PROCEEDINGS OF THE THIRTEENTH WORKSHOP
ON
GENERAL RELATIVITY AND GRAVITATION
in JAPAN

Osaka City University Media Center, Osaka City University,
Sugimoto Campus, Osaka, Japan

December 1 — 4, 2003

FU
EHE)

-_— o

e

Edited by

H. Ishihara, K. Nakao, N. Kanda, H. Nakano

T. Nakamura, K. Tomita






PREFACE

The thirteenth workshop on General Relativity and Gravitation in Japan was held at Osaka City
University Media Center, Osaka City University located in the Sugimoto Campus from 1 to 4
December 2003. The main purpose of this workshop was to review the latest progress in the field of
general relativity, gravitation, general relativistic astrophysics, and the detection of gravitational
waves as well as to promote interaction between researchers working in these field.

The workshop was organized as an international conference and composed of 11 invited talks, and
78 contributed talks (oral presentation: 44 and poster presentation: 34). Among them, 9 were
presented by the researcheres from overseas. The workshop was attended by about 150 researcheres.
We appreciate very much all the participants for their contribution to the workshop.

We would like to thank Ms. K. Yokota, the secretary at the Department of Physics, Kyoto University,
for her devoted transaction of various official works. We are also grateful to the members (E. Sakane, L.
Tanaka, H. Kozaki, K. Ogawa, C. Yoo, K. Matsuno and S. Saito) of the research group for theoretical
astrophysics and theory of gravity in the Department of Mathematics and Physics, Osaka City
University for their cooperation in management of the workshop. Finally we appreciate very much the
Osaka City University Media Center for providing a conference room without any charge. The
workshop was financially supported by Monbukagakusho Grands for scientific researches, Nos.

12440063 (PI: K. Tomita) and 14047212 (PI: T. Nakamura).
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LIGO held its first science run (S1) from 23 August to 09 September 2002. During the 17-day

period, the three km-scale LIGO interferometers (4 km and 2 km in WA and 4 km in LA) and the
600m GEQ interferometer (outside Hannover, Germany) operated as a network of detectors for part
of the time. The strain sensitivity of the LIGO interferometers during this cbservational period was
h(f) ~ 3 -20x 10 Hz% near f ~ 300Hz. Their useful instrumental bandwidth spanned the
decade 100 Hz < f < 1000 Hz. During S1, LIGO interferometers had better broadband sensitivities
than any prior gravitational wave detector. In addition, the number of interferometers operating
simultaneously was unprecedented.
The LIGO Scientific Collaboration have completed analyses of the S1 data for a number of classes
of sources of gravitational waves (GW). These included: (i) inspiral and merger of compact binary
systems; (ii) continuous wave sources, the GW counterparts to radio pulsars; (iii)} burst or transient
sources, such as GW emissions from SNe; (iv) a stochastic gravitational wave background. The
emphasis in this first science run was to develop the analysis techniques and software pipelines that
will be used to analyze data during periods of extended observation in future science runs. At
the same time, the S1 data quality were such that it was be possible to provide improved direct
observational limits on gravitational radiation for a number of sources with these fundamentally
new instruments.

PACS numbers:



I. INTRODUCTION

During the last few years a number of new gravitational wave detectors. using long-baseline laser interferometry.
are being commissioned and have been entering into operation. These include the Laser Interferometer Gravitational
Wave Observatory - LIGO [1] - detectors located in Hanford. WA and Livingston. LA, built by a Caltech-\MIT
collaboration: the GEO-600 detector near Hannover. Germany, built by an UK-German collaboration [1]: the VIRGO
detector near Pisa. Italy. built by an [talian-French collaboration [2]: and the Japanese TAMA-300 detector in Tokvo
[3]. While none of these instruments is yet performing at its design sensitivity. many have begun making dedicated
data collecting runs and performing gravitational wave search analyses on the data.

In particular, from 23 August 2002 to 9 September 2002. the LIGO Hanford and LIGO Livingston Observatories
J41 5] ook coincident science data (referred to hereafter as S1}). The LHO site contains two. identically oriented
interferometers: one having 4 km long measurement arms (referred to as H1), and one having 2 km long arms (H2):
the LLO site contains a single. 4 km long interferometer (L1). These interferometers each have one arm aligned
parallel to the great circle connecting the sites. thus providing optimal alignment to the same G\ polarization. GEQ
also took data in coincidence with the LIGO detectors during that time. although with significantly poorer sensitivity.

The LIGO Scientific Collaboration[6] have completed analyses of the S1 data set for evidence of signatures coming
from four classes of gravitational wave (GW) sources. These include: (i) inspiral and coalescence of compact binary
systems: (ii) continuous wave sources, GW counterparts to radio pulsars: (iii) burst or transient sources. such as G\’
emissions from SNe; (iv) a stochastic gravitational wave background. The emphasis in this first science run was to
develop the analysis techniques and software pipelines that will be used to analyze data continuously during periods of
extended observation in future science runs. While no detections were made, the S1 data quality are such that it was
possible to provide improved direct observational limits on GW from a number of sources with these fundamentally
new instruments.

Fig. | presents a composite graph showing the amplitude spectral densities for the three LIGO interferometers
taken during the S1 run. The LA 4 km machine was the most sensitive, achieving strain sensitivities of h(300 tz) ~
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TABLE [: Operational duty cycles of different coincidence modes during S1.

Locked Time (lIr) Duty Cycle (%)
Single
H1 (4 km) 235 57.6
H2 (2 km) 298 73.1
L1(4 km) 170 41.7
Double Coincidence
H1+L1 116 28.4
H2+L1 131 32.1
H1+H2 188 46.1
Triple Coincidence
H1+H2 +L1 95.7 234
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FIG. 1: Spectra of instrumental sensitivities for the three LIGO interferometers during the $1 science run. The solid curve
corresponds to the design goal for the 4 km long interferometers in WA and LA. The dashed curve gives the goal! for the shorter,
2 km long instrument in WA.

3 x 1072 Hz™ 4. Table I presents the operational duty cycles for the different coincidence modes during S1. During
S1, LIGO interferometers had better broadband sensitivities than any prior gravitational wave detector. In addition,
the number of machines operating simultaneously was unprecedented.

1I. DISCUSSION

Searches for the four classes of G\V sources described above have been conducted with the S1 data. In all cases, the
primary emphasis of the analyses was to define, develop, and implement data analysis pipelines to provide production
capability for processing data end-to-end. These efforts included support for Monte Carlo simulations to validate and
calibrate the search efficiencies. Fig. 2 presents a block diagram schematic of the analysis flow for the burst event
search. It is representative of a prototypical analysis pipeline for an cvent-based search.
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FIG. 2: The burst analysis pipeline as a prototypical analysis technique. Notation: DSO - a search algorithm library: LDAS -
LIGO Data Analysis System environment: DB - relational database used to archive event metadata: DMT - data monitoring
tool suite used to look at non-strain channel data in near real time; IFO - interferometer; LHO - LIGO Hanford Observatory
: LLO - LIGO Livingston Observatory.

Data streams from each interferometer were processed through a pipeline that generated candidate events. These
events were subsequently analyzed for coincidence among as many interferometers as were operating at the epoch
when the candidate event was produced. The gravitational wave (strain) channel was processed by event trigger
generator filter(s) that perform optimal filtering of the strain chaunel using either template waveforms based on
astrophysical source maodels or parametrizable waveforms (e.g.. wavelets) that were correlated continuously against
the interferometer output. When the event trigger exceeds a threshold determined by Monte Carlo calibration of the
pipeline. a putative event is identified for further postprocessing downstream.

A variety of auxiliary channels were used to monitor instrumental and environmental characteristics at the same time
the strain channel is analyzed. Transient or off-nominal behavior of these other channels is used to reto candidate
events during epochs of detection when the instrument was not operating in its quiescent state. Candidates that
survive these vetoes were then processed for coincidence among the several interferometers. Further, consistency
checks were enforced to verify, for example. that the coincident events were consistent among all interferometers: for
example, comparable signal amplitude. duration. and frequency content were required of a coincidence for it to be
considered a possible astrophysical event.

Interpretation of the results requires that models of source distributions, source strengths and waveform character-
istics be injected into the data stream using Monte Carlo techniques. In this way the detection efficiency could he
determined for different classes of signals.

A. Searches for compact binary inspirals

Waveforms associated with the inspiral of A/, + Ay < 6A/; compact binary systems are the most well-studied
sources that can be detected in the LIGO band. What is much less well known is the rate with which such events
occur in Nature. Information on binary systems is inferred from observations of radio pulsars. The most probable
rate of NS+NS coalescences were recently revised upward by almost a factor 10x [8)(9] compared to rate estimates
of even a few years ago (7). The improved prospect for detection by the initial generation of km-scale interferometer
results from the recent discovery of the most relativistic pulsar binary system to date. PSR J0737-3039. The present
understanding of the population of these systems suggest that NS+NS merger rates within the local cosmic spacetime
volume enclosing the Virgo cluster mnay approach ~ 1 per | -2 years at the upper end of the 93% confidence bound|8).

Unfortunately, there are no known NS/BH binaries in which the NS is also a pulsar. Therefore, it is necessary
to rely on much less certain estimates based on simulations of the evolution of a population of progenitor hinary
systems to determine the number of systems that lead to compact NS/BH binaries. It is important to note that the
uncertainties in the predicted rates of mergers span three orders of magnitude. A one year observation with current
LIGO interferometers is likely to not observe these types of events.

The detection technique employs optimal Wiener filtering with matched templates in the frequency domain (10).
Specific details of the implementation of the analysis technique to the LIGO S1 data are provided elsewhere[11]
and will only be summarized here. The interferometer strain data are correlatedt with theoretically derived signal



waveforms (femplates). weighted by the reciprocal of the instrument noise spectral density to produces a time series
of signal-to-noise ratio. Let the detector’s calibrated strain data be s(t) = n(t) + h(t), where n(t) is the instrumental
strain noise and h(¢) is a gravitational wave signal (if present). The strain produced in the instrument is written as

1)
Dl::c [sina-hi(t -l) +cosa h",(l -t - (N

hit) =

where a depends on the orbital phase and orientation of the binary system, ¢, is the time (at the detector) when
the binary reaches its inner-most stable circular orbit. and h! (¢ - ¢.) are the two polarizations of the gravitational
waveform produced by an inspiralling binary normalized to_the amplitude produced by an optimally oriented source
at a distance of 1 Mpe. The two waveforms are related by hé(f ) = —ih!(f). The binary inspiral waveform can thus
be parameterized (for a single detector) in terms of the component masses I = (m;, my). the effective distance, and
the signal phase. D g4 includes the combined effect antenna pattern and source position. The matched flter output
for given masses [ then is the complex time series,

®x §1 e ENTY 2
s(t: 1) =2(t) + iy(t) = 4L %ehmdf ;o2 = 4/‘; "l?‘;‘(—(—‘?)l—df. {2)
p(t) = @. (3)

Sn(f) is the one-sided strain noise power spectral density. In this expression, z(t) is the matched filter response to
the a = 0 waveform. A/, while y(t) is the matched filter response to the a = 7/2 waveform, h!. o2 is the variance of
the matched filter output due to detector noise. The signal-to-noise ratio (SNR) of the matched filter output is given
by p. For stationary and Gaussian noise. g is the optimal detection statistic for a single detector.

A powerful y? discriminant against events generated by non Gaussian detector noise can be formulated by consider-
ing the frequency-time distribution of SNR as the signal evolves over time. The total SNR is divided into p contiguous
frequency bins each of which is chosen to contain equal contribution to p. Thus the bins will differ in width.

P
30 = 5 Y1) - =0)/pl (4)
=1

If & putative signal h(t) has masses which do not exactly match any template in the bank, then x? has a non-central
chi-squared distribution with 2p — 2 degrees of freedom and a non-central parameter A = 2p2%¢2, where p is the SNR
for the signal and ¢ is the fractional loss of SNR due to parameter mismatch. The analysis imposed a maximum
allowable, p-dependent threshold on x? for putative inspiral events. This is referred to as the x2-veto:

x? < 5(p +0.03p%). (5)

p = 8 bins were used throughout the Sl analysis. Since the detector noise was not Gaussian, the threshold was
selected based on performance in a playground data set used to tune the analysis

Fig. 3 shows the dependence of coalescence signals en frequency. The ordinate gives the so-called “characteristic”
strain of an inspiral signal. This quantity is the square root of the signal power spectral density multiplied by the
number of cycles in the waveform at that frequency: it is a measure of the total power radiated at any given frequency
during a coalescence event. This shows that the S1 search had adequate sensitivity to detect coalescence events for
NS+NS systems to D ~ 100kpc. In fact, the most sensitive L1 interferometer could detect with SNR = 8 an optimally
oriented 1.4Mg + 1.4 merger to D = 176 kpe; H1 had a corresponding range of D = 46 kpc. The mass range
1Mg < my € my € 4Mg and (my + mg) < 4Mg required a total of 2110 non-spinning second order post-Newtonian
templates to ensure a minimum match of 97% everywhere within this parameter space. The analysis was performed
with an SNR threshold p > 6.5 and x2 < 40 (cf. to Eq. 3).

Putative merger events had to originate from data segments having suitable RMS noise performance as determined
by analyzing the playground data set. In addition, coincidences between detectors had to eccur within an 11 ms time
window and correspond to the same set of template parameters to within 1%. No coincident events were detecied that
met these criteria.

Consequently, an upper limit could be set by considering the highest SNR event detected in the L1 detector
(p = 15.9). A detailed population model was developed that included the Milky Way and the neighboring satellite
Small and Large Magellenic Clouds (SMC and LMC, respectively). The number of potential sources within the
Milky Way was used as a population unit - the Milky Way Equivalent Galaxy or MWEG. The total available source
population was then 1.13 MWEG. A detection efficiency of (p) = 0.53 for p = 15.9 was determined by Monte Carlo,
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FIG. 3: Plot comparing sensitivity curves of the three LIGO interferometers during S1 and the ultimate design sensitivity for
the 4 km instruments. The trajectories correspond to the power spectra for signals arising from the indicatex] sources. S
provided galactic coverage for detection of inspiral coalescences.

which implied that 1.13 x 0.53 = 0.60 MWEG of the potential sources within the immediate galactic neighborhood
would have been observable. Revising this estimate downward to account for systematic calibration uncertainties by
0.1 MWEG, an estimated 0.50 MWEG was within detection range during S1. Using an observation period of T = 236
h, this results in a 90% upper confidence bound on the merger rate of Rygy < 1.7 x 102y ~!NWEG ™).

B. Searches for periodic sources of GW

Periodic sources are narrowband coherent signals that extend over the entire period of observation. For sufficiently
long observations, the deterministic and well-characterized frequency modulations (FM) imposed by the barycentric
motion of the Earth around the sun can be exploited to verify the extraterrestrial nature of such a source. On the
scale of the S1 run, only a portion of the yearly FM cycle is detectable and the FM signatures correspond to monotonic
drifts in signal frequency upon which is superimposed the daily modulations caused by Earth rotation. In addition,
there may also be superimposed more complex frequency modulations due to intrinsic source characteristics. If these
are not known a priori, they correspond to a parameter space over which searches must be executed.

The first analysis of LIGO and GEO data concentrated on the search for GW emission from a specific source with
a known radio pulsar counterpart, PSR1939+2134 (fow = 1283.86 Hz). Fig. 4 presents a "landscape” of sensitivities
achieved during S1 and possible sources of GW associated with known radio pulsar counterparts. In the near future.
broadband interferometers will allow simultaneous observation and parallel analysis of many sources - something not
previously possible with resonant cryogenic bars.

The search for GWs from PSR1939+2134 was conducted with two independent methods: a time domain Bayesian
analysis and a frequency-domain frequentist analysis. The details of both searches are provided elsewhere[12]. Resuits
are summarized below for the time domain only. No evidence of periodic GWs from this source was observed. The
two techniques resulted in concordant upper limits.

The data from the four interferometers were analyzed separately because timing jitter during the run prevented
coherent multidetector analysis in this first analysis. The time domain technique relies on the precisely known
{/.f} characteristics of the source from radio pulsar data. The data were heterodyned in two steps using the
doppler and spindown model for this source, thereby reducing the raw data stream by a factor ~ x10~* to 1 sample
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FIG. 4: Composite graph showing the S strain sensitivities of the four interferometers used during S1 to search for pericdic
waves. The labeled smooth curves correspond to design sensitivities. Data and curves are scaled to show the critical amplitude.
ho(f) = 11.44/Sn(f)/Tobs, that is detectable with 99% confidence and 10 % false dismissal rate during the observation pericd
of St, Tos, = 17d. The interferometers cperated with different duty cycles, leading to the actual observation times noted in the
legend. The flled circles correspond to known millisecond radio pulsars. The abscissa is twice the redio pulser frequency. The
ordinate corresponds to the signal that would be generated if observed spin-down were attributable entirely to GW emission.
This provides an astrophysical upper limit derived from energy conservation arguments. The arrow at the lower right indicates
the location of PSR1939+2134. If a rapidly rotating neutron star exhibits an equatorial ellipticity the associated dynamic
quadrupole will generate GW with characteristic strength hy = %2"—";4& where r is the distance to the NS, [ is its
principal moment of inertia about the rotation axis. ¢ = (I — I,y)//:. is the ellipticity. and the gravitational wave signal
frequency, feiw . is twice the rotation frequency, fi. G is Newton's constant, and c is the speed of light. This is the emission
mechanism that was assumed to produce the GW signal from targeted sources. Observational limits on ho yield limits on e

per minute. A x? analysis between the data (time dependence of signal frequency and amplitude) and a physical
model combining source characteristics and expected antenna pattern-induced signal modulation yielded a probability
distribution function (PDF) for a signal in the presence of Gaussian noise. The left panel of Fig. 5 shows the PDFs
for each detector. Nuisance parameters associated with the source are: ¢, inclination of the spin axis with respect
to observation direction, o, rotational phase offset of the ellipticity, and . the GW polarization of the source. It is
possible to marginalize the four-dimensional PDF over the angle parameters, resulting in a PDF depending solely on
wave amplitude. hy. The resulting marginalized PDFs are shown in the right panel of Fig. 5. Referring to Fig. 5, the
best constraint on hy from this source is obtained from L1: hy € 1.4 = 0.1 x 10~22. This yields a constraint on the

45 2
source equatorial ellipticity, € < 2.9 x 10 ~¥( 1 2em),

C. Searches for burst sources of GW

Burst sources have no deterministic phase or frequency evolution and thus template-based modeling of source
properties is not applicable. Instead. techniques predicated on novelly detection have been applied. By novelty
detection is meant a search algorithm which employs statistical methods to characterize the data stream over periods
of time that are much longer than the expected duration of a burst event. then to use these prior characteristics of
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FIG. 5: Left panel: normalized residuals between the time-domain heterodyned data and the physical model of signal frequency
and amplitude variations caused from the known source characteristics. The residuals are Gaussian to a high degree and exhibit
a x* per degree of freedom (DOF) very close to unity, as expected for well behaved Gaussian noise. These are the PDFs of the
data including the four parameters: {ho,¢, &, 1} (cf. text for details). Right panel: marginalized PDFs for ho. The bounds
on the shaded regions give the 95% CL for an upper limit on ho for each of the four detectors. L1 provided the smallest upper
limit by virtue of its greater sensitivity (cf. discussion on inspirals).

the data to set thresholds looking for excess signal power on time scales of fractions of a second.

For the S1 run, two techniques were implemented. One approach searched in the time domain to detect the
amplitude fluctuations of the signal on short time scales. The other approach utilized the time-frequency map of
the strain channel to look for clustering of contiguous pixels that exceeded a predetermined threshold. The former
approach implemented an algorithm, termed slope filter, which could detect large changes of slope over short periods
of time. The algorithm is a subset of a more general algorithm developed by the Orsay group [13].

The latter time-frequency approach had two similar implementations. The first of these, termed excess power
(14][15), tessellated the t-f plane into " postage-stamp” patches of constant A fAt and looked for excess power fAluctua-
tions over time . A second algorithm, termed tfclusters [16], used a clustering algorithm that was able to identify and
detect groups of contiguous pixels having arbitrary shapes. Both approaches were shown capable of detecting excess
power embedded in a noisy signal. These techniques are also suitable for detecting black hole ringdowns. A detailed
discussion of both time-domain and [-t methods is provided elsewhere[17]. The excess power technique was not fully
implemented for the S1 search Here a summary of the tfefuster approach is provided.

Referring to Fig. 2, only those stretches of data for which the RMS in four bands (320 - 400 Hz, 400 - 600 Hz,
600 - 1600 Hz, and 1600 — 3000 Hz) were below a predefined threshold were considered. Whenever the RMS over a
six-minute interval for any detector in any of these bands exceeded a threshold of 3 times the 68th percentile level for
the entire run (10 times for the 320-400 Hz band), the data from that six-minute period were excluded from further
analysis.

Calibration of the algorithm efficiency for detection and false alarm was determined using extensive Monte Carlo
simulations of injected bursts. The simulated bursts were of two types: (i) sine-Gaussians, two-parameter narrowband
transients characterized by a central frequency, fy, and duration of the Gaussian amplitude envelope, T; and (ii)
broadband limited duration Gaussian bursts characterized by 7. Fig. 6 shows the dependence of the 50% detection
threshold on central frequency for a specific set of sine-Gaussians.

The tfcluster algorithm had a time resolution of ~ 500 ms. This is ~ 50x the maximum physical time delay for bursts
between the two LIGO sites (baseline distance of 3002 km). With such a large coincidence window, the background
rate even for a threefold coincidence among the LIGO interferometers was non-zero. The background was estimated
by repeating the coincidence analysis for a large number of different time shifts in the interval At = {=100s, 1003} of
the L1 data stream relative to the H1 and H2 data streams. Fig. 7 shows these results. The estimated background
was found to be B = 10.1 & 0.6 events for threefold coincidence during the Sl run. The six measured events at
zero time offset could be explained by the measured background. Therefore no transient events were detected during
the §1 run using the tfcluster search algorithm. Using the unified approach of Feldman and Cousins(18], the 90%
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FIG. 6: The behavior of the tfcluster algorithm 50% detection efficiency for sine-Gaussians with @ = 277 fo =~ 8.9 of various
central frequencies, fo. The amplitude for 50% detection efficiency tracks the interferometer sensitivity curves a factor 2 10x
above the respective noise floors.

confidence bound on true coincident events which includes zero is 0 € Rgpy < 2.3. Using this result and folding
in the amplitude-dependent detection sensitivity for threefold coincidences leads to an exclusion region at the 90%
confidence level in the rate-vs-amplitude plane, shown in Fig. 8. For example, the tightest constraint resulting
from the search for sine-Gaussians with fo = 361 Hz is near the knee in the curve, for which it was found that
Rooss[hres ~ 4 x 10~1")] < 3perday

A subgroup of the burst search team is also developing search methodologies for so called ezternally triggered
searches, whereby astrophysical triggers (e.g., GRB events) can be used to localize in time searches for coincidences
among multiple interferometers. By such techniques, it is possible to provide upper limits, in lieu of detection, of the
amount of GW energy associated with externally triggered events seen by other detectors [19].

D. Searches for a stochastic gravitational wave background

Gravitational waves of cosmological origin produce a stochastic background analogous to the relic microwave back-
ground radiation, but ariging at a much earlier epoch. The search for such a signal is performed by cross-correlating
the strain signals from pairs of interferometers and intreducing an optimal Wiener filter to maximize detection signal-
to-noise (20}{21){22}[23).

The background is stochastic and thus its properties are only statistically characterized. Its spectral properties are
described by the dimensionless quantity

S dogw
1] = _ 6
SW(f) Periticat  df ( )
where pgw is the energy density in gravitational waves, and
3cH?
Peritical = 'ﬁ ) (7)

is the energy density required (today) to close the universe. Hy is the Hubble expansion rate in the present epoch
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[24]):
Ho = higo- 100— ™ _ ~3.24 x 10-™ hyg—— (8)
0= sec-Mpc 100 Gec
= 7173 km/s/Mpc = 0.71 hygo 9)

Qgw(f) h}go is independent of the actual Hubble expansion rate, and has been used extensively in the literature when

Ho was not known very accurately. Qgu(f) is related to the one-sided power spectral density of gravitational wave
strain Sgw(f) via[32]

3H?

Sewlf) = 1072

7). (10)

Thus, t;or a stochastic gravitational wave background with Q,,,(f) = const, the power in gravitational waves falls off
as 1/f*

The spectrum €24, (f) completely specifies the statistical properties of a stochastic background of gravitational
radiation provided we make several additional assumptions. Namely, we assume that the stochastic background is: (i)
isotropic, (ii) unpolarized, (iii) stationary, and (iv) Gaussian. Anisotropic or non-Gaussian backgrounds (e.g., due to
an incoherent superposition of gravitational waves from a large number of unresolved white dwarf binary star systems
in our own galaxy, or a “pop-corn” stochastic signal produced by gravitational waves from supernova explosions
[25](26] will require different data analysis techniques than those used for the SI analysis [27][28].

Cross-correlating interferometer signals with an optimal Wiener filter allows one to detect the presence of a correlated
signal at levels several orders of magnitude weaker than the noise spectral density. Fig. 9 presents theoretical
predictions for the magnitudes of stochastic signals arising from a Q¢ = const background that was at the limits of
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FIG. 8: Exclusion graph in the rate-vs-amplitude plane for events as determined during S1. Rates and amplitudes above and
to the right of the curves are excluded at the 90% confidence limit. The limits depended upon both signal type (upper panel:
Gaussians, lower panel: sine-Gaussians) and their frequency content.

detectability during S1. Details of the S1 search for a stochastic background are provided elsewhere[29]. Here these
will be only briefly summarized.
Under the assumptions discussed above, the optimally filtered estimate of the stochastic background is:

A1 )3al) )
PSm (10315’

where §;(f)} are the strain signals from the interferometers and 5.:(f) are their noise spectral densities. The function
+(}f1) is & geometrical form factor describing frequency-dependent response of an antenna pair due to their space-
time separation[22]. The response is for an isotropic, unpolarized irradation by a stochastic GW background. Refer
to Fig. 10 which shows 4(|f|) for a number of interferometer pairs and also for the LA 4 km interferometer +
ALLEGRO cryogenic bar. This figure shows that the long transcontinental baseline between the LIGO sites imposes
a constraint on the maximum frequency over which such searches can be performed. In general, best sensitivity is
obtained when the following conditions are met: (i) relative orientation is such that both interferometers of a pair
respond to the same gravitational wave polarization; (i) both instruments must have well-matched instrumental
frequency responses; (iii) the spacetime overlap of the GW on to isolated detectors imposes a further constraint,
Acw 2 2Dpsctine — fow < 40Hz. The interplay of the function «(|f{} in the numerator and the noise spectra in the
denominator of Eq. 11, Sni(|f 1)5.2(1f1), leads to the distribution of total SNR that is shown in Fig. 11.

Using the L1-H2 pair of interferometers, the S1 run produced a limit for Qgw that is better than previous direct
determinations of this quantity in the frequency band 40Hz < f £ 300 Hz: Qguwh?pe < 23 £4.6 (90% CL). The
uncertainty derives from systematic errors associated with the calibration of the strain information. Fig. 12 shows
some intermediate results that go into the final estimate of Qgw. The L1-H1 result is statistically consistent, although
~ 2x larger. The H1-H2 correlations exhibit negative instrumental cross-correlations due primarily to acoustic
couplings between the two interferometers sharing a common room where the detection benches are located. These
instrumental artifacts precluded using this pair during S1.

x
Qecslt‘i’mu!e ~ / df
0
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FIG. 9: Superposition of the S1 sensitivities of the three LIGO interferometers with predicted sensitivities of different inter-
ferometer pairs to an Qow(f) = const stochastic background. By cross-correlating pairs of detectors the sensitivity can be
improved two to three orders of magnitude beyond that of the individual interferometers.
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FIG. 12: Results from S1 analysis for the H2-L1 detector pair. Left panel: scatter plot of the individual estimates of Qcw
taken over 14 days of coincident operation during S1. Center panel: normalized residuals for each point in the right panel
from the average best estimate of Qcw. Upper graph is a "normal plot” wherein a Gaussian PDF maps into a straight line.
This indicates the residuals are well-described by zero-mean unit deviates. Right panel: Black graph is the run-averaged
cross-correlation spectrum (i.e., the kernel of the integral in Eq. 11). Each dot in the left panel contributes a spectrum to the
average. Silver/gray graph shows the cumulative integral. The end point at the highest frequency corresponds to the result of
the S1 measurement.

