159-1165(2008)

Recently, some application of twisted wave to 
astrophysics  have been considered

Allen et. al , Phvs. Rev. A, 45, 8185 (1992)

Twisted wave is investigated for presence 
in laboratories

H. He et al ,Phys. Lett. 75, 826-829(1995)

wave front
m=-1

m=+3m=+2

m=+1m=0
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Propagation of twisted waves 
in a Gravitational field

Propagation of  hight frequency waves
Eikonal approximation=short-wavelength approximation

   Hamilton Jacobi equation
          of massless particle

�µ
wave vector

kµkµ = 0

� 1
�2

gµ�(�µS)(��S)Aei S
� = 0gµ� �µ ��(Aei S

� )

gµ� �µ ��� =0 � � Aei S
�
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High frequency wave

Twisted wave

?

Geodesic equation

Propagation of wave

Eikonal 
approximation

Eikonal 
approximation

Perturbative approach
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ūµ

:Bessel beam solution
(exact solution with wave equation in flat spacetime)

uµ =
= (��, 0,m, k)
�µS

Orbit of Bessel beam in flat spacetime

J. Opt. A: Pure Appl. Opt. 10 (2008) 035005 M V Berry and K T McDonald

uniquely defined at each point. P (r) depends nonlinearly on
ψ(r), so the superposition of trajectories is different from the
trajectories of the superposition.

In vacuum or any homogeneous medium, the geometrical
rays are straight lines. This is an immediate consequence
of Snell’s law (or, more abstractly, Hamilton’s equations),
according to which rays bend only if there is a variation of
refractive index. The straightness is not immediately obvious
from the algebraic formulae describing the rays, but will be
confirmed by showing that they satisfy the following equations,
expressing the vanishing of the curvature |r′ × r′′|/|r′|:

rφ′′ + 2r ′φ′ = 0, r ′′ − rφ′2 = 0. (1.4)

By contrast, the trajectories of the exact Poynting vector are
usually curved.

For the beams we study here, it turns out, unexpectedly, to
be easier to calculate the exact Poynting trajectories than the
geometrical rays, which require knowledge of the asymptotics
of Bessel and Laguerre functions.

2. Bessel beams: exact Poynting flow lines

These beams are exact solutions of the Helmholtz equation,
defined [8, 9] by

ψl (r) = exp
{

i
(√

k2 − q2z + lφ
)}

Jl (qr) , (2.1)

in which l is the angular momentum quantum number, k the
free-space wavenumber and q the magnitude of the transverse
component of the wavevector of the plane waves comprising
the beam.

Since the Bessel function is real, only the first factor
contains the phase argψ which according to (1.1) generates
the Poynting vector, and (1.2) gives

vr = 0, vφ = l

r
√

k2 − q2
. (2.2)

The trajectories are determined by the differential equa-
tions (1.3), which can be trivially solved to give

r = constant, φ = φ0 + l

r 2
√

k2 − q2
z. (2.3)

This describes a two-parameter family of helices (figure 1)
filling space. Each helix can be defined by the point {r,φ0}
where it pierces the plane z = 0.The pitch of the helices with
radius r is

#z = 2πr 2
√

k2 − q2

l
, (2.4)

so the wider helices are more longitudinally stretched.

3. Laguerre–Gauss beams: exact Poynting flow lines

These beams are exact solutions of the paraxial wave equation,
defined [3] by

ψl,p (r) = exp {i (kz + lφ)} exp
{
− ρ2

2w (ζ )

}
ρ|l|

w (ζ )|l|+1 ρ
|l|

×
(

w (−ζ )
w (ζ )

)p

L |l|
p

(
ρ2

1 + ζ 2

)
. (3.1)

-1
0

1

-1

0

1

0

2π

π

z

y x

Figure 1. Exact Poynting trajectories for Bessel beams. The
trajectories, which fill space, are helices wound on cylinders
corresponding to different radii r , and the helices on different
cylinders have different pitches#z, according to (2.4).

Here L |l|
p denotes the Laguerre polynomial [10], with indices

representing the angular momentum quantum number l and
radial node number p (that is, p + 1 radial bright rings), the
scaled coordinates are defined in terms of the waist radius w0

(1/e radius of the intensity |ψ|2) by

{x, y, z} ≡
{
ξw0, ηw0, kw2

0ζ
}
, ρ ≡

√
ξ 2 + η2, (3.2)

and
w(ζ ) = 1 + iζ. (3.3)

For convenience we will henceforth consider only positive
l, and so will omit the modulus signs. (The paraxial
approximation to Bessel beams, in which

√
k2 − q2 in (2.1)

is approximated by k − q2/2k can be obtained from (3.1) in
the limit p → ∞, using the identity (22.15.2) in [10].)

Since Ll
p is real, it does not contribute to the phase, which

is therefore given by

argψl,p = kz + lφ + ρ2ζ

2
(
1 + ζ 2

) + G (ζ ) . (3.4)

G(ζ ) denotes the Gouy phase, which enters through the factors
involving powers of w(ζ ) and does not affect the shape of
the trajectories apart from a slight longitudinal stretching; in
what follows, we will neglect this effect. Identification of the
Poynting components via (1.2) gives

vρ = ρζ

1 + ζ 2
, vφ = l

ρ
, (3.5)

and thence the differential equations (1.4) determining the
trajectories:

ρ ′ (ζ ) = ρ (ζ ) ζ

1 + ζ 2
, φ′ (ζ ) = l

ρ (ζ )2 . (3.6)

2

�B = Jm(q�)eiS
S = ��t + kz + m�

satisfying geodesic equation
ūµ =

1�
dS

�
uµdS

= (��, 0, 0, k)

q,k,ω:constantJm:Bessel function

vµ

ūµ
ūµ�µū� = 0

transverse plane

wave vector of Bessel beam in flat 
spacetime
uµ = ūµ + vµ
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+hµ�

Bessel beam in a curved spacetime

Jm(q�)eiS

gµ� = �µ� perturbation term

+i�S

correction term

Orbit
ūµ =

1�
dS

�
uµdS+

1�
dS

�
�uµdS+�ū

�uµ � �µ�S

Perturbation equation

Ansatz

�µ� ūµ�u� �
1
2
hµ� ūµū� + hµ� ūµv� = 0

+q2

+

�µ� ūµū�

(�µ� � hµ�)(u + �uµ)(ū� + �u�) = �q2 + hµ� ūµv�

factorization

524



Perturbation equation

Differentiation �µ

(�µ� � hµ�)(u + �uµ)(ū� + �u�) = hµ� ūµv�

(uµ + �uµ)�µ (ū� + �u�) = ��(hµ� ūµv�)

Perturbation equation

averaging around axis of beam
motion equation of the beam

kµ = ūµ + �ūµ

kµ �µ k� =
1

�S

�
��(hµ� ūµv�)dS

interaction term of Kerr 
metric and twisted wave 

(uµ + �uµ)�µ (ū� + �u�) = ��(hµ� ūµv�)
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How does twisted wave 
propagate around Kerr B.H?
kµ �µ k� =

1
�S

�
��(hµ� ūµv�)dS

Orbit of twisted wave
 on the equatorial plane
of a Kerr Black hole
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a：spin parameter
M:mass of black hole 

perturbative metric

+�

�

���

� 2M
r � 2Ma

r3 y 2Ma
r3 x 0

� 2Ma
r3 y � 2M

r 0
2Ma
r3 x 0 � 2M

r 0
0 0 0 � 2M

r

�

���

propagation in the direction of 
parallel to the axis of black hole

y

x

y

z

x kµ �µ k� =
1

�S

�
��(hµ� ūµv�)dS

m>0
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pr
eli
mi
na
ry

y

y’

x

x’

= �2m�aM

�S

�
��

�
1
�3

���

��

�
dxdy

� = x
= �2m�aM

�S

�
dy

��
1
�3

���

��

�

B

�
�

1
�3

���

��

�

A

�

A

B� �8m�aM

L4
< 0

kµ�µk� =
1

�S

�
��hµ� ūµv�dS

propagation in the direction of 
parallel to the axis of black hole

y

x

attracting force！
y

z

x

1
�S

�
��(hµ� ūµv�)dS

propagation in the direction of 
parallel to the axis of black hole
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y

x

z

x

z

y

propagation toward 
the black hole on equator

 the force acts in the -z direction

y

x

x

z y

z

not acting interaction force

propagation in the Tangential 
direction of rotation of B.H
on the equatorial plane
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SUMMARY

kµ�µk� =
1

�S

�
��(hµ� ūµv�)dS

•We obtained the equation for orbit of  
Bessel beam in a Kerr spacetime.

ht� �m•Force term promote  to             term.
 Future Work

•By using twisted wave determination of 
spin parameter 
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“Relationship between dark matter properties and

 primordial black holes as seeds of supermassive black holes”

by Tomohiro Nakama

[JGRG23(2013)110707]
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Relationship between dark matter properties 
and primordial black holes  

as seeds of supermassive black holes 

Tomohiro Nakama 
RESCEU, The University of Tokyo 

JSPS Research Fellow 
@Hirosaki 7th Nov.2013 

Collaborators: 
Kazunori Kohri (KEK) 

  Teruaki Suyama (RESCEU) 
Kohri, Nakama, Suyama, in prep. 

What are PBHs and UCMHs? 
• δ～10ିହ on scales probed by CMB or LSS. 

 

• Perturbation amplitude may be larger  
     on smaller scales.  
 

      →If δ～1, radiation collapses to form  
            primordial black holes(PBHs) during R.D. 
 

        →If δ～10ିଷ, dark matter collapses to form   
            ultracompact minihalos(UCMHs) when 𝑧 < 𝑧. 
 

• UCMHs may emit 𝛾-rays due to annihilation of DM. 
 
                           
 
 

(Zel’dovich&Novikov 1967, Hawking 1971, Carr&Hawking 1974) 

(Ricotti&Gould 2009) 

(Bringmann, Scott, Akrami, 2012) 
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What are PBHs and UCMHs? 
• δ～10ିହ on scales probed by CMB or LSS. 

 

• Perturbation amplitude may be larger  
     on smaller scales.  
 

      →If δ～1, radiation collapses to form  
            primordial black holes(PBHs) during R.D. 
 

        →If δ～10ିଷ, dark matter collapses to form   
            ultracompact minihalos(UCMHs) when 𝑧 < 𝑧. 
 

• UCMHs may emit 𝛾-rays due to annihilation of DM. 
 
                           
 
 

(Ricotti&Gould 2009) 

(Bringmann, Scott, Akrami, 2012) 

Formation of UCMHs  
is a lot easier! 

(Zel’dovich&Novikov 1967, Hawking 1971, Carr&Hawking 1974) 

Motivation 

• Super massive black holes (SMBHs) 

   ～10ଽ𝑀⨀ have been observed at z=6～7. 

                                                                                       (Mortlock et. al.2011) 

• The origin is not known. 

 

• PBHs may explain SMBHs, 

    since 𝑀ୌ can take various values.  

   

Test this scenario using UCMHs! 