III. SUMMARY AND PROSPECTS

LIGO has begun scientific operation and the results for the first science run, S1, have been submitted for publication
by the collaboration. The primary focus of the S1 run was to develop the analysis pipelines that will be used to process
the strain data for a variety of GW sources. At the same time, the results provided direct observational limits on
the flux of gravitational radiation from CW and stochastic source classes that improve on presently published limits.
TAMA results from a 1000 h search [30][31] for binary mergers improve upon results obtained by LIGO for Si.

At the time of this writing, two longer science runs, S2 and S3, each of approximately 8 weeks duration, have been
completed and the data are being analyzed. The instruments performed 2> 10x better than S1. Over the past 20
months there has been significant improvement in the sensitivity of the machines (refer to Fig. 13). The LIGO H1
instrument completed the S3 run with sensitivity within a factor ~ 2 x =3x of design sensitvity.
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FIG. 13: Cascade plot of strain sensitivity improvements for the HA and LA 4 km interferometers showing progress in perfor-
mance over the past ~20 months. The data sets represent sensitivities achieved during the S1, S2, and S3 science runs.

During S2 and S3 all three instruments were better matched in sensitivity, increasing prospects of multiple coinci-
dence operation without the serious degradation of detection range seen during S1. The limiting sensitivities for all
classes of searches have been dramatically improved, especially in the low-frequency regime, f < 300Hz. The collab-
oration is in the process of analyzing these data at the present time. The ~ 5x combined longer observation time of
S2 & 83 will improve rate-limited observations as « 1/T, and background-limited observations as « 1/v/Toss. The
detectors exhibited better stationarity, allowing for greater operational duty cycles and less severe data cuts than had
to be applied during S1. The experience gained during S1 analysis will be applied to the S2 & S3 analyses, leading
to better techniques and earlier results.

After 83, a planned retrofit of several subsystems will be carried out in order to prepare for a much longer (~ 6
month) S4 run starting the last quarter of 2004. First, the seismic isolation systems at Livingston, LA are being
upgraded to provide additional active seismic isolation that will reduce the residual motion at the top of the isolation
systems by ~ 30x, thereby allowing much higher duty cycles and allowing the interferometers to approach their
design sensitivities within the year. In addition, a thermal lensing compensation subsystem based on a CO3 laser will
be introduced in order to correct the optical figure of the recycling cavity mirror. This will improve the shot noise
limited sensitivity at high laser power. Finally, the digital control system for length and alignment will be enhanced
by modifying the optical plant model in the server control loop. The modification will take into account the quantum
radiation pressure-induced cavity alignment instabilities which, if not controlled, limit the sensitivity and duty cycle
of the interferometers.
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Abstract

Supersymmetric compactifications of string theory or M-thoery consist
of higher-dimensional product spacetimes with a compact manifold. All
supersymmetric solutions are believed to be stable against linear per-
turbations due to the supersymmetry. In this article we investigate
non-linear perturbations of such a higher-dimensional product space-
time. First of all, we show that cosmic censorship is violated generically
in D = 5, N = 8 supergravity, which is believed to be a consistent trun-
cation of ten dimensional IIB supergravity on S°. We next show that
cosmic censorship is violated in a wide class of gravity model coupled
to a scalar field with a negative false vacuum even though a positive
energy theorem is satisfied. We finally show that a large class of higher
dimensional spacetimes with a compact Ricci-flat manifold has the prop-
erty that there are configurations with negative energy density (from a
four dimensional perspective). These results suggest that a large class
of supersymmetric compactifications of string theory or M-theory is un-
stable.

1 Introduction

Cosmological models of higher-dimensional spacetime are now widely accepted among
relativists or even astrophysicists. One of the reason is that they naturally arise as a su-
pergravity model in the low energy limit of superstring theory or M-theory. Furthermore,
a new compactification model (1] proposed a way how to resolve a hierarchy problem by
reducing the fundamental Planck energy scale to TeV scale. So, it might be possible to
produce a black hole by a future collider [2].

Motivated by these facts, it is worth while examining the stability issues of higher
dimensional spacetimes in detail. Based on the singularity theorem, Penrose (3] argued
that higher dimensional spacetime is unstable against a particular perturbation or possibly
more general perturbations as follows: Let us consider a perturbation of a product vacuum
spacetime of the form M, x K, where M is four dimensional Minkowski spacetime and
K is a compact, Ricci flat manifold. Because of large degrees of freedom to choose initial
data, we can perturb it in such a way that the macroscopic R? space remains flat. So,
the perturbed spacetime looks like a product spacetime of a closed compact universe
and the flat R® space. By applying the singularity theorem to the closed universe, we
can show that a singularity inevitably appears in the product spacetime. We cannot,
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however, immediately conclude that the product vacuum spacetime is unstable since the
perturbation is unphysical in the sense that the amplitude cannot decay at infinity. So,
we need to require that the perturbed region has a compact support B (outside of B, the
amplitude is exactly zero). In this case the initial data would include a trapped surface
on the boundary 9B to connect smoothly the inside to the outside (for example, see [4])
and thus it is no more surprising that a singularity appears after evolution. As a result,
we cannot say anything definite about stability issues of higher dimensional spacetime by
applying the singularity theorem.

In this article, we explore non-linear instability issues of supersymmetric compactifi-
cations. Especially we give a counter example for cosmic censorship in five-dimensional
N = 8 gauged supergravity model. N = 8 supergravity models are believed to arise as
the low energy limit of string theory or M theory with boundary conditions AdS; x S7
[5] or AdS5 x S°. For these boundary conditions, we have the powerful AdS/CFT corre-
spondence which relates string theory to a dual field theory [6].

In section II, we first construct initial data with negative gravitational mass unbounded
from below, even though it satisfies a positive energy theorem [7]. At first glance, there
seems to be a contradiction. We can resolve, however, this problem by introducing a
modified energy which is indeed always positive. The modified energy is given in section
III. Section IV is devoted to showing that the time evolution of the initial data leads to
the formation of a naked singularity.

The five-dimensional A/ = 8 supergravity is believed to be a consistent truncation of
ten dimensional IIB supergravity on S5. This means that it is possible to lift our five
dimensional solution to ten dimensions. At the linearized level, the fields which saturate
the BF bound (8] correspond to ¢ = 2 modes on S°. Even though it is not known how
to lift a general solution of the A/ = 8 supergravity to ten dimensions, this is known for
solutions that only involve the metric and scalars that saturate the BF bound [9]. So we
can immediately conclude that the ten dimensional analog of the solution also evolves to
naked singularities.

In general it is very hard to test cosmic censorship in each supergravity model. How-
ever, we can say more about a gravity model minimally coupled to a scalar field with a
general potential satisfying a positive energy theorem. In section V we consider asymptot-
ically Anti de Sitter spacetime where the scalar field approaches a negative false vacuum.
It is shown that cosmic censorship is also violated for some potentials.

The standard supersymmetric compactifications of string theory consist of solutions of
the form My x K where K is a compact, Ricci flat manifold admitting a covariantly con-
stant spinor. Familiar examples of K include T, K3, Calabi-Yau spaces, and manifolds
with G, holonomy. So, the next question is: are there any non-linear instabilities in such
a supersymmetric asymptotically flat spacetime? In section VI we show that a large class,
including all simply connected Calabi-Yau and G, manifolds, has the surprising property
that there are configurations with negative energy density. In other words, from a four
dimensional perspective, there can be finite regions of space with negative energy. In fact,
the energy density is unbounded from below! In contrast, these properties do not hold -
at least not in the same way - for 7" or K3 compactifications. This may indicate that a
class of asymptotically flat supersymmetric compactifications is also unstable, although
we cannot say anything about cosmic censorship.



2 N =8 gauged supergravity model

N = 8 gauged supergravity in five dimensions [10, 11] is thought to be a consistent trunca-
tion of ten dimensional type IIB supergravity on S°. The spectrum of this compactification
involves 42 scalars parameterizing the coset Eg)/USp(8). The fields which saturate the
BF bound correspond to a subset that parameterizes the coset SL(6, R)/SO(6). From the
higher dimensional viewpoint, these arise from the ¢ = 2 modes on S® [12]. The relevant
part of the action for our discussion involves five scalars o; and takes the form {13]

S= f \/_[ Z (Va)? = V{a) (2.1)

where we have set 87G = 1.2 The potential for the scalars o; is given in terms of a
superpotential W(a;) via

9 5 2 2
g ow 9" 2
v=%L - Twr 2.2
W is most simply expressed as
1 & oo
W=-— ' 2.3
/5 ;e (2.3)

where the 3; sum to zero, and are related to the five o;’s with standard kinetic terms as
follows [13],

6 /2 1/2 172 0 1/2V/3

8, 1/2 -1/2 -1/2 o 1/2v3 | (™

G| _-172 =172 172 0 1/2v3 || 04
B | T -12 12 172 0 1/2v3 || (24)
Bs o 0 0 12 -1/V3||™

Be 0 0 0 -1/ -1/V3) %

The potential reaches a negative local maximum when all the scalar fields a; vanish.
This is the maximally supersymmetric AdS state, corresponding to the unperturbed S°
in the type IIB theory. At linear order around the AdS solution, the five scalars each
obey the free wave equation with a mass saturating the BF bound. Nonperturbatively,
the fields couple to each other and it is generally not consistent to set only some of them
to zero. The exception is a5, which does not act as a source for any of the other fields.

We now find a class of negative energy solutions that only involve as, so a; = 0,
¢ = 1,..4 in our solutions. Writing as = ¢ and setting g> = 4 so that the AdS radius is
equal to one, the action (2.1) further reduces to

s=[v= [%R _ %(w»2 + (2635 4 4e-W3)] (2.5)

2Qur formula’s differ slightly from [13], since they use 4G = 1.




We construct the solutions by first solving the constraint equations on a spacelike sur-
face £. We consider initial data with all time derivatives set to zero. For time symmetric
initial data the constraint equations reduce to

MR =gY9.:0,+2V(9) (2.6)
For spherically symmetric configurations the spatial metric can be written as
ds? = m(r) 2 - 2, .2;02
§° = I—W-i-’l‘ dre+r ng (27)

The normalization is chosen so that the total mass is simply the asymptotic value of m(r)

M= rli.lgg m(r) (2.8)
The constraint (2.6) yields the following equation for m(r)
1
g+ 3mr(8,)? =20 [(V(8) + ) + 51+ )6, (29)

The general solution for arbitrary ¢(r) is
_ o2 [ - [T #Hen?/3dF 1 2 2] =3
m(r) =2 e (V(g) +6)+ 5(1 +7°)(¢p,)°| FodF. (2.10)

We now specify initial data for ¢(r) on L. We consider a simple class of configurations
with a constant density inside a sphere of radius Ry:

)= CSR)L M=% (>R .11)
The fall-off of ¢ is motivated as follows. If ¢ — 0 slowly, we decrease the contribution
to the energy from the positive gradient terms and increase the contribution from the
negative potential term. Since we want to try to construct a solution with negative
energy, we clearly want ¢ to vanish as slowly as possible. It is easy to verify that 1/r% is
the slowest fall-off that yields finite total energy. In addition, this behavior is the same as
the fall-off of the mode solutions of the free wave equation when BF bound is saturated.
One can now easily show that for these initial data, the negative contribution to the mass
from the potential more than compensates for the positive contribution from the gradient
terms. If we take 0 < A < R3 so that the field is everywhere small then (5.12) gives

M =~ —n2A? (2.12)

Since we can make Ry and therefore A arbitrarily large, it is clear that the total energy
can be arbitrarily negative. For A > R2, ¢ is not small inside the sphere, but by using
the fact that V(¢) < —6 — 2¢° — ﬁgé‘"’ for all ¢ > 0, one can obtain a general upper limit

to the total mass, M < —w2A?/V/3.

We have found that there exist non-singular configurations in ' = 8 supergravity
with negative total mass. In section 4 we study the evolution of our initial data, but first
we explain why this result is not in conflict with the positive energy theorem [7].



3 Positive energy theorem

How are our negative energy solutions compatible with the fact that there is a positive
energy theorem for supergravity? How are they compatible with the AdS/CFT corre-
spondence since the gauge theory Hamiltonian is bounded from below? To answer these
questions, we first review the argument for positive energy of test fields originally given
in [8, 14], and then discuss the full nonlinear proof of the positive energy theorem.

3.1 Positive energy for test fields

Consider a test field of mass m? = —4 which saturates the BF bound in AdSs. We start
with the action

S = % ] [—(V¢2+4¢2]r3dtdrd§23
= 3 / [ 579 (D¢)2+4¢2] r3dtdrdQ; (3.1)

where D is the spatial derivative on a constant ¢ surface. Since the background is static,
one can compute the Hamiltonian in the usual way and obtain

/ [ e+ (D9 - 4¢2} r3drdQ (3.2)

This energy density is not positive definite due to the negative m2. However, if we write
¢ = ¢/(1 + r?), substitute into (3.2) and integrate by parts we obtain

3

(1+72)

The volume term is now manifestly positive. The surface term vanishes provided ¥ goes
to zero asymptotically, which means that ¢ falls off faster than 1/r2. But we are interested
in solutions that fall off precisely as 1/r%. In this case, the surface term is nonzero and
manifestly negative. So there need not be a positive energy theorem and indeed, as we
have seen, negative energy solutions can occur. Notice that this is possible only for fields
which saturate the BF bound. If m2 > —4, then the total energy of any configuration that
falls-off as 1/r? diverges. Finite energy configurations must fall-off faster, so the surface
term vanishes and the energy is always positive. It is the delicate cancellation between
the m2¢? term and the gradient term in (3.2) which allows fields with m? = —4 to have
1/r? fall-off and finite energy.

One might have thought that the reaction to this would be to claim that one has
positive energy only for m? > m%.. Instead Breitenlohner and Freedman [8] proposed

to include the limiting case m? = m% . and modify the definition of the energy®. In the

B [ [6F+a+0w? + 4] Tpdrd = § v, (33)

31n [14], Mezincescu and Townsend note that a perturbative analysis is not sufficient to prove stability
if the bound is saturated. Later, Townsend [7] performed a nonperturbative analysis in spacetimes of
arbitrary dimension, following the approach of Boucher [15], in which he claims to establish a positive
energy theorem (and stability) even when the bound is saturated. However, as we will discuss in section
3.2, the proof given in (7] does not apply to the usual AdS energy if m? = m%.



original papers from the early 1980’s, this was described in terms of an “improved stress
tensor” which corresponds to adding a SR¢? term to the Lagrangian. In AdS, R is a
constant, so this indeed looks like a mass term for a test field. But as soon as one goes
beyond the linearized approximation, adding a term like this changes the theory. In the
context we have been considering, /' = 8 gauged supergravity in five dimensions, there
is no BR¢? term in the action, so this is not an option.

However, one still has the possibility of adding a surface term to the action (3.1) to
get

S = % / [¢V2¢ + 4¢%)r3dtdrdSs
1
= 5+ ¢ 89,.0ds* (3.4)

Now if one derives the Hamiltonian, one finds an extra surface term in the expression for
the energy which exactly cancels the surface term in (3.3). This is possible since if n is
the unit radial normal to the sphere at infinity, ¢n - V¢ = —2¢%. So starting with this
modified action, the energy is indeed positive.

3.2 Nonlinear positive energy theorem

We now turn to the full positive energy theorem for AdS. This is a generalization of the
spinorial proof for asymptotically flat spacetimes given by Witten {16]. We will follow the
approach in 7). The boundary conditions needed to apply this proof do not seem to have
been clearly spelled out. In AdS, there are no covariantly constant spinors, but there are
“supercovariantly” constant spinors € satisfying

1
Vpéo + 5’7,,60 =0 (35)
where «# are the five dimensional gamma matrices. For the theory we are considering
(2.5), the scalar potential is derivable from a superpotential W (@) via V = W2 —(4/3)W?
(2.2). One now defines a modified derivative V,, =V, — #W(d))’y,, and the Nester two-

form (17]
E™ = ey*°¥,¢ + hc. (3.6)

where v#*¢ = 4l#4*4°] and ¢ is an arbitrary spinor that asymptotically approaches éo.

Let T be a nonsingular spacelike surface with boundary at infinity, and let € be a so-
lution to v'Vie = 0 (where 7 runs only over directions tangent to L) which asymptotically
approaches €g. Then the integral of V,E*” over T is nonnegative, and vanishes if and
only if the spacetime is AdS everywhere. (If there is matter in addition to the scalar field,
its stress tensor must satisfy the dominant energy condition.) Hence

$ Euds® 20 (3.7)

(Note that the volume element picks out the components orthogonal to the three-sphere
at infinity.) If W is constant, this reduces to the usual definition of mass in asymptotically



AdS spacetimes. However, in our case W is not constant, and for small ¢, %5 ~-1/2-
#%/6. So there is an additional surface term

fc;o ¢2(€07“v60)d5'#” ' (38)

Since the area of the S® at infinity grows like 73, ¢ ~ 1/r?, and ¢, is supercovariantly
constant at infinity, one might have thought that this surface term would always vanish.
But it doesn’t. Supercovariantly constant spinors grow like 7'/2 in AdS (see e.g. [18]).
In retrospect this is not surprising since the square of a supercovariantly constant spinor
is a Killing vector, and a timelike Killing vector in AdS has norm proportional to r. So
in order for this surface term to vanish and recover the usual positive energy theorem,
one needs ¢ to vanish faster than 1/r? at infinity. We have seen that this boundary
condition is too strong for fields which saturate the BF bound. In general dimension d,
the required boundary condition on ¢ in order to apply the positive energy theorem is that
¢ must vanish faster than r~-1/2 A natural way out of this conundrum is to modify
the definition of energy to include the extra surface term (3.8). We have seen that the
combination of this with the usual energy cannot be negative and vanishes only for AdS.
Supersymmetry implies that the square of the supercharge should be positive. Al-
though we have not checked it, we believe that the supercharge also has an extra contri-
bution in this case, so that the positive quantity is indeed the entire surface term (3.7).
It would be interesting to verify this by extending the work of [19] to A" = 8 supergravity.
Since the Hamiltonian of the dual field theory must be positive (or at least bounded from
below if one includes Casimir energy) it should be identified with this modified energy.

4 Evolution and Naked Singularities

In this section, we consider the evolution of the negative energy initial data constructed
in section 2, and show that they evolve to naked singularities. But first, we point out
another interesting difference between the usual energy and the modified energy, which
arises in evolution.

4.1 Is the energy time dependent?

For fields behaving as ¢ = A/r? + O(1/r%) at large r, the usual energy is time dependent
if A is a function of ¢. There is a nonzero flux of energy at infinity. The modified energy,
on the other hand, is always time independent. To see this, it suffices to consider the
linearized theory, since ¢ is very small asymptotically. In terms of the conserved stress
tensor 1
S0ul(Ve) +2V(9)) (41)
the usual energy (3.2) is just the integral of 7, over a spacelike surface, where &* is
the timelike Killing field. The local flux of energy at infinity is thus T,,£#n” where n" is
an asymptotic unit radial vector. Integrating this flux between ¢, and ¢, yields

E(t;) - Et)) = lim /t * 1t ¢(rd,)p = — / [A2(ts) — A2(t))dD  (4.2)

Tpu = Vp¢vu¢ -



It is now clear that if we add to the definition of the energy a surface term [ A%2dQj3, the
modified energy will be time-independent. This is precisely the same surface term which
makes the energy positive.

Of course, if one wants the usual energy to be time independent, one can require
that A be independent of time. This can be achieved by imposing boundary conditions
at a large but finite R and requiring ¢ = A/R? (with fixed A) at this radius. (This is
automatically implemented in most numerical evolution schemes.) The radius R is like a
cut-off, and in principle should be taken to infinity to obtain the true solution.

The fact that the total energy may be time dependent holds only for fields which
saturate the BF bound. If m? > m%, then finite energy requires fields to fall off faster
than 1/r2 and then the flux always vanishes at infinity.

4.2 Cosmic censorship violation

Recall that our initial data consisted of a constant field ¢ = A/R? inside a sphere of
radius Ry. The proper size of this sphere initially is

~/ T 2]l/2~H“1nRo (4.3)

where H? = —V(A/R3)/6. So for large Ry there is a large region r < Ry of constant
energy density and we can model the evolution inside its domain of dependence by a
k = —1 Robertson-Walker universe,

ds® = —dt? + a%(t)do?® (4.4)

where do? is the metric on the four dimensional unit hyperboloid. The field equations are

a 1 2
2= Ve - 34 (45)
. da -
¢ + ;(}5 + V,¢ = 0 (46)
and the constraint equation is
2 .
a2 — 96— [%qu + V(¢)] =1 (4.7)

It is well known that a homogeneous scalar field, rolling down a negative potential,
produces a singularity in finite time [21, 22]. The argument is the following. We start
with ¢ = A/R2 < 1 and ¢ = 0, so initially we have

#(t) = % cosh2t,  a(t) = H !cos Ht. (4.8)

By (4.5), d/a is always less than its initial value —H? (which is close to one). So the scale
factor must vanish in a time less than 7 /2H. Since ¢ # 0, the vanishing of the scale factor
causes the energy in the scalar field to diverge, resulting in a curvature singularity. More



precisely, after a certain time Ty the potential term in (4.6) is unimportant and the field
behaves as ¢ = c/a?, where c is a constant. Matching at T, gives ¢ ~ A/ R}. From (4.7) it
follows that the change in ¢ induces a change in the form of the scale factor when a2¢? is of
order one, which occurs when a® = c. Assuming the potential term is negligible compared
to the kinetic term (which can be confirmed after the solution is found) (4.7) reduces
to @® — ¢2/(12a%) = 0, which implies a(t) o (T, — ¢t)*/* and hence ¢(t) « —In(T; — ¢).
Actually, (4.7) also determines the coefficient so that ¢ = —39 In(T, —¢t). Since the scalar
field diverges, one has a curvature singularity.

Before one can claim that our initial data evolve to a singularity, one must check
that the homogeneous approximation is valid all the way to the singularity. This is not
completely obvious since the boundary of the domain of dependence is a null surface,
and in pure AdS, a radial light ray can travel an infinite distance in finite time. So we
need to calculate the proper distance on the initial surface traveled by the inward going
radial light ray from the border of the homogeneous region at » = Ry to the singularity.
From the Robertson-Walker form of the metric, this is [ = a(0) f;° dt/a(t). In pure AdS
the distance ! diverges. But, as we have seen, in our case a(t) changes its form near the
singularity resulting in finite . If ¢(Rp) =~ ¢ < 1 then the cutoff on ¢t where a(t) changes
its form occurs close to the maximum value 7/2H, yielding ! o —Inc'/3 > 1 (for instance
for ¢ = .01 one has [ =~ 2.3). Since the proper distance is proportional to Inr this implies
that the homogeneous approximation is good all the way to the singularity for radii less
than e~'Ry. This is much smaller than Ry but it can easily be made arbitrarily large by
increasing Ry keeping ¢(Rp) fixed. If ¢(Rp) is of order one, then the size of the singular
region is ~ K, for large Ry.

---------- Null rays s

spacetime singularity

.. Initial data

;H\ A

Homogeneous region

Figure 1: If an event horizon encloses the singularity, it must have an initial size greater
than R,.

If the total mass could not increase, one could easily show that a black hole could
not enclose this singularity as follows. If this singularity lies inside a black hole, then
we can trace the null geodesic generators of the event horizon back to the initial surface,
where they will form a sphere of radius at least R, = e"# Ry (one factor of ! is for the
reduced size of the domain of dependence at the singularity and the second is because the
event horizon is an outgoing null surface (see Fig.1)). The area theorem for black holes
only requires the null convergence condition and hence still holds even in theories with



V(¢) < 0. Since the area of the event horizon cannot decrease during evolution and we are
assuming the mass cannot increase, the initial mass M must be large enough to support a
static black hole of size R,. Clearly it is impossible to produce a Schwarzschild AdS black
hole, since this requires a positive mass Mgy o< R}, and our mass is negative. One could
imagine the formation of a black hole with scalar hair, with ¢(r) ~ r~2 at large r so that
the hair renders the total mass finite and negative. However we have numerically verified
that with our potential all black hole solutions with scalar hair have ¢(r) ~ Inr/r? at
large 7. Thus our finite mass initial data can not evolve to a black hole with scalar hair.

We have seen that the total mass is not conserved, so it might increase during evolution.
If it increases enough, a black hole could form. To ensure that a naked singularity is
produced, we can impose a large radius cut-off as mentioned above. This is discussed in
more detail in [20]. Since the cut-off can be at an arbitrarily large radius, we will continue
the following discussion ignoring the cut-off.

Inside the domain of dependence of the homogeneous region the singularity will be
spacelike, like a big crunch. The singularity is likely to extend somewhat outside this
domain of dependence (so our estimate for R, is really a lower limit), but not reach
infinity. So the singularity will either end or become timelike. In both cases, one has
naked singularities. In fact, there is really no way to distinguish these two cases since the
evolution ends at the first moment that a naked singularity appears. To see a timelike
singularity, one would have to know the appropriate boundary conditions to impose at
the singularity, which is not possible classically. If the singularity did reach infinity, it
would cut off all space, producing a disaster much worse than naked singularities. But
this is unlikely since there would then be a radius R, on the initial surface such that the
outgoing null surfaces for 7 > R, expand indefinitely and reach infinity, while those with
r < R_ hit the singularity and (probably) contract to a point. This indicates that the
surface with r = R, would reach a finite radius asymptotically, just like the stationary
horizons which are ruled out.* A similar argument allows us to say something about the
geometry near the naked singularity. Consider the area of the spherical cross-sections on
an outgoing null surface which hits the naked singularity. If the areas shrink to zero as
one reaches the singularity, then a nearby null surface starting at slightly larger radius
will have the areas decrease near the naked singularity and then increase as the surface
reaches infinity. This contradicts the Raychaudhuri equation and the null convergence
condition. We conclude that the area of spheres near the naked singularity remain of
nonzero size. The naked singularity is metrically a sphere and not a point. We have
seen that inside the domain of dependence of the homogeneous region, the singularity is
a strong curvature singularity and all spatial distances shrink to zero. This shows that as
the singularity extends outside this region, it becomes weaker, and when it ends, the two
sphere remains a finite size. The curvature, however, still diverges.

The above arguments assumed spherical symmetry, but that was not essential. In the
central region, the collapsing Robertson-Walker metric develops trapped surfaces. We
can clearly perturb our initial data and construct nearby initial data (which need not

4There is also the possibility that the singularity could become null. If the null singularity reached
infinity, it would again cut off all space, and be worse than a naked singularity. If it remained inside a
finite region, it would be like a static black hole with singular horizon. Numerical evidence suggests that
even these solutions do not exist.



be time-symmetric) which will still produce trapped surfaces. The singularity theorem
guarantees that a singularity must form. On the other hand, the energy will still remain
negative, so the singularity cannot be enclosed inside a black hole. Thus cosmic censorship
is generically violated in the theory (2.5). In fact, cosmic censorship is generically violated
in D =5, N = 8 supergravity, since one can also perturb the other fields in the theory
and still produce naked singularities.

The fact that the naked singularity is not a point holds even for general, nonspherical
solutions. To see this, consider the boundary of the past of infinity in the maximal
evolution of our initial data. (We are assuming boundary conditions at infinity, so the
fact that infinity is timelike is not a problem for evolution.) This is a null surface which
ends on the naked singularity. Standard arguments show that this surface is generated
by null geodesics which cannot be converging. So the area of any crosssection increases
into the future.®

5 Generalized potential case

As an attempt to generalize the previous result, we shall consider four dimensional gravity
coupled to a single scalar field with a potential V (¢). We take V to have a global minimum
at ¢ = 0 and a local minimum at ¢ = ¢, > 0 (see Fig. 2). We assume V(0) = -3V},
and V(¢)) = —3V; are both negative and we consider solutions that asymptotically
approach the local (AdS) minimum at ¢,. We require that V satisfies the positive energy
theorem (PET) for solutions with this boundary condition. While some formulations
of this theorem assume a local energy condition stating that V is never less than its
asymptotic value, it has been shown that this is not necessary [7, 15]. Generally speaking,
the PET holds if the barrier separating the extrema is high enough, but it does not hold if
the barrier is too low . By adjusting the height of the barrier to be close to the transition
point, one decreases the mass of nontrivial configurations that probe the region of V
around the true minimum. We will show that although the positive energy theorem holds
in such theories, cosmic censorship does not. We demonstrate this by first constructing
initial data with a large approximately homogeneous region in the interior where V <
-3V, but with ¢ — ¢, asymptotically. The central region evolves to a singularity, since
a homogeneous scalar field rolling down a potential to a negative minimum will generically
become singular. We then show that if the barrier is close to the transition point, the
total mass is too small to produce a black hole large enough to enclose the entire singular
region, so the singularity must be naked.

This violation of cosmic censorship in AdS is quite general since for a large class of
potentials, one only has to adjust one parameter. Even though the naked singularity in
black hole critical phenomena [23] also arises from adjusting one parameter, the impli-
cation here is completely different. This is because we are adjusting a parameter in the

3One can view this null surface as a type of event horizon since the points inside cannot communicate

with infinity. However this event horizon becomes singular and does not correspond to a standard black
hole.

8There exist potentials that admit the PET even if V(¢1) is a local maximum. For example, if
V(¢) 2 2W" - 3W? for any function W(¢), the PET holds [15]. However, if ¢ is small enough, or
Vo — W, is big enough, the PET will be violated unless a sufficiently high barrier separates both extrema.
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Figure 2: A potential V(¢) that satisfies the positive energy theorem for solutions that
asymptotically approach the local (AdS) minimum at ¢;, but which violates cosmic cen-
sorship.

potential, not the initial data. For a given theory, there is an open set of initial data
which produce naked singularities. Furthermore, in our case one does not even have to
fix the parameter exactly, it only has to be close to some critical value.

It may also be possible to violate cosmic censorship for asymptotically flat initial data,
using potentials of the above form with the local minimum at V' = 0. However it is much
easier in the asymptotically AdS case. This is because a large black hole of radius R, in
AdS requires a mass My = (R3+ R,)/2 (where we have set the AdS radius to one). This
is much larger than the mass of a Schwarzschild black hole of size R,. For this reason, the
asymptotically flat case is much more delicate. We will see that this can be explored with
1 + 1 dimensional numerical relativity and hence provides a feasible new test of cosmic

censorship.

To begin, we find the precise condition for potentials of the above type to admit a
PET. To minimize the mass, we consider initial data with all time derivatives set to zero.
For time symmetric initial data the constraint equations reduce to

AR = g¢.:6,; +2V(9) (5.9)

where we set 87G = 1. Since spatial gradients raise the energy, we first restrict attention
to spherically symmetric configurations with metric

-1
ds® = (1 - ﬁ(%)) dr? + r2dQ3. (5.10)

The constraint then yields the following equation for the “mass” m as a function of the
radius,

m,+ %mr(qb,r)2 = 4nr? [V(q&) + %(¢,r)2]' (5.11)

The general solution for arbitrary ¢(r) is
m(r) = ar | T em 7 Hor2df [V(¢) + %(qs,,)’] #dr, (5.12)
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The total ADM mass is defined to be
M = lim [m(r) + dnVird) (5.13)

We require that ¢ — ¢, faster than 1/r%/?2 since this is required for finite mass. In fact, it
suffices to consider configurations where ¢(r) reaches ¢, at a (possibly large) finite radius
r = Ry, and in this case M = m(R,) + 47V, R3. This is because one can always perturb
¢ to have finite R,, keeping the change in the mass arbitrarily small.

To identify the criterion on V for the PET to hold, we first minimize

R Ry . N
my = 41r/0 e ) "“’-')2/2“'V(¢)r2dr (5.14)

over a suitable class of ¢. Introducing a new radial variable y = r/R, and writing
( ) = ¢(R,y) it is easy to see that m, /R? is independent of R;. Let S be the set of all
é(y) with $(0) = ¢o > 0, V(o) < =3V and #(1) = ¢,. The boundary condition at the
origin is chosen so that if V' admits any negative energy configurations, then it admits
some in §. We define

1 1 ,..x
pv = min = min / e~ I, 49587/ *Vyldy (5.15)
¢€S 47rRl ¢es Jo

where d;’ = J&ly. The minimum clearly exists since the integral is bounded below by —Vj.
Clearly py is a continuous function of V, and R, is now a free parameter that acts like an
overall scale. If pv < —V; then the PET does not hold, since the contribution to the mass
from the (¢, ) term is proportional to R, while the contribution from V is proportional
to R}. So for large R, the mass will be negative. However, if py > —V,, then the PET
will hold since this minimal configuration has positive mass. (When the PET holds, the
true minimal configuration has zero mass and corresponds to ¢(r) = ¢, for all r. Our
minimal configuration has positive mass, since it is required to have V(¢(0)) < —3V;.)

To compute py for a given theory we take the variation 8¢ of the integral (5.15), to
find the lowest mass configuration subject to the boundary conditions discussed above.
This yields the following integro-differential equation for the ‘optimal’ paths ¢(y),

_ o
fo " dyy?v (Ge o 998 (5.16)

- [ dggés2 (- T
e fg 5 5o/ (yz‘/"S + y3¢lv(¢))
g + ¢
where all derivatives on the right hand side are evaluated at . Notice that the left hand
side is precisely m, (§)/47 R}, so equation (5.16) expresses the density py of the optimal
paths in terms of field derivatives at y = 1.

To give a concrete example, we numerically solve eq. (5.16) and compute p,, for the
following one-parameter family of potentials (shown in Fig. 2 for a = 45.9),

V(¢) = =3 + 509 — 81¢° + a¢®. (5.17)



We have chosen the parameter a to control the height of the barrier between both extrema.
For o = 45.928 we have p,, = —V,. For this potential, V5 = 1, V| = .305, and ¢, = .725.
The solution for the optimal path in the theory at the transition point is shown in Fig.
3. The solution starts at the global minimum at the origin y = 0, climbs very slowly out
the true vacuum and reaches the false vacuum at y = 1.

o O O o O O o
. . . . . . .
O K N W o O O U

0 0.2 0.4 0.6 0.8 1

Figure 3: The lowest mass configuration qg(y), subject to the boundary conditions dis-
cussed in the text, for the potential shown in figure 2.

At the transition point, gy + V; = 0, the potential contribution to the mass vanishes.
In terms of the area coordinate r = yR;, the total ADM mass of the minimal configuration
@(r) is then given by

R . .
M =2r fo Lo ST e A g V220, o Ry (5.18)

So, let us assume that cosmic censorship holds. Then, there would a black hole with
size R, ~ e~ R, since the large approximately homogeneous region (y < 0.58) collapses
to a singularity, where [ is a large positve constant independent of R, (see [24] in details).
However, the mass of the black hole would be proportional to R ~ eR} >> R, in the
limit R, — oo, which leads to a contradiction.

6 Asymptotically flat supersymmetric compactifica-
tion

Until now we have shown that cosmic censorship is violated in asymptotically anti de
Sitter spacetime, including N = 8 gauged supergravity. So, a simple question naturally
arises: can we also show that cosmic censorship is violated in asymptotically flat higher-
dimensional spacetime? Unfortunately, we will not come to a definite conclusion, as
we mentioned earlier. We can say, however, that a class of asymptotically flat higher
dimensional spacetime admits an arbitrary large negative curvature along the macroscopic
direction!

The key mathematical fact is as follows: As shown in [25], all simply connected com-
pact manifolds of dimension five, six, or seven admit Riemannian metrics with positive



scalar curvature. Other manifolds, such as T" and K3 do not. Positive scalar curvature
on K leads to negative energy density as follows. Vacuum solutions can be characterized
by their initial data on R® x K. Since we want to minimize the energy, we set the time
derivatives of the metric to zero. For time symmetric initial data, the Einstein constraint
equations reduce to the vanishing of the scalar curvature, R = 0. For a product metric
on R3 x K, R = R3 + Ry where Rj is the scalar curvature on R3 and R is the scalar
curvature on K. If Rg > 0, we must take R3 < 0. But negative scalar curvature on R3
is just like negative energy density. (Recall that the usual constraint of 3 + 1 dimensional
general relativity says"R3 = 2p in the time symmetric case.) Therefore, from an effec-
tive four dimensional standpoint, positive scalar curvature on K acts like negative energy
density. In other words, ten dimensional vacuum gravity has configurations with effective
negative energy density! Of course, we must require that the metric on K approaches the
standard Ricci flat metric at infinity, so we cannot keep the metric a product everywhere.
However, one can satisfy this boundary condition and keep the region of negative energy
density by taking the metric to be product inside a large ball of radius Ry. In a finite
transition region, Ry < r < R,, one can change the metric on K to the standard Ricci
flat metric.

Not only is there negative energy density in four dimensions, but this energy can be
arbitrarily negative. This follows immediately from the fact that there is no upper bound
on the scalar curvature Rg. Given a metric on K with Rg > 0, one can clearly rescale
it by a constant factor and make the scalar curvature arbitrarily large. This shows that
the negative energy density is unbounded from below.

To describe this more in details, let us consider the metric

2 -1
ds? = (1 - @) dr? + r2dQ2 + gma(r, y)dy™dy™ (6.19)

where the indices m, n label the extra compact dimensions. The metric gnn(7,y) denotes
a one parameter family of metrics on K. The Ricci scalar of (6.19) is

_ 2m(r) 1 mn 1" 2 ' 1 "2
R = (1 r ) ) rg rgmn+g +;g +Z(g)
4 4 m
+Ryg +0.m (ﬁ + -;) - 7‘_29’ (6.20)

where ¢’ = g™"0,gmn, §" = 0:9', and R is the scalar curvature of gma (7, y) at fixed r.
Inside some region r < Ry, we choose gma(r,¥y) to be independent of r, and equal
to some metric with Rg = 2V}, a positive constant. In this case, the contraint R = 0
reduces to 9,m = —V;r?/2 which is easily solved for m(r) yielding a region of constant
negative energy density. We now pick a radius R, > Ry and choose any path in the space
of metrics which connects our positive scalar curvature metric g.(Ro,¥) to a metric on
the moduli space, gmn(R1,¥). In general, we cannot solve R = 0 for m(r) because there
is nontrivial y dependence. However, we can find an m(r) so that R > 0. We can either
view this as non vacuum initial data for string theory, by adding say a dilaton with ¢ =0

7We set 87G = 1.



and ¢? = R. Or we can obtain vacuum initial data by a subsequent conformal rescaling

. . . . 52
of the nine dimensional metric (6.19). Let ds = e'¥/"ds?, then the change in the scalar
curvature is given by

R=yp~ " R~ ?w-‘v% : (6.21)

So if 9 is a solution to the conformally invariant Laplace equation in nine dimensions
2 7
=~V + Ry =0 (6.22)

then the rescaled scalar curvature vanishes. In order for the rescaled metric to be nonsin-
gular and asymptotically flat, we need a solution ¥ which is nonvanishing and goes to one
at infinity. One can show that such solutions always exist when R > 0. This conformal
rescaling can only decrease the total energy since the ADM mass changes by

AMoc-}(vwoc—/wa. (6.23)

From the four dimensional viewpoint, the metric on K is like a collection of scalar
fields with potential —Ry. Qualitatively, this potential has a local minimum at zero
when gmna is on the moduli space. There is then a finite positive barrier separating this
minimum from a region where the potential is negative. Since the potential is just the
scalar curvature, the height of the barrier is roughly 1/L% where L is a characteristic
size of K. Thus large Calabi-Yau spaces have small potential barriers. The width of the
potential is harder to estimate since it depends on mathematical details about the space
of metrics on K which are not yet known. For example, a key open question is: How
close does the moduli space of Ricci flat metrics come to the region of positive scalar
curvature metrics? The positive energy theorems we discuss later can be used to give
some information about this distance.

Once one reaches a metric of constant scalar curvature Rx = 2V > 0, one can always
rescale the metric by a conformal factor which is constant on K, to increase the curvature
and make the effective three dimensional energy density more negative. We can easily
compute the effective potential for this mode. Let us start with a product metric on
R® x K, ds? = ds? + ds%. Let ¢ be a function depending only on R®. The scalar
curvature of the metric

ds? = e""ds? + e*®dsk (6.24)
is 9
R = e[R; + 2vpe e - M0 2 gy (6.25)

where n is the dimension of K. The second term on the right is just the scalar curvature
of the rescaled metric on K. The vacuum constraint is ® = 0, and in 3 + 1 dimensions,
the energy density is p = R3/2. So we obtain

b n(n;— 2)(V¢)2 — Ve~ (@t (6.26)



Rescaling ¢ to have a standard kinetic term we get

(Vo)? — Voe™®° (6.27)

o=

p=

where 2 2)
n+
al = — =,
n
So the potential is not only negative, but falls off exponentially fast. Notice that for more
than one extra dimension, 2 < a® < 6.

(6.28)

7 Discussion

We explored a non-linear instability in supersymmetric compactifications. We first showed
that cosmic censorship is violated in D = 5, N = 8 supergravity, which is the low energy
limit of string theory with AdSs x S° boundary conditions. With AdS; x S” boundary
conditions, one obtains D = 4, N’ = 8 supergravity. Although we have focused on five
dimensions, this theory also has fields which saturate the BF bound. So, it will also have
negative energy solutions and violate cosmic censorship. We next showed that cosmic
censorship is violated in certain theories with a positive energy theorem in asymptotic
AdS space. The mechanism for producing a naked singularity is not sensitive to the
configuration of the potential. This implies that a large class of potentials may produce
a naked singularity in asymptotic AdS.

It is an open question whether the cosmic censorship hypothesis holds in string theory
with asymptotically flat boundary conditions. We finally showed, however, that a large
class of Calabi-Yau compactifications of the form M; x K contains four-dimensional po-
tentials which become negative. In this case the positive energy theorem guarantees the
positivity of the ADM energy for all solutions that tend asymptotically to the supersym-
metric vacuumn. However one might imagine there exist certain configurations that have
a large central region with negative energy density which develops a singularity, but with
a positive total mass that is too small to enclose the singular region by an event horizon.
It would be worth investigating this more in details.

In N = 8 gauged supergravity model, it is believed that AdS/CFT correspondence
exists. This implies that string theory must resolve the naked singularities, indicating
that classical string theory should resolve these singularities. This can be viewed as saying
that the o’ corrections prevent the curvature from diverging, but another interpretation
is simply that the spacetime metric is not well defined near the singularity.

Since the singularities are spacelike in the central region, the resolution of the sin-
gularity in the gauge theory should determine whether the the universe can “bounce”.
There are two possibilities. After the formation of the singularity in AdS, the field theory
state could correspond to a bulk metric which is semiclassically well defined only out-
side a finite region, or it could correspond to a metric which is well defined everywhere.
In the first case, the classical naked singularity would continue for a while. (It might
continue for all time, or eventually the metric could become well defined again and the
naked singularity would disappear.) In the second case, the naked singularity would only
last an instant. This would be analogous to passing through cosmological singularities in
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quantum gravity. There has been considerable debate recently about this possibility. We
now have a new concrete approach for settling this issue.
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The Curvaton Mechanism and Its Implications to Particle
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Abstract
I will describe basic features of the curvaton scenario where the primordial fluctuation
of a late-decaying scalar field, called “curvaton,” becomes the dominant source of
the cosmic density fluctuations. [ will also discuss its implications to the particle
cosmology.

1 Introduction

In the study of the evolution of the universe, it is important to understand the origin of the cosmic
density fluctuations. The most conventional scenario is inflation (1] where quantum fluctuation of the
inflaton field during the inflation becomes the origin of the cosmic density fluctuations. From the particle-
physics point of view, it is desirable to construct a model of inflation which is testable by collider (or
other laboratory) experiments; if it is possible, we can test the mechanism of the cosmological density
fluctuations with collider experiments. It is, however, difficult to construct such a testable model of
inflation since the requirements on the inflaton potential is very stringent.#!

Recently, a new mechanism of generating the cosmic density fluctuations has been attracting many
attentions, where a late-decaying scalar condensation provides the dominant source of the cosmic density
fluctuations. In this scenario, dominant part of the cosmic density fluctuations originate from the primor-
dial fluctuation of a new scalar field, called “curvaton,” which is different from the inflaton field {3, 4, 5].
Even though, in a large class of the curvaton scenario, inflation is assumed as a solution to the horizon
and flatness problems as well as to generate the primordial fluctuation of the curvaton field, constraints
on the inflaton potential can be relaxed in the curvaton scenario. In addition, since the requirements
on the curvaton is not so stringent, it is possible to use (some of the) well-motivated particles as the
curvaton; for example, scalar fields in the minimal supersymmetric standard model (MSSM) may play
the role of the curvaton. In such a case, it may be possible to study the properties of the fields responsible
for the structure formation by collider experiments. (For detailed studies of the curvaton scenario, see
(6].)

Here, I will review the curvaton scenario and discuss some of its implications to particle cosmology.
Organization of the rest of this article is as follows. In Section 2, I introduce the scenario I consider and
discuss the mechanism of generating the cosmological density fluctuations via the curvaton mechanism.
Then, in Section 3, behaviors of the Cosmic Microwave Background (CMB) anisotropy in the curvaton
scenario are studied. Implications to some classes of cosmological scenarios are discussed in Section 4.
Section 5 is devoted for the conclusions and discussion.

2 Mechanism

2.1 Thermal history

I first discuss the scenario we consider. In the curvaton scenario, there are two scalar fields which play
important roles; one is the inflation x and the other is the curvaton field ¢.#? The most important

t E-mail:moroi@tuhep.phys.tohoku.ac.jp
#1\Within the minimal supersymmetric standard model, however, it may be possible to use some of the scalar quarks and
Higgs bosons as the inflaton. For detail, see [2].
#2[ assume the inflation to solve the horizon and fAatness problems. The curvaton mechanism may be implemented in the
pre-big-bang (7] and the ekpyrotic (8] scenarios. In this article, however, I will not discuss those cases.
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aspects of the curvaton scenario do not depend on the details of the inflation. Thus, I do not assume
any specific form of the inflaton potential. On the contrary, resultant density fluctuations depend on the
potential of the curvaton field. Here, for simplicity, I adopt the simplest form of the curvaton potential,
i.e., the parabolic one:

V(9) = zmie’ 21)

where m,, is smaller than the expansion rate of the universe during the inflation Hi,s. In addition, the
curvaton field is assumed to have non-vanishing initial amplitude @jp;c.

In the scenario, the universe starts with the inflationary epoch and, after the inflation, the universe
is reheated by the decay of the inflaton. Then, the universe is dominated by the radiation (which I call
¥x)- I call the radiation-dominated epoch filled with radiation generated from the decay products of the
inflaton as the first radiation dominated epoch, or RD1 epoch, since, in the curvaton scenario, there are
two radiation-dominated epochs. Denoting the decay rate of the inflaton as 'y, reheating temperature
after the inflation is given by#?

Tay ~ /MLTy, (22)

where M, is the reduced Planck scale. In the early stage of the RD1 epoch, slow-roll condition is satisfied
for the curva.ton field. As the universe expands, however, the curvaton field starts to oscillate. (See Fig.
1.) When Iy < H < mg (with [y being the decay rate of ¢), energy density of ¢ behaves as that of
non-relativistic matter. Then, the energy density of the curvaton p, is proportional to a=3 while the
energy density of v, is proportional to a~4, where a is the scale factor. Thus, as the universe expands,
curvaton dominates the universe (if the lifetime of the curvaton is long enough). I call this epoch as
curvaton-dominated epoch, or ¢D epoch. The curvaton field decays when the expansion rate becomes
comparable to the decay rate of the curvaton. The reheating temperature due to the curvaton decay is
given by

Tra ~ /M.Ty. (2.3)
Schematic picture of the evolutions of the energy densities of various components in the universe is given
in Fig. 2.
2.2 Evolutions of the fluctuations

In the curvaton scenario, ¢ also acquires the primordial fluctuation during the inflation. Denoting the
curvaton field (with comoving momentum coordinate ¥) as**

é(t,Z) = ¢(t) + 6¢(t, T), (2.4)
let us consider the two-point correlation function of the fluctuation:
daQ
(0168(t, 266 N0 = [ BT gg(2, ByPet-9, (25)

Then, the Fourier amplitude generated during the inflation is given by

P
k my/3H Hy,
) ‘ , (26)

2aHins 2r ]k=ﬂHnnr
where the subscript “k = aH;,” implies that the quantity is evaluated at the time of the horizon-exit

during the inflation. As I discuss below, the primordial fluctuation of ¢ given in Eq. (2.6) becomes the
origin of the cosmic density fluctuations in the curvaton scenario.

M&B=(

#3[n the following discussions, I neglect O{1) coefficients which are not important.
#4Here, I use the same notation for the zero-mode and for the total amplitude since there should be no confusion.
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Figure 1: Behavior of the curvaton field in the early universe.
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Figure 2: Evolutions of the energy densities of various components in the universe. Here, I adopt the
instantaneous decay approximation for the inflaton decay, and hence the epoch where the universe is
dominated by the inflaton oscillation just after the inflation is not shown in this figure.

Now, we are at the position to discuss the evolutions of the cosmological density fluctuations generated
from 6¢snie. For this purpose, I use the Newtonian gauge where the line element is described with the

metric perturbations ¥ and & as#®
ds? = —(1 + 20)de® + a*(1 + 28)dZ? = a? [—(1 + 2¥)dr? + (1 + 28)d#?] (2.7)
where 7 is the conformal time. In addition, the variable §x is defined as
6x = bpx/px, (2.8)

where the subscript X denotes the individual components (like radiation, cold dark matter (CDM),

baryon, and so on) and dpx is the fluctuation of the energy density of X.
Substituting Eq. (2.7) into the Einstein equation, we obtain the generalized Poisson equation for &:

1 : 3H
k2‘1> = ——— (aio) Pror [(s;og + T(l + wgot)%o;] . (2.9)

Here, “tot” denotes the total matter and the variable Vx denotes the velocity perturbation of the com-
ponent X. Furthermore, wiot = prot/Prot the equation-of-state parameter for the total matter, and

_lda
H= o (2.10)

#3Here, [ use the notation and convention of [9] unless otherwise mentioned.
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In addition, I consider the situation where the temperature of the universe is so high that the momentum-
exchange of relativistic particles are efficient enough. In this case, perturbation of the radiation becomes
locally isotropic and the anisotropic stress perturbation vanishes, resulting in ¥ + & = 0.

When the perturbation of the radiation becomes locally isotropic, the equations for the density and
velocity perturbations of the radiation are given by

8 = -%kv,-w, (2.11)
Vo= %ké.,+k\l!, 2.12)

where the “prime” denotes the derivative with respect to the conformal time 7. In addition, if a very
weakly interacting non-relativistic component exists, its perturbations obey the following equations:

8, = —kVy - 30, (2.13)
Vi o= —HVn + kT, (2.14)

where the subscript “m” is for non-relativistic matters. Notice that, when a scalar field is oscillating,
the equation-of-state parameter of the scalar condensation vanishes and hence the density and velocity
perturbations of the scalar field also obey Eqs. (2.13) and (2.14).

In the curvaton scenario, it is assumed that the primordial fluctuation §¢;,;; becomes the dominant
source of the cosmic density fluctuations. Thus, hereafter, I will discuss the density fluctuations generated
from d¢inie. When Ty < H £ my, then, the situation is like the case with isocurvature fluctuation in
non-relativistic matter component (10]. In the curvaton case, as in the conventional isocurvature case, it
is convenient to define the (primordial) entropy fluctuation between ¢ (and its decay products) and the
photon from the inflaton ,:

3
S¢\ = [6¢ - Zé,l] . (215)
RD1

In the curvaton scenario, cosmological density fluctuations are parameterized by using S, .

In order to discuss the evolutions of the fluctuations, it is important to know the equation-of-state
parameters of individual components in the universe. If all the components behave as the relativistic
or the non-relativistic matter, evolutions of the perturbations are described by Egs. (2.11) — (2.14). In
this case, it is convenient to distinguish the photon (or any other components) from the decay product
of ¢ from that from the inflaton field, which I call v, and 7y, respectively.#® In order to consider 4,,
in the RD2 epoch, we can neglect v, since the CMB radiation at this epoch is dominantly from the ¢
field. Then, we find that, in the RD2 epoch, ¥ and J,, become constant while V,, = O(kt) up to higher
order corrections. Indeed, combining Eq. (2.9) with Egs. (2.11) and (2.12), and using éior = J,, and

Viet = V4, we obtain V»,(fo) = -%k""l’ggi and
2]
) @10
(60)

where ¥, is the metric perturbation induced by the primordial fluctuation of the amplitude of ¢. (In
the following, the superscript “(d¢)" is for perturbations generated from the primordial fluctuation of ¢.)

As I mentioned, W) is constant up to a correction of O(k?r2).

Behavior of 61° is also easily understood. In discussing the effects of the primordial Auctuation of
¢, we neglect the initial fluctuation of the inflaton field and hence Js,df) — 0 in the deep RD1 epoch. In

addition, from Egs. (2.11) and (2.12), V{%® becomes higher order in &t than 84%°) and W14®). Thus, we
obtain

800) = qptée), (2.17)

#81n fact, these photons are mixed each other and they cannot be defined separately. In other words, their velocity
perturbations should be the same since they form a single fluid. Even so, the following arguments are unchanged as far as
we consider the leading terms in the density perturbations since the velocity perturbation is at most O(k7). In the following
discussion, 74 and v, should be understood as representatives of the components which are and are not generated from the
decay product of ¢, respectively.



The above relation holds in the RD1, ¢D, and RD2 epochs up to corrections of O(k?72).

\I!gg% can be related to Sfx). Using the fact that the entropy fluctuation is a conserved quantity for

superhorizon mode, the following relation holds:

o) _ éo) 3
Sex) = [465?’ 6$f°’] = [63 - 4-53‘?”} : (2.18)
RD2 ¢D,RD1
With this relation, in particular, we obtain
86 2.6
{2 = 55;;”. (2.19)

Density fluctuations of various components are also parameterized by Sw") Detailed properties of
the density fluctuations, however, depends on how the various components in the universe are produced.
If a component X is generated from the decay product of ¢, then there is no entropy between the photon
(i.e., 7¢) and X. On the contrary, if some other scalar field ¥ generates X, the entropy between the

photon and X is the same as Sgs.»)_ Thus, if all the components in the universe are generated from ¢,
the density fluctuations become purely adiabatic and

) = 3 = 0, 288 )

where the subscripts v, b, and ¢ are for the photon, baryon, and CDM, respectively. In this case, the
isocurvature perturbation in the ¢ field is converted to the purely adiabatic density perturbation after
the decay of ¢. On the contrary, if the baryon asymmetry is generated by the scalar field 4, the entropy
between the radiation and the baryon becomes Sg?) and hence [5, 11]

9 = 3 [ = -2 1]

3 9
_ 3 [s(s0) (60)
RD2 [6‘7 ] RD2 3 ¥Rz (2.21)

rD2 4 t3

and in the case where ¥ is responsible for the CDM while the baryon number is somehow generated from
the decay product of ¢,

RD2

4
(d0) = = [s(6®) = —oylée) () [ (69) (60)
[6’ ]RD2 3 [6" ]am 2¥pa» [6" ]Rm é ] ‘I’RD:»- (2.22)
In addition, if the baryon and the CDM are both generated from sources other than ¢, we obtain
(69) — _oglde) (60) — |56 — _:i (6¢) g (60)
[67 ]RD2 = ~2¥rox [6° ]RD'.’ [6‘ ]R02 4 [6" ]m)z + 3R (2.23)

It is important to notice that, for the cases given in Eqs. (2.21) — (2.23), the isocurvature perturbation
is correlated with the adiabatic perturbation.

So far, we have seen that the primordial fluctuation of the curvaton field may generate the metric and
density fluctuations. Before closing this section, we should compare the size of the curvaton contribution
with the inflaton contribution. Even with the curvaton, there is also a contribution from the inflaton
fluctuation since I assume inflation as a solution to the horizon and flatness problems. If we consider the
situation where there is no entropy fluctuation, inflaton contribution to the metric perturbation (in the
RD2 epoch) is given by [15]

(mf) = £ 3Hm|' Hmf 2.94
e (k) = 3 [ i:af 2n ]k:aH, 224
while the curvaton contribution is
@89 (k) = H‘“‘] . (2.25)
d’lmt k=aH

(Here and hereafter, the superscript “(inf)" is for quantities generated from the inflaton fluctuation.) As
one can see, the curvaton contribution to ¥ is inversely proportional to @in;. and hence, if @in;e is small
enough, curvaton contribution dominates over the inflaton contribution.



Thus, in the curvaton scenario, there are two conflicting requirements on the initial amplitude of the
curvaton field. One is the upper bound on @ii:; upper bound on @ini, for ¥9¢} 2 ¥(inh) depends on
the model of the inflation. For the case of the chaotic inflation, for example, the curvaton contribution
becomes larger than the inflaton contribution if ¢iniw < M.. The other is the lower bound on the ¢in;,
since the ¢D epoch cannot be realized if ¢, is too small. Lower bound depends on the reheating
temperatures Tr; and Tr; given in Eqs. (2.2) and (2.3), respectively. In Fig. 3, I plot the lower bound
on ¢iniy to realize the ¢D epoch.

3 CMB Angular Power Spectrum
3.1 Spectral index

Now, we are at the position to discuss the CMB angular power spectrum in the curvaton scenario. One
of the most important consequences of the curvaton scenario is that, if all the components in the universe
are generated only from the decay products of ¢, no entropy fluctuation is generated and the primordial
density fluctuations (after the RD2 epoch) becomes purely adiabatic. Let us first consider such a case.