¥begin{equation*} 

M_¥mathrm{PBH} 

¥sim 

¥frac{4¥pi}{3} 

(H(z_¥mathrm{PBH}))^{-3} 

¥rho(z_¥mathrm{PBH}) 

¥sim 

10^9M_¥odot 

¥left( 

¥frac{z_¥mathrm{PBH}}{10^8} 

¥right)^{-2} 

¥end{equation*} 

redshift when PBHs formed 
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Key ideas 
• Assuming PBHs  (δ～1) explain SMBHs,                             
numerous UCMHs  (δ～𝟏𝟎ି𝟑) should exist. 

 

 

 

 
 

• The scenario of PBHs explaining SMBHs is   
INCOMPATIBLE with DM models in which                 
the cross sections exceed these upper limits. 

𝜒𝜒 
𝑊ା𝑊ି 

𝑏𝑏ത 𝛾s  
𝛾s  

… 
… 

…
 

UCMH 

observed  
flux 

< 

upper limits 

＝
 0.5 

¥begin{equation*} 
¥frac 
{ 
¥Omega_{¥mathrm{PBH}}¥,¥,z_¥mathrm{PBH}^{¥quad¥,¥,¥,¥, 3} 
} 
{ 
¥Omega_{¥mathrm{rad}}¥,¥,z_{¥mathrm{PBH}}^{¥quad¥,¥,¥,¥, 4} 
} 
¥sim 10^{-18} 
¥left( 
¥frac{ 
M_¥mathrm{PBH} 
} 
{ 
10^9M_¥odot 
} 
¥right)^{3/2} 
¥end{equation*} 
 

¥begin{equation*} 
¥rightarrow¥sigma_{¥bar{¥delta}}¥sim 0.06 
¥end{equation*} 

  

¥begin{equation*} 
M_¥mathrm{PBH} 
¥sim 
10^9M_¥odot 
¥left( 
¥frac{z_¥mathrm{PBH}}{10^8} 
¥right)^{-2} 
¥end{equation*} 

 (Polnarev&Musco, 2007) 

Why numerous UCMHs? 
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＝
 0.5 

¥begin{equation*} 
¥frac 
{ 
¥Omega_{¥mathrm{PBH}}¥,¥,z_¥mathrm{PBH}^{¥quad¥,¥,¥,¥, 3} 
} 
{ 
¥Omega_{¥mathrm{rad}}¥,¥,z_{¥mathrm{PBH}}^{¥quad¥,¥,¥,¥, 4} 
} 
¥sim 10^{-18} 
¥left( 
¥frac{ 
M_¥mathrm{PBH} 
} 
{ 
10^9M_¥odot 
} 
¥right)^{3/2} 
¥end{equation*} 
 

¥begin{equation*} 
¥rightarrow¥sigma_{¥bar{¥delta}}¥sim 0.06 
¥end{equation*} 

Assuming there is a PBH(～10ଽ𝑀⨀)   
  inside the current Hubble radius, 

  

¥begin{equation*} 
M_¥mathrm{PBH} 
¥sim 
10^9M_¥odot 
¥left( 
¥frac{z_¥mathrm{PBH}}{10^8} 
¥right)^{-2} 
¥end{equation*} 

 (Polnarev&Musco, 2007) 

＝
 

Why numerous UCMHs? 

＝
 0.5 

¥begin{equation*} 
¥frac 
{ 
¥Omega_{¥mathrm{PBH}}¥,¥,z_¥mathrm{PBH}^{¥quad¥,¥,¥,¥, 3} 
} 
{ 
¥Omega_{¥mathrm{rad}}¥,¥,z_{¥mathrm{PBH}}^{¥quad¥,¥,¥,¥, 4} 
} 
¥sim 10^{-18} 
¥left( 
¥frac{ 
M_¥mathrm{PBH} 
} 
{ 
10^9M_¥odot 
} 
¥right)^{3/2} 
¥end{equation*} 
 

¥begin{equation*} 
¥rightarrow¥sigma_{¥bar{¥delta}}¥sim 0.06 
¥end{equation*} 

Assuming there is a PBH(～10ଽ𝑀⨀)   
  inside the current Hubble radius, 

  

¥begin{equation*} 
M_¥mathrm{PBH} 
¥sim 
10^9M_¥odot 
¥left( 
¥frac{z_¥mathrm{PBH}}{10^8} 
¥right)^{-2} 
¥end{equation*} 

 (Polnarev&Musco, 2007) 

＝
 

Why numerous UCMHs? 

𝝈𝜹ഥ=0.06 
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𝛿 

Logarithm of Gaussian PDF 

Log𝛿̅ 

area 

10ିଵ଼ 

= 
Assuming there is a PBH(～10ଽ𝑀⨀)   
  inside the current Hubble radius 

Logarithm of Gaussian PDF 

Log𝛿̅ 

area 

10ିଵ଼ 

= 

Assuming there is a PBH(～10ଽ𝑀⨀)   
  inside the current Hubble radius 

𝝈𝜹ഥ=0.06 𝛿 
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Logarithm of Gaussian PDF 

Log𝛿̅ 

area 

10ିଵ଼ 

= 
Assuming there is a PBH(～10ଽ𝑀⨀)   
  inside the current Hubble radius 

𝝈𝜹ഥ=0.06 𝜹ഥ𝐜,𝐔𝐂𝐌𝐇= 𝟏𝟎ି𝟑 ≪ 

Perturbations leading to UCMH formation are common.  

Decent fraction of DM particles are contained in UCMHs!  

𝛿 

Log𝜌ఞ(𝑟) 

Log 𝑟 

𝑟ିఈ 

𝑟 

Bringmann, Scott, Akrami, 2012 
Kohri, Nakama, Suyama, in prep. 

Method of calculation 

𝜒𝜒 
𝑊ା𝑊ି 

𝑏𝑏 𝑁ఊ,  𝛾s  𝐵   
𝐵ௐశௐష  

… 

… 

…
 

𝑁ఊ,ௐశௐష  𝛾s  
flux from a UCMH 

branching ratio  
of k-th channel 

# of photons  
per one annihilation 

1 TeV 

earth↔UCMH 

flux from several UCMHs 

NFW profile ↔earth center of  
Milky Way 

radius of  
Milky Way 

E 

U 
Φ 

E 

U U 

U U 

𝐹 ୧ 

k-th mode 
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extra galactic gamma-ray background  

                 (Abdo et al.2010)  

¥begin{equation*} 

B_{¥gamma,b¥bar{b}} 

¥end{equation*} 

Comparison of 𝛾-rays from UCMHs and observation 

𝑟ିఈ 

𝜌ఞ(𝑟) 

𝑚ఞ =1 TeV 

¥begin{align*} 

M_¥mathrm{PBH}= 

10^9M_¥odot 

¥end{align*} 

¥begin{align*} 

¥frac 

{<¥!¥sigma v¥!>_{b¥bar{b}}} 

{ 

{¥scriptstyle 3¥times 10^{-

26}¥mathrm{cm}^3¥mathrm{s}^{-

1}} 

} 

=1 

¥end{align*} 

¥begin{align*} 

¥frac 

{<¥!¥!¥sigma v¥!¥!>_{b¥bar{b}}} 

{{¥scriptstyle 3¥times 10^{-

26}¥mathrm{cm}^3¥mathrm{s}^{-1}}} 

¥ll 1 

¥end{align*} 

E(MeV) 

¥begin{align*} 

¥textcolor 

[rgb]{1,0,0} 

{ 

¥frac 

{<¥!¥!¥sigma v¥!¥!>_{b¥bar{b}}} 

{{¥scriptstyle 3¥times 10^{-26}¥mathrm{cm}^3¥mathrm{s}^{-1}}} 

¥lesssim  

10^{-5} 

} 

¥end{align*} 

 

 

to be consistent with observation. 

Summary 
• Assuming PBHs  (δ～1) explains SMBHs,                             
numerous UCMHs  (δ～𝟏𝟎ି𝟑) should exist. 

 

 
 
 
 

• The scenario of PBHs explaining SMBHs is   
INCOMPATIBLE with DM models in which                       
the cross sections exceed these upper limits. 

Kohri, Nakama, Suyama, in prep. 
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“Newtonian self-gravitating system
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Newtonian self-gravitating system in 
a relativistic void universe model 

Ryusuke Nishikawa 
Osaka City University 

with 
C.-M. Yoo and K. Nakao 

in preparation. 
1/20 

Testing the Copernican Principle 

• Fundamental working hypothesis in modern cosmology 
• Technological developments 

 
2/20 

We are not living in the special position in the universe. 
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A relativistic void universe model 

• Non-Copernican cosmological models 
9 Isotropy (CMB) ֜ isotropic (radial) inhomogeneity 
 

• A relativistic void universe model 
9Horizon-scale void 
9distance-redshift relation (SNIa observations) 
9 acoustic peaks (CMB observations) 

 
 
 
 

 

? 

3/20 
A test of void model by using other observations 

Lemaître-Tolman-Bondi(LTB) spacetimes 

• void model (dust, spherical) э LTB spacetimes 
 

• metric & stress energy tensor 
 
 

 
9 The isometries in LTB are less than those in FLRW 

 
• Radial-Hubble & Transverse-Hubble 

4/20 
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Structure formation in void model 

• A test of void universe model 
9Galaxy distributions 
9Weak lensing 
 

• The symmetry of LTB spacetimes 
֜ Perturbation equations in LTB cannot be reduced to a 
decoupled set of ordinary differential equations. 

 

We apply weak gravitational field approximation for void model. 

5/20 

Weak field approximation for void model 

• void model 
9 relativistic, non-linear 

 
• The gravitational field is weak at small scales 
9   

 
• The Fermi-normal coordinate expansion is applicable 
9Weak field approximation 

6/20 
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Fermi-normal coordinate 

7/20 

Fermi-normal coordinate 

8/20 

local patch ࢘ 
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Fermi-normal coordinate 

9/20 

local patch ࢘ 

The metric in Fermi coordinate 

• The former coordinate 
 
 
 

• Fermi normal coordinate 
 
 

 
ிݔ9 = ݎ) 0 =  (ݎ
9Corrections start from 

 

10/20 
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The density and 3-velocity in Fermi coordinate 

• Synchronous comoving coordinate 
 

 
• Fermi coordinate 

 
 
 
 
 

 
huge void model (LTB spacetime) 
  homogeneous density and anisotropic expansion 

11/20 

Newtonian self-gravitating system in void model 

• a huge void + local perturbations 
 

12/20 

local patch 
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Newtonian system in void model 

• slow motion & weak gravitational field 
 
 

• short wave-length scale 
 
 

• Fixing the gauge 
 

 
• Field equations 

 

13/20 

Derived equations 

• Numerical N-body simulation in void universe model 
14/20 
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Linear density perturbations 

• Fourier transform: 
 

• Linearized equations 
 
 
 
 
 
 

э Linearized equations are reduced to a decoupled set of 
ordinary differential equations. 

 
 
 
 

 
 
 
 

 

15/20 

Linear density perturbations 

• Linearized equations 
 
 
 

 
 
 
֜ Growth factor of the density perturbation 
 

 

16/20 
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a huge void model 

• Density contrast & Hubble functions 

0.0 0.5 1.0 1.5 2.0
0.6

0.7

0.8

0.9

1.0

r

0.0 0.5 1.0 1.5 2.0
1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

r

17/20 

Growth factors ܦା(ݐ, ,ߤ ݎ ) atݎ = 0.6 ܿt[Gpc] 

 
 
 
 
 
 
 
 
 

 
• Anisotropy of growth factor is about 10 %  

0.0 0.2 0.4 0.6 0.8 1.0
1.00

1.02

1.04

1.06

1.08

P

 % 10 

18/20 

preliminary 
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Growth factors ܦା(ݐ, ,ߤ ݎ ) atݎ = 0, 0.4, 0.8, 1.2 ܿt[Gpc] 

•  The speed of growth is an increasing function of the radial 
distance from the center of the void. 