One important check point is that the scale dependence of the primordial density fluctuations. In the
case where the cosmic density fluctuations are generated from the primordial fluctuation of the inflaton,
scale-dependence originates from the change of the slope of the inflaton potential as well as the expansion
rate during the inflation. As can be seen from Eq. (2.25), on the contrary, scale-dependence of the
curvaton contribution is only from the change of the expansion rate (as far as my &« Higr). Thus, even
though both the curvaton and inflation contributions are from primordial fluctuations of some scalar
fields, their scale-dependences are different. Defining the spectral index ng as

d inf,60)y2 i
T P ¥hos T = nfr9 -1, (3.1)

the spectral indices for the inflaton and curvaton contributions are calculated as
nfinf) 1 - 6¢ + 21, (3.2)
n{se) = 12, 3.3)

where ¢ and 7 are slow-roll parameters which are given by

1, (Vi v
=iz (__,) . n= M2V
2 Viar 7 inf

Due to the change of the scale-dependence, we can see that the observational constraints on inflation
models are relaxed in the curvaton scenario. For example, for the case of the chaotic inflation with the
inﬂaton potential Vi,r oc xPirf, spectral indices for the inflaton and curvaton contributions are estimated as
"0 ~ 0.96 and n{*® ~ 0.98 for pinr = 2, ni™ ~ 0.95 and n{**’ ~ 0.97 for pins = 4, and n{™ ~ 0.94 and
nﬁ“’ =~ 0.95 for p;nr = 6. Thus, using currently available constraint on the spectral index ng = 0.9940.04
[12] from the WMAP, simple chaotic inflation model with pi, = 6 is excluded by the observations while,
with the curvaton mechanism, p;,r = 6 becomes consistent with the observational constraints. For other
class of inflation models, change of the constraint may be more drastic.

3.2 Entropy fluctuations

Next, let us discuss the effects of the possible entropy fluctuation in the curvaton scenario. As mentioned
in the previous section, in the curvaton scenario, correlated mixture of the adiabatic and isocurvature
fluctuations may be generated. In order to discuss effects of the entropy fluctuation to the CMB angular
power spectrum, it is convenient to parameterize the density fluctuation of the non-relativistic matter as

[669] = [@0/2ma + @c/0889)]

3 ; 8
rRD2 4 [6‘(760)] RD2 T Fm ¥R2, (34)
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Figure 3: Lower bound on ¢, to realize the ¢D epoch on Try vs. m, plane. Tg; is taken to be
Try = 108GeV, Tr) = 10'°GeV and Tg;, = 10'4GeV from the top.
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Figure 4: The angular power spectrum with correlated mixture of the adiabatic and isocurvature per-
turbations in the baryonic sector (solid line), in the CDM sector (long-dashed line), and in the bary-
onic and CDM sectors (dot-dashed line). (See Eqs. (2.21), (2.22), and (2.23), respectively.) [ also
show the CMB angular power spectrum for the purely adiabatic (i.e., x, = 0) and purely isocurvature
(#m = 00) cases with short-dashed and dotted lines, respectively. The overall normalizations are taken
as [I(1 + 1)C;/27)i=10 = 1.

where 0, Q. and Q,, are the (present) density parameters of the baryon, the CDM, and the non-
relativistic component (and hence Q,,, = € + €2;). Although the density fluctuations for the baryon
and the CDM are independent, shape of the CMB angular power spectrum is determined once k., is
fixed. For the purely adiabatic case, £m = 0. With the relations (2.21), (2.22), and (2.23), £, becomes
2(Q%/%m), 2(Qc/Um), and §, respectively.

In Fig. 4, I show how the CMB angular power spectrum depends on the x,, parameter. As one can see,
C\ strongly depends on &, and, if |km| 2 0(0.1), deviation of the CMB angular power spectrum from the
adiabatic result (i.e., C; with k,, = 0) becomes sizable. Importantly, the WMAP results strongly suggest
that the primordial density fluctuations be (almost) purely adiabatic; with the WMAP data, £, < 0.1 is
obtained [13]. Thus, the WMAP results impose stringent constraint on the curvaton scenario. A possible
small contamination of the entropy fluctuation in some case will be discussed in the next section.

4 Implications to Particle Cosmology

4.1 Case of D-term inflation

So far, we have discussed some generic features of the curvaton scenario. As can be imagined, the curvaton
scenario has important connection with particle cosmology. Thus, in this section, I would like to show
some examples of the applications and implications of the curvaton scenario to several specific cases.

The first topics is the case with D-term inflation in supersymmetric models [14]. One of the strong
motivation to consider the D-term inflation is to eliminate the dangerous Hubble-induced mass term; in
supergravity, it is often the case that all the scalar fields acquire effective mass during inflation as large
as ~ :Hj,r and, if such a large mass is generated for the inflaton, the conventional slow-roll inflation
cannot proceed. The dangerous Hubble-induced mass term is generated from expectation value of the
F-term potential. In the scenario of the D-term inflation, however, the inflation is driven by the D-term
potential and hence we may evade the problem of the Hubble-induced mass.



The primary purpose here is to discuss the application of the curvaton scenario to the D-term inflation,
but not to study the detail of the scenario of the D-term inflation. Thus, let us take a simple model of
D-term inflation; here, we consider the model with (new) U(1) gauged symmetry and introduce three
chiral superfields, $(0), @(—1) and @Q(+1) where we denote the U(1) charges of the superfields in the
parenthesis. With the superpotential

W = ASQQ, (4.1)

and adopting non-vanishing Fayet-Illiopoulos D-term parameter £, the scalar potential is given by

4 3" A 1 A 2
V=X (ISQF +1SQF +1QQI°) + 592 (-IQP + QP - ¢€)", (4.2)
where g is the gauge coupling constant.#7 In our study, we take £ to be positive (although the final result
is independent of the sign of £). Minimizing the potential, the true vacuum is given by

(Sy=0, @ =0, (Q=vE (4.3)

Although the true vacuum is given by (4.3), there is a (quasi) flat direction, that is, S = co with @
and @ being vanished. Indeed, in this limit, the scalar potential becomes V = %ngz and hence, at the
tree level, the scalar potential becomes constant. This flat direction is used as the inflaton. Thus, in this
scenario, inflation proceeds in the symmetric phase of U(1) while the vacuum is in the broken phase, and
hence the cosmic string is formed. The mass per unit length of the string is given by

u = 2x€. (4.4)

Once the cosmic-string network is formed, it affects the cosmic density fluctuations. In particular, an
important constraint is obtained by studying its effects on the CMB anisotropy. The perturbations
induced by cosmic strings are non-Gaussian and decoherent isocurvature, which leads to characteristic
spectrum of the CMB anisotropy, which is distinguished from that induced by inflation.

To study this issue, let us consider the evolution of the inflation field a little bit more carefully. Once
the radiative corrections are taken into account, the flat direction is slightly lifted. When the scalar field
S takes large amplitude, @ and Q become massive and decouple from the effective theory at the energy
scale AS. This fact means that the gauge coupling constant in this case should be evaluated at the scale
AS and hence, for S > g€/, V(S) = §g°(AS)€%. Using one-loop renormalization group equation, and
defining

S= %ae“’, (4.5)

the potential for the real scalar field o is given by
2 402
. g° 2, 97 g
=< 2> |n— 4.6
V(o) 25 +87r'-’ lno_o, (4.6)

where gy is some constant.

Since the scalar field o has a very flat potential when ¢ is large, the ¢ field can be used as an inflaton;
inflation occurs if ¢ has large enough amplitude. Assuming the slow-roll condition, evolution of the o
field during the inflation is described as

2
2 g

ol = Ugnd + mNeﬂ/ff, (4.7)

where N, is the e-folds of the inflation and M, =~ 2.4 x 10'® GeV is the reduced Planck scale. The cosmic

density fluctuations responsible for the CMB anisotropy measured by the WMAP (and other) experiment

are generated when N, ~ 30 — 50. (Hereafter, we take N, = 50 in evaluating C;.) In addition, genq is

#7Here and hereafter, we use the same notation for the scalar fields and for the chiral superfields since there should be no
confusion.
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the inflaton amplitude at the end of the inflation. In order to realize the D-term inflation, o should be
large enough so that (i) the slow-roll condition is satisfied and (ii) the effective mass squared of the Q
field becomes positive. Inflation ends one of these conditions are violated and hence geyq is estimated as

Oend = max(0y.r., Oinst ), (4.8)

where

Osr. = %A’[n Tinst = —\/_ (4.9)

Notice that o,.,. and 0gins are derived from the slow-roll condition and the instability of the potential of
Q, respectively.

Once the evolution of the inflaton field is understood, we can calculate the metric perturbation ¥
generated from the primordial fluctuation of the inflaton field. The metric perturbation from the inflaton
fluctuation is given in Eq. (2.24), and hence#®

(mf)( k) = [2\/§7f 4 a] (4.10)
F3 . ¢
3V3 gM! k=aH
Importantly, \I!( nf) changes its behavior at A ~ Ay with
2
Amij%ﬁ- (4.11)

When A > A, the second term in the right-hand side of Eq. (4.7) dominates over the first term and

hence o for corresponding N, is given by gM./N./v/2r. On the contrary, if A & Aceit, the first term
wins and ¢ ~ oins. As a result, we obtain

(inf) A Acrit

¥ro -afw‘/ { Mrai)™h ¢ A€ deris (4.12)

When A 3> Aci, \II,; is proportional to £ and is independent of A. On the contrary, if A € Aerie, ‘Ilg'g)

is proportional to £3/2/A. This fact implies that, for a fixed value of £, the metric perturbation generated
from the inflaton fluctuation is enhanced for sufficiently small value of .

Because of the cosmic string formation, the CMB angular power spectrum in the D-term inflation
scenario contains two contributions: one is the adiabatic one from the primordial fluctuation of the
inflaton and the other is from the cosmic string. (So far, we have not introduced the curvaton yet.)
Assuming no correlation between these two contributions, we obtain

G =0 4 gl (4.13)

where C™" and C**" are contributions from primordial inflaton fluctuation and cosmic string, respec-

tively. The adiabatic part C('"” can be calculated with the conventional method. Since C""n is from the
two point correlation functlon the CMB angular power spectrum is second order in ‘I’("‘” In particular,

¢ is proportional to €2 and £3/A2 for A 3 Aceric and A < Acrit, respectively. In addition, the cosmic
string contribution C{*" is proportional to 2 o €2 [16).

The important point is that the {-dependence of the cosmic string contribution C(S") is different from
that of C,('"” although the detailed shape of the cosmic string contribution depends on the analysis. (For
example, Refs. [17] suggest that the combination (I + 1)C; ™ is almost independent of {, while another

class of studies result in “tilted” behavior [18] where the function Vi + l)C,(s") approximately has a

#8The spectral index ng is very close to 1 in the D-term inflation and hence we neglect the scale dependence of the
primordial metric perturbation.



linear dependence on In! up to { ~ 400 — 600 then it steeply decreases. In any case, C*") does not have
oscillatory behavior as C,(i"f) and the constraints on the D-term inflation in the following discussion do
not change qualitatively.

Since C(s") and C““n have different {-dependence, the total angular power spectrum becomes incon-
sistent with the observation if the size of C‘(’") is comparable to that of C('"r). Indeed, if A > Acrie,
the ratio " /C,('"” becomes independent with £. In [19], it has been seen that the shape of the total
angular power spectrum becomes inconsistent with the observation in such a case. In addition, in order
to suppress the ratio C,(”")/C,(i“", A should be smaller than O(10~4 — 10-8%).

A consistent scenario of the D-term inflation with A ~ 1 can be constructed by adopting the curvaton
mechanism. In the case of D-term inflation with the curvaton, the curvaton contribution to the metric
perturbation is calculated as

o) _ A8 _ 2 g€
RD 9 Pinit 9v6m M. Binit

Since there is no correlation between the primordial fluctuations in the inflaton and curvaton fields, the
total CMB angular power spectrum is now given in the form

(4.14)

C = ¢ 4 gl 4. clé®), (4.13)

where C(“) is the curvaton contribution. As we emphasized, the density fluctuations associated with
Odinie are purely adiabatic. In addition, ¥{%®! is almost scale-invariant since the expansion rate during the
D-term inflation is almost constant. As a result, the total CMB angular power spectrum may become
well consistent with the WMAP observation if the curvaton contribution dominates over the inflaton
contribution. We can see that such a hierarchy is relatively easily realized; using the fact that C,“"” and
C*" are proportional to [¥("0]? p when A ~ 1 while C*® is proportional to [¥{**))]2, the curvaton
contnbutlon dominates when @i, < gM. since \IJ(“"’ ~ O(£ IM3).

To be more quantitative, we calculate the x? variable to derive constraints on the parameters in the
scenario. Now the total angular power spectrum has the form

= (€ wpo=1Fap + [C*)ou=1 (GR)?, (4.16)
where

RD = [‘I,(mf)]2 + [\I,(5¢)}2 (4.17)

and C*" is the CMB angular power spectrum generated from purely adiabatic density fluctuations.
The x? variable is minimized when the cosmic-string contribution is negligibly small and ¥rp = 3.0 x
10-%. The latter condition can be satisfied by tuning the curvaton contribution (as far as the inflaton
contribution to ¥gp is not too large.) In order to realize hierarchy between the adiabatic and cosmic-
string contributions, it is necessary to make u small by suppressing £&. Requiring that Ax? < 4, we obtain
the upper bound on u for the case of A ~ 1 as

Gu S 0(107%), (4.18)
and hence, using Eq. (4.4), the upper bound on £ is given by

VEIM, $0(107%). (4.19)

In addition, using the best-fit value of ¥gp given above, we can estimate the required value of the
initial amplitude of the curvaton field. Importantly, in order to realize the adiabatic-like CMB angular
power spectrum, ¥99) » w00 since CI*" and C™" are of the same order if A ~ 1. Thus, requiring

o2 ~ 3.0 x 103, we obtain

<15

2
Pinit/M. =9.5x10% x g ( ) . (4.20)



Finally, I would like to make a brief comment on the cases of hybrid inflation. In many classes of
hybrid inflation models, gauged U(1) symmetry exists which is spontaneously broken after the inflation.
With such a U(1) symmetry, cosmic string is also formed, which also affects the CMB anisotropy. The
dynamics of the hybrid inflation and the mass of the string per unit length are almost the same as the
D-term inflation [20]. Therefore, the result obtained in the present work can apply to the hybrid inflation.
Of course, for general hybrid inflation models where the cosmic string affects the CMB anisotropy too
much to be consistent with the observations, the curvaton mechanism can solve the difficulty as in the
D-term inflation case.

4.2 Case of the right-handed sneutrino as the curvaton

The next possibility I would like to discuss is the case where the curvaton field is also responsible for the
scenario of baryogenesis. Among various scenarios, there are some cases where the baryon asymmetry of
the universe is generated from scalar-field condensations. In those scenarios, scalar fields often dominate
the universe at some epoch and hence, if they have primordial fluctuations, they may play the role of
the curvaton. Probably, two of the most famous examples of the possible scalar fields responsible for the
baryon asymmetry are right-handed sneutrino {21, 22] and the Affleck-Dine field (23].

Here, we consider the case where the right-handed sneutrino, which becomes the origin of the baryon
asymmetry of the universe [21], plays the role of the curvaton [24). First, I briefly summarize the model
and the thermal history. Here, the relevant part of the superpotential is given by

W = ilN,,'aN,'LaHu + %A:[N'UN.'N]‘, (4.21)

where hy is the Yukawa matrix for the neutrino while My is the Majorana mass matrix for the right-
handed (s)neutrinos. Here, i and j are generation indices of the right-handed neutrino N while a is that
of the left-handed lepton doublet L. In addition, H, is the up-type Higgs field. I work in the basis where
the matrix MN is diagonalized. For simplicity, let us consider the case where the lightest right-handed
sneutrino N = N, has non-vanishing initial amplitude. (Hereafter, mass of N is denoted as Mn.)

With a non-vanishing primordial amplitude, N starts to oscillate when H ~ My and decays when H ~
[Cn, where I’y is the decay rate of N. Since the Majorana mass term breaks the lepton-number symmetry,
lepton-number asymmetry may be generated at the time of the sneutrino decay if non-vanishing CP
violation exists. Such a lepton-number asymmetry becomes the source of the baryon-number asymmetry
of the universe with the sphaleron process.

The mechanism of generating the baryon-number asymmetry is basically the supersymmetric version
of the Fukugita-Yanagida mechanism [25]. Expression for the resultant amount of the baryon asymmetry
is, however, rather complicated since, in this case, the primordial abundance of the right-handed sneutrino
has non-thermally determined. Assuming 'y < 'y, we obtain [22]

L7 -10 T My
g = 024X 1070 5 der (10°Gev) (oeav) (422)

where Ty is the temperature at the epoch of the decay of N, m,, the mass of the heaviest (left-handed)
neutrino mass. (So, if N decays after dominating the universe, Ty becomes the reheat temperature due
to the decay of N.) In addition, in the basis where the Majorana mass matrix for the right-handed
neutrinos M is real and diagonalized, the effective CP violating phase is given by

(Hu)2 Im[hh'M lh.hrll |

]
= My, [hh']“

(4.23)

Notice that, with maximum CP violation, d.g ~ 1. In addition, f, is the energy fraction of the radiation

generated from the decay product of N. With the relation I'y < Ty, N decays after the inflaton decay.
In this case, it is convenient to define the following quantity:

N, ~{ (Ca/Ma)YAM, @ My <Ty

(Cn/T)YVM, : My >T, (4.24)



If Nipie ~ N’.,q, Py, ~ py is realized when H ~ I'y. Thus, when Ninie < 1\7eq, N decays in the M-
dominated universe and hence

(Nilxit/Neq)2

1+ (Ninit/Neq)') m o

f‘?g ~

On the contrary, if 1\75.,“ 2 Neq, the right-handed sneutrino decays after it dominates the universe and
we obtain

(1'\-,init./[;/m|)8/3

V. < N
1+ U'\.finiz/Neq)8/3 Nea S Nini (4.26)

fv,;, ~

Thus, as is easily seen, energy fraction of 5 becomes close to 1 when Ninit > Neq while, in the opposite
limit, most of the radiation are generated from the decay product of the inflaton.

Now, we are at the position to discuss the cosmological density fluctuations in this scenario. In
particular, we consider the case where the condensation of the right-handed sneutrino plays the role of
the curvaton. (Thus, in this case, the epoch after the decay of N is identified as the RD2 epoch.) The
scenario is basically the same as the curvaton scenario which I have explained before.

In the previous discussion, we have considered the cases where the all the components in the universe
are generated from the decay product of the curvaton, which corresponds to the case of f,, =~ 1. Asis
explained above, however, (small) contamination of the radiation from the decay product of the inflaton
may always exist. If the baryon asymmetry is generated from thermally produced particles after the RD2
epoch is realized, then entropy fluctuations vanish and the primordial density fluctuations become purely
adiabatic.

In the scenario we consider, however, the situation is quite different since the baryon asymmetry
is generated from the decay product of N. In particular, if the energy fraction of the radiation from
the decay product of the inflaton becomes sizable, non-vanishing baryonic entropy fluctuation may be
generated.

Evolution of the density fluctuations in this case is also understood by solving the Einstein and
Boltzmann equations for the fluctuations given in the previous section. We calculate the entropy in the
radiation-dominated universe after the decay of both x and N. In the radiation-dominated universe [9]

Bioe = O(T),  box = ~2¥n02, View = 5 ¥m0akr. (4.27)
Then, with the relation
Dot = fy, Bay + frz Bog, (4.28)
with A, = é,, + 4(a’'/a)Viee/k, we obtain
AlM) = -;—:i_-/_\.gm )= ;:N 150 (4.29)

Using the fact that the entropy between any component produced from N and that from the inflaton

field is conserved, we can relate mﬁf{;’,’ with S'(‘w) with the relation S (JN) 3 (A(m) A(JN)) we obtain

6Nlnlt

N 5N
‘I’&D; = f"IN S( ) f"N
Nnmz

(4.30)

Thus, if N decays much after it dominates the universe, fyx = 1 and hence the metric perturbation
becomes comparable to the primordial entropy perturbation. On the other hand, if f,, <« 1, the metric
perturbation becomes negligibly small. Since the baryon asymmetry is generated from N, the density
fluctuation in the baryonic component is given by

vy _ 3 9
AE’GN) 4AS’§V~) -3 ;:x wﬁﬁ.’)"} (4.31)
N



Thus, the entropy between the baryon and the radiation is given by

v V) 3 (6N 9 fy, o (67) (1 = frq) (679
SUNY = A L SABNY 20 g N) T T s ] 8N (4.32)
3] ] 4 tot 2 fﬁ,»;- RD2 2f7.v RD2
and defining
. S(JN)
KN = %ﬁ (4.33)
Yap2
we obtain
b _ - fry) (4.34)

" 2fr

If the right-handed sneutrino once dominates the universe, fy4 — 1 and hence the perturbation becomes
adiabatic. (Thus, the situation is like the case discussed in the previous section.)

It is interesting if a sizable amount of the energy density of the radiation is from the inflaton. In this
case, fy, becomes smaller than 1 and correlated mixture of the adiabatic and isocurvature fluctuations
is generated. As mentioned in the previous section, WMAP data suggests that the baryonic and CDM
entropy fluctuations should be very small; |xs| < 0.5 [13). If f,, ~ 0.1, however, |x;| can be smaller
than the present upper bound but the deviation of the CMB angular power spectrum from the adiabatic
result may still be within the reach of the future precise observations. Thus, it is desirable to find the
signal from the (correlated) entropy fluctuation in the future precise observations of the CMB anisotropy
for the test of the curvaton scenario.

Finally, let me comment on the case where the curvaton also generates the baryon asymmetry of the
universe via Affleck-Dine mechanism. If the primordial fluctuation of the Affleck-Dine field becomes the
dominant source of the cosmological density fluctuations, large baryonic entropy fluctuation is generated
even if the universe is once completely dominated by the Affleck-Dine field. This is due to the fact
that the Affleck-Dine field is a complex scalar field and also that the resultant baryon asymmetry of
the universe is sensitive to the initial value of the Affleck-Dine field. If the Affleck-Dine field acquires
primordial fluctuation, its initial phase as well as the initial amplitude is expected to have fluctuations.

5 Conclusions and Discussion

Here, I have discussed the basic features of the curvaton scenario and its implications to particle physics.
In particular, I have discussed that the cosmic density fluctuations can be dominantly originate from
the primordial fluctuation of the “curvaton” field, which is a late-decaying scalar condensation other
than the inflaton. In the curvaton scenario, scale-dependence of the cosmic density fluctuation becomes
different from the case of the simple inflation, and in many cases, the spectral index n, becomes close
to 1 compared to the simple inflation case. Thus, given the fact that the CMB anisotropy observed by
the WMAP suggests (almost) scale-invariant primordial density fluctuations, observational constraints
on the inflaton potential can be relaxed by adopting the curvaton scenario.

One of the important feature of the curvaton scenario is the possible contamination of the (correlated)
entropy fluctuation in the non-relativistic matter. The CMB angular power spectrum is sensitive to the
entropy fluctuation. Thus, if such correlated entropy fluctuation is sizable, it affects the shape of the CMB
angular power spectrum and hence it will be interesting and important to try to find its consequence in
particular in the CMB anisotropy at future precision observations of the universe.
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Creation of a brane world
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Abstract
We study a creation of a brane world using an instanton solution. We analyze two
models: one is a brane model with a bulk scalar field and the other is that with a bulk
Gauss-Bonnet term. We construct instanton solutions with branes for those models,
and calculate the values of the actions to discuss an initial state of a brane universe.

1 Introduction

New paradigm of cosmology based on a superstring/M-theory, which is the so-called “brane world”,
has been proposed for last several years. One of the most interesting approach was given by Randall
and Sundrum [1]. They considered a pure 5-dimensional (5D) Einstein gravity in a bulk only with a
cosmological constant. Whereas, in a string/M-theory context, one would also expect some scalar fields,
associated with the many moduli fields. Those fields will, in principle, also propagate in the bulk. For
example, Lukas, Ovrut and Waldram [2] derived an effective 5D action by a dimensional reduction from
11-dimensional M theory. It contains a scalar fields in the 5D bulk, which correspond to moduli associated
with compactification of six dimensions on a Calabi-Yau space. The other possible modification is to add
higher curvature correction terms to the Einstein gravity. These are, in fact, derived from low energy
limit of a string theory. The first correction term would be a ghost-free Gauss-Bonnet combination
: Lgp = a (R* - 4RAgR*B + RapcpRABCP). It was shown that a massless graviton mode at low
energy is localized in the brane model with Gauss-Bonnet term as well as in the RS II model. Rather,
a correction for the Newton'’s law becomes milder by including the Gauss-Bonnet term [6]. Using these
models, we study creation of a brane universe[4]. We consider creation of a brane world using an instanton
solution which is given by solving the 3D Euclidean Einstein equations. In order to construct a compact
Euclidean manifold, we have to glue two copies of a finite patch of a bulk spacetime with a brane boundary
by use of the Israel’s junction condition. Garriga and Sasaki (3] first constructed a brane instanton in the
Randall-Sundrum model. Here we discuss two models of brane instantons which contains either a bulk
scalar field or a Gauss-Bonnet term in a bulk.

2 Creation of a brane world with a bulk scalar field

As for a brane world with a bulk scalar field ¢, the Euclidean action of this model is given by

i r=r;

S = _2_'1% {/d%\/ﬁ [R - 50,09 - V(¢)] -3 dava (K - "w(*”)]} W

where «2 denotes the five dimentional gravitational constant and K (ti) denotes the extrinsic curvatur. We
consider a model with a bulk potential V'(¢) = (8° — 2/3)v® exp(—28¢), where 8 and v are parameters.
This model includes the Hofava-Witten theory (8 = 1) [2] and the Randall-Sundrum model (3 = 0).
The tension of a brane is assumed to be A(¢) = £2v/2vexp(-3¢). Note that for this choice of potential
and tension, the 3-curvature of a brane vanishes. Hence, a boundary brane in this instanton solution
must be Aat. We assume the Euclidean metric ds® = dr® + b(r)?v;jdz'dz/, where 7;; is the metric of
4-dimensional torus in order that Euclidean solution (instanton) is compact.
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The equations of motion are
92 1 2 1 2 2 2 2,=-203¢
b= = 12b 2¢ B 3)ve , (2)

o o o
¢" +45¢' =28 (ﬂg - ;) vie~?°, (3)
with the junction condition on a brane located at r = »; being

V2

5 b(ri)ve™®

, ¢'(ri) = FV2ve™®

r=r,

V() =+

4)
r=r;
Here we use the notation r;(i = 0,1, 2) where i means the number of a brane. For 2-brane model, i = 1
and ¢ = 2 stand for a negative tension brane and a positive one, respectively. For a single brane model,
we apply the upper case at r = rg. Then we construct an instanton solution with two boundary branes
at r = r, and r = ry. The instanton solutions are

d325- = dr? + bgr?:"y.-,-dxidxj, (5)
and
_1 2
#(r) = zin (ﬁvﬂ r) , (6)

where b is a constant. The location of the branes (r = r| and r = r;) are arbitrary Calculating the action
for this solution, we find it vanishes : Sg = 0. Because the action has no minimum value with respect to
the distance between two branes, we are not able to predict the initial state of the brane universe.

For a single brane model, the instanton solution (5) has a singularity at the origin (r = 0). However
the action for this instanton is finite for 8 < \/575, and then the action also vanishes. This is just like a
Hawking-Turok singular instanton(5).

3 Creation of a brane world with a Gauss-Bonnet term

Next we analyze a brane model with a Gauss-Bonnet term and a negative cosmological constant A in the
bulk. The action is given by

SE = St&ulk + Sz_rane, (7)

where
Shulk — _%2. / dz%\/G [R - 2A + a(R? - 4R4pR*® + RapcpRAECP)], (8)
5 JM

A is a negative cosmological constant, R, Rag and R4pcp are the five dimetional scalar curvatuer, Ricci
tensor and Riemann tensor ,respectively, and « is coupling constant. The induced four dimentional metric
h,, on a 3-brane is defined by hap = gap — nang, where n4 is the spacelike unit-vector field which
normal to the brane hypersurface. The action is given by the following form :

1
sg‘a"e = —=3 / ddzﬁ[[lsurloce - A]] 3y (9)
K5 5 Jom,
where
Leurface = K +2a(J = 2G*° K ,,) (10)



is surface term. ); is a tension on the i-th brane, K,,, is the extrinsic curvature of OM;, K = K}, and
G, is the Einstein tensor of the induced metric h,,. J is the combination of the extrinsic curvature
given by

J= % (2K Ko KP° + Koo KK — 2K, K K* - K*) (11)
The total action gives the field equations as
Gap +aHap = —Agas - Agapd(8M.), (12)
where
Gap=Rap - %QABRv (13)
Hap =2 [RRap — 2RacR% - 2R°PRacep + R PERacpe] - %QABEGB- (14)

We assume that the metric is O(35)-invariant, which gives the Euclidean metric as
ds% = dr® + b(r)?y,,dr*dz”, (15)

where -, is the metric of 4-sphere.
The equations of motion are now

" k- b:z 2
3(%-— 72 >+12 (kbb )b"- -\ = Aid(r - ry), (16)
2 1Y
6 b;’ + 120% = A, a7

where the prime denotes the derivative with respect to r.
By integrating the first equation for a small interval (r; — €, r; + €) including a brane, one obtain the
junction condition at r =r; as

3Hb? — 4ab + 120kt _ A,
5 =¥

where the upper (lower) sign is applied at r; (at r = r) for two brane model. Also for single brane model
we apply the upper case at r = ry.

We construct an instanton solution by cutting the above solution at » = r; and gluing two copies on
the surface of the excising point in order that the Euclidean manifold (instanton) is a compact. On that
surface we impose Israel’s junction condition (18) with k = 1. For a single brane instanton we impose “no
boundary boundary condition” at the origin [7]. For a 2-brane model we impose the junction condition
atr=r; (i=1,2).

We find a brane instanton only for —3/4a < A <0, which is

(18)

b(r) = \/—1—)(: sinh /- X.r, (19)

where
Xi= =3+ v9+12aA v9+12a/\' (20)
12a
The tension of the i-th brane is determined by the junction condition on the brane.
cosh(r; /1)

AP = (-1} B e o] (21)

snh(ri)) TG FH (sinh3(r,-/z)

.—54._



where ¢y = 1/\/-X4, and 8 = V9 +12aA. The range of 3 is restricted as from the condition for
0<8<3.

Here we note a ‘critical tension’. In the limit of » = oo, the curvature of the brane vanishes because
the radius of the brane (b(r)) (§* manifold) become infinitely large. In this limit the tension of a brane
() is

AT = (1) 26+ 6) = 73+ 4aXa) (22)
We rewrite it with o« and A as
4 3
a/\g,.i =1-4doAF (1 + §a1\) , (238)

which is consistent with generalized Randall-Sundrum tuning condition for a flat brane in the model
with Gauss-Bonnet term, derived by Maeda and Torii [8]. The tension of a positive brane is divided
into two parts A = A, + N, A’ is always positive because A decrease monotonically with respect to r
for 0 € § < 3. Hence this brane has always a positive effective cosmological constant, that is, de Sitter
brane.

Next we calculate the action. The total Eudlidean action for this solution is given by

Sg = —Z—‘g {[(6 F B)sinh (%3) cosh (fll) +(6F38) (TTQ)] —[r2 = 1’1]} , (24)

where V" is a volume of manifold with the metric v,,, i.e., V' = 87%/3 for S*.
Again, we do not find the action minimum. Then, the initial size of a brane universe is not fixed.

4 Conclusion

We have presented instanton solutions for models with a scalar field and a Gauss-Bonnet term respectively.
For the former case, we construct 2-brane and single (singular) brane instantons with flat 3-curvature.
However we cannot predict the initial state of the brane universe because there is no action minimum.
For the model with Gauss-Bonnet term, we also construct 2-brane and single (non-singular) de Sitter
brane instantons. Again the initial size of brane universe is not fixed. In order to predict the initial state
of created brane universe, we need to include other mechanisms such as the Casimir effect. This issue is
left for further study.
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Abstract
We investigate the evolution of power spectrum of large-scale fluctuations during
preheating phase by using 'separate universe approach’ proposed by Tanaka and Bas-
sett{l]. We show that on the super-Hubble scale, scalar field's fluctuations with all
wave number k are amplified by the effect of parametric resonance and their power
spectrum become flat like white noise. We think the interpretation of these spectrum
and we also comment on large scale magnetic field.

1 Introduction

During reheating inflaton decays into another particles and standard big bang phase is set. So reheating is
a crucial part of inflationary cosmology. Reheating can occur through the process of parametric resonance
which cause an exponential growth of another fields induced by coherent oscillation of inflaton field. Such
a phase is called 'preheating’ era.

It has been argued that preheating can amplify super-Hubble scale fluctuations and so it may alter
standard predictions of inflationary cosmology. To investigate these effects, the dynamics of inflaton
fields and other created particles must be known. But the dynamics of preheating has not been clearly
understood yet because there are two difficulties to analysis. The one is we must take into account metric
backreaction because we are interesting in structures on today’s cosmological scale (several kilo or mega
parsecs) which is much larger than horizon scale at preheating (several meters). So we need general rela-
tivistic treatment. The other is nonlinearity of this problem. Preheating usually ends due to backreaction
of amplified fields against oscillating inflaton field. This can’t be understood with linear perturbation
approach that often used in inflationary cosmology. One of means to overcome these difficulties is solving
linearized equation involve Hartree terms[2]. But this is hard to deal with computing power spectrum
because this include only scattering events that does not change the momentum of field so this ignores
’rescattering’ which deforms spectrum.

So it seems that full general relativistic and nonlinear treatment is needed to get power spectrum
and such a full treatment require numerical computation(3]. But to compute spectrum on the scale from
horizon size at preheating to cosmological scale has to use vast computer resources so it is difficult to
know spectrum at the end of preheating on cosmological scale.

Tanaka and Bassett recently propose a new treatment to calculate the dynamics of preheating based on
so-called ’separate universe approach’ which seems reasonable to manage cosmological scale fluctuations.
In this formalism, we think regions separate over distance lager than horizon scale at that time as
independent and as having no interaction each other. Each regions are represented by each homogeneous
universe and they evolve independently and as a result, super large scale inhomogeneity are generated. In
this paper, we use the model same as Tanaka. In this model, inflaton’s energy is transferred to conformaly
coupled massless scalar by parametric resonance. And they also have a chaos{4].

We calculate large-scale fluctuation’s spectrum in this model. This has a very characteristic flat
spectrum like white noise because of chaotic motion. And we think interpretation of this spectrum. We
also calculate the dynamics of large-scale magnetic filed.
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2 Model and basic equations

We consider universe with two scalar fields , the one is the inflaton (¢) and the other is the massless
scalar fields (x). And their potential is given by

A4 loqz
-2 —a2o3y2. 1
v 19"+ 39 ¢x (1)

In this paper, we think the case g2 = 2A where x field has an instability on long wave length mode up to
k = 0. Therefore, x field grows exponentially as long as inflaton oscillates coherently.
And we introduce quasi-isotropic metric

ds® = —N(t,z)’ds® + a(t, )%dz>. (2

When we neglect the spatial differential terms for the reason that we explained above, Einstein
equations are

H_ 106n. Xy

v =3+ 7). )

Lexy XY 4 o262y =

5 (%) +3H(§) +a'ex =0, “)

Ligy 2 34 0% %0 =

(%) +3H(F) +36° + i =0, (5)
where H = % and "= %' These are the same equations as homogeneous ones but here we think

inhomogeneous system so each values depend on position z.
And we have Hamiltoinian and momentum constraint.

= 3(7) +3(3) + 30+ e @
% = i(wa v a) g

In this formalism, we solve Einstein equations without spatial differential terms. Nevertheless, both of
two constraints are satisfied in any time if only they are satisfied at initial.

3 Time evolution of the spectrum

In order to discuss the modification of spectrum during preheating , we need to set initial data which
represents ones at the end of inflation. In the case A = 2¢?, x field behave like as massless scalar during
most of inflation, so the effective mass (~ g2¢?) are almost negligible. Thus we can set the initial value
of x in k-space on large scale same as massless scalar

ei0
Xk X kT/z' ’ (8)

where 6 is taken randomly from the interval [0,1], and n is an index of power spectrum which is usally
taken to 3 on large scale.
Initial data of other values which satisfies two constraints can be chosen as

H,¢ =const,x = 0,6 = /6H? — 2V (8, x)- (9)

We use these initial data, and solve equation (3)~(5) numericaly. We choose symcronous slice con-
dition N = 1. In order to compare this result with perturbation approach, we define ” homogeneous
background” of quantity X as Xo = (X) and "inhomogeneity” as §X(z) = X (z) — (X) where {-) denotes
volume average. We empathize that §X must not be small compared with X, because we don’t use
perturbation approach.
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Figure 1: Time development of spatial distribu- Figure 2: The amplitude of fields as a function of
tion of x. Initial structure is modified by chaotic time. We also plot homogeneous part of inflaton
motion of fields and structure become @.

Figure 1 shows time development of spatial distribution of x and Figure 2 shows time development of
amplitude of fluctuations of each fields. Each of them are represented in unit ¢(¢ =0) = 1,A = 1. We
can find that fluctuation of x grows exponentially due to parametric resonance. When x becomes same
order to ¢ backreaction effect changes instability condition of x and so x ceases to grow. These behaviors
are in good agreement with analysis based on linear and Hartree approximation.

Now we pay an attention to the spatial distribution of x. Figure 3 shows snap shot of special
distribution of x at each moment. In this case we choose spectrum index n = 1. Initial distribution
is kept untill backreaction become important. But when it becomes important, chaotic motion of each
fields make spatial distribution more complex and finally that becomes random distribution. Thus initial
spectrum is modified and become flat spectrum like white noise. This is common in all n and characteristic
in separate universe approach. Whether spectrum become flat or not depends on both duration time of
preheating and the ratio of initial amplitude of ¢ to one of x. Unless parametric resonance is disturbed
by some process (Born decay of inflaton to other particles, for example) before x become comparable to
inflaton, large scale spectrum become flat in this model.

210000 2

0.05
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x
-0.05 1.25 3.5 1.75 2 2.2% 2.512.75

Figure 4: The power spectrum
Figure 3: Spatial distribution of x at initial and late time. Left figure |, [xk|? aganist In k. Spectrums

is ploted at ¢ = 0, and right one is ploted at ¢ = 10000. are ploted at t=0,4000,10000,
respectively.

-2.%-
-%.10"
-7.%-107

4 Discussion

To know whether flat spectrum obtained above is really random white noise, we manipulate Gaussian
filter to these spectrums and compare these with distribution of random number. Because if spatial
distribution of x is really random, initial data set during inflation are washed out and such a initial data
fail to explain the origin of large scale structure.

Figure 5 shows filtered above result and filtered random number. Each of them is ensemble averaged
over ten samples in order to obtain more accurate spectrum. We can't distinguish these. So we think
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Figure 5: Filtered power spectrum of xx. Solid line denotes above result at ¢ = 10000 and dashed line
denotes white noise obteined from random numbers. Left figure is caluculated at filter width 0.01, middle
one is at 0.1 and right one is at 0.5, respectively.

chaos of this system has erased the information about the initial spectrum. If initial spectrum made
during inflation are lost during preheating, then models with preheating are constraint because they are
in conflict with large scale structure.

Now we mention to the case g2 # 2. If g2/ is not between the integer values g2/ = n(n+1)/2 with
n integer, then x field has no instability at £ = 0[2]. In that case, large scale mode grows only by mode
coupling with small scale mode. Such a growth can't be not considered in separate universe approach
because we think only k = 0 mode in each universe in that approach. Therefore, in order to discuss such
a effect, we need a full treatment which is difficult to deal with.

If g2/X is between g2/A = n(n + 1)/2, k = 0 mode has an instability. But in the case g% > 2,
damping of x field due to mass during inflation is not negligible and spectrum is suppressed on large
scale(5]. In this case, the growth of cosmological-scale modes will stop due to small-scale modes that are
less suppressed during inflation and cosmological-scale modes are not amplified very much. But even in
this case the chaotic motion of two field occur because backreaction becomes important. So spectrum
will also be flat if preheating continues enough, and it will be a problem again.

We note about the amplification of the primordial magnetic field during preheating. In this model,
metric is no longer conformaly flat, so large scale magnetic field can be producted. These effects can be
computed by Maxwell equaiton in curved spacetime

Ai+HA; =0, (10)

here we neglect spatial differential term again, and we also neglect conductibity. Magnetic field can
be amplified by metric fluctuations but their spectrum also become flat. So amplification large scale
magnetic field means overproduction of small scale magnetic field. This may be avoid by conductivity
and this is one of future works.

5 Summary

We calculate super-horizon scale spectrum in conformaly coupled two scalar fields. The spectrum become
flat like white noise because of chaotic motion. This behavior is not depend on initial spectrum index n. If
chaos occur during preheating, initial condition set during inflation is washed out and such a distribution
may be in conflict with large scale structure.
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Abstract

The generation of large-scale magnetic fields is studied in dilaton electromagnetism
in inflationary cosmology, taking into account the dilaton’s evolution throughout in-
flation and reheating until it is stabilized with possible entropy production. It is
shown that the amplitude of the generated magnetic field could be sufficiently large
even in the case that a huge amount of entropy is produced with the dilution factor
~ 10%* as the dilaton decays if the conformal invariance of the Maxwell theory is
broken through the coupling between the dilaton and electromagnetic fields in such
a way that the resultant quantum fluctuations in the magnetic field have a nearly
scale-invariant spectrum.

1 Introduction

It is well established that magnetic fields with the field strength ~ 107G, ordered on 1 — 10kpc scale,
exist in our galaxy and other galaxies. Furthermore, in recent years magnetic fields in clusters of galaxies
have been observed by means of the Faraday rotation measurements (RMs) of polarized electromagnetic
radiation passing through an ionized medium. In general, the strength and the scale are estimated on
10-7 — 10~¢G and 10kpc—1Mpc, respectively. It is very interesting and mysterious that magnetic fields
in clusters of galaxies are as strong as galactic ones and that the coherence scale may be as large as
~Mpc. The most natural origin of such a large-scale magnetic field would be electromagnetic quantum
fluctuation generated in the inflationary stage [1]. This is because inflation naturally produces effects
on very large scales, larger than Hubble horizon, starting from microphysical processes operating on a
causally connected volume. However, there is a serious obstacle on the way of this nice scenario as argued
below.

The Friedmann-Robertson-Walker (FRW) metric usually considered is conformally flat. Moreover,
the electrodynamics is conformally invariant. Hence large-scale electromagnetic fluctuations could not be
generated quantum mechanically in cosmological background. In other words, if the origin of large-scale
magnetic fields in clusters of galaxies is electromagnetic quantum fluctuations generated and amplified
in the inflationary stage, the conformal invariance must have been broken at that time. Several breaking
mechanisms therefore have been proposed.

In the present paper [2], in addition to the inflaton field ¢ we assume the existence of the dilaton field
& and introduce the coupling of it to electromagnetic fields. Such coupling is reasonable in the light of
indications in higher-dimensional theories, e.g., string theories. The coupling was first suggested by Ratra
[3). In his model, however, the inflaton and the dilaton were identified and the case the dilaton freezes at
the end of inflation was considered. We therefore consider a more realistic case that the dilaton continues
its evolution with the exponential potential after inflation until it is stabilized after oscillating around its
potential minimum and then decays into radiation with or without entropy production. We use units in
which kg = ¢ = h = 1 and denote the gravitational constant 87G by x? so that 2 = 81r/Mp|2 where
Mpy = G~Y2 = 1.2 x 10'®GeV is the Planck mass. Moreover, in terms of electromagnetism we adopt
Heaviside-Lorentz units. The suffixes ‘R’ and ‘0’ represent the quantities at the end of inflation (namely,
the instantanecous reheating stage) tg and the present time t, respectively.



2 Model

Our model Lagrangian £ = Linaron + Laitaton + LEnr cONsists of the following three parts.

1
Linfiaton = = 59‘“’3,,456,,45 - U[¢]v (1)
Cdilalon = —%g"”a”@3u¢ - ‘-[le "[Q] = ‘-' exp(-’.\"q’)- (2)
1
Lem = -/ ®FLFY,  f(@) = exp(Acd), (3)

where U[¢] and V’[®] are the inflaton and dilaton potentials, T is a constant, and f is the coupling
between the dilaton and electromagnetic fields with A and A(> 0) being dimensionless constants. The
form of the dilaton potential in Eq. (2) and that of the coupling between the dilaton and electromagnetic
fields in Eq. (3) can be motivated by higher-dimensional theories reduced to four dimensions. Moreover,
Fu = 8,4, — 8,4, is the electromagnetic field-strength tensor, where 4, is the U(1) gauge field.

We assume the spatially flat FRW space-time with the metric

ds® = g, dx"ds® = —dt* + a*(t)dz?, (4)

where a(t) is the scale factor.

Since we are interested in the specific case where the background space-time is inflating, we assume
that the spatial derivatives of ¢ and & are negligible compared to the other terms. Hence the equations
of motion for the background homogeneous scalar fields read

s vamae U 0 b e, VB _
¢+3H¢p + o =0, ®+3H®+ 7% =0, (5)
together with the background Friedmann equation

a\> &2

2 = - = —
H = (2) =500 +p0), ®)

l -2 1 - ) .

po =3¢ +UlBl  pe =350 + V(2] (7)

where a dot denotes a time derivative. Here p, and pe are the energy density of the inflaton and that of
the dilaton.

We consider the case that during slow-roll inflation the cosmic energy density is dominated by U (¢]
and the energy density of the dilaton is negligible, that is, p, > pe. During inflation H therefore reads

2
> [
H =~ ?Ultﬁ] = Hine?, (8)
where Hi,¢ is the Hubble constant in the inflationary stage.

We consider the evolution of the gauge field in this background. Its equation of motion in the Coulomb
gauge, 4o(t,z) = 0 and 9.4/ (t,z) = 0, becomes

ditz) + (Hinr + §) Ai(t,z) - (%8,-6,.4,-0‘3) =0. (9)

It follows from the form of f in (3) and the approximate solution of the equation of motion for @ in (5)
that f can be practically expressed by the following approximate form.

f(@) = f(2(t)] = f[2(a(t)] = fa', (10)
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Abstract

In cosmology, distances based on standard candles (e.g. supernovae) and standard
rulers (e.g. baryon oscillations) agree as long as three conditions are met: (1) photon
number is conserved, (2) gravity is described by a metric theory with (3) photons
travelling on unique null geodesics. This is the content of the reciprocity relation
which can be violated by exotic physics. Here we analyse the implications of the latest
cosmological data sets for reciprocity. While broadly in agreement and confirming
acceleration we find a 2-0 violation of reciprocity caused by excess brightening of SN-
laat z > 0.5. Nevertheless, our results rule out significant SN-Ia evolution, extinction
and axion-photon mixing.

1 Introduction

In 1933 Etherington {1, 2, 3] proved a beautiful and general duality that implies that distances in cos-
mology based on a metric theory of gravity are unique: whether one uses the apparent luminosity of
standard candles (yielding the luminosity distance, di(z)) or the apparent size of standard rulers (the
angular-diameter distance d4(z)), does not matter since they are linked by the reciprocity relation:

d.(z)

O A )

where z is redshift. Reciprocity holds for general metric theories of gravity in any background (not
just FLRW) in which photons travel on unique null geodesics and is essentially equivalent to Liouville's
theorem in kinetic theory. While it is impervious to gravitational lensing (for infinitesimal geodesic
bundles) it depends crucially on photon conservation. Our aim is to discuss how reciprocity may become
a powerful test of a wide range of both exotic and fairly mundane physics and to present a general analysis
of what constraints on violations of reciprocity arise from current data as well as critically analysing the
conclusions drawn from recent type-Ia supernovae data [4].

To test reciprocity we use the latest combined type Ia supernovae (SNIa) data [4] together with earlier
data (7, 6, 5] as a measure of the luminosity distance, dz(z) [8]. This data includes a significant number
of z > | observations. On the other hand, our estimates of the angular-diameter distance, d4(z), come
from several different sources including FRIIb radio galaxies [9, 10], compact radio sources (11, 12, 13]
and X-ray clusters [14].

All these data sets give broadly the same picture of an accelerating, high-Q25 cosmology. Nevertheless,
there are a few observations in disagreement with the accelerating ‘concordance’ model (e.g. [17]), there
are suggestions that SNIa may suffer from significant extinction [18], evolution [19] or axion-photon
mixing [21). There are also radical alternatives to general relativity, such as MOND [20]. Reciprocity
gives us a way to test all of these possibilities.

2 Distance-duality violations
Since our aim is to promote reciprocity as a powerful test of fundamental physics it seems appropriate to
begin by describing some phenomena that could be detected through violations of reciprocity. Perhaps

the most likely source of reciprocity is non-conservation of photon number. This could have a mundane
origin (scattering from dust or free electrons) or an exotic origin (e.g. photon decay or photon mixing
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Figure 1: Graphic evidence for violation of reciprocity. The binned data for d.(z) (blue circles,
SN-la) and d4(z) (red triangles, radio sources) are shown in equivalent magnitudes relative to the flat
concordance model (25 = 0.7,Q,, = 0.3) with lo error bars. They should coincide if the reciprocity
relation holds but they differ significantly at z > 0.7. The dashed curves are the best-fit FLRW models
to the d4(z) data (top) and dr(z) (bottom) separately with no loss of photons (y = 0). The solid curves
have the same underlying FLRW model (25 = 0.81, Q,, = 0.22) but the lower curve includes the best-fit
brightening (v = —0.036, see eq. 2) with a = —2,8 = 1. Since the violation of the reciprocity relation
increases exponentially when v # 0 more high redshift data and/or smaller error bars will significantly
improve constraints.

with other light states such as the dark energy, dilaton or axion {21, 22]). However, all of these effects
tend to reduce the number of photons in a light bundle and therefore reduce the apparent luminosity of a
source. If unaccounted for, this dimming makes the source appear more distant, i.e. increases d. Since
d, is typically unaffected (or negligibly altered) by such effects, this rather generally implies that the
ratio in equation (1) becomes greater than unity. The case of axion-photon mixing has been studied in
22].

[ ]We consider a 3-parameter (a, 3,7) extension of equation (1), viz [23]:

de(z) _ g-1 ! dz’
T AR Sl A -7 g T (2)
where E(z) = H(z)/Ho; v, a control the scattering/decay cross-section of the photon. Hy is the current
value of the Hubble constant. o = —2 corresponds to a scattering cross-section X pegm (1 + 2)3,

as in the case of Compton scattering from free-electrons. The case of photon decay corresponds to
a = 1. Loss of photons should therefore generically imply 4 > 0. In fact v # 0 leads to a violation of
reciprocity that grows roughly exponentially with redshift, see Fig (1).The reciprocity relation corresponds
to (8,v) = (1,0) (in which case « is arbitrary).

3 Constraints from Current Data

Here we use the standard FLRW equations to calculate the theoretical distance da(z) as a function of
the cosmic parameters (Qr, Q4 ) {(over which we then marginalise, as they are determined by the angular
diameter distance data) and use (2) to infer dr(z) given (a,3,v). We use a standard Markov-Chain
Monte Carlo method to sample the likelihood. More details of our data sets and method are given in
(23]. In Figure (1) we show the binned d.(z) and d4(z) data as a function of redshift converted to



orp

o8p

05 4

04

03

02

Figure 2: Supernovae are brighter relative to d4 data. vy-Q, likelihood plot in thecasea = =2,8 =
1 which corresponds to a photon scattering probability o (1+2)3. The best fit corresponds to y = —0.036,
i.e. brightening of SNIa relative to the d4 data, as required from figure 1. The diagonal solid (blue)
contours are the very weak 1 and 20 constraints found using only the SN-Ia data. This illustrates the
power of blending d; and d, data as a consistency check of existing data and as a test of new physics.

magnitude (relative to the flat concordance model) assuming the reciprocity relation holds, in which
case both data sets should lie on the same curve. The shaded regions shows the effect of the best-fit
v = —0.036 (a = -2, = 1) on the underlying d 4(z) showing how it is possible to simultaneously fit the
dy and da data with a single model. Also shown are the very different best-fits to the d;, and d4 data
taken separately. While the d4 data favour a flat universe, the SN-Ia data favour a very closed model
(ruled out from the CMB) due to the unexpected brightening at z > 0.5.

Figure (2) shows the joint v — 24 likelihood that follows when one imposes 8 = 1 and @ = -2 by
assuming scattering from objects whose number density scales as (1 + 2)2 (such as Compton scattering
by free-electrons) we find that the best fit for the absorption coefficient is ¥ = ~0.036 with x2;, = 219
and —0.07 < v < 0 at 95% confidence. Surprisingly, the best-fit corresponds not to absorption but
brightening, as is clear from figure (1) since the d4(z) data lies above the dp points.

The magnitude of the effect corresponds to an increase of about 5% in the number of photons per
Hubble time, a very large violation of photon conservation. We can put this into perspective by comparing
it with the expected loss of photons due to Compton scattering by the free electrons in the ionised inter-
galactic medium. At z < 3 helium is expected to be doubly ionised (fy = 0.5), leading to a free-electron
density ne = Quperie(l = Y fy)/my where Y = 0.24 is the primordial helium abundance. We therefore
find a scattering amplitude of Ycompton = o0Tne/(2Hs) ~ 1073, a factor of about 50 less than the best-fit
(and of opposite sign).

4 Conclusions

In this paper we have emphasised reciprocity as a test of fundamental and exotic physics related to the
metric nature of gravity and photon conservation on cosmic scales. Although stringent constraints will
arise in the next few years the test is already proving powerful. In particular we are able to essentially rule-
out non-accelerating models of the universe which explain the supernova dimming by grey-dust scattering,
extinction or evolution. Interestingly, current data suggests a small (2-o) discrepancy, corresponding to
brightening of supernovae over their d4 counterparts [22, 23]. The definitive test of reciprocity will come
from combining large galaxy surveys (such as KAOS) measuring d 4 via baryon oscillations and the SNAP
satellite measuring dg,.
BB is supported by the Royal Society & JSPS. MK is supported by PPARC.
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Abstract
Basic geometric tools describing the structure of a null-like surface S are reviewed.
Problems arising from degeneracy of the induced three-dimensional metric are dis-
cussed in detail, with attention focused on the ambiguity of the derivative operator
and the impossibility of its unique definition. The notion of external curvature for a
null-like hypersurface is introduced. Gauss-Codazzi constraint equations in terms of
this object are given.

1 Introduction

A null hypersurface in a Lorentzian space-time M is a three-dimensional submanifold S C M such that
the restriction g5 of the space-time metrics g, to S is degenerate. There are several problems arising
in connection with this degeneracy.

Geometry of a hypersurface S C M in a Riemannian manifold (M, g) may be described by two objects:
the restriction g, of the metric tensor to S (called its “first fundamental form”) and the external curvature
(called its “second fundamental form”). For many purposes it is useful to represent the latter by the so
called Arnowitt-Deser-Misner momentum-density @°,. In a pseudo-Riemannian (Lorentzian) manifold
M, the analogous quantity may be easily defined for any submanifold S whose first fundamental form is
non-degenerate - see [1] and [2].

Yet this is not true if S is a wave front, i.e. null manifold. In this case the induced metric is degenerate,
and the standard construction of external curvature does not make any sense. For a non-degenerate (time-
like or space-like) hypersurface, the extrinsic curvature may be described in many equivalent ways: by
tensors or tensor densities, both of them in the contravariant, covariant or mixed version. In a null-like
case, the degenerate metric on S does not allow us to convert tensors into tensor densities and vice versa.
Also, we are not allowed to rise covariant indices, whereas lowering the contravariant indices is not an
invertible operator and leads to information losses.

However it turns out that the mixed tensor densities have the appropriate null-like limit and that
the divergence of such tensor densities (fulfilling some additional algebraic properties) is a well defined
geometrical object. Luckily enough, basic quantities used for description of the geometric properties
of null-like hypersurfaces, and further for dynamics of light-like shell - external curvature and energy-
momentum tensor density — are of such type, and the basic equations which are to be fulfilled by these
quantities, contain only divergence operator.

The structure of the paper is the following. In Sec. 2 we introduce some geometric tools describing
intrinsic geometry of the null hypersurface. Then in Sec. 3 we review problems with definition of derivative
operator with respect to the three-dimensional null geometry and propose the definition of the divergence
operator, which occurs to be well behaving geometric object. [n the next section we introduce the analog
of the external curvature which is used for description of the extrinsic geometry of the wave front and is
to fulfil the null version of Gauss-Codazzi constraint equations.
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In this paper we use adapted coordinates: Cauchy surfaces V; corresponding to constant value of the
“time-like” coordinate z° = ¢t are space-like and the z° coordinate is constant on S. Space coordinates
will be labelled by k,! = 1,2, 3; coordinates on S will be labelled by a,b = 0, 1,2; finally, coordinates on
Sy := V; NS will be labelled by A, B = 1,2. Space-time coordinates will be labelled by Greek characters
a,B,p,v.