19/20 

preliminary 

Summary 

• By using weak field approximation for void model, 
9Newtonian equations in void universe model 
9 Linearized Newtonian equations are reduced to ordinary 

differential equations. 
 

• Growth factors of the linear density perturbations 
 -dependenceݎ ,dependence-ߤ9

Future work 
• Comparing with observational results on the Redshift Space 

Distortions. 
9 κܲ(ߤ) with κ = 0,2,4 ,  ڮ,6

20/20 FLRW models 
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Thank you for your attention. 

Linearized solutions 

• Rotation 
 
 
 
 
 

Rotation decays as time grows. 
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Structure formation in void model 

23/20 

Small parameters 

• If we focus on the solar system, the orbital speed of the earth 
is about v Ң 30km/s and we ŚĂǀĞ��Ң ϭϬоϰ͘�dŚĞ�ŽƌĚĞƌ�ŽĨ�ƚŚĞ�ʃ�
ŝƐ�ĞƐƚŝŵĂƚĞĚ�ĂƐ�ʃ�с�ϭ�hͬϯ'ƉĐ�Ң 0.2 * ϭϬоϭϰ͕�where we 
assumed the curvature radius is 3Gpc. Thus the solar system is 
ƚŚĞ�ĐĂƐĞ�ŽĨ��> ʃ͘�If we see clusters of galaxies whose velocity 
dispersion is about 1000km/s and spatial scale is about 10Mpc, 
ǁĞ�ŚĂǀĞ��Ң ʃ�Ң 0.3 * ϭϬоϮ͘�/Ĩ�ǁĞ�ĐŽŶƐŝĚĞƌ�ƚŚĞ�ƐĐĂůĞ�ŽĨ�ƚŚĞ���K͕�
the velocity dispersion is about 600km/s and the spatial scale 
is about 100Mpc. Thus we ŚĂǀĞ��Ң 0.2 * ϭϬоϮ�ф�ʃ�Ң 0.3 * ϭϬоϭ͘�
In this section, we derive the field equations that can be 
applied ĨŽƌ�Ăůů�ĐĂƐĞƐ͕�ĂƐ�ůŽŶŐ�ĂƐ��ф�ϭ�ĂŶĚ�ʃ�ф�1 are satisfied. 
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“GW data analysis beyond first detection”

by Naoki Seto (invited)

[JGRG23(2013)110709]
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GW data analysis  
beyond first detection 

Naoki Seto (Kyoto U) 
JGRG 2013 

Hirosaki University 
helped by K. Kyutoku 

“Ambitious”  GW  data  analysis 
This field is evolving very rapidly in various directions 

concentrate on three topics 
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Outline 
• GW detectors in near future 

– projects, timelines, sensitivities 

• 1. Multi-messenger GW astronomy 
– low latency analysis for compact binary coalescence 

• 2. Effects measureable only with high SNR 
– determination of redshift of a binary by its tidal effects  

• 3. Limitation of GW data analysis due to available 
computational power 
– already a fundamental problem for searching unknown pulsar 

• Summary 

GW detectors network in 2020 

4km 
4km 3km 

3km 

Next 3 slides from Kajita-san’s  talk   

4km 

600m 
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schedule to 2020  

~2030 
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Outline 
• GW detectors in near future 

– projects, timelines, sensitivities 

• 1. Multi-messenger GW astronomy 
– low latency analysis for compact binary coalescence 

• 2. Effects measureable only with high SNR 
– determination of redshift of a binary by its tidal effects  

• 3. Limitation of GW data analysis due to available 
computational power 
– already a fundamental problem for searching unknown pulsar 

• Summary 

Multi-messenger GW astronomy 
simultaneous detections of GW and EMW+ signals 

• Supernova 
– complicated burst waveform 

• NS-NS, NS-BH (compact binary coalescence) 
– regular chirp waveform at inspiral phase 

– plausible progenitors of Short GRBs (Hotokezaka) 
• prompt EMW signals of ~O(1 )sec duration around merger 

• rapid GW detection/localization  are crucial 

– generate alert as soon as possible 
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40 

Cannon et al. 2012 

expected NS-NS number detectable  
(SNR≧8 ) with Adv-LIGO 
as a function of time before merger  

total detection rate:40/yr   
10sec before : 10yr-1  

25sec before : 5yr-1 

Signal to noise ratio (SNR) accumulates 
as a function of time 

10sec 

localization 

In reality, we need time for alert generation 

Detection threshold 
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so far, much longer than 1sec 

• Compact binary coalescence 
– data have been analyzed mainly in frequency domain 

• CPU cost, FFT 

• segment length  (e.g. O(102)sec) 

– Source of time delay 

– LIGO-S6  
• trigger generation ( 2-5min   Cannon et al.2012) 

• total latency for alert  ~30min (human validation etc) 

 

We have to reduce the delay time. 

• significant effort has been paid for low latency analysis  
– LIGO,…  KAGRA  (Tagoshi group ) 

• Cannon  et al. 2012 
– using time domain 
– singular value decomposition for template vector 

• templates on nearby grids must be highly correlated 
• save CPU cost 

– down sampling rate @ low frequency 
• for trigger generation 

– latency <0.5sec would be possible 
– (LIGO S6; 2-5min) 
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Outline 
• GW detectors in near future 

– projects, timelines, sensitivities 

• 1. Multi-messenger GW astronomy 
– low latency analysis for compact binary coalescence 

• 2. Effects measureable only with high SNR 
– determination of redshift of a binary by its tidal effects  

• 3. Limitation of GW data analysis due to available 
computational power 
– already a fundamental problem for searching unknown pulsar 

• Summary 

Effects measureable with high SNR 
• GW from NS-NS at late inspiral and merger 

– probe EoS of NSs (Hotokezaka) 
• tidal effects, hypermassive NS  formation,  … 

• point mass approximation(or BH):  simple scaling 
– tidal effect (finite size); destroy the simple scaling 

– important for cosmology (Messenger & Read 12) 

 

 
 

Hotokezaka et al. 2012 
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Arguments by Schutz (1986) 
luminosity distance from GW of chirping binary 

chirping GW waveform for a  point mass binary (in Fourier space)  

dL :luminosity distance  

redshifted chirp mass 

determined from frequency evolution 

additionally using the amplitude A 

But we cannot separate (1+z) and mass information  using phase evolution,  
reflecting the scaling of the system. 
Redshift should be determined by EMW observation (e.g. host galaxy) for dark energy 
study and so on.  
In most case, counterpart search might be difficult ,due to beaming/bad localization 
 

Messenger & Read (2012) 

• GW phase has correction terms due to tidal effects. 
We can solve the degeneracy between redshift and 
mass 

 
 

• redshift can be determined only from GWs 
– Need to estimated tidal Love number (deformation) 

• Calibrate using nearby NS-NS  
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estimation error of redshift with ET 

Messenger & Read 2012 

different EoSs 

PN terms becomes  imporatnt 
Favata 13, Yagi & Yunes 13 
Need  >3.5PN   

Outline 
• GW detectors in near future 

– projects, timelines, sensitivities 

• 1. Multi-messenger GW astronomy 
– low latency analysis for compact binary coalescence 

• 2. Effects measureable only with high SNR 
– determination of redshift of a binary by its tidal effects  

• 3. Limitation of GW data analysis due to available 
computational power 
– already a fundamental problem for searching unknown pulsars 

• Summary 
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GW from unknown pulsars 
• Emitted GWs: relatively simple caused by non-

axisymmetric mass distribution (<O(10-7)) 
– need long term (>1yr) integration to increase SNR 

• no information on frequency and spin-down 
– f, df/dt,  d2f/dt2, .. 

• direction: unknown 
– Observed GW: modulated due to rotation and 

revolution of the Earth 

fitting parameters 

• intrinsic parameters: related to phase (difficult) 
– f, df/dt,  d2f/dt2, .. 

– source direction 

• extrinsic parameters: related to amplitude (easy) 
– inclination 

– overall amplitude (deformation/distance) 

– … 
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number of templates  
for full coherent integration 

(Brady et al. 98) 

f<1000Hz,  
spin-down age> 40yr 
mismatch 0.3 

for example 

•Due to limitation of computational resources, we cannot 
make a long-term coherent integration (e.g. >1yr) 
•use non-coherent (suboptimal) methods for signal detection  

number of templates: increases rapidly with observation time 

larger mismatch smaller mismatch 

what we need to do 

• find the method 

  to get the maximum sensitivity  

  for given computing power 

• find the method 

  to get the minimum computing power 

  for given target sensitivity 

 

Cutler, Gholami & Krishnan 2005 
Brady & Creighton 1998 
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multi-stage stack and slide (Cutler et al. 05) 

• first stage 
– take subset of data of length T1 

– divide  T1 into  segments  of  ΔT1 

– coherent  integration  within  ΔT1 

• on coarse grid points in parameter space 

– Do stack and slide (next slide)  

 Tobs 

T1 

economically select candidate parameters with increasing data length 

ΔT1 

• frequency evolution is 
given by intrinsic 
parameters (slide) 

• simply add powers 
(stack) along the path 
for given intrinsic 
parameters 

• select candidates of 
intrinsic parameters 

• 2nd stage: read more 
data (T2) and repeat 

• finally full coherent 
integration around the 
final candidates 

T1 

f 

T1 

T2 

Cutler, Gholami & Krishnan 2005 

intrinsic parameters 

Stack and slide 

ΔT1 
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a lot of parameters 

• fix  
– false dismissal rate at each stage (final ~0.1) 

– detection threshold amplitude (corresponding to 
SN=39.7 for 1yr full coherent integration) 

• search the optimal (minimize cpu cost) set of 
– number of stages: n  

– each length: Ti  (i=1,n) 

– number of segments in each stage:  Ti/ΔTi 

– maximum mismatch in each stage:  μi  

• used simulating annealing to find minimum 

Cutler, Gholami & Krishnan 2005 

Results  

n=3 is fine 

Cutler et al. 2005 

Technical details 

Cost saturates at n>3 

1yr, f<1000Hz, Spin-down age >40 yr 
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SNRth=39.7 

mismatch 

Optimal parameters for n=3 search  

1 2 3 

1yr, f<1000Hz, Spin-down age >40 yr 

false dismissal rate of ~0.1 
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summary for unknown pulsar search 

• too many templates to make a full coherent 
search 

• must develop suboptimal methods 
• maximize sensitivity for given computing power 

We will have similar problems for detecting GW sources with many cycles. 
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Summary 
• sensitivity to GWs 

– continuously improved in the next 15yrs 

• GW data analysis 
– evolving rapidly in various directions 

• examples 
– low latency data analysis  

– effects measureable with high SNRs 

– how to cope with computational limitations 

• and other interesting issues 
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“Parameter Estimation of Gravitational Wave

 from a Stellar Mass and an Intermediate Mass Black Hole Binary

 Surrounded by a Dark Matter Mini-spike”

by Kazunari Eda

[JGRG23(2013)110710]
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 Parameter Estimation of 

Gravitational Wave from a Stellar 
Mass and an Intermediate Mass 

Black Hole Binary Surrounded by a 
Dark Matter Mini-spike 

Kazunari  Eda 
University of Tokyo, RESCEU 

(RESearch Center for the Early Universe) 

Collaborators :  
Y. Itoh, S. Kuroyanagi, J. Silk  

JGRG23 
7 Nov. 2013 @ Hirosaki University 

Ref. Phys. Rev. Lett. 110, 221101 (2013) 
0 

Motivation 

• Dark Matter (DM) 
– Many reliable evidence for the existence 
– The nature remains unknown 

• Searching for DM 
– Producing new particles by high energy collisions 
– Detecting gamma-rays from DM annihilation 
– …… 

 
 

• We show gravitational waves (GWs) can be a tool 
to search for Dark Matter. 