2 Geometry of null hypersurfaces

The non-degeneracy of the space-time metric implies that the metric gqs induced on S from the spacetime
metric g,, has signature (0, +, +). This means that there is a non-vanishing null-like vector field X° on
S, such that its four-dimensional embedding X# to M (in adapted coordinates X3 = 0) is orthogonal
to S. Hence, the covector X, = X*g,, = X°g,, vanishes on vectors tangent to S and, therefore, the
following identity holds:

X% =0. 1)

It is easy to prove (cf. [3]) that integral curves of X2, after a suitable reparameterization, are geodesic
curves of the space-time metric g,,. Moreover, any null hypersurface § may always be embedded in a
1-parameter congruence of null hypersurfaces.

We assume that topologically we have S = R! x §2. Since our considerations are purely local, we fix
the orientation of the R! component and assume that null like vectors X describing degeneracy of the
metric g, of S will be always compatible with this orientation. Moreover, we shall always use coordinates
such that the coordinate z¥ increases in the direction of X, i.e. inequality X(z°) = X° > 0 holds. In
these coordinates degeneracy fields are of the form X = f(9y — n*8,), where f > 0, nq4 = goa and we

.. . . . . zAB ,
rise indices with the help of the two-dimensional matrix g~ , inverse to gas.
If by A we denote the two-dimensional volume form on each surface z° = const.:

A= \/detgAB , (2)

then for any degeneracy field X of g4, the following object

T X

is a scalar density on S. Its definition does not depend upon the coordinate system (2°) used in the
above definition. To prove this statement it is sufficient to show that the value of vx gets multiplied by
the determinant of the Jacobi matrix when we pass from one coordinate system to another. This means
that vy := vxdz® A dz! A dz? is a coordinate-independent differential three-form on S. However, vy
depends upon the choice of the field X.

It follows immediately from the above definition that the following object:

A=vx X,

is a well defined (i.e. coordinate-independent) vector-density on S. Obviously, it does not depend upon
any choice of the field X:
A = A(B — nd,) . (3)

Hence, it is an intrinsic property of the internal geometry gqs of S. The same is true for the divergence
0,A%, which is, therefore, an invariant, X-independent, scalar density on §. Mathematically (in terms of
differential forms), the quantity A represents the two-form:

L:= A®(8, | d2° Adz' Adz?) |

whereas the divergence represents its exterior derivative (a three-from): dL := (9,A%)dz® A dz' A dz2.
In particular, a null surface with vanishing dL is called a non-ezpanding horizon (see [4]).



3 Problems with a derivative operator

The degenerate metric g,5 on S does not allow to define via the compatibility condition Vg = 0, any
natural connection, which could apply to generic tensor fields on S. Nevertheless, there is one exception:
the degenerate metric defines uniguely a certain covariant, first order differential operator. This operator
may be applied only to mixed (contravariant-covariant) tensor-density fields H¢, satisfying the following
algebraic identities:

anb =0, Hu =He, (4)

where Hyp := gocHS,. Its definition cannot be extended to other tensorial fields on S. Fortunately the
extrinsic curvature of a null-like surface and the energy-momentum tensor of a null-like shell are described
by tensor-densities of this type.

The operator, which we denote by V,, could be defined by means of the four dimensional metric
connection in the ambient space-time Af in the following way. Given H®, take any its extension H*" to
a four-dimensional, symmetric tensor density, “orthogonal” to S, i.e. satisfying H+” = 0 (“L" denotes
the component transversal to S). Define V,H?, as the restriction to S of the four-dimensional covariant
divergence V,H*,. The ambiguities which arise when extending three dimensional object H? living on §
to the four dimensional one, cancel finally and the result is unambiguously defined as a covector-density
on S. It turns out, however, that this result does not depend upon the space-time geometry and may be
defined intrinsically on S.

In case of a non-degenerate metric, the covariant divergence of a symmetric tensor H density may be
calculated by the following formula:

V.H%, = 0,H% - H [, = 3,H", - %Hacgac.b , (5)

with gacp := Opgac. In case of our degenerate metric, we want to mimic the last formula, but here rising
of indices of HY% makes no sense. Nevertheless, formula (5) may be given a unique sense also in the
degenerate case, if applied to a tensor density H¢, satisfying identities (4). Namely, we take as H®¢ any
symmetric tensor density, which reproduces H% when lowering an index:

H% = H*ges . (6)

It is easily seen, that such a tensor-density always exists due to identities (4), but reconstruction of
H®¢ from H%, is not unique, because H* + CX®X* also satisfies (6) if H® does. Conversely, two such
symmetric tensors H¢ satisfying (6) may differ only by CX°X¢. This non-uniqueness does not influence
the value of (5), because of the following identity implied by (1):

0= (ancgat-‘)vb = X°X°gnc,b + 2X°9acX°.b = X°X°gnc.b . (7)

Hence, the following definition makes sense:
= 1
V.H% = 6, H — §H"°gac,b . (8)

The right-hand-side does not depend upon any choice of coordinates (i.e. transforms like a genuine
covector-density under change of coordinates). The proof is straightforward and does not differ from the
standard case of formula (5), when metric gq» is non-degenerate.

The above definition of the operator ¥V uses only the intrinsic metric of S. We want to prove now
that it coincides with the definition given in terms of the four dimensional space-time metric-connection.
For that purpose observe, that the only non-uniqueness in the reconstruction of the four-dimensional
tensor density of H* is of the type CX*X". Indeed, any such reconstruction may be obtained from
a reconstruction of H% by putting H3 = 0 in a coordinate system adapted to S (i.e. such that
the coordinate z3 remains constant on S). Now, calculate the four-dimensional covariant divergence
H, := V,H" . Due to the geodesic character of integral curves of the field X, the only non-uniqueness
which remains after this operation is of the type CX,. Hence, the restriction Hy of H, to S is already
unique. Due to (5), it equals:

1 1 =
v.HY, =8,H", - §H"Agw\.b = 0uH% = 5H%gacs = VaHY . 9)



4 Extrinsic geometry of a null hypersurface

To describe extrinsic geometry of S begin with covariant derivatives along S of the “orthogonal vector
X". Consider the tensor V,X*. Unlike in the non-degenerate case, there is no unique “normalization” of
X and, therefore, such an object does depend upon a choice of the field X. The length of X is constant
(because vanishes). Hence, the tensor is again orthogonal to S, i.e. the components corresponding to
p = 3 vanish identically in adapted coordinates. This means that V,X* is a purely three dimensional
tensor living on S.
For general purposes it is useful to use the “ADM-like” version of this object, defined in the following
way:
Q%(X) 1= —~s {vx (Vo X® = 8%V . XC) + §°0.A°} , (10)

where s := sgng® = +1. Due to above convention, the “extrinsic curvature” Q°,(X) feels only external
orientation of S and does not feel any internal orientation of the field X.

The last term in (10) is X-independent. It has been introduced in order to correct algebraic properties
of the quantity vy (VpX® — 6%V .X¢): we prove in the paper [5] that Q°, satisfies identities (4) and,
therefore, its covariant divergence with respect to the degenerate metric gop on S is uniquely defined.
This divergence enters into the Gauss-Codazzi equations which relate the divergence of Q with the
transversal component G4 of the Einstein tensor-density G*, = /| det g| (R#, - 6,4 R). The transversal
component of such a tensor-density is a well defined three-dimensional object living on S. In coordinate
system adapted to S, i.e. such that the coordinate z* is constant on S, we have G4 = G%. Due to the fact
that G is a tensor-density, components G3, do not change with changes of the coordinate z°, provided it
remains constant on S. These components describe, therefore, an intrinsic covector-density living on S.

Proposition. The following null-like-surface version of the Gauss-Codazzi equation is true:
= O:A°
VaQ%(X) + svx 0y (-;—Y—) =-Gi . (11)

The proof of the above proposition is given in the paper [5]. We only remind the reader that the ratio
between two scalar densities: 8.A° and vy, is a scalar function. Its gradient is a co-vector field. Finally,
multiplied by the density vy, it produces an intrinsic co-vector density on S. This proves that also the
left-hand-side is a well defined geometric object living on S.

The quantity Q°, defined above enables us to consider spacetimes with singular (distribution-like)
curvature confined to a null-like hypersurface. Such spacetimes are a natural arena for the theory of a null-
like matter shell. Such shells, carrying a self-gravitating light-like matter, are of the special interest as toys
models in different quantum gravity theories. In the paper [5) we gave a complete classical, Lagrangian
and Hamiltonian, description of a physical system composed of a gravitational field interacting with a
light-like matter shell. It is worth to mention that null hypersurfaces also arise in the other physical
situation ~ they describe the so called nonexpanding horizons in the theory of black holes.
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Abstract
We discussed the property two type of classical solution of massive gravity with non-
Fierz Pauli mass term which was investigated in [4] although definite results have not
reached. Attention is paying to the generating condition of closed trapped surface
and energy condition.

1 Introduction

Spacetime singularity is one of the most famous problem in general relativity and many people have been
investigating this topic by quatum gravity, string theory, or realistic model of gravitational collapse and
so on. Among them, most simple type of singularity, Schwartzschild black hole seems to be difficult to
understand. On the other hand, the choice of the different type of theory, modified gravity, would be
another possibility. General relativity is massless spin 2 (helicity 2) field theory perturbatively although
quantum field theory has not established completely. On the other hand, There has been many discussion
about "massive gravity”, which have many forms of theory.In recent interest, they are discussed in the
context of extra, multi dimensional, brane world [1],[2], or string thoery (3], or field theory formulation
of gravity (4], [6]. Although whole picture is not so clear , their perturbative (linearized) theory is 2-rank
tensor field theory which has finite mass. This field theoretical degree consist of spin 2 (5 degree) and
spin 0 (1 degree) component and spin 0 component has been considered as negative norm (or energy)
state. Many authors has killed this spin 0 component by giving infinite mass (Fierz-Pauli mass) from the
biginning in their action ,and solve the wave equation with 5 degree which has led to famous discontinuity
in the massless, general relativity limit(VDVZ discontinuity) (7). The possibile recovery of continuity has
been expected in non-linear effect [9] or discussed in extra dimensional set-up (1]. Another approach
would be covariantly (BRST) quantization with 5 or 6 degree and appropriate selection of physical state
[10] but non-linear order is obscure. In elementary particle physics, most established understanding for
massive gauge theory (vector field, Yang-Mills) is Higgs mechanism. As for gravity, recent study was
carried out along this line (2], [11].

In this poster, I concentrate on the analysis of classical solution which was analyzed already in [4).
Especially I choose the formulation of "finite-range gravity” based on the field theoretical formulation
of gravity which is equivalent to general relativity in the limit of massless graviton. Since I hope to
discuss and understand the spacetime property of this theory as generally as possible, I would study
some conditions of generating spacetime singularity in general relativity and report some results.

2 Finite-range gravity and energy condition

We take the theory of finitee-range(massive) gravity 4] here based on the field theoretical forumulation
[3). This theory is constructed on flat spacetime (metric is ¥*”) and has covariant energy-momentum
tensor of gravitational field on this background. The flatness of the background spacetime is assumption
and constraint.Another assumption is the universal coupling of all other fields ro gravity field h*¥. The
variation of this action leads to the field equation

Ry - %g,..,R — M, =8rGT,, (1)
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by changing variables "Riemann metric g¥*” through /=gg#" = /—(¥* + h*¥), where

My = (8285~ 36°0) (kihas + Hrrash)
MYpa Ve (6,‘}55’ - %y""g,w) [kn (\/—‘/igg” - ) + kov*? (‘/Ez—zg”"%.p - 4)] @)

is the general mass term of gravity. This is the quasigeometric form and written in bi-metric. The case

of ky = —ky is "Pauli-Fierz mass”.Conservation law for energy momntum tensor and Bianchi identity
holds, so
M, =0 (3)

here, | is covariantderivative with respect to gy,..
In this theory, dynamics of geodesics deviation is the same derivation from geodesic equation of general
relativity, and Raychaudhuri’s equation is the same form
do 1
I —502 — 00" + wy W — Ry k*kY (4)
where,d is expansion, shear o,,,, twist w,,.But in this case, R, k*k", 4th term of right hand side of this
equation which is important for determining the sign of expansion rate df/dX is modified by "graviton
mm”
Ry kbkY = KTk kY — 2(kihyy + kovu R)E*KY 20 (5)

So We have to evaluate the effect of mass term by this equation around the geodesics of clessical solution.
I had some set-up for this calculation, in Spherically symmetric static backgraoun and the cosmological
background. These work is still undergoing and I briefly explain this strategy as following sections.

3 Spherically symmetric static solution

This spacetime is described as

1
%7 Fdr2 + R%dQ? = - f(R)d® + ﬁm’ + R%d0? (6)
where r = r(R) = X, and X’ = dX /dR.The authors of [4] solved field equations of this spacetime numer-
ically, and found asymptotic forms of function by extrapolation.Their result shows that this spacetime
has no "event horizon”,f — 0 as R — 0, F decreces as R — 2M and starts to increase near the 2M,
Schwarzschild radius in GM. In addition there is a curvature singularity at the center. Near the center
R = 0 they evaluate numerically

ds? = - f(r)dt® +

—on(Byrev L o By, O (R,
FR =Criggp)™ "+ 1 TR =G ™™ + e o) ()

here,Cr, Cy are arbitrary constant and v = 4.62977 x 10%. tangent vector k* of the radial null geodesics

of this spacetime is
1 X72F 2 ’F
VR el L - = oMV =4+=./=
k (fy:t f 10y0)y 0 g [.l'll :tR f (8)

up to constant.+ is outward,— is inward solution. If this 8 is negative for both signs, there exists closed
trapped surface. By the results of autors [4], there seems no zero point of f except at R = 0, So this
expression can be used all region of R (which is diferrnt from Schwawarzschild case in GR), but just for
that reason, there seems to be no trapped surface in this spacetime. From the form of asymptotic solution,
we have checked that asymptotic behaviour of this spacetime near R = 0 is a naked type singularity which
is similar to negative mass Schwawrtzschild. But this case is attractive force aganist test particle not
repelling effect by negative mass solution.

Although we have not checked yet definitely, this solution would have no trapped surface. The authors
of [4] commented that this "singularity” only the reflection of point mass assumption, and realistic



extended object would resolve it. But we must investigate internal stellar solution practically. That is
future work.
Besides, It may be useful to calculate the quantity of "energy condition”

7= 50+ 5ag” \/W + 20k (1 - x7F1)

+§CX’2Ff+ §(Y)2X,2Ffv XQFI] (9)

Ry k*k = —2—

here,( is the ratio,8? = (a?, and a, 3 are each mass of spin 2, spin 0 component.

4 Homogeneous isotropic universe

For the time being, only K = 0(sapce flat) case being considered(4]. Another topology (K = *1) is under
work now. This spacetime is

ds? = —b2(t)dt® + a’(t)dr?® + r*(d8? + sin®0) (10)

As is the case of ordinary cosmology, we assumed matter source as T9 = —¢(t), T} = T? = T3 = p(t).
From the conservation law T}|, = 0, we get ¢’ + 3(a’/a)(p + €) = 0 here ' = d/dt. Equation of motion
was also studied by [4] and found initial no singular (bounce) solution. As spherically symmtric solution,
we have solved the null tangent vector k* in this case. Here we extend to the case of spacelike open and
closed universe case as

ds? = —b%(t)dt? + a%(t)dr?® + f(r)?(d6? +sin? 6) (11)

where f(r) =sinr,r,sinhr for K =1,0,-1.
The results are

b ab’ b
N —_— - -
k aexp( 2b2r)( 1,£-.,0,0) (12)
is the null geodesic tangent vector,for + outgoing,— ingoing.Expansion rate is
2 abt’ a2 —aad' | b2 df
0= o (#25)(~ebF —r 2 75) 19

and we have checked the energy condition R, k*k" in the case of K = 0,{ = 0 numerically. Results
is that R, k*k¥ > 0 always holds around "bouncing era”. So we anticipate the trapped surface is not
generated in this solution although we wil check this near future.

5 Current status and future problems

Although introducing graviton mass have not realized in enough widely accepted manner, this kind of
theoretical challenge have been done in some direction such as Higgs-like condensation, or brane-setup.
Although most strategy is subject to extracting spin 0 component mass (Fierz-Pauli type), there would be
still needs of studying more wide class of non-Fierz-Pauli type mass because unitarity is closely connected
gauge symmetry and this type mass has more smooth limit to general relativity.

In this poster, we only study some situation of two type of classical solutions with non-Fierz Pauli
mass term and saw the symptom of no closed trapped surface but more close study is needed. Moreover
we need to know the equilibrium equation of internal stellar solution in the black hole type solution. We
hope to report near future these situation with field theoretical property to which was not referred in
detail.

Acknowledgements: I hope to thank sincerely all people who discuss with me about this
poster or shows hospitality and the organizers of JGRG13.
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Abstract

Gravitational radiation from compact stars orbiting and falling into a supermassive
black hole is one of the most important sources for the space laser interferometer de-
tectors such as the Laser Interferometer Space Antenna (LISA). Gravitational waves
from such systems are calculated by the Teukolsky equation. We develop highly ac-
curate numerical codes to calculate such gravitational waves. The method is based
on the formalism by Mano, Suzuki and Takasugi in which the homogeneous solutions
of the Teukolsky equation is described in terms of series of hypergeometric functions
and Coulomb wave functions. Although the application of this formalism are limited
to the analytical calculation of gravitational waves previously, we find that it is also
useful for the numerical calculation. As a test, we calculate the energy flux of the
gravitational waves from a particle in circular orbit on the equatorial plane around a
Kerr black hole.

1 Introduction

Recently, there has been great progresses in the project of the gravitational wave detectors. Ground-based
detectors, TAMA300, began to operate in 1999 and has operated several times since them. LIGO and
GEOG600 began to operate 2002. VIRGO are expected to begin the operation soon.

On the other hand, the project of the space-based detectors, LISA, have also been in progress. In
LISA project, it is planned to launch the satellite in the early 2010’s. One of the main targets of the
LISA is the gravitational waves from compact stars orbiting around a supermassive black hole. Compact
stars around a supermassive black hole are evolving due to the emission of gravitational radiation while
they orbit around the hole. They lose the energy and the angular momentum by gravitational radiation
reaction, and their orbital radius gradually shrink. Such situation is often called "extreme mass ratio
inspiral”.

Observations of the gravitational waves from such systems will bring us interesting information such
as mass, spin and higher multipole moments of supermassive black holes, by which we may be able to
test the general relatively. They will also bring us astrophysically interesting information which can not
be obtained by observation of the electromagnetic radiation.

In order to obtain such physical information, we must predict the wave forms with sufficiently good
accuracy. The gravitational waves from the extreme mass ratio inspirals can be calculated by the black
hole perturbation method. At the first order of the perturbation, the compact object with the mass
can be assumed to move along the geodesic of the background spacetime, which is governed by the
supermassive black hole with the mass. With this assumption, we solve the Teukolsky equation which
describes the evolution of the perturbation . Conventional approach to solve the Teukolsky equation is
Green's function method. Solutions of the Teukolsky equation is obtained by the integration of Green’s
function multiplied by the source term. Since the source term is given by specifying the orbit of the point
particle. If the orbit of the point particle are complicated, as in the case of the sources for LISA, the
integration of the Green's function with source terms takes much computation time and become difficult
to establish good accuracy. Thus, it is important to develop highly accurate computational method to
compute the Green's function and the source terms.

! E-mail:draone@vega.ess.sci.osaka-u.ac.jp
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In this paper, we focus only on the Green's function.

The Green’s function is expressed by the homogeneous solutions of the Teukolsky equation. We adopt
a formalism, developed by Mano, Suzuki and Takasugi [5, 6]. to obtain the homogeneous solutions of
the Teukolsky equation. In Mano, Suzuki and Takasugi formalism (MST formalism), the homogeneous
solutions are expressed in series of special functions. The asymptotic amplitudes of the homogeneous
solutions, which are needed for constructing the Green's function, are also given algebraically. We develop
numerical code to compute the homogeneous solutions of the Teukolsky equation using MST formalism.
As a test calculation, we calculate the gravitational wave Aux induced by a particle in a circular orbit on
the equatorial plane around a Kerr black hole.

Throughout this paper we use units with G =c¢=1.

2 Teukolsky formalism
The radial Teukolsky equation is given by [1]

2 i l demu
dr \ A dr

) V(") Rem = Temo. 1)

The potential V(r) is given by

K% +di(r - M)K
A

Vir)=- + 8iwr + A. 2)
where M is the black hole mass, aM is the angular momentum of the black hole, A = r? — 2Mr + a2,
K = (r®*+a%)w—ma and X is the eigenvalue of the angular Teukolsky equation. In this paper, we consider
a homogeneous solution, Rif, , of the homogeneous Teukolsky equation which has purely ingoing wave

property at the horizon, but has both ingoing wave property and outgoing property at infinity.

trans A2 ,—ikre
Rin — 3 ( Blmu Ale X . forr — T+, (3)
tmw B e + rIBIfC e~ for r — 400,

where k = w — ma/2Mr, and r* is the tortoise coordinate.

3 Mano-Suzuki-Takasugi formalism

In MST method, the solution of the homogeneous Teukolsky equation is expressed by two kinds of series
of special functions [5, 6]. One is expressed by series of the hypergeometric functions, and another is
expressed by series of Coulomb wave functions. The former is convergent at horizon and the latter at
infinity. The solution in series of Coulomb wave functions is originally formulated by Leaver [4). The
MST formalism is an elegant reformulation of the one by Leaver.

In MST method, the solution Ri"  is expressed by series of hypergeometric functions

R® = e“"z("x)-s-i(c.’.ﬂ/z(l - x)i(!_r)npin(x)’
o0

Pin(z) = Z anFln+v+l-ir,—n-v—-ir;l —s—ic—ir;z). (4)

n=—%0

where,x = w(ry —r)/ex, ¢ = 2Mw,xn = /1 -¢q2,q = &.7 = =™ and F(a,8;7; ) is hypergeometric
function. We note that v is a parameter, does not exist in the Teukolsky equation. This parameter is
introduced to converge series and actually represent a solution of the Teukolsky equation.

The solution in series of Coulomb wave functions is also expressed in the similar form of Eq.(4).
Inserting the series Eq.(4) and series of Coulomb wave functions into the homogeneous Teukolsky equation
respectively, we find that the expansion coefficients a, satisfy the three-term recurrence relations [5).

0y 8nit + Bnan + Yhan—1 = 0. (5)
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where

v iex(n+v+l+s+ie)n+rv+l+s—ie)(n+v+1+ir)

= (n+v+1)(2n+2v+3) !

e(e — mq)(s® + €)
(m+v)n+v+1)

Bn “A-s(s+1)+(n+v)(n+v+1)+e +e(e—mg)+

_dek(n+v—stie)(n+v—s—ie)(n+v-ir)
(n+v)(2n+2v-1) )

In MST formalism, solving the Teukolsky equation is reduced to determine a parameter v. Dividing
Eq(5) by a, and setting n = 0, we obtain the following equation that determine a parameter v,

fv) =65 + ag Ry + 15 L1 =0, (6)

where R, and L_, are expressed by the continued fractions,

Yo =

Qn Tn -
Ra(v) = = = 7)
Qn-1 ﬂ: + °=Rn+l ﬁv _ a:7:+l ' (
n v v
v Ant1Tn+2
n+l ~ v
n+2 = "7
an a” -a¥
La(v) = = - o = n . (8)
" Qn41 ﬁ: + 94 Ln-1 g — a:—l7:
"o OneaWaoy
n-1 v
Y =

We note that when v is a root of (6), v+ k (k = £1, 42, - - -) are also roots of (6) since v only appears
as v+n in the continued fractions of (6). In Fig.1, we show plots of f(v) for  =2,m =2,¢ =0.1,w = 0.1.

40 " 1a2,m=2,Ge0.1,w=0.1 - -
0L f(nw)=0 -f----- ]

fnu

2 25

Figure 1: Plots of f(v) for {=2,m=2,9=0.1,w=0.1

In order to search for a root of this implicit equation f(v) = 0, we adopt so called Brent’s algorithm
which are explained in (7] in detail. In any algorithm to search for a root of implicit equations, we need
an initial guess of a root of this equation. In the case when Mw is not large, we can use an analytic
expression of v for the initial value given in series of Mw [5].

4 Energy flux

We calculate the energy flux of the gravitational waves induced by a test particle orbiting in circular
and equatorial plane around a Kerr black hole in order to check the performance of our numerical code.
In Table 1, we show the gravitational energy flux, where multipoles up to £ = 6, for the various spin
parameter a and orbital radius r. We compare our results with the past works. We find that our numerical
results agree with that of [2, 3] for 4-5 digits.



r

a=-0.9

a=-0.6

a=-0.3

a=0

a=0.3

a=0.6

a=0.9

6
8
10
12
14
16
18
20
40
60
80
160
120
140
160
180
200
400
600
800
1000

2.004135¢-03
2.911242e-04
7.926031e-05
2.909290e-05
1.279326e-05
6.361251e-06
3.459836e-06
2.015492¢-06
6.094897¢-08
8.027815e-09
1.910004e-09
6.274268e-10
2.526754e-10
1.171053e-10
6.015022¢-11
3.341910e-11
1.975372¢-11
6.205909¢-13
8.189537e-14
1.945607e-14
6.379870e-15

1.508195e-03
2.521389¢-04
7.237431e-05
2.728628e-05
1.218970e-05
6.123441e-06
3.354129-06
1.963962e-06
6.044684e-08
7.992690e-09
1.904717e-09
6.261980e-10
2.523019e-10
1.169688e-10
6.009307e-11
3.33925%-11
1.974038e-11
6.204450e-13
8.188495e-14
1.945447e-14
6.379495e-15

1.170599e-03
2.209621e-04
6.650463e-05
2.569303e-05
1.164609e-05
5.906160e-06
3.256539-06
1.916013e-06
5.996449¢-08
7.959204e-09
1.899561e-09
6.249959%-10
2.519357e-10
1.168347e-10
6.003687e-11
3.336649€-11
1.972723e-11
6.203006e-13
8.187462¢-14
1.945288e-14
6.379123e-15

9.361914e-04
1.959297e-04
6.149856e-05
2.428878e-05
1.115697¢-05
5.707866e-06
3.166550e-06
1.871449¢-06
5.950151e-08
7.926444e-09
1.894536e-09
6.238203e-10
2.515768e-10
1.167030e-10
5.998162e-11
3.334081e-11
1.971429-11
6.201576e-13
8.186438e-14
1.945130e-14
6.378753e-15

7.706536e-04
1.757686e-04
5.722916e-05
2.305233e-05
1.071745e-05
5.527154e-06
3.083689e-06
1.830088e-06
5.905753¢-08
7.894699-09
1.889640e-09
6.226712¢-10
2.512251e-10
1.165737e-10
5.992731e-11
3.331553e-11
1.970153e-11
6.200162¢-13
8.185423e-14
1.944974e-14
6.378385¢e-15

6.521290e-04
1.595008e-04
5.359075e-03
2.196525e-05
1.032317e-05
5.362747e-06
3.007517e-06
1.791761e-06
5.863216e-08
7.863957e-09
1.884873e-09
6.215484e-10
2.508806e-10
1.164469e-10
5.987395e-11
3.329067e-11
1.968898e-11
6.198763e-13
8.184416e-14
1.944818e-14
6.378020e-15

5.664521e-04
1.463718e-04
5.049533e-05
2.101153e-05
9.970235¢-06
5.213484e-06
2.937630e-06
1.756309¢-06
5.822505e-08
7.834209¢-09
1.880233e-09
6.204517e-10
2.505433e-10
1.163225¢-10
5.982152e-11
3.326621e-11
1.967662¢-11
6.197378¢-13
8.183417e-14
1.944664e-14
6.377657e-15

Table 1: The gravitational energy flux, up through ¢ = 6, for various spin parameters and orbital radius

5 Concluding remarks

The convergence of the series of the hypergeometric functions is usually very rapid. Thus, the MST
formalism is a powerful method to compute the homogeneous solution numerically. Our preliminary
estimate of the accuracy of our code is at least 10 digits by the double precision computation. Currently,
this accuracy is limited by the accuracy of v and the accuracy of the routine of the hypergeometric
functions. We will improve these points and apply this method to compute the gravitational waves from
a compact star in generic orbits around a supermassive black hole in the future.

We thank D. Kennefick to kindly provide us his numerical data based on his work [2). This work is
supported in part by Monbukagaku-sho Grant-in-Aid for Scientific Research No. 14047214 and 12640269.
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Abstract

Two types of the expansion of the Universe are obtained in a generalized scalar-tensor
(GST) cosmology. The GST cosmology is applied to the supernovae magnitude-

redshift relation. It fits the observational data quite well.

1 Introduction

In the present GST cosmology obtained by modifying the original GST theory (1], the cosmological term
depends on not only the scalar field ¢ but also its gradient ¢ ¢ [2). The model enables us to draw
reasonable results to the cosmological “constant” and flatness problems. We can write a scenario to
expect a late-time inflation by applying one of the solutions for the scale factor, to the present era too.
Then in the present work, we compare the scenario in the GST mode! with the observational data of

the Type Ia supernovae.

2 Variational Principle
The field equation is obtained by the following variational principle,
167 "
0= [ {81R + 206,601 + "G Lus - w2227} v=gun.

The field equation for the metric tensor field g, is

1 8
Ryy — iguvR = %E(Tpv + T;fv)'

T, is the energy-momentum tensor of the scalar field and is defined as

8 1 1 . OA
%Tﬁu = % (¢m¢.v - Eglwb) + Z(Qu:v - gpu¢' ;n) + g;wA - 2E¢.u¢.us
where b = ¢ (¢**. The field equation for ¢ is
oA 7] AAN . OA . w, o, _bdw
R+21\+2¢%-4§ (d"—ﬁ)d’ 4¢ﬁ¢ :n—¢2b ¢¢ A ere

Eq.(4) ensures that the conservation law 7,5, = 0 holds.

3 Robertson-Walker Metric

The time-time component of the metric tensor field equation is

a\? k2 A2 20A2, 81 w($\ ad
(z) ta T3 Yieg? -m‘*a(a) rYs
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while the space-space components yield
w i\ 2 N = .
22+(2) +£C_2_A02=__§1p_2 (2) _2_222, (6)
a a a

where p = (7 — l)¢, and € = ¢,a™37 which is derived from T}, = 0.
The scalar field equation yields the following wave equation for ¢,
. .\ 2 .
i @ k2 A $OASE 20 [ BA\ . 2. 8AE (- &,
a * (') tE T3 T30 Tk (%72) 3% (¢+3;¢)
a ¢ w $ 1dw q'bz wié :
Y237 35 6ds ¢ s(¢) ' (7
Eqgs.(5)-(7) are the basic equations to be solved for the scale factor a(t), the scalar field ¢(t) and the

cosmological term A(9, Ja). Here we assume that a(t) proper to g,,, and ¢(t) should be separable in
Eq.(7). The assumption leads to the following relation,

AE w
T ®
Then Eq.(7) reduces to the separable form,
- .\ 2 . oy 2
a & k& 1] ,, BA ldw¢d® w (¢ _ _
;+(;) +a—2—§[1\c +¢W—§"E?+§ z = const.(= K). (9)
Eq-(9) can be solved for a as follows,
K =0, a=v-k2t?+at+8, (10)
K # 0; a= \/Cle\/ﬁ?t + Che-VIKt 4 %, (11)
where a, 8, C} and C; are integration constants.
The cosmological term is obtained from Eq.(8),
.\ 2
ac=2(2) + a3k 12
<=3 ( ¢) Py (12)

where fa is a constant. Egs.(5) and (6) give an identical equation for ¢ on the assumption, Eq.(8), and
can be solved in each -y [2]. In the case of k = 0, for example, the scalar field is solved as,

16me it 4 ¢
K o= 0121 ¢=gol+ilhar e (19
1611'6.’ -3y 2fA

K # 0 ¢= + Yroa. (14)

T3KE@By+1)° 3K

4 Accelerating Universe

The observation of Type Ia supernovae suggests an accelerating expansion of the present Universe [3]. By
attributing the acceleration to the vacuum energy of the cosmological constant, we take a scenario that
we are now in the late-time inflation era (y = 0) of a flat (k = 0) expanding (C; = 0) Universe again.
Hereafter yxo = 0 is taken in Eq.(14) because ¢ should be separable from a. Therefore a and ¢ in the
present late-time inflation era are given as follows,

e = \/Cle‘/m‘, (15)

¢

—— — — = const., (16)



where K, is that of the present K and is different from that of the early-time inflation era. From Eq.(12),
the cosmological term in the present era turns out to be constant.

5 Magnitude-Redshift Relation

The magnitude-redshift relation in a flat Universe is given as follows,
m = M + 5log1o(1 + z)ar(rr — rg) + K(2) + const., 17

where K(2) is an effect of a shift of the spectrum in frequency on a magnitude.
(I) Small Reshift Source: Light signals are both emitted at ¢ and received at tg in the present
late-time inflation era (Eq.(15) for a). The radial comoving distance rg — rg is obtained as follows,

ta ¢ cz
rR—Tg = —dt = , 18
R—TE /‘E - Hnan (18)

where the Hubble parameter at tg is Hgr = /2K, /2, and agfeg =1 + 2.

(II) Large Redshift Source: Light signals are received in the present late-time inflation era (Eq.(15)
for a) but emitted in the matter era (Eq.(10) with k = 0 for a).

/t- c dt tR c 4
TR—TE = —_— +/ — et
te Vat+ B ti ‘/Cle,/zl(,,c

2
[ ar ar 1
2— - | — -1 19
HRGR{ a; (a.-) 14z }, (19)
where a; is the scale factor at the interface between the matter era and the late-time inflation era. Since
em x a~3 and €5 = const. from the conservation law, the ratio ag/a; is given as

()"

4]

We take the values of 1, = 0.75 and 25 = 0.25 for evaluation of Eq.(17). Since Eq.(17) itself, however,
contains complicated factors, especially in K(z) which is the same in all models, here we plot residuals,
i.e. the differences Am(z) between our m(z) and the form of the current “standard” ACDM cosmology

[4]-
Am(z) = m(z) — macom. (21)

We show below only the plots of Am(2) in the cases of GST cosmology with v = 0 and of the other
standard cosmologies, together with the observational data [4].

6 Comments

The figure shows that the scenario in the GST cosmology fits the observational data quite well. But we
have not studied yet whether or not it fits better than the fiducial ACDM model.

In the present work, we explore only the case of k = 0, C; = 0 and 4 = 0. In order to make the plot
be complete, the other cases, k # 0 and/or C2 # 0 should be explored further.
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Abstract

We investigate the instability of charged massive scalar fields in Kerr-Newman
spacetime. Due to the super-radiant effect of the background geometry, the bound
state of the scalar field suffers from instability and its amplitude grows in time. By
solving the Klein-Gordon equation of the scalar field as an eigen-value problem, we
numerically obtain the growing rate of the instability of the scalar field. Although
the dependence of the scalar field mass and the scalar field charge on the growing
rate fairly agrees with the result of the analytic approximation, the maximum value
of the growing rate is three times larger than that of the analytic approximation. We
also discuss the effect of the electric charge on the instability of the scalar field.

1 Introduction

The propagation of waves in black hole spacetime have been studied by many researchers in the context
of black hole perturbations(1]. The super-radiance is one of the interesting phenomena in this subject [2].
As an application of the super-radiance, Press and Teukolsky proposed the black hole bomb|[3]; they
considered the situation that mirrors surround a Kerr black hole. The scattered wave with the super-
radiant amplification is reflected back to the black hole by mirrors and the wave is amplified again. Then
the amplitude of the wave grows exponentially in time and becomes unstable. Damour et al.(4] have
shown that the black hole bomb can be realized by using a charged massive scalar field in Kerr-Newman
spacetime. The effective potential of the massive scalar field has a local minimum and the scalar field
wave can be confined in this potential well. Hence the mass of the scalar field plays a role of the mirrors
which is necessary to cause the instability of the scalar field. According to their analysis, the instability
of the scalar field occurs if the bound state and the super-radiant condition are both satisfied.

To evaluate the growing rate of the instability, we must solve the Klein-Gordon equation in the black
hole geometry. By imposing the ingoing condition at the black hole horizon and the regular condition
at infinity, the problem of obtaining the unstable mode reduces to an eigen-value problem. For Kerr
spacetime, the growing rate of the unstable modes for the scalar field with the small mass 4 <« 1/M (M
is the mass of a black hole) was obtained by using the asymptotic matching method [5], and that for the
large mass u > 1/M was obtained by using the WKB approximation [6]. However, these analysis do not
cover the parameter region M ~ 1 where the growing rate is expected to have a maximum value.

In this paper, we aim to obtain the growing rate of the charged massive scalar field with the mass
uM < 1 in Kerr-Newman spacetime by solving the eigen-value problem numerically. The paper is
organized as follows. In Sec. 2, we estimate the growing rate of the scalar field with uM « 1 and ¢Q <« 1
in Kerr-Newman spacetime using the method of Detweiler[5]. Then in Sec. 3, we introduce our numerical
method and obtain the growing rate of the instability and its parameter dependence for uM < 1. Sec. 4
is devoted to summary and conclusion.

We use the unit in which G = ¢ = ki = 1 throughout the paper.

2 Analytic Approach

In this section, we calculate the growing rate of the instability of the scalar field using the asymptotic
matching method used by Detweiler (5] in Kerr-Newman spacetime.

! E-mail:hironobu@allegro.phys.nagoya-u.ac.jp
2E. mail:nambu@allegro.phys.nagoya-u.ac.jp



The Kerr-Newman metric in the Boyer-Lindquist coordinate is
ds? = — (1 _ 2A1r2-g’) de2 - £2Mr—Q;!2asin’9dtd¢ + Zdr? + Td6? + Asi}é\’ 8442, (1)

A=r2-2Mr+a?+Q? T =1r?+a%c0s?0, A=(r2+a2)2—aQAsin29,

where M is the mass, a is the angular momentum and @ is the electric charge of the black hole, respec-
tively. The location of horizons r; are given by roots of A = 0. The Klein-Gordon equation for the
charged scalar field with mass p is

(V2 = igA®)(Vqo — igAL)¥ = 420, Ag = (—%,0,0, %Qrsin"’ 0) ) (2)
where V© is the covariant derivative in the Kerr-Newman geometry and g is the charge of the scalar field.
Equation (2) is separable using the spheroidal harmonics S(8):

U = ¥(r)S(8) exp(i(—wt + me)). 3)
The radial function ¥(r) satisfies
A%Ai—f + [—A(pzr2 + )+ {(r2 + a®)w — ma - qu}z] v =0, (4)

A=1(l+1) - 2maw + (aw)? + O(a®(4® — w?)) =5 A = I(I + 1) - 2maw + {aw)?,

where !, m are integers and [m| < I. We assume ! > 1; for { = 0, there is no centrifugal force and the
bound state of the scalar field does not exit. As we are interested in the eigen-mode of which frequency
is nearly equal to the mass of the scalar field w ~ p, it is possible to set O(a?(u? — w?)) = 0. We solve
Eq.(4) with the boundary condition of an outgoing wave at infinity and an ingoing wave at the black
hole horizon. To apply the asymptotic matching method, we need to assume that parameters satisfies the
condition O(wAM) = O(uM) = 0(gQ) = O(¢), € < 1, and they can be treated as small parameters. The
angular momentum of the black hole is assumed to be O{a/M) = 1. As we are interested in the unstable
mode, the scalar field must be in the bound state and the following bound state condition is required:

My 2 qQ. (5)

For large value of r 3> M, the solution of Eq.(4) which becomes regular at infinity is proportional to
the confluent hypergeometric functions . For the region near the black hole horizon r ~ r,., the solution
of Eq.(4) is given by the function which is proportional to the Gauss hypergeometric function. Then,
matching two solutions at the matchable region, we obtain the eigen-value w : (w = o + i7).

If the imaginary part v of w is positive, the considering mode is unstable and ~ represents the growing
rate of the instability. The condition of instability is

P= %(mﬂ” +98" —w) >0, ©6)

where the surface gravity &, the angular velocity Q7 and the electric potential ¥ for the Kerr-Newman
black hole are introduced as follows:

w= LTz H___8 _ H_ _Qrs (7)
2\a?+7r3 )’ a?+r2 "’ a? +7r2

This condition of instability (6) coincides with that of the super-radiance. If the super-radiant condition
is compatible with the condition of bound state (5), the scalar field becomes unstable. These features
of the unstable mode are consistent with the analysis by Damour et al[4]. The most unstable mode
corresponds to { = m = 1, n = 0 and the value « of this mode is given by

4
v= ‘2‘—4|Mp —qQP(a® + r3)3(Q7 + q@H — p)(x® + (7 + q®H - p)?). (8)

We show the mass and the charge dependence of v in Fig.1. The maximum value is v =~ 3 x 10~8 at
#M = 0.3, qQ = —0.08. The positive values of v appear in the region where both the super-radiant
condition P > 0 and the bound state condition Mg 2 gQ are satisfied. Let us consider the region
puM < 1,|9Q| < 1 where our approximation is expected to be good. In this region, by keeping on the
leading terms of the small parameters, (4, q) dependence of v is determined by the factor u|Mu — qQ|°.

_85_



For a fixed value of ¢, v is an increasing function of u. For a fixed
value of g, v is an decreasing function of gQ. The formula shows that
the main effect of the scalar field charge q is to change the depth of
the potential well which is necessary to bound the scalar field. As the
charge q increases, the depth of the well of the scalar field effective
potential decreases and the scalar field becomes less bounded. Thus
the increase of the charge reduces the growing rate of the scalar field.
For the positive charge ¢ > 0, P can be positive for the negative
azimuthal quantum number m < 0. This is contrasted with the Kerr ]
black hole case, which requires m > 0 to be P > 0. This indicates the  Eigure 1: The dependence of the mass
o ays . # and the charge g of the scalar ficld on
possibility of the unstable mode with m < 0. However for m < 0, the growing ratc 4. The parameters arc
the condition P > 0 can not be compatible with the bound state 2 =098M. Q=001 [=m =1 n=
., . R . c solid linc corresponds to P = 0
condition (5). Thus for ¢ > 0 and m < 0 in Kerr-Newman spacetime,  and the dotted line corresponds to My —
the super-radiance occurs but the scalar field can not be in the bound 99 =0
state and the mode becomes stable. For Reissner-Nordstrom spacetime a = 0, P > 0 gives u < ?,-iz This
condition also can not be compatible with the bound state condition (5) and we conclude that there is no
unstable mode of the scalar field in Reissner-Nordstrém spacetime. From these results, the super-radiance

caused by the rotation of the black hole is essential to make the scalar field unstable.

3 Numerical Approach

Method To investigate the instability of the scalar field for the wide range of parameters, we perform
numerical calculation. We rewrite Eq. (4) using the tortoise coordinate

:r—-/dr— =r4— - [r+ln(r—r.,,)—r In(r —r_)], (9)
and a new radial function u = ry:
d*u A A 2M 2+
7 = Verl(r)u,  Vea(r) = = [#2 tot3 - —(TQ—) -= [(7‘ +a%)w —am - QQT] (10)
The shape of the effective potential Vg for a = 0.98M, Q =
0.01M, pM = 0.35, ¢Q = —0.08, | = m = 1 is shown in Fig. 2. 018
Due to the mass of the scalar field, the effective potential has a well o
and the wave can be trapped in this well. ey
We use the solutions that the incoming solution of Eq. (10) in the * ookl BN TR O O O
region near the horizon and the regular solution of Eq. (10) in the far TN Y g — )
region to impose the boundary condition for numerical integration of o L o
Eq. (10). We prepare the inner numerical boundary r = x, near the 2

horizon r; and the outer numerical boundary r = z,. By integrating Figure 2: The effcctive potential
Eq.(10) from z = z, with the boundary condition, we obtain a mode V.n(:) of the scalar ficld .

function u(!). In the same way, we obtain u{?) with the boundary condition imposed at the far region
z = z,. For a given complex value of w, if the Wronskian : W(u("),u(?) = (V442 _ ) du? ayalyated
at the mid point = T () < Tm < T2) becomes zero, two solutions u(!) and u(? are lmearly dependent
and w gives an eigen-value of the considering equation. We search the zero point of the complex function
W (w) numerically in complex w plane.

Result We have performed the numerical calculation to search the mode of the scalar field with | =

= 1 and w ~ g, for which the growing rate of the unstable mode is expected to have the largest
value. We choose the parameters of the black hole as a = 0.98M, Q = 0.01M and used the 4th order
Runge-Kutta integrator. We obtained the value of the growing rate v as the function of the scalar field
mass p and the scalar field charge g. The calculated parameter points in (u, g)-space are shown in Fig.3.

The obtained growing rate is shown is Fig. 4. The shape of the numerically obtained function y(4, q)
is almost same as that of the analytically obtained one (see Fig.1). The left panel in Fig. 5 shows u
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dependence of «y for different values of g. The plus points represent the maximum values of 4 for each
and the cross points represent « for g = 0. The solid line is values of  for g = 0 predicted by the analytic
approximation. The right panel in Fig. 5 shows ¢ dependence of 4. The solid line is 4 by the analytic
approximation for uM = 0.2 and the approximation is good for —0.2 < ¢@Q.

The growing rate has the maximum value YA ~ 1.13 x 10-7 at uM =~ 0.33,qQ =~ —-0.08. The
obtained minimum value of the growing rate is 7.6 x 10~!! at uAf = 0.20,¢Q = 0.1. Although the shape
of the function y(u, q) fairly agrees with the analytically obtained result Fig.1, its maximum value is
three times larger. We can confirm that the instability occurs in the region in (u, ¢)-space where both
the super-radiant condition P > 0 and the bound state condition M u 2 gQ are satisfied. This parameter
region is also shown in Fig.3. For all numerically obtained modes, the growing rates are positive and
they are contained in the region bounded by two lines P = 0 and Mu ~qQ = 0. As the parameter point
(&, q) approaches these lines, the growing rate decreases. Hence the function v(g,q) has the maximum
value in this region. We could not obtain the stable mode with negative v because the value v for the
stable mode is small compared to that of the unstable mode, it was not possible to get the definite value
within the accuracy of our numerical calculation.

4B 16 4% 4 IR R em 8 09 80
-
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Figure 5: The left pancl is s dependence of the growing rate
4 for different values of q. The dashed line is the numerical

Flgure 3: The calculnted parameters Flgure 4: The numeri- solution for ¢ = 0 and the solid line is the analytic approxi-

in (. q)-spacc is shown as plus points. cally obtained value of the o (o0 (8) for ¢ = 0. The right pancl is ¢ dependence of the

;ic SOl:’j line is ’i = O,F“d thcl d°:“°:: E;;‘:z::citn:tfmlz;xcds'::ﬁ::: growing rate ~ for different values of u. The dashed lines are v
line is My = qQ = 0. The scalar ficl L . for p = 0.1 ~ 0.41. The solid linc is the analytic approximation
is cxpected to become unstable for the ©f . This is the bird-cyes for Al = 0.20.

paramecters in the grey region. view of ¥(u.q).

4 Summary and Discussion

In this paper, we study the unstable modes of the massive scalar field in Kerr-Newman spacetime. We
obtain the growing rate for uM <« 1, ¢Q < 1 by using the asymptotic matching method and for uM < 1
by numerical method. For the black hole with a = 0.98M, @ = 0.01M, we obtained the maximum value
of the growing rate of the unstable mode yM =~ 1.13 x 10~7 at uM = 0.35,¢Q =~ —0.08. The location of
the maximum value in (u, g)-space fairly agrees with the result of the analytic method, but its numerical
value is three times larger than that of the analytic result.
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Abstract
We formulate a new analytical method for regularizing the self-force acting on a
particle of small mass u orbiting a black hole of mass M, where u &« M. There
are a lot of regularization methods for the gravitational self-force problem, but this
proposed method is more analytic for the time-domain calculation. Here we present
our new regularization method and the result of the regularized self-force in the simple
case of a plunge orbit by using new formulation.

1 Introduction

Due to the recent technological advance, we are now at the dawn of gravitational wave astronomy /astrophysics.
The observation of gravitational waves is absolutely a new window to observe our universe. We also ex-
pect that the observation of gravitational waves provides a direct experimental test of general relativity.
The interferometric gravitational wave detectors, LIGO, TAMA300 and GEOG600 are currently in the
early stage of their operations. Furthermore, R&D studies of a space-based interferometer project, the
Laser Interferometer Space Antenna (LISA), are in rapid progress. These interferometers, after their final
sensitivity goals are achieved, are expected to detect gravitational waves from compact star binaries or
compact stars orbiting super-massive black holes at galactic centers.

To fully utilize the information contained in the observed gravitational wave data, particularly for
the purpose of a precision test of general relativity, we have to know accurate theoretical predictions of
the waveforms. When the mass ratio of the objects composing a binaries is extremely large, the black
hole perturbation approach is very effective. Here we consider the corrections to the force acting on
the small mass body (which is treated as a point-particle) that are induced by the field generated by
the particle itself, the so-called self-force corrections. The self-force, however, diverges at the location
of the particle, and hence should be regularized. It is known that the properly regularized self-force is
given by the tail part (or the R -part) of the self-field, obtained by subtracting the direct part (or the
S-part) from the full self-field[1, 2, 3]. The most successful method of regularization relies on the spherical
harmonic decomposition of the self-force, the so-called mode-sum regularization or mode decomposition
regularization(d].

So far the regularized self-force has been calculated only for special orbits. This is primarily due to
mismatch in the domain used for evaluating the full self-field and the S-part. The full field is calculated
with either the Regge-Wheeler-Zerilli or Teukolsky formalism, which heavily relies on the Fourier decom-
position of time-dependence, so the full field is calculated in the frequency domain. On the other hand,
the S-part can be given only in the time domain. So we have to integrate the full field over w.

1E.mail:hikida@yukawa.kyoto-u.ac.jp
2E-mail:wtpsaxxj@Ilg.ehu.es
3E-mail:denden®sci.osaka-cu.ac.jp
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In this time, we formulate a new analytical method for regularizing the self-force acting on a particle
of small mass u orbiting a black hole of mass A, where 4 <« M, and utilizing a new decomposition
(the § and R-part) of the retarded Green function in the frequency domain, we have shown a systematic
method for the computation of the self-force[5, 6]. This decomposition is found from the construction
of the homogeneous solutions by the Mano-Suzuki-Takasugi’s analytical method (7]. Here, for simplicity,
we focus on the case of a scalar charge in order to avoid the gauge problem [8, 9].

2 Regularization

We consider a point scalar charged particle (charge: ¢) moving in the Schwarzschild background. The
full scalar field induced by this charged particle is given, using the retarded Green function, as

wl’nll .’L‘) - /dTGI'ull(x z(.r)) (1)

where z(7) is the trajectory of the particle, 7 is the proper time along this trajectory, and G™"(z,z’)
satisfies the Klein-Gordon equation

W (z - z') @
’—g ’
with the retarded boundary condition. The retarded Green function is represented in terms of the
Fourier-harmonic decomposition as

Gm"(I, II) / dw -w(t -t’) zgt‘ull (7‘, 1")th(9, ¢)Yt;n(9"¢') . (3)

Vava G‘u"(l‘, I’) -

Here Yem (8, ¢) are the ordinary spherical harmonics and (*) indicates complex conjugation. Then, Eq. (2)
reduces to an ordinary differential equation for the radial Green function as

(nr) = —br-r). @)

l_ﬂ +2(T—M) d Wl fe+1) gl
dr? r2  dr 1— 2M r2 Jtme
T

The radial part of the full Green function is expressed in terms of homogeneous solutions of Eq. (4),
which can be obtained by a systematic analytic method developed in Ref. [7), as

S ) = iy ()RR 000 = ) + B )0 = 17)

Wano i) =17 (1= 20) [ (0,0 1) - (o)) - @

Here the in-going and up-going homogeneous solutions are denoted, respectively, by ¢¥, and ¢, and v
is called the renormalized angular momentum (7], which is equal to ¢ in the limit Mw — 0.

We express the homogeneous solutions ¢, and ®),p in terms of the solutions ¢ and ¢; v~1 which can
be expressed in terms of a series of the Coulomb wave functions (7], as

in=¢:+ﬂu¢;u_ , ¢:p=7v¢c+¢c—u- ’ (6)

Using these homogeneous solutions, we divide the Green function into two parts in the previous work [5].

up?

gem, (1, 7') = ginu(r 7)) + g8 (1), (7

where
1

Wema (08,05~ 1)
1

(1= B ) Wemu (9%, 0571)
[ﬁnu ¢ (Mo 1) + o T NBL(T) + WL (S (r) + BoT T (r8E ""(T')] - (8)

Gima(riT') = (626 =1 (r)0(r' — ) + 677~ (n)e2 (r)8(r = 7')]
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The S-part gfm“ is singular and symmetric, and it satisfies the same inhomogeneous equation as the
Green function. The R-part g,mu is regular, and it satisfies the source free equation. It is noted that
the S-part is need to take care in the regularization of the self-force. On the other hand, there is no
divergence associated with the remaining R-part. So, in order to obtain the R-part, we consider the
following regularization,

FR=(FS$ -F5)+FE. ©)

The important fact is that the S-part in the frequency domain is given in the form of a simple Taylor
series with respect w multiplied by exp[—iw(t — ¢')]. Therefore, the integration over w just produces
8(t — ') and its derivatives. Using this technique we can obtain the S-part in the time domain relativity
easily. The details are given in [5, 6).

3 Application: Plunge orbit

We can calculate the part which needs to be regularized (F — Fs) and the residual part (FZ) actually.
The former is represented by the local quantities (the energy &, angular momentum £ and distance r),
while the latter can not do. So we divide the regularized self-force into two parts, which consist of the
part that can be represented by £, £ and r (FR-P°%) and the rest that is obtained from the Green function
including the logarithmic term, lnw, (FR™).

In this section, we calculate the regularized scalar self-force on a particle which is falling radially into
a Schwarzschild black hole, by using the above regularization scheme.

When we assume the angular coordinates of the particle location as 2%(t) = /2 and z¥(t) = 0, the
plunge orbit is given by using the parameter 7 as the following [10].

R R 1/2 . ; R
T = E(m) (n+sinp), =z —5(1‘*"305’7)- (10)

Here we consider the free fall of a particle from rest, starting from 2" = R at z! =0.
For the part FRP*% we can calculate just by substituting

2M 2M sing
= -, =0, "=—‘/——. 11
¢ ! R £=0, u R 1+cosy (11)

On the other hand, the calculation for the part Ff" needs to be calculated by numerical integration. It
is, however, easy to do numerical calculation by using the following formulas;

k t .
Rin _ 2pg . i} _ _ TN i _ _w
FE" = CROT Jim VaZz o) - [ a0 - (v-F) 0] a2
where the function f(t) is given by

i = %(1-3) G (27 () Yem (0, @) Yin(1/2,0), gl = 3 3 *G (r, ) I},

Z(t) k=2 j=1

and g}, is the part, including Inw, of the Green function.
In Flg 1, we show the case of the free fall from rest, starting from R* = 40M where R* = R +
2M In{(r — 2M)/(2M)), and in the numerical calculation we set ¢ = M = 1.

4 Conclusion

We present a more realistic analytic scheme for the radiation reaction problem and the result of the
regularized self-force acting on the particle orbiting plunge.

We are going to solve the geodesic equation by O(u) and extend to the Kerr black hole case. And we
would like to derive the gravitational self-force on a point particle and calculate the orbit including the
correction of self-force.
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Figure 1: The scalar self-force in the case of the free fall from rest, starting from R* = 40 (R ~ 34)
by third post-Newtonian (3PN). The line and dotted line are t-component and r-component of self-force
respectively.
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Abstract

We study the evolution of gravitational waves(GWs) after inflation in a brane-world
cosmology embedded in five-dimensional anti-de Sitter (AdS) spacetime [1]. Contrary
to the standard four-dimensional results, the GWs at the high-energy regime in brane-
world model suffer from the effects of the non-standard cosmological expansion and
the excitation of the Kaluza-Klein modes(KK-modes), which can affect the amplitude
of stochastic gravitational wave background significantly. To investigate these two
high-energy effects quantitatively, we numerically solve the wave equation of the GWs
in the radiation dominated epoch at relatively low-energy scales. We show that
the resultant GWs are suppressed by the excitation of the KK modes which escape
away from the brane to the bulk gravitational field. The results are also compared
to the semi-analytic prediction from the low-energy approximation and the evolved
amplitude of GWs on the brane reasonably matches the numerical simulations.

1 Introduction

The stochastic gravitational wave background (stochastic GWB) generated during the inflationary era is
a promising source for the low-frequency gravitational waves and this can provide a direct way to probe
the extremely early Universe. In particular, such GWs are expected to have information about the extra
dimensions. In the case of the single-brane model proposed by Randall & Sundrum (2], the scale of the
extra dimension is well below the length { < 0.1mm according to the current experiments of the Newton
gravity. Therefore, the effect of the extra-dimension can be imprinted on the GWB at the low-frequency
band, f 2 ferit ~ 2 x 10~4 (0.1mm/!)*/2 Hz.