1 

570



Overview 
• Consider a binary system formed of  a stellar mass 

particle and an intermediate-mass black hole (IMBH) 
surrounded by dark matter (DM) halo.  

• Consider the inspiral GW from the binary 
• How accurately is DM distribution determined by GW 

observations ?  

 
 

IMBH 

orbital cycle 

IMBH IMBH IMBH 

orbital cycle DM halo 

Without DM halo Including DM halo 

GWs 

2 

What is the dark matter mini-spike? 
• We focus on the DM distribution near the IMBH.  

• Intermediate-mass Black Holes (IMBHs)  
– stellar BH < IMBH < SMBH (102 M⦿ < MIMBH < 106 M⦿ ) 

• Adiabatic growth of IMBH creates a high density DM region 

– This region is called a DM mini-spike 
– DM annihilation may be enhanced 

– If this is the case, the DM profile can be investigated  by 
detecting  gamma-rays from the DM mini-spike. 

• We show GWs can probe the DM profile even if the 
DM  particles  don’t  annihilate. 

Gondolo&Silk (1999)  

3 

Zhao&Silk (2005)  
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Profile of DM mini-spike  

This region is called DM mini-spike 

ln ρ 

ln r 

Initial profile ρi(r) 

ln ρ 

ln r 

final profile ρf(r) 

slope:  γ slope:  γ 

slope:  α  =   4-γ 
9-2γ Adiabatic  

growth of  
IMBH 

rsp 

mini-spike 

seed BH IMBH 

• Adiabatic growth of IMBH creates high DM region. 
• DM density profile 

–  ρi(r): initial profile before forming the BH 
–  ρf(r): final profile after forming the BH 

 

4 

2.25≦α≦2.5 

Profile of DM mini-spike 
• DM mini-spike profile 

• If initial DM profile is well-approximated by Navarro-
Frenk-White (NFW) profile.  

ln ρ 

ln r 

Initial profile ρi(r) 

ln ρ 

ln r 

final profile ρf(r) 

slope:  γ slope:  γ 

slope:  α  =   4-γ 
9-2γ Adiabatic  

growth of  
IMBH 

rsp 

mini-spike 

seed BH IMBH 

ln ρ 

ln r 

Initial profile ρi(r) 

ln ρ 

ln r 

final profile ρf(r) 

slope:  γ slope:  γ 

slope:  α  =   4-γ 
9-2γ Adiabatic  

growth of  
IMBH 

rsp 

mini-spike 

seed BH IMBH 

5 
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Profile of DM mini-spike 
• DM mini-spike profile 

• Initial DM profile is well-approximated by Navarro-
Frenk-White (NFW) profile.  

ln ρ 

ln r 

Initial profile ρi(r) 

ln ρ 

ln r 

final profile ρf(r) 

slope:  γ slope:  γ 

slope:  α  =   4-γ 
9-2γ Adiabatic  

growth of  
IMBH 

rsp 

mini-spike 

seed BH IMBH 

ln ρ 

ln r 

Initial profile ρi(r) 

ln ρ 

ln r 

final profile ρf(r) 

slope:  γ slope:  γ 

slope:  α  =   4-γ 
9-2γ Adiabatic  

growth of  
IMBH 

rsp 

mini-spike 

seed BH IMBH 

This is only for adiabatic BH growth. 
The value of alpha strongly depends 

on the BH formation history. 

6 

Situation 
• Consider a binary system formed of  a stellar mass 

particle and an intermediate-mass BH surrounded 
by dark matter (DM) halo.  

• MDM halo～106 M⦿ 

    MIMBH～103M⦿ 

     Mstar～1 M⦿ 

• Assumptions 
– Circular orbit 
– Constant DM density 

 

IMBH IMBH IMBH 

orbital cycle DM halo 

GWs 

7 Zhao&Silk (2005)  
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Effect of DM halo on the particle 
1. Gravitational potential of the central IMBH 
2. Gravitational potential of the DM halo 
3. GW back-reaction force 
4. Dynamical friction  
      from a dense DM halo  

IMBH IMBH IMBH 

orbital cycle DM halo 

GWs 

DM mini-spike 

Equation of motion (EOM) 

can be treated as a perturbation 8 

GW Waveform 
• GW waveform for the Newtonian quasi-circular orbit 
 

ι GWs 

z 

y 
x 

stellar orbit 

¾ orbital radius R 
¾ orbital frequency ωs 

¾ GW  phase  Φ(t) 
¾ stellar  mass  μ 
¾ Inclination  ι 
¾ distance to the source r 

IMBH 

quadrupole formula GW waveform 

9 
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GW Waveform in Fourier space 
• GW Waveform in Fourier space 

• GW Phase 

Two DM parameters 
α : power-law index of DM profile 
cε : the combination of rsp and ρsp 

Mc: charp mass 

10 

GW observation: eLISA 

Amaro-Seoan et al,(2012) arXiv:1201.3621 

• Consider eLISA observation 
- eLISA: space-craft detector 
- Best sensitivity at about f=0.01Hz 
- 5 years observation until the coalescence 

 
 eLISA sensitivity curve 
 

Earth’s  orbit 

Sun 

eLISA 

11 
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Parameter Estimation 

• GW waveform 

• Six  waveform  parameters  θ 
– A: overall amplitude, tc,φc : coalescence time and phase 
– Mc : charp mass 
– α,  cε : dark matter parameters 

 α : power-law index of DM profile, cε : the combination of rsp and ρsp  

• Estimation of the measurements accuracies 

12 

Results: Errors of DM parameters 
• Errors  of  two  DM  parameters  α,  cε 

– For  larger  α,  DM  parameters  are  determined  more  accurately 
– α↑ ⇒ MDM(<r) ↑  ⇒ the effect of the DM on the star ↑ 
– For  initially  NFW  profile,    α=7/3 
– DM parameters can be measurable with very good accuracy! 

Δα/α vs α  for  S/N=10 Δcε/cε vs α  for  S/N  =10 

Initially NFW Initially NFW 

13 
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Case for the initially NFW profile 
• In  the  case  of  initially  NFW  profile,  α  =  7/3 
• Errors of waveform parameters are as follows: 

 

Ph
as

e 
pa

ra
m

et
er

s 

Phase parameters are measurable  
with very good accuracy. 

Why? 

GW Phase are strongly related to S/N. 

For inspiral GWs, 

signal-to-noise ratio 14 

the number of orbital cycles 

1. DM parameters can be determined very accurately by 
GW observations. 

2. Observation of GWs from IMBHs will be a new 
    tool to probe the DM distribution near the IMBH. 
3. This may offer hints on the formation history of BHs.  

 
 

Summary 
• We consider the binary composed of a stellar mass object 

and an IMBH surrounded by DM mini-spike. 
• We research on how accurately the DM parameters 

contained in the GW waveform are measurable. 

 

Thank you !! 15 
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“The Hilbert-Huang transform in search

 for gravitational-wave bursts”

by Masato Kaneyama

[JGRG23(2013)110711]
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The Hilbert-Huang Transform  
in search for  

gravitational-wave bursts 

Masato Kaneyama 
Niigata University 

 
in collaboration with  

K. Oohara, Y. Hiranuma, T. Wakamatsu (Niigata Univ.)  
H. Takahashi (Nagaoka Univ. of  Tech.)  

and Jordan B. Camp (NASA GSFC)  

2 

Introduction 

N. E. Huang et al. (1996) 

・ an empirical mode decomposition (EMD) 

‣ The Hilbert-Huang transform (HHT) 

・ the Hilbert spectrum analysis (HSA) 

・ It has been applied to various fields: 
       biomedical engineering, financial engineering,  

       image processing, seismic studies, ocean engineering 

・ a novel, adaptive approach to time series analysis 
     that does not make assumptions about the data form.  

   ⇒ non-linear and non-stationary time series data 
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Waveform reconstruction 

3 

‣ GW bursts from core collapse  
                          and core bounce of  rotating stars 

・ The waveform is unknown but strongly  
   reflected in the physical parameters 
   (mass of  the progenitor model,  
     precollapse rotation, EoS). 

‣ We investigated the reconstruction of   
                                       GW burst signals with the HHT. 

H. Dimmelmeier et al. (2008) 

C. Rover et al. (2009) 

S20a1o05_shen 

S20a3o15_shen 

S20a2o09_shen 

t - tb [s] 

・ non-stationary and short-duration signals 

Why the HHT? 

4 

‣ The HHT is not limited by the time-frequency  
                                                       uncertainty principle. 

・ Traditional time-frequency analysis of  GWs:  
       the short-time Fourier transform 
       the wavelet transform  

the uncertainty principle 

𝜎௧  𝜎   ≥    ଵ
ସగ

  

‣ time-varying amplitudes (or powers)  
                       and frequencies in the time domain 
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5 

Hilbert spectrum analysis 

𝑣 𝑡 =
1
𝜋
𝑃 න

𝑢(𝑡ᇱ)
𝑡 − 𝑡′

ஶ

ିஶ

𝑑𝑡′ 

𝐺 𝑡 = 𝑢 𝑡 + 𝑖𝑣 𝑡 = 𝑎 𝑡 𝑒ఏ ௧  𝜃 𝑡 = tanିଵ
𝑣 𝑡
𝑢 𝑡

 

‣ Hilbert transform 

: the Cauchy  
      principal value 

𝑃 

𝑎 𝑡 = 𝑢 𝑡 ଶ + 𝑣 𝑡 ଶ 

・ Instantaneous amplitude (IA) 

𝑓 𝑡 =
1
2𝜋

𝑑𝜃 𝑡
𝑑𝑡

 

・ Instantaneous frequency (IF) 

𝑢 𝑡  ・ If           is a real part on the real axis of   
                                          a holomorphic function 𝐺 𝑡  

6 

Hilbert spectrum analysis 

𝑓, 𝛼, 𝛽 : const. 
‣ Consider  𝑢 𝑡 = αcos   2𝜋𝑓𝑡 + 𝛽 

𝑣 𝑡 = 𝛼sin 2𝜋𝑓𝑡  

𝑎 𝑡 = 𝛼ଶ + 𝛽ଶ + 2𝛼𝛽cos   2𝜋𝑓𝑡  IA: 

IF: 𝑓 𝑡 = 𝑓 1 −
𝛽ଶ + 2𝛼𝛽cos   2𝜋𝑓𝑡

𝑎 𝑡 ଶ  
⇒      must be  

           equal to zero. 

𝛽 

(1) difference between number of  zero crossings   

                                                and extreme value is 0 or ±1 

(2) the mean value of  the upper and lower envelopes  

            defined by the local maxima and minima = 0 

‣ two conditions to obtain a meaningful IA and IF 

When the data satisfy the above conditions,  
          we call the data intrinsic mode function (IMF). 
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7 

Empirical mode decomposition 

・ the original data 𝑠 𝑡  

‣ To obtain the IMFs from the data,  
      we perform the empirical mode decomposition.  

8 

Empirical mode decomposition 

・ Find the local maxima and minima. 
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Empirical mode decomposition 

・ Interpolate the maxima and minima using cubic  
   splines to obtain the upper and lower envelopes,  
                                                                    respectively. 

10 

Empirical mode decomposition 

・ Calculate the local mean of  upper   
                      and lower envelopes curve           . 𝑚 𝑡  
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Empirical mode decomposition 

・ Calculate the local mean of  upper   
                      and lower envelopes curve           . 𝑚 𝑡  

12 

Empirical mode decomposition 

・ Subtract the mean            from  
                                    the original data. 

𝑚 𝑡  
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13 

Empirical mode decomposition 

・ Until a certain stoppage criterion is satisfied,  
                               iterate this procedure. 

∑ |𝑚 𝑡 |
∑ |𝑠 𝑡 |

< 𝜀 

𝜀 : a predetermined  
value 

the stoppage criterion 

14 

Empirical mode decomposition 

・ If  the stoppage criterion is satisfied,  
                 define the data as IMF1           . 𝑐ଵ 𝑡  
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15 

Empirical mode decomposition 

・ If  the stoppage criterion is satisfied,  
     subtract IMF1 from the original data. 

16 

Empirical mode decomposition 

・ Apply the sifting process on the data  
   to obtain IMF2            . 𝑐ଶ 𝑡  
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17 

Empirical mode decomposition 

・ Apply the sifting process on the data  
   to obtain IMF2            . 𝑐ଶ 𝑡  

18 

Empirical mode decomposition 

・ Apply the sifting process on the data  
   to obtain IMF2            . 𝑐ଶ 𝑡  
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19 

Empirical mode decomposition 

・ In a similar way, obtain IMF3           … 𝑐ଷ 𝑡  

20 

Empirical mode decomposition 

the original 
 data 

IMF1 

IMF2 

IMF3 

residual 

𝑠 𝑡 =𝑐 𝑡 + 𝑟(𝑡)


 

・ Finally, the original data is decomposed 
      some IMFs                            and a residual          . 𝑟 𝑡  𝑐ଵ 𝑡 , 𝑐ଶ 𝑡 … 
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Ensemble EMD 

N. E. Huang et al. (08) 

・ a single IMF consists of  signals of  widely disparate scale 

‣ When we use the EMD, mode mixing often occurs. 

‣ We use a ensemble EMD (EEMD) for minimize  
                                                                  the mode mixing. 

(1) Add white noise to the original data. 

・ signals of  a similar scale reside in different IMF components 

(2) Perform EMD on each data with different noise. 

(3) For each IMF, take ensemble mean among  
                                              the data as the final answer. 

22 

Setup for simulation 

‣ Noise n(t): AdvLIGO 

‣ Signal h(t): GW bursts from core collapse  
                                            and core bounce of  rotating stars 

H. Dimmelmeier et al. (2008) 

・ Sampling frequency = 8192 Hz 

・ Noise frequency range: 20 Hz – 4096 Hz 

‣ s(t) = n(t) + h(t) 

・ distance = 10 kpc 

・ Angular sensitivity of  the detector is simply treated  
   as the angular efficiency factor F = 0.4 . 
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Waveform of IMFs 

signal 

signal + Noise 

IMF1 

IMF2 

t - tb [s] 

IMF5 

IMF3 

IMF4 

IMF6 

t - tb [s] 

Model: s20a2o13_shen 

24 

Summation of IMFs 
‣ To obtain a reconstructed GW,  
                                  we sum IMFs including the signal. 

・ After the EMD 

IMF i : 𝑐 𝑡 = ℎ 𝑡 + 𝑛(𝑡) 

𝑛 𝑡 :  𝑋~𝑁 0, 𝜎ଶ  

・ assume: Noise of  IMFs is stationary  
                                                      and Normal distribution. 

ℎ 𝑡 =ℎ 𝑡

ெ

ୀଵ

 

𝑛 𝑡 =𝑛 𝑡

ெ

ୀଵ

 
𝑠 𝑡 =𝑐 𝑡 + 𝑟(𝑡)

ெ

ୀଵ

 

𝑐 𝑡   ≥ 4𝜎 ・ If                        , this IMFs include the signal and   
   we sum those IMFs to get the reconstructed signal. 
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Possibility of wave reconstruction 
‣ We performed the EEMD for 100 samples  
           and the reconstructed signal of  each samples. 

・ We get the reconstructed signal,  
          when it is obtained by summing appropriate IMFs. 

t - tb [s] 

mean of  the reconstructed signal 
the injected signal 

2σ 
1σ 

26 

Statistics of IMFs 

𝑛 𝑡 :  𝑋~𝑁 0, 𝜎ଶ  

・ assume: Noise of  IMFs is stationary  
                                                      and Normal distribution. 

𝑐 𝑡 :   𝑌~𝑁 𝜇, 𝜎ଶ = 𝜇 + 𝑁 0, 𝜎ଶ  

𝑐 𝑡 :


  𝑊~𝑁 𝜇′, 𝜎′ଶ   = 𝜇′ + 𝑁 0, 𝜎′ଶ    

𝜇′ =𝜇


 

𝜎′ଶ =cov 𝑋, 𝑋
,

 

・ Summation of  IMFs is the reconstructed signal  
                                                       including residual noise. 
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Reconstructed signal 

the reconstructed signal 
the injected signal 

CL = 90% 

t - tb [s] 

𝑐 𝑡 :


  𝑊~𝑁 𝜇′, 𝜎′ଶ   = 𝜇′ + 𝑁 0, 𝜎′ଶ    

28 

Summary 

・ We investigated the reconstruction of   
                                                      GW bursts with the HHT. 

・ The reconstruction of  GW bursts is 
            one of  the important issue in the GW astronomy. 

・ We obtained the reconstructed signal with CL = 90%. 

・ The HHT is the adequate technique  
                                       for reconstruction of  waveform. 
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“Possible roles of PBH evaporation in cosmology

 and detection of its gravitational waves”

by Tomohiro Fujita

[JGRG23(2013)110712]
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Possible roles of 
PBH evaporat ion &
detect ion of it s GW

2013/11/07
JGRG Hirosaki Univ.
Kavli IPMU/Tokyo Univ.
Tomohiro Fujita

Based on
T.F., K.Harigaya & M.Kawasaki
[arXiv:1306.6437];
T.F., K. Harigaya, M.Kawasaki
& R. Matuda [in prep].

Plan of Talk 21

PBH evaporat ion
is interest ing
both theoret ically
and observat ionally
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Introduction 31

PBH?

1

Int roduct ion
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Introduction 51

CMB

Introduction 61

We know large scale pert .

𝜌 𝑥

𝑥
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Introduction 71

But  small scale is unknown

𝜌 𝑥

𝑥

Introduction 81

high densit y regions may exist .

𝜌 𝑥

𝑥

ex) Blue running inflation, Preheating, 
Sudden pressure reduction, bubble collision, etc...
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Introduction 91

These regions collapse
and form black holes.

Gravity Gravity

& Novikov(1966), Howking(1971), Carr(1975),
Nadezhin et al.(1978), Musco & Miller(2012),
Harada, Yoo & Kohri (2013), Nakama et al.(2013)

Introduction 101

These regions collapse
and form black holes.

& Novikov(1966), Howking(1971), Carr(1975),
Nadezhin et al.(1978), Musco & Miller(2012),
Harada, Yoo & Kohri (2013), Nakama et al.(2013)
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Introduction 111

Primordial Black Hole
(PBH)

Introduction 121

PBHs lose their mass
by Hawking radiat ion

Howking(1975), Page(1976)
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Introduction 131

If   𝒎𝑩𝑯 < 𝟏𝟎𝟏𝟓g,
t hey evaporate!

Howking(1975), Page(1976)

Introduction 141

Interest ing!
But  is it  relevant
to cosmology?
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Introduction 151

Can PBH evaporat ion
play a role

in the early universe?
Q

Introduction 161

Yes! PBH Evaporat ion
can cont ribute toA
• Generat ion of 𝜻𝑪𝑴𝑩
• Baryogenesis

• DM Product ion
In progress
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Basic Idea 173

Inflation

Radiation dominant

Matter dominant

DE dominantΛ

Set  up

183 Set  up

Inflation

RD

MD

DEDΛ
DEDΛ

RD

MD

Inflat ion

PBH forms

RD again

PBH EvapPBH domi
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193 Set  up

Inflation

RD

MD

DEDΛ
DEDΛ

RD

MD

Inflat ion

PBH forms

RD again

PBH EvapPBH domi
PBHs dominate

the universe
before evaporat ion

203 Set  up

Not  so st ringent  condit ion

𝒕

𝝆
Rad

PBH

𝝆𝐫𝐚𝐝 ∝ 𝒂ି𝟒

𝝆𝐏𝐁𝐇 ∝ 𝒂ି𝟑
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213 Set  up

Not  so st ringent  condit ion

𝒕

𝝆
Rad 𝝆𝐫𝐚𝐝 ∝ 𝒂ି𝟒

𝝆𝐏𝐁𝐇 ∝ 𝒂ି𝟑
𝛽 PBH

𝛽 > 10ି
1g

𝑀ୌ

223 Set  up

Not  so st ringent  condit ion

𝒕

𝝆
Rad 𝝆𝐫𝐚𝐝 ∝ 𝒂ି𝟒

𝝆𝐏𝐁𝐇 ∝ 𝒂ି𝟑
𝛽 PBH

𝛽 > 10ି
1g

𝑀ୌ

PBHs once dominate
the universe
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2

Generat ion of 𝜻𝑪𝑴𝑩

Generation of 𝜁ெ
243

𝜙୧୬
• 𝑁୧୬ > 60

• 𝜁ெ

Single slow-roll inf lat ion

Not  so easy
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Generation of 𝜁ெ
253

𝜙୧୬ 𝑁୧୬ > 60

Curvaton like scenario

• Curvaton

• Modulated Reheating

• Inhomogeneous end of inf. 𝜁ெ
• PBH

Introduction 261

How does PBH 
model work?
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Introduction 271

Hawking rad. ≃ Black body

Howking(1975)

Characterized by 𝑻𝐁𝐇

Generation of 𝜁ெ
283 PBH Property

1 𝑻𝐁𝐇 ∝ 𝑴𝐁𝐇
−𝟏

Only part icles with
𝒎 < 𝑻𝐁𝐇

are emitted.

𝒕

2

𝑻𝐁𝐇 𝒕

𝒎𝝍

PBH begins
to emit   𝝍

Mass loss is
acceleratedMass loss rate

depends on DOF
�̇�𝐁𝐇 ∝ 𝒈

607



Generation of 𝜁ெ
293 Mechanism 1

𝒕

𝑻𝐁𝐇 𝒕

𝒎𝝍

• Introduce 𝝓 &𝝍

inflat ion𝜹𝝓

• Higgs mechanism
𝒎𝝍 = 𝒚𝝓

𝜹𝒎𝝍 = 𝒚𝜹𝝓

𝒎𝝍 + 𝜹𝒎𝝍

𝜹𝝉𝐏𝐁𝐇

Generation of 𝜁ெ
303 Mechanism 2

𝜹𝝓 Inflat ion perturbes𝜙

𝜹𝒎𝝍 Higgs mech: 𝑚ట = 𝑦𝜙

𝜹𝝉𝐏𝐁𝐇
𝑚ట triggers the 
accelerat ion of mass loss

𝜹𝑵 Modulated 2nd Reheating
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Generation of 𝜁ெ
313 Result

𝓟𝜻
𝟏/𝟐 ≈ 𝟏𝟎ି𝟓 𝒚

𝟎.𝟑
𝒈𝝍
𝟏

𝑯𝐢𝐧𝐟
𝒎𝝍

𝟒

Generation of 𝜁ெ
323 Result

𝓟𝜻
𝟏/𝟐 ≈ 𝟏𝟎ି𝟓 𝒚

𝟎.𝟑
𝒈𝝍
𝟏

𝑯𝐢𝐧𝐟
𝒎𝝍

𝟒

𝑚ట ≃ 𝐻୧୬

Fine tuning??☓
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Generation of 𝜁ெ
333 Result

𝓟𝜻
𝟏/𝟐 ≈ 𝟏𝟎ି𝟓 𝒚

𝟎.𝟑
𝒈𝝍
𝟏

𝑯𝐢𝐧𝐟
𝒎𝝍

𝟒

𝑚ట ≃ 𝐻୧୬

If 𝜙 gives many 𝜓s masses,
one 𝜓 may have 𝑚ట ≃ 𝐻୧୬

Generation of 𝜁ெ
343 Sales point

Unknown Sector known Sector

• inf laton

• curvaton

• photon

• baryon

Coupling
necessary

PBH
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353 Quick Summary

PBH format ion
Higgs mechanims

PBH 𝜻 Generat ion

2 Fairytales

It  sounds
like a
Fairytale.

611



2 Fairytales

It  sounds
like a
Fairytale.

Consider
Observat ion

3

GW detect ion

612



Introduction 391

Detect  GW!!

How to observe PBH evaporat ion?

Graviton
©Yuki

Introduction 401 Frequency of GW

𝑘ୌ ∼ 𝑇ୌ redshift
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Introduction 411 Frequency of GW

𝑘ୌ ∼ 𝑇ୌ
𝑇୬୭୵
𝑇 ୴ୟ୮

Introduction 421 Frequency of GW

𝑘ୌ ∼ 𝑇ୌ
𝑇୬୭୵
𝑇 ୴ୟ୮

𝑀ୌ
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Introduction 431 Frequency of GW

𝑘ୌ ∼ 𝑇ୌ
𝑇୬୭୵
𝑇 ୴ୟ୮

𝑀ୌ

𝑘େ

Introduction 441 Frequency of GW

𝑘ୌ ∼ 𝑇ୌ
𝑇୬୭୵
𝑇 ୴ୟ୮

𝑀ୌ

𝑘େ

∼ 10ଷ𝑘େ
ெುಳಹ
ଵ

భ
మ
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[Hz]

GW detection 454

Frequency[Hz]

Detectabilit y

1

10ିହ

10ିଵ

10ିଵହ

10ିଶ

𝛀𝐆𝐖

110ିହ10ିଵ10ିଵହ 10ହ 10ଵ 10ଵହ

Planck

SKA KAGRA
LISA

DECIGO

PBH

[Anantua et al.(2009); Dolgov&Ejlli(2011)]

Ωୋ ≲ 10ି

𝑘୫ୟ୶~10ଵଷM
ଵ/ଶ[Hz]

[Hz]

GW detection 464

Frequency[Hz]

Detectabilit y

1

10ିହ

10ିଵ

10ିଵହ

10ିଶ

𝛀𝐆𝐖

110ିହ10ିଵ10ିଵହ 10ହ 10ଵ 10ଵହ

Planck

SKA KAGRA
LISA

DECIGO

PBH

[Anantua et al.(2009); Dolgov&Ejlli(2011)]

Ωୋ ≲ 10ି

𝑘୫ୟ୶~10ଵଷM
ଵ/ଶ[Hz]

PBH GW is not
detectable by

interferometers
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GW detection 474 G-effect  detector

Graviton

Magnet ic
f ield

Photon
Invisible

Visible

GW detection 484

[Gertenshtein(1966)]

𝛻 × 𝑩 = �̇�

Gertenshtein-effect

+𝑖𝑘𝐵௦ 𝒉𝑒 ௭ିఠ௧

induces

With GW        and Stat ic MF 
Maxwell eq. has a source term.
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GW detection 494 Sensit ivit y of  G-ef fect  detector

M Cruise made a prototype
[AM Cruise(2006)]

GW detection 504 Sensit ivit y of  G-ef fect  detector

618



GW detection 514 Sensit ivit y of  G-ef fect  detector

PBH GW is possibly
detectable by

G-effect  detector.

4

Summary
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Plan of Talk 531

PBH evaporat ion
is interest ing
both theoret ically
and observat ionally

Summary 545

PBH evaporat ion can play big roles
in very early universe.

HFGW from PBH evaporat ion may be
detectable in the future by

1

2

PBH can generate 𝜻𝐂𝐌𝐁

G-effect  detector
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Thank you！

Fin

𝑀ு,

𝑀

𝑚

M୪

Our Figure3

X particle
Thermalize

𝑚 ≥ 𝑇୰ୣ୦ Sphalelon
does not w

ork

Reheating Tem
p Upper lim

it

10ିସ

10ିଷ

𝜖 > 1
10ିଵ

10ିଶ

Allowed
Region
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GW detection 574

G-effect  detector
Convert GW into EM wave by strong MF
and detect EM wave.

Sensit ive to high frequency GW!

Prototype was already
made in Birmingham univ.

Sensitivity is insufficient
but several ideas for 
Improvement are proposed.

GW detection 584 G-effect  detector

No sensit ivit y curve yet ...
Amplitude of ~ℎ𝑘 𝐵௦𝐿

[LP Grischuk(2003); Fangyu Li et al.(2008); Fangyu Li et al.(2009); J Lin et al.(2009); AM Cruise(2012)]
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GW detection 594 G-effect  detector

No sensit ivit y curve yet ...
Amplitude of ~ℎ𝑘 𝐵௦𝐿

Strength & Length of Stat ic MF

St rong & Long MF
improves sensit ivit y

[LP Grischuk(2003); Fangyu Li et al.(2008); Fangyu Li et al.(2009); J Lin et al.(2009); AM Cruise(2012)]
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“Estimation of gravitational wave spectrum

 from cosmic domain walls”

by Ken'ichi Saikawa

[JGRG23(2013)110713]
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Estimation of gravitational 
wave spectrum from cosmic 

domain walls

Ken’ichi Saikawa
Tokyo Institute of Technology

Collaborate with T. Hiramatsu (YITP) and M. Kawasaki (ICRR)

November 7, 2013, JGRG23 (Hirosaki U.) 1/15

Based on:
T. Hiramatsu, M. Kawasaki, KS, hep-ph/1309.5001. (submitted to JCAP)

Abstract

• 3D Numerical simulation of domain walls

• Estimate spectrum of gravitational waves

• Update & correct the results of         
previous studies with larger simulation box 

T. Hiramatsu, M. Kawasaki, KS, JCAP05(2010)032
M. Kawasaki, KS, JCAP09(2011)008

2/15
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Domain wall

3/15

Example: Z2 → I

Width of wall :

Surface energy density :

field space real space

+ vacuum- vacuum

domain wall

• Scaling solution

• One wall per one Hubble radius

• Energy density

• Come to overclose the universe (DW problem)

• One way to avoid the problem:                 
consider the unstable domain walls

decays slower than                    and                                     

Domain wall problem

4/15

: distance between two neighboring walls

Press, Ryden, Spergel, ApJ 347, 590 (1989)

Zel’dovich, Kobzarev, Okun, JETP 40, 1 (1975)
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Collapse of domain walls

Act as the volume pressure

Annihilation occurs when

: curvature radius
: tension of walls

Decay time

5/15

Approximate discrete symmetry (bias) Vilenkin, PRD23, 852 (1981)

Gravitational waves from domain walls

• Continuously produced during the scaling regime 
→ It terminates at 

• Magnitude of gravitational waves

• Quadrupole formula

• Energy density

6/15

: Power [energy / time]

During the scaling regime

627



Previous studies

• Numerical simulations of classical scalar field on 
the lattice

• Lattice points were small (N3 = 2563)                 
= dynamical range was short

• Affected by initial condition ?

• Parameter dependence was not thoroughly investigated               
(width of the wall              was fixed) 

• Some errors in the numerical code

• This study :                                                  
Correct and clarify these ambiguities by performing 
simulations with larger grids (N3 = 10243)

7/15

Hiramatsu, Kawasaki, KS, JCAP05(2010)032
Kawasaki, KS, JCAP09(2011)008

• Discretize the spatial coordinate

• Solve the classical EOM for real scalar     on 3D lattice             

• With small Gaussian fluctuations as initial conditions

Numerical simulation

8/15
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9/15

Spectrum of gravitational waves

10/15

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

S k
 / 

(S
k)

pe
ak

physical wavenumber  k / a

N = 1024, h = 0.03

o = 20
o = 30
o = 40
o = 50
o = 60
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Spectrum (   dependence)

11/15

10-3

10-2

10-1

100

101

10-3 10-2 10-1 100

S k
 / 

(S
k)

pe
ak

physical wavenumber  k / a

N = 1024, h = 0.03
N = 1024, h = 0.01

N = 1024, h = 0.003

• Fall off at                                      (wall width)

•        in the intermediate scales

Magnitude of gravitational waves

12/15

10-5

10-4

10-3

10-2

10-1

100

101

102

 2  4  6  10  20  40  60

( d
¡ g

w
 / 

dl
nk

 ) p
ea

k

conformal time o (in the unit of d-1)

N = 512, h = 0.03
N = 512, h = 0.01
N = 512, h = 0.003
N = 1024, h = 0.03
N = 1024, h = 0.01
N = 1024, h = 0.003

c.f.

during the scaling regime
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• Assume that the production of gravitational waves 
terminated at

• Peak amplitude

• Peak frequency

• Depend on three theoretical parameters

Estimation of the present density

13/15

: relativistic degrees of freedom at 

14/15

10-18

10-16

10-14

10-12

10-10

10-8

10-6

10-4

10-4 10-2 100 102 104

1
gw

h2

f [Hz]

Adv. LIGO (corr.)
ET (corr.)

LISA
Ult. DECIGO
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Summary

• Computed gravitational waves from domain 
walls based on the lattice simulations with 
improved dynamical ranges

• Peaks at                  , and falls off at

• Behaves as           between           and

• Signals can be proved in the future 
gravitational wave interferometers

15/15
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“Axion Bosenova and Gravitational Waves”

by Hirotaka Yoshino

[JGRG23(2013)110714]
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Hirotaka Yoshino

JGRG23 @ Hirosaki University
 !November 7th, 2013"

Hideo Kodama
!KEK"

PTP128, 153 (2012) [arXiv:1203.5070[gr-qc]]

& Preliminary Results

Axion Bosenova
and

Gravitational Waves

Contents

Introduction

Axion Bosenova

Summary

Gravitational Waves in Preparation

PTP128, 153 (2012) [arXiv:1203.5070[gr-qc]]
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Introduction

Very interesting era of GR

One of the interesting possibilities is to find new physics 
beyond GR!
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CMB 
Polarization

10-33 4 ! 10-28

Axion Mass in eV

108

Inflated 
Away

Decays

3 ! 10-10

QCD axion
2 ! 10-20

3 ! 10-18

Anthropically Constrained
Matter

Power Spectrum
Black Hole Super-radiance

Can we find a signal of string theory?
Arvanitaki, Dimopoulos, Dubvosky, Kaloper, March#Russel, 

PRD81 !2010", 123530.

In string theory, many moduli appear when the extra dimensions get 
compactified.

Maybe Yes, if there are String Axions with very tiny mass

Some of them !10#100" are expected to behave like scalar fields with 
very tiny mass, which are called string axions.

AXIVERSE SCENARIO

What happens if axion field exist around a rotating black hole?

Axion field extract the rotation energy of the BH 
and forms an axion cloud.

 0.14

 0.15

 0.16

 0.17

 0.18

 0.19

 0.2

 0.21

 0.22

-100 -50  0  50  100

V

r
*
/M

!
2

V

I II III IV

� < �Hm negative energy falls into the BH Superradiant instability

⇥2�� µ2� =0
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Growth rate

Dolan, PRD76 !2007", 084001.

 1e-11

 1e-10

 1e-09

 1e-08

 1e-07

 1e-06

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

Im
(!

 /
 !

)

M !

l = 1, m = 1

l = 2, m = 2

l = 3, m = 3

a = 0.999
a = 0.99
a = 0.95

a = 0.9
a = 0.8
a = 0.7

l = m = 1 Mµ = 0.4

Growth rate 
!continued fraction method"

Time evolution

r�

�

M = M�
�IM � 10�7 ⇥ � 1 min.
�IM � 10�12 ⇥ � 1 day

Typical time scale:

Accretion

Rotating Black Hole

Super-Radiant Modes

Decaying Modes

Gravitons

BH#axion system

Arvanitaki and Dubovsky

!1" Nonlinear Self#Interaction !Bosenova"

!2" GW emission
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Accretion

Rotating Black Hole

Super-Radiant Modes

Decaying Modes

Gravitons

BH#axion system

Arvanitaki and Dubovsky

!1" Nonlinear Self#Interaction !Bosenova"

!2" GW emission

V = f2
aµ2[1� cos(�/fa)]

� � �
fa

⇥2�� µ2 sin� = 0

Accretion

Rotating Black Hole

Super-Radiant Modes

Decaying Modes

Gravitons

BH#axion system

Arvanitaki and Dubovsky

!1" Nonlinear Self#Interaction !Bosenova"

!2" GW emission

V = f2
aµ2[1� cos(�/fa)]

� � �
fa

⇥2�� µ2 sin� = 0

We want to clarify what happens when the 
nonlinear self#interaction becomes important 
at the last stage of the superradiant instability.

We perform a 3D simulation of a Sine#Gordon 
field in a Kerr background. 
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Bosenova in condensed matter physics
http://spot.colorado.edu/~cwieman/Bosenova.html

BEC state of Rb85（interaction can be controlled）
Switch from repulsive interaction to attractive interaction

Wieman et al., Nature 412 !2001", 295

Axion Bosenova
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Setup

Setup of a typical simulation !l = m = 2"

Equation ⇥2�� µ2 sin� = 0

The bound state of the Klein#Gordon field of the l = m = 2 mode.

Initial amplitude = 1.2

Initial condition:

a/M = 0.99, Mµ = 0.89

 1e-11

 1e-10

 1e-09

 1e-08

 1e-07

 1e-06

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

Im
(!

 /
 !

)

M !

l = 1, m = 1

l = 2, m = 2

l = 3, m = 3

a = 0.999
a = 0.99
a = 0.95

a = 0.9
a = 0.8
a = 0.7

!Equatorial plane"

r cos �

r sin�

Axion field on the equatorial plane

Typical simulation !l=m=2"

�200 ⇥ r�/M ⇥ 200

(� = 0)

�

(� = ⇥/2)

!Equatorial plane"

r cos �

r sin�
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Summary of the typical simulation !l = m = 2"

When the peak value is su$ciently large, fairly large amount of 
axion cloud !20% of total energy" suddenly falls into the black hole 
in a relatively short time scale.

This “bosenova implosion” occurs when 
                                               .E ⇥ 1450� (fa/Mp)2M

-20

 0
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-200 -100  0  100  200  300

d
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r
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r
*
/M

t=0

t=500

t=1000

Gravitational Waves
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Accretion

Rotating Black Hole

Super-Radiant Modes

Decaying Modes

Gravitons

Motivation for studying GWs

dEa

dt
� Ea

dEGW

dt
� E2

a

Does the GW emission stop the growth of axion cloud by 
the superradiant instability?

If the bosenova happens, can we observe the signal by 
GW detectors? 

What kind of signal can be expected?

Perturbation of Kerr spacetime !during bosenova"

Steps of our research

Flat approximation

Perturbation of Kerr spacetime

Does the axion cloud grow until bosenova?
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Perturbation of Kerr spacetime !during bosenova"

Steps of our research

Flat approximation

Perturbation of Kerr spacetime

Does the axion cloud grow until bosenova?

Perturbation of Kerr spacetime !during bosenova"

Steps of our research

Flat approximation

Perturbation of Kerr spacetime

Does the axion cloud grow until bosenova?
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Mµ� 1

� = ⇥
�
�
⇤

2Ea

⇤
(2k)3/2

⇤
(n� ⌅� 1)!
2n(n + ⌅)!

e�i�te�kr(2kr)⇥L2⇥+1
n�⇥�1(2kr)Y⇥m(�, ⇥)

⇥

k :=
�

µ2 � �2 ⇥ Mµ2

n

Ignore the nonlinear self#interaction

Axion Compton wavelength        BH radius

!Axion cloud distributes in a distant region"

We calculate
Axion Cloud by Newton Gravity

GWs by Perturbation of a Flat Spacetime

Flat approximation

�

Axion cloud grows!

Energy loss by GW emission

Energy extraction rate Detweiler !1970"
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Perturbation of Kerr spacetime !during bosenova"

Steps of our research

Flat approximation

Perturbation of Kerr spacetime

Does the axion cloud grow until bosenova?

GW energy flux in a Kerr background !1"

The formula for evaluating the amplitude
⇤

�D

�
h�ab⇤c⇥

ab � ⇥ab⇤ch
�
ab

⇥
ncd� = �16�G

⇤

D
h�abT

ab⇥�gd4x

Rate of GW energy emission/absorption

dE(out)
GW

dt
� �̃2

���⇥h(out)
�⇥ , T�⇥⇤

���

dE(in)
GW

dt
⇥ (�̃ �m�H)�̃

���⇤h(down)
�⇥ , T�⇥⌅

���

Homogeneous solution
Physical perturbation
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GW energy flux in a Kerr background !2"

Homogeneous solution

Radial Teukolsky equation

K = (r2 + a2)� � am and � = sAlm + a2⇥2 � 2am⇥

��s d

dr

�
�s+1 dR

dr

⇥
+
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�
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Teukolsky equation
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GW energy flux in a Kerr background !3"

Several studies on reconstruction of the metric

Chrzanowski, PRD11 !1975", 2042.

hµ�(l̃m̃⌥̃P ) = ⌃⇥�4 {�nµn�(⌅ � 3�⇥ � ⇥ + 5⇧⇥)(⌅ � 4�⇥ + ⇧⇥)�mµm�(� + 5µ⇥ � 3⇤⇥ + ⇤)(� + µ⇥ � 4⇤⇥)

+n(µm� [(⌅ + 5⇧� + ⇥ � 3�� + ⌃)(� + µ� � 4⇤�) + (� + 5µ� � µ� 3⇤� � ⇤)(⌅ � 4�� + ⇧�)]
�

+2Rl̃m̃�̃(r)�2Sl̃m̃�̃(�, ⇥)e�i�̃t

+P⌃�4
�
�nµn�(⌅⇥ � 3�� ⇥⇥ + 5⇧)(⌅⇥ � 4� + ⇧)�m⇥

µm⇥
�(� + 5µ� 3⇤ + ⇤⇥)(� + µ� 4⇤)

+n(µm�
� [(⌅ + 5⇧ + ⇥� � 3� + ⌃�)(� + µ� 4⇤) + (� + 5µ� µ� � 3⇤ + ⇤�)(⌅� � 4� + ⇧)]

�
+2Rl̃m̃�̃(r)+2Sl̃m̃�̃(�, ⇥)e�i�̃t

Reconstructed metric !outgoing radiation gauge"

Wald, PRL41 !1978", 203.

Cohen and Kegeles, Phys. Lett. 54A !1975", 5.

Wald, JMP14 !1973", 1453.

Dias, Reall and Santos, arXiv:0906.2380 &hep#th'

Chrzanowski !1975"
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Agreement with the flat approximation

� = m = 1 � = m = 2

� = m = 3
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Axion cloud in l = m = 2 mode 

(�̃, m̃) = (7, 4), (P = �1)
(�̃, m̃) = (6, 4), (P = +1)
(�̃, m̃) = (5, 4), (P = �1)
(�̃, m̃) = (4, 4), (P = +1)
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Summary

Summary

We studied GW emission from the BH#axion system in the 
superradiant regime !before the bosenova"

GW emission is weak and does not stop the 
growth by the superradiant instability

Axion cloud continues to grow by the superradiant instability 
until the occurrence of the bosenova.

Gravitational Waves

Axion Bosenova

E(ect of nonlinear self#interaction stops the superradiant 
instability and causes the bosenova,

Bosenova is characterized by sudden infall of positive energy
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“Dynamical process in Holographic QCD”

by Shunichiro Kinoshita

[JGRG23(2013)110715]
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Dynamical process in 
Holographic QCD 

Shunichiro Kinoshita 

(OCAMI, Osaka City U.) 
K. Murata (Keio), N. Tanahashi (Cambridge),  

T. Ishii (Crete) 

The 23rd workshop on General Relativity and Gravitation in Japan 
Hirosaki University 

in preparation 

AdS/CFT correspondence 

•AdS5/CFT4 

𝑁 D3-branes 

Strongly coupled gauge theory corresponds to classical gravity 
A new type brane will be added for quark degrees of freedom 

gravity gauge theory 

SU(𝑁) 
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Holographic QCD 

•D3/D7 system 
– A probe D7-brane is embedded in AdS5×S5 geometry 

generated by 𝑁 D3-brane 
D3 

D7 

string between D3-branes and D7-brane ⇔ “quark” 
fluctuations of D7-brane ⇔ “meson” 

Karch, Katz (2002), Grana, Polchinski (2002), Bertolini et al. (2002) 

D3 D7 

DBI action: 
Embedding function 

quark mass 

Finite temperature 

•We consider asymptotically AdS BH as the bulk 
spacetime 
– Black hole in the bulk theory ⇔  finite temperature in the 

boundary theory 

 

 

 

– Embedding function 

 

 

•Phase transition 
– The brane intersects with the black hole when the black 

hole is large (high temperature) 

– Fluctuations will dissipate (QNM) ⇔  meson melting 

 

 

 

 

Mateos, Myers, Thomson (2006, 2007) 

AdS-Schwarzschild × S5 
Hawking temperature: 

quark condensate: 

quark mass 
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Phase diagram of static 
embeddings 

•Whether the brane intersects with the horizon or 
not 

Profiles of the brane in the bulk 

Minkowski embedding 

Black hole embedding temperature 

Minkowski embedding Black hole embedding 

Time evolution? 

•Black hole formation ⇔  thermalization of 
plasma 
– Dynamical background spacetime 

•Change of brane embedding ⇔  phase 
transition 
– Time evolution of branes 

 

•We would like to know dynamics of the 
D7-brane where BH is forming. 
– How will the brane fall into the horizon? 

– What does happen to dynamical embedding? 
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Our setup 

•Background: AdS-Vaidya 
– From pure AdS to BH 

 

 

 

 

•D7-brane 

We will numerically solve dynamics of the D7-brane on this background 

Final radius: Duration of the energy injection: 

Equations of motion 

•Evolution equations (2d wave eqs.) 

 

 

 

 

 

•Constraint equaions 

Embedding functions:  
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Double-null coordinates 

•EOM 

gauge: 
constraints 

evolution eqs. 

Sub-critical case 
(low temperature) 

•Quark condensate 
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Power spectrum 

• After the energy injection, the D7-brane remains the Minkowski 
embedding with periodic oscillations. 

• Excitations on the brane have discrete spectrum. ⇔ stable 
meson 
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•Relation with injection time-scale:∆𝑉 

• As the time-scale of the injection is shorter, the excitations are harder. 
• Non-adiabaticity is important for meson excitations. 

time 

qu
ar

k 
co

nd
en

sa
te

 

Super-critical case 
(high temperature) 

•Quark condensate 

Equilibrium value 

• The quark condensate settles into an equilibrium value of the static BH 
embedding. 

• The excitations dissipate. (quasi-normal mode) ⇔ meson melting 

critical 
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•Snapshots of time-evolution of the D7-brane  

brane 

Eventually, the brane becomes the equilibrium solution of 
the BH embedding. 

Overeager phase 

•Although any equilibrium BH embedding does 
not exit if static, the brane can intersect with the 
horizon dynamically. (because of  inertia) 

Snapshot (late time) Quark condensate 

• While the black hole has settled into the final state, the brane 
remains dynamical intersecting with the horizon. 

critical 
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• If the energy injection is sufficiently slow, the 
brane can not intersect with the horizon. 

• This is just sub-critical where the brane remains the Minkowski 
embedding. 

• non-adiabaticity plays an important role in the overeager phase. 

Summary 

• We have numerically solved time evolutions of the D-

brane in the AdS 

– The equations of motion become a set of 2d nonlinear 

wave equations and constraint equations 

• Three cases depending on final temperatures and 

injection time-scales. 

– Overeager case other than sub-critical and super-

critical cases 

– Non-adiabaticity of the energy injection is important. 

 

• What is the final fate of the overeager cases? 

– It is expected that the brane will be singular within finite 

time from extrapolation of our numerical result. 

– Stringy effect? (Finite N?, reconnection?, and so on) 

– How can we interpret it in the boundary theory? 
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“No-boundary wave function toward good inflation models”

by Dong-han Yeom

[JGRG23(2013)110716]
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No-boundary wave function toward 

good inflation models 

京都大学基礎物理学研究所    Yukawa Institute for Theoretical Physics 
염 동 한   ヨムドンハン  Dong-han Yeom 

Based on 
- Hwang, Sahlmann and DY, arXiv:1107.4653 
- Hwang, Lee, Sahlmann and DY, arXiv:1203.0112 
- Hwang, Kim, Lee, Sahlmann and DY, arXiv:1207.0359 
- Hwang, Lee, Stewart, DY and Zoe, arXiv:1208.6563 
- Sasaki, DY and Zhang, arXiv:1307.5948 
- Saito, Sasaki, DY and Zhang, in preparation 
- Hwang, Park and DY, in preparation 
- Hwang, Kim, Lee and DY, in preparation 
- …⋯,���������	
��������������������  in preparation 
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Why (Euclidean) quantum cosmology? 

Traditional Problems 

1. The singularity theorem: 
Our universe should begin from the initial singularity. 
How to resolve? 
 

2. Initial condition of Universe: 
Is there a principle that uniquely determines our universe? 
If not, is the hypothesis that explains our universe 

probabilistically/statistically reasonable? 
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Quantum Cosmology 

One can deal with these problems, by introducing the 
Schrodinger equation for fields: so-called, 

     the Wheeler-DeWitt equation. 

Wave function of Universe 

3-metric (and fields) ∈superspace 
(quantized) 
Hamiltonian constraint 

No-boundary proposal 

What is the boundary condition of WDW eqn? 
Perhaps, the ground state? 

Hartle-Hawking wave function 

path integral 
over regular compact manifold 

Euclidean action 
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Field direction ~ different initial condition 

Scale-factor direction 
~ time 

Wave function of Universe 

Steepest-descent Approximation 
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Steepest-descent Approximation 
        ~ sum-over instantons 

Alternative histories: 
many-world interpretation 
Probabilities will be assigned 

Initial singularity Æ wave function 

Present universe: 
we want to know 
the probability of here. 
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𝑡 → 𝑡 − 𝑖𝜏 
There can be various 
analytic continuations. 

Due to analyticity, the path-integral 
still makes sense, 
even though we analytically continue 
to Euclidean time. 

Big-bang singularity 
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Big-bang singularity 

Find geometry over the complex time, 
until the geometry to be regular. 

How to calculate path integral? 

Approximation 1: Mini-superspace 
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How to calculate path integral? 

Approximation 2: Steepest-descent (sum-over fuzzy instantons) 

How to calculate path integral? 

Approximation 2: Steepest-descent (sum-over fuzzy instantons) 

9 parameters determine 1 history. 
6 of them are determined by 
regularity + compactness. 
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How to calculate path integral? 

Requirement: Classicality 

By tuning 2 parameters, we satisfy 
classicality of matter and metric. 

How to calculate path integral? 

Requirement: Classicality 

By tuning 2 parameters, we satisfy 
classicality of matter and metric. 

(Hartle, Hawking and Hertog, 2007) 

In the end, we obtain 
the probability distribution as a 
one (field) dimensional function. 
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How to calculate path integral? 

Requirement: Classicality 

(Hartle, Hawking and Hertog, 2007) 

Cutoff due to classicality 

Large e-folding is exponentially  
suppressed! 

Does this prefer inflation? 

Unfortunately, Euclidean probability does not prefer inflation. 
 
Possible answers: 
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Does this prefer inflation? 

Unfortunately, Euclidean probability does not prefer inflation. 
 
Possible answers: 
1. Inflation is wrong (Ekpyrotic, big bounce, string gas cosmology, etc.) 

2. Ground state is wrong (Vilenkin’s tunneling proposal) 

3. Quantum cosmology is wrong (Susskind’s���������	
��������������������  multiverse���������	
��������������������  +���������	
��������������������  anthropic) 

4. Small modification (Hartle-Hawking-Hertog’s volume weighting) 

 
Is there any better explanation, apart from these unsatisfactory 

opinions? 

Toward good inflation models 

Preference of large e-foldings 
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Criterion of a good model (Hwang, Park and DY, in preparation) 

Typicality for a given hypothesis 
 
 
 
For a given probability cutoff, there is corresponding typicality bound. 

If the typicality is smaller than the bound, then we reject 棄却 

the hypothesis. 

1. The first inflation began at large energy scale. 

2. Potential shape is finely tuned. 

Three ways to prefer inflation 

3. There are something new effects. 

(Hwang, Park and DY, in preparation) 
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CASE1: First inflation was near-Planck scale? 
(Hwang, Park and DY, in preparation) 

CASE1: First inflation was near-Planck scale? 
(Hwang, Park and DY, in preparation) 
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CASE2: Fine-tuning of the potential (Hwang, Park and DY, in preparation) 

CASE2: Starobinski-like model (Kallosh and Linde, 2013) 
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CASE3: New ingredient from multi-field inflation 
(Hwang, Kim, Lee, Sahlmann and DY, 2012) 

CASE3: Role of mass hierarchy 
(Hwang, Kim, Lee and DY, in preparation) 

Cutoff is changed. Then it can reduce N? 
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CASE3: New ingredient from massive gravity (dRGT) 
(Sasaki, DY and Zhang, 2013) 

CASE3: New ingredient from massive gravity (bi-gravity) 
(in preparation) 
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Quantum cosmology can be a 
new motivation for massive gravity! 

dRGT, bi-gravity,���������	
��������������������  SO(3),���������	
��������������������  …⋯? 

Can it remain imprints? 
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“On the graceful exit from Higgs G-inflation”

by Taro Kunimitsu

[JGRG23(2013)110717]
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Graceful Exit from 
Higgs G-inflation

Taro Kunimitsu (RESCEU, Univ. of Tokyo)

in collaboration with Kohei Kamada, Tsutomu Kobayashi, !
Masahide Yamaguchi, Jun’ichi Yokoyama

arXiv:1309.7410 [hep-ph]

Nobel Prize 2013
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Higgs in cosmology
• Only scalar field in the Standard model  
 
→Might be the responsible for inflation

Higgs in cosmology
• Only scalar field in the Standard model  
 
→Might be the responsible for inflation
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Higgs Inflation

• Small tensor fluctuations  
→Cannot be observed in the near future

Bezrukov, Shaposhnikov (2008)

with

LSM

→

Higgs G-inflation
• Kamada et al. (2011)
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Higgs G-inflation
• Kamada et al. (2011)

in the original model

Higgs G-inflation
• Kamada et al. (2011)

slow-roll equation of motion

Extra friction term
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After inflation

• equation of motion

Ohashi, Tsujikawa (2012)

After inflation

• equation of motion

Ohashi, Tsujikawa (2012)

682



After inflation

• equation of motion

Ohashi, Tsujikawa (2012)

After inflation

• sound speed

Ohashi, Tsujikawa (2012)
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After inflation

• sound speed

→instability at small scales

Ohashi, Tsujikawa (2012)

Solution
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Solution
Add an term

Solution
Add an term

equation of motion
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Solution
Add an term

equation of motion

Solution
Add an term

sound speed
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Solution
Add an term

sound speed

Solution
Add an term

sound speed

→ Both problems avoided!
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Solution

smallest      without instabilities

New Class of 
inflationary models

• Generalize kinetic and Galileon terms
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Summary
• Instabilities in Higgs G-inflation avoided 

by adding a higher order kinetic term!

• New class of Higgs inflation models, 
consistent throughout inflation and 
reheating!

• (Typically) a large tensor-to-scalar ratio  
→Would be detected by Planck
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