Theoretically, the evolution of GWs in the brane-world cosmology is expected to deviate from the
standard four-dimensional theory in the following two aspects: 1) the non-standard cosmological expan-
sion due to the bulk gravity and 2) the excitation of the Kaluza-Klein mode(KK-mode) of graviton.
The former may enhance the amplitude of GWs and the latter may suppress or modulate the GW form
on a brane relative to the prediction from the four-dimensional theory. These effects are particularly
significant in the high-energy regime of the universe. To investigate these effects in a realistic situation
of the cosmological brane-world, we solve the wave equation of GWs numerically in the Randal-Sundrum
type single-brane model. It has been shown that the excitation of KK-modes are suppressed during
inflation and zero-mode remains constant after inflation at super-horizon scale [3]. Thus we will consider
the evolution of the GWs starting from an initially zero-mode state at super-horizon scales and focus on
the behavior just after the horizon-crossing time. Additionally, to understand the numerical results, we
perform the low-energy approximation for the wave equation.

2 Basic equations

We specifically treat the single-brane model embedded in a five-dimensional anti-de Sitter (AdS) space, in
which the matter content on brane is simply given by a homogeneous and isotropic perfect fluid satisfying
the equation of state p = wp. Using the Gaussian normal coordinate to the brane, the metric including
the tensor perturbation is given by

ds? = —n?(t,y)dt® + a®(t, y)(6i; + Ei;)dz'dz’ + dy?. (1)
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where the brane is located at y = 0. The lapse function n(t,y) and the scale factor af(t, y) for the
background space-time are determined from the five-dimensional Einstein equation. [n absence of the
dark radiation, these quantities are written as follows [3][4]:

a(t,y) = ao(t) {cosh(uy) - (l + @) sinh(py)} , nltyy=e P +(2+ 3w)’¥ sinh(uy), (2)

where A > 0 denotes the tension of the brane and u~! = \/G/rc;’/\ represents the curvature scale of the
AdS bulk. The scale factor ay(t) and the energy density on the brane p(t) are determined from the
effective Friedmann equations [4):

mre=(®) M 0 (1428 5= —3H(1 + w)p(t) (3)
=\ T 3° w ) P wipte),
The solution of the above equations is easily obtained and can be expressed in terms of the dimensionless
variables 7 = t/t. and € = p/X:

ap(7t) = a. (T2 + 2¢1 — 2¢) s ) p(t) = p. (72 +2c7 - 20)—1 ’ (4)

where the subscript * means the quantity evaluated at the time 7 = 1 and ¢ = v 1+e/2-1. Note that
the Gaussian-normal coordinate has a coordinate singularity at y = y., defined by a(r, y.(r)) = 0.

The perturbed quantity E,; in the metric (1) satisfies the transverse and the traceless conditions,
which is automatically gauge-invariant. Decomposing the perturbation in spatial Fourier modes as E;; =
E(t, y: k)e'**¢;;, where é;; is transverse-traceless polarization tensor, the wave equation for the Fourier
component E becomes [3):

82E é n\ OF nz 2 2 32E a’ n’ oF
W+(3E~;)—a-t—+?kE—n {a—y2+(3z+;)a—y}—0 (5)

Ignoring the anisotropic stress tensor ;; on brane, the perturbed Israel condition is [3}:

6_E
Oy

=0. (6)
y=0

Hereafter, we will focus on the time evolution of the tensor perturbation in the radiation-dominated
epoch(w = 1/3) and solve the wave equation (5) numerically.

3 Numerical analysis

To solve the wave equation (5) numerically, we use a Tchebychev collocation method with the Gauss-
Lobbatto collocation points, y = cos(ér/N) with £ =0,1,--- , N. With this method, the quantity E(r, y)
is first transformed to a set of variables E;(7) defined in the Tchebychev space, and the equation (5) can
be regarded as the ordinary differential equations for Ey. Then, the time evolution of E; is followed by
the Predictor-Corrector method based on the Adams-Bashforth-Moulton finite-difference scheme.

As mentioned in section 1, the initial condition for the quantity E is set to the zero-mode solution
in the inflationary era, i.e., E(79,y) = constant. The calculations are then started before the wavelength
of the zero-mode crosses the Hubble horizon. For convenience, we set the comoving wave number k to
k =ea.H,, that is, the GW mode just crosses the Hubble horizon when 7 = 1.

Since the computational domain should be finite, and the Gaussian normal coordinate (1) has a
coordinate singularity, we must introduce another boundary in the bulk and impose another boundary
condition at this boundary for numerical purpose. Therefore, we put a regulator brane at Yreg(T) = Y ¥c(7)
inside the coordinate singularity and impose the Neumann boundary condition:

OF
n“gx—” = 0, (7)

Y=Yerg(T)



where n* is the normal vector to the boundary trajectory. Thus, provided the location of the boundaries
y = 0 and y = yreg(7), the only physical parameter is ¢., i.e., the dimensionless energy density p/X at
the horizon-crossing time, which is directly related to the scale of the GW concerned. For large ¢., the
proper distance between the physical brane and regulator brane becomes small. The results will crucially
depend on the regulator brane. Hence, we restrict our analysis to the the small ¢, case.

In Fig.1, the resultant waveform on the brane is depicted as function of time in the case with ¢, = 0.2,
~ = 0.8. Apart from the overall damping 1/ag(t) due to the cosmological expansion, the amplitude of the
numerical solution on the brane (solid) becomes smaller than that of the solution in the four-dimensional
theory (long-dashed). This result simply reflects the fact that the localization of gravity is not fulfilled in
presence of the p>-term (see Eq.(3)) and the GW can easily escape from the brane.

If the regulator brane is located sufficiently far away from the physical brane, we expect that we can
safely neglect the effect of the regulator brane. To confirm this, in Fig.2, we plot the damping factor,
i.e., the ratio of the amplitude obtained from the numerical solution to that from the four-dimensional
theory in the case of ¢, = 0.05, 0.2 and 0.3. The damping factor depends linearly on small ¢,, and tends
to converge for v — 1.

4 Result from low-energy expansion

In order to understand the behavior of the numerical results in previous section, we employ a low energy
expansion scheme to solve the wave equation approximately. In this treatment, the term ¢ = p/) in
effective Friedmann equation (3) is assumed to be small. Thus, treating the dimensionless quantity ¢ as
small expansion parameter, we expand the tensor perturbation E(7,y):

E(1,y) = Eo(7) + Ex(r,y) + Ex(ry) + -+, Ex(r,y) = O(¢"). (8

The scale factor ap(7) and the Hubble parameter H(r) are expanded in the same way. Note further the
fact that in the low energy approximation, since the time-derivative is the order of the Hubble parameter
and the y-derivative is the order of the bulk scale p, there is a hierarchical relation of the derivatives
E/E’ ~ O(e"/?). Keeping the relation in mind, one can expand the wave equation (5) in terms of € and
find the higher-order solutions iteratively. Then, imposing boundary conditions, we derive an ordinary
differential equations for Eo(7):

dr? H
AW Yo ©)
+ -‘E 1—2 (0) +4— p |1 —2B(yo)| | Eo =0
0

in the case of the static boundary. Here, we defined B(yo) = yo/(1 —e~2#¥). The variable yp denotes the
position of the boundary determined at an initial time 7 = 79, i.e., yo = Yyc(70). If the regulator brane is
moving, the equation contains the term proportional to gcg(t) and it becomes rather complicated. Note
also that this approximation will break down if the regulator brane becomes far away from our brane
ek¥x > p/A since the low energy approximation breaks down on the regulator brane.

In spite of the above limitations of this approximation, the solution quite well reproduces the numerical
results for Eg(7) even in the case of the moving boundary (see short-dashed in Fig.1). Thus, at least in
a qualitative level, we can use this approximation to understand the behavior of perturbations on the
brane. The second terms in the coefficients of HoEy and Ep come from the modification of background
Friedmann equation, that is, p>-term in Eq. (3). The third terms arise from the non-separable nature of
the metric (1) or the time-dependant Hubble parameter H # 0, which excite KK-modes in the bulk and
cause the dissipation of the perturbations on the brane.

In the long wavelength limit & — 0, the zero-mode solution Eg = const. is the solution for the
effective equation (9). However, if the perturbation crosses the horizon, the zero-mode solution cannot
be a solution and then KK-modes are inevitably excited. The effects of the non-standard cosmological
expansion tend to enhance the amplitude of the perturbation compared to the four-dimensional theory
(note that the quantity H,/Ho is negative for the late time). On the other hand, both the numerical results

¢E 3(1+—+4”(T)|1 2B(yo)|)Hodd—b;°



and the low energy approximation show that the amplitude of the perturbations decreases, which implies
that the influence of the excitation of KK-modes overcomes the effects of the non-standard cosmological
expansion. Therefore, the suppression of the amplitude of GWs can be understood as the consequence
of the excitation of the KK-modes due to the non-separable nature of the bulk metric in the Gaussian
normal coordinate defined with respect to the physical brane.

5 Conclusion

We have numerically investigated the evolution of GWs during the radiation dominated epoch in the
Randall-Sundrum type single-brane model. Especially focusing on the behavior after the horizon-crossing
time, we found that the amplitude of GWs on brane is suppressed compared to that of the four-dimensional
theory. From the analysis using the low-energy approximation, the suppression of GWs can be understood
as a consequence of the excitation of KK-modes. The influence of the KK-modes on GWs overcomes
the effect of the non-standard cosmological expansion arising from the p?-term. The suppression of
GWs becomes significant as increasing the energy scales ¢,. Therefore, contrary to the four-dimensional
prediction, the intensity of the stochastic GWB around the frequency f ~ feriv tends to decrease as
increasing the frequency, which might provide an important clue to check for the extra-dimensions.

In order to investigate the degree of this effect precisely, however, the boundary condition imposed on
the regulator brane might be inadequate. Instead of using the Neumann condition (7), a suitable choice
of the boundary condition such as the non-reflecting boundary condition should be considered. Further,
to impose a realistic boundary condition, the Poincaré coordinate, which covers the wider region of the
AdS spacetime than the Gaussian normal coordinate, would be crucial in our numerical calculation. The
implementation of these technical points is straightforward and the analysis is now in progress.
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Figure 1: Numerical solution of GW on brane
(solid), together with the 4-dimensional GW
(long-dashed) and the result from the low-
energy approximation (short-dashed).

Figure 2: Damping factor of the GW ampli-
tude on brane as function of boundary param-
eter v
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Abstract

We investigate the causal structure of the flat brane universe of RSII type to clarify
the boundary conditions for stochastic gravitational waves. Based upon the causal
structure, we discuss the boundary conditions for gravitational waves in the bulk. In-
troducing a null coordinate, we propose a procedure to solve gravitational waves with
appropriate initial conditions and avoid the problems in setting boundary conditions
in the bulk. The problem in the choice of the initial condition for gravitational waves
is briefly discussed.

1 Introduction

Since the proposal of a brane world model of our spacetime by Randall and Sundrum [1] (RS), the
phenomenology of brane world cosmological models has been the subject of intensive investigations in
recent years. In these brane world models, our universe is regarded as a four dimensional boundary
(brane) in a higher dimensional spacetime (bulk). Many authors have found more realistic models which
include realistic matter fields on the brane and realize the cosmic expansion (2] , and tried to constrain
on these models by the observational data.

The stochastic gravitational waves will be a promising candidate which provides a direct and deep
test of such cosmologies. In order to give theoretical predictions of stochastic gravitational waves, many
authors have adopted the Gaussian normal (GN) cocordinate system in the neighborhood of the brane.
The equation of gravitational waves takes the same form as that of the five-dimensional massless scalar
field:

Osh = 0. (1)

To obtain the theoretical spectrum of stochastic gravitational waves, we just solve this equation with
appropriate boundary conditions. However, Eq. (1) in terms of the GN coordinate system includes a
singularity at finite coordinate values in the bulk, where the metric function vanishes. The treatment of
Eq. (1) near the singularity is one of difficulties when we obtain the evolution of stochastic gravitational
waves [3]. In fact, this singularity corresponds to the “seam singularity” discussed by Ishihara [4].

The aim of this paper is to propose a procedure to solve the evolution of cosmological gravitational
waves avoiding the above difficulty in GN coordinate system. The procedure proposed here is based on
the characteristic initial value problem according to the causal structure of the entire spacetime. We use
a null coordinate instead of the proper time on the brane. In this procedure, the boundary conditions
in the bulk are replaced by the initial condition on a null hypersurface and the above difficulty in the
treatment of Eq. (1) near the singularity is resolved if we simply specify the initial spectrum on a null
hypersurface. The details are found in [5].

! E-mail:ichiki@th.nao.ac.jp
2E-mail:kouchan@th.nao.ac.jp



2 GN coordinate system in AdS; bulk

In this section, we first relate GN coordinate system to the flat chart in AdSs, and then find where the
singularity of the equation (1) in the bulk in the closed chart of AdS; which covers the entire ADS;,.

We consider a brane universe embedded in the AdSs with a negative cosmological constant Ay = —4/12,
In terms of the static charts of AdS;, the metric on AdS; is given by

ds? = —fK(rK)dtf" + fK(rK)"drgK + r?\:dzﬁ(, (2)

where K takes the values —1,0, and +1, corresponding to the negative, zero, and positive constant
curvature of a maximally symmetric three dimensional space, respectively . The function fx(rx) in this

metric is defined by fr(rx) := K + 5,;‘-, and the metric d£% is given by

a5 = dx? +sin® x4 {d6® +sin?0d¢?} (K = +1),
K= dxd + x3{d8? + sin® 0d¢?) (K =0),

respectively. In these static charts, a trajectory of three brane is given by rx = rx(tx) := a(r) and
tk =ty (), where T is the proper time of the world volume of the brane and a(7) is a cosmological scale
factor on the brane. The equation of the brane motion is given by the generalized Friedmann equation [2].
Cosmological solutions of the RS type brane world in terms of GN coordinate system were found by
several authors (for example, see {2)), which is given by
2(r
ds? = —'ﬁo(—(_r"ulf—))drz + (1, w)a?(1)dZ% + dw?. (3)
For explicit expressions of functions ¥ and g, we refer readers to Ref. [6]. We have chosen the coordinate
w so that w = 0 on the brane. As noted in Sec. 1, this coordinate system has a coordinate singularity at
w = 1wy = $log((A +1)/(A - 1)). Here wy is determined by the equation (7, w,) = 0 for each r and
A:= V1 +1ZH? where H := @/a is well known Hubble parameter. This is nothing but the singularity in
Eq. (1). Explicit coordinate transformations between the metrics (2) and (3) with K = 0 are given by,

s (r, w)a*(r), (4)

2 [A+1 2
ZVA—I[I—(I—A)ez‘i‘+1+A ' 5)

where £,(7) is chosen so that tp = t,(7) on the brane (w = 0) for any 7 [5, 6]. Clearly, the singularity in
the equation (1) is just on the region ro = 0 in the flat chart. To find where is the singularity in Eq. (1)
in the bulk, we first see the region of 7o = 0 in the entire AdSs using the closed chart. On this closed
chart, we can easily specify the point of the singularity in Eq. (1) in AdSs bulk by tracing the spacelike
geodesic which normal to the brane for each 7.

Now, we consider the relation between the flat chart and the closed chart of AdSs. This was already
given by Ishihara[4] and we followed his arguments to fine the event o(7, ws) = 0 for each 7 in the closed
chart. Fixing the proper time T on the brane, the coordinate functions r, t, and x4 behave as

to —tp

12 A
ARG
o Tl T
T = arctan[l =7 (6)
cosxy = -1

in the limit w — wy (p(7,w) — 0). This shows that the coordinate singularity at which (r,ws) = 0 is
just on the “seam singularity” ¢/l = r,/l = arctan(r, /1), cos x4+ = —1 (see Fig. 1).

Note that the seam singularity can be replaced by the other regular portion of a spacetime according
to the creation scenario of the brane universe. In this sense, we do not have to be afraid of this singularity,
or equivalently, the singularity in Eq. (1), seriously. Moreover, when we consider the characteristic initial
value problem, the initial conditions are chosen on the future light cone dD(.) and the seam singularity
is shaded by this light cone (see Fig. 2). Therefore, the difficulties in the treatment of the singularity in
Eq. (1) are simply reduced to the choice of initial conditions for gravitational waves.
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Figure 1: Geodesics normal to the brane for each
7 (dot-dashed lines) in the entire AdSs spacetime.
The geodesics converge to the seam singularity
t+ = r. at which p(r,w) = 0. This figure is from
Ref. {3].

4= Ta
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Figure 2: Brane trajectory (lines) and future light
cone from the brane (dot-dashed lines). Singular-
ity where p(7, ws) = 0 is shown as a thick line and
it is completely hidden by the future light cone
dD(r.). Gravitational waves in a shaded region
are determined by the scenario of the creation of

the flat FRW brane.

3 Null Coordinate and Gravitational Wave Equation

At this point, we have a clear strategy to tackle the problem the evolution of gravitational waves in the
brane universe. The singularities ¢(7,ws) = 0 in Eq. (1) are completely shaded by the future light cone
dD(r.) (Fig. 2). Thus, we do not have to care the singularity ¢(7,ws) = 0 any more and there is no
need to introduce any artificial boundaries in the bulk to impose boundary conditions at bulk infinity.
In order to develop the characteristic initial value problem associated with the light cone 3D(7), let us
introduce the function u by
_ ? , 7
u—to—;;—tb-*'r—',, ' )]
where (t},7;) determine the zero point of this function u. The function u is constant on the light cone
8D(r) for each 7. We can easily confirm that the one-form (du), is null through the metric (2) with
K = 0. In terms of the new coordinate system u and W = w, we found that the five-dimensional metric
(3) on AdSs can be written as

ds? = —F(r,W)du® - 2F(r,0)dud® + r*(7, B)dLE, (8)

r3/n

where F(7,w) = 7’?-7;1,_:3; As mentioned in Sec. 1, the equation for gravitational waves in the bulk

is simply given by that for the five-dimensional massless scalar field Eq. (1). In terms of the coordinate
system (u, @) Eq. (1) is given by

2_259 3 ((0r ﬁ) ) 1(oF E(ﬁ)) N Y

[61? Fawa" Fr \\ 6u waw'*' aﬁua" *\F\ew u+r ow/, % 72 (w@ik) =0,
9)

where —k2 is the eigen value of the Laplacian of dZy. The above equation can be formally integrated to

give _
Buh(u, @) = r~3%(r.T) x ( / S(w' )y dw’ + C(u)) , (10)

where S(w) = £ (a%h - %h) + (L18E + 3Egmr _32r) 9o and it is given by know functions.
These equations are the main result of this work. The function C(u) in Eq. (10) is determined by the



boundary condition at the brane (w = 0). When the anisotropic stress on the brane is not induced due to
matter fields on the brane, the boundary condition for gravitational waves h at the brane is the Neumann
type.This is accomplished by imposing

a -1
Auh(u,0) = — (ﬁ) Bzh = F(r,0)0gh | (11)
at the brane. Eq. (10) with the boundary condition (11) are easier to solve than Eq. (1) and enough to
predict the cosmological evolution of gravitational waves. Of course, as the initial condition, we should
specify spectrum of gravitational waves on the light cone 8D(7.) according to the creation scenario of the
flat FRW brane.

T

4 Summary and Discussion

In this paper, we have carefully investigated the causal structure of the fiat FRW model of RS type
II brane world and proposed the single null coordinate system to solve the cosmological evolution of
gravitational waves. We have explicitly seen that in this null coordinate system, we do not have to care
the singularity in Eq. (1). Further, it is not necessary to introduce any artificial boundaries to impose
some boundary conditions at the bulk infinity.

The initial conditions for gravitational waves in brane world cosmologies crucially depend on the
creation scenario of the FRW brane. There are some scenarios where the FRW brane is created after
the inflationary phase. If we adopt these brane inflationary scenarios, it might be natural to consider
that the initial spectrum of gravitational waves is determined in this inflationary phase. The spectrum
of gravitational waves under the deSitter evolution of the brane is discussed by several authors (7, 8, 9].
It was pointed out that gravitational waves decay away except but the zero-mode, and it approaches to a
constant amplitude in the inflationary phase. These discussions are based on the GN coordinate system.
Since GN coordinate system does not cover the entire bulk space, these discussions seem inappropriate
to specify the initial spectrum of gravitational waves. However, it was also shown that the vacuum
defined on the deSitter slicing asymptotically approaches to the vacuum defined in terms of the Poincare
coordinates on AdSs [8]. This will imply that the vacuum state on the static AdSs frame is appropriate
as the bulk initial spectrum of gravitational waves when we consider these inflationary scenarios.

If we do not adopt the inflationary scenarios, we have to specify the initial spectrum according to the
other creation scenario of the FRW brane. However, in any case, once given the initial configuration on
a null hypersurface, our method can be applied to solve the evolution of gravitational waves. The final
spectrum of the stochastic gravitational waves can be a powerful probe to investigate the existence of
extra-dimensions by comparison with the spectrum in the four-dimensional standard cosmology. There-
fore, it is interesting to discuss the evolution of gravitational waves with an appropriate initial conditions.
This is our future work.

References

(1) L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).

(2] P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000).
(3] T. Hiramatsu, K. Koyama and A. Taruya, hys. Lett. B 578, 269 (2004).

[4] H. Ishihara, Phys. Rev. D 66, 023513 (2002).

[5] K. Ichiki and K. Nakamura, arXiv:hep-th/0310282.

[6] S. Mukohyama, T. Shiromizu and K. i. Maeda, Phys. Rev. D 62, 024028 (2000)

(7] T. Kobayashi, H. Kudoh and T. Tanaka, Phys. Rev. D 68, 044025 (2003).

(8] D. S. Gorbunov, V. A. Rubakov and S. M. Sibiryakov, JHEP 0110, 015 (2001).

[9] D. Langlois, R. Maartens and D. Wands, Phys. Lett. B 489, 259 (2000).

_99_



Gravitational waves from slightly nonspherical stellar collapse
to a black hole

Hideo Iguchi', Tomohiro Harada2, Masaru Shibata®

! Department of Physics, Tokyo Institute of Technology, Meguro. Tokyo 152-8550. Japan
2 Astronomy Unit, School of Mathematical Science, Queen Mary, Mile End Road, London E1 4NS, UK
3 Department of Earth Science and Astronomy, Graduate School of Arts and Sciences, University of
Tokyo, Meguro, Tokyo 153-8902, Japan

Abstract
We numerically study gravitational waves from slightly nonspherical stellar collapse
to a black hole in the linearized Einstein theory in which we adopt a spherically
collapsing star to a black hole as the zeroth-order solution and gravitational waves are
computed in the perturbation theory on the spherical background. Here, we report
on the results of odd-parity modes perturbations for the collapses of supermassive
star.

1 Introduction

In our paper (1], we present a new implementation in the linearized Einstein theory in which the spherical
background spacetimes are computed with Hernandez-Misner scheme, and the nonspherical linear per-
turbations are with the single-null coordinate system. With the Hernandez-Misner scheme, it is possible
to compute the spherical stellar collapse to a black hole until almost all the matter collapse into the event
horizon. Furthermore, the null coordinate system is well-suited for computation of gravitational waves
emitted near the event horizon. We performed simulations for the collapses of a supermassive star and
investigate qualitative natures of gravitational waves from the collapses. We show that the waveform
depends strongly on the perturbation profile that we initially give. Next section we briefly present the
results of our analyses. We skip formulations for evolution equations and explanations about notations.
Please refer the article [1] for details.

2 Collapse of a supermassive star and gravitational radiation

2.1 spherical collapse

We adopted a model with T, = (4/3) + 0.00142 to model a supermassive star of mass 106Afg. In the
numerical simulation, we typically take 1000 grid points to cover the supermassive star. For the collapse
of model B, with the May-White scheme, apparent horizon was located near the center in a late time
of collapse, but soon after the formation, numerical accuracy deteriorates and as a result computation
crashed before the event horizon swallowed all the fluid elements. On the other hand, the computation can
be continued until the null hypersurface reaches the event horizon with the Hernandez-Misner scheme,; i.e.,
the whole region outside the event horizon is computed numerically. This clearly indicates the robustness
of the Hernandez-Misner scheme.

In Fig. 1(a), we display the snapshots of the density profile at selected timesteps. In this simulation,
the spacetime settles down to a static one at i ~ 176780A/. Since the equation of state of supermassive
stars is soft, the mass is highly concentrated around the center. In the late stage of the collapse, the
increase of the central density is accelerated, and hence the collapse proceeds in a runaway manner. (This
makes the simulation without null formulation technically difficult). Figure 1(b) shows the trajectories of
mass shells for i < 1764000/, Each mass shell asymptotically approaches a constant value > 2m because
the lapse function decreases to zero. This figure shows that the central region collapses earlier, while the
outer envelope accretes slowly after the evolution of the central region is almost frozen. We find that 80%
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of the stellar mass is swallowed into the high-redshift region within the time interval A ~ 15M. After
the inner region collapses, surrounding atmosphere falls into this high-redshift region spending a much
longer time < 230M.

2.2 gravitational radiation

For computation of the nonspherical perturbations, a static initial condition for 8 should be given.
However, the realistic perturbation profile of the initial data set is not clear for the odd-parity pertur-
bation. The purpose of this paper is to study the gravitational waveforms during the formation of a
black hole qualitatively. Thus, to investigate the dependence of the gravitational waveforms on the ini-
tial perturbation profile, we gave three kinds of the initial data sets as (1) with Biie =const, (2) with
Binic = exp[—(R/R.)?], and (3) with Binic = exp[~((R — R.)/R.)?|, where the scale length of the in-
homogeneity, R, for the matter perturbation is chosen to be R, = R,/3. For (1), the perturbation is
uniformly distributed. For (2), the amplitude of the perturbation in the inner region is larger than that
in the outer region. For (3), the amplitude of the perturbation is the largest near the stellar surface. In
all these cases, the matching is done on the mass-shell near the stellar surface within which 99.7% of the
total mass is enclosed.

We show the waveform of quadrupole (! = 2) gravitational waves for different initial perturbations
(1)-(3) in Fig. 2. In all three cases, the amplitude of the perturbation is normalized so that ¢ = 2A/.
Here, we display the results with N = 1000.

As seen in Fig. 2, the gravitational waveform depends strongly on the perturbation profile initially
given. For case (2), as seen in Fig. 2(b), gravitational waves of high amplitude are emitted around
4 =~ 1765100, approximately at the same time as the formation of the high-redshift region. The waveform
is characterized mainly by a quasinormal mode of the formed black hole. The duration of this major
emission is roughly ~ 50M/, i.e., approximately equal to a few wavelength and/or the damping time of
the quasinormal mode. Indeed, the waveform for i < 176520M is well fitted by a damped oscillation of
the complex frequency 2Mw == 0.74 + 0.19¢ which agrees with the theoretically predicted value 2Mw =
0.74734 + 0.17792i [2] within a few % error.

For case (1), as seen in Fig. 2(a), gravitational waves look as the linear combination of a quasinormal
mode of a black hole and a long-timescale and nonoscillative component (note that the amplitude of
gravitational waves does not settle down to zero for a long-time duration ~ 230M after i ~ 176510Af).
The long-timescale component is produced due both to the perturbation profile initially given and to the
nature of the collapse of the background spherical star: In the collapse of supermassive stars, the central
region collapses first and subsequently, the outer envelope gradually falls into the black hole spending a
long time duration ~ 230M{. Since Binix =const, the outer envelope retains a considerable fraction of the
perturbation for case (1). As a result, the quasinormal modes are likely to be continuously excited for
the duration = 230/ during which the matter falls into a black hole. However, the quasinormal modes
continuously excited should cancel each other due to the phase cancellation effect [3]. This suppresses
the amplitude of gravitational waves and produces a long-timescale component, which results in the
suppression of radiated energy

For case (3), in which the matter perturbation is retained mainly near the stellar surface, as seen
in Fig. 2(c), the effect of the phase cancellation is more outstanding. In this case, the amplitude of
gravitational waves is highly suppressed and the amplitude of the quasinormal mode ringing is much
smaller than that of the long-timescale component. We note that the timescale of the long-timescale
component is in approximate agreement with the time duration in which the accretion of the surrounding
envelope continues.

To explain why the long-timescale and nonoscillative component appears, we artificially superimpose
the waveform ®(t) obtained for case (2) displayed in Fig. 2(b), which is characterized by quasinormal
ringing, with the weight factor w{t) as

/ ” dtw(t)a(t - 1), (1)
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where w(t) is chosen by trial as

-1

wo-{ 2Bl @) o] wosisn

0 fort <0,¢t, <t,

and we set ¢ =2.95M and t, = 236A/. The t. and ¢, correspond to the timescales of the collapse of the
inner region and of the accretion of the outer envelope, respectively. See Fig. 2(f) for the shape of this
function. In the above functional form, the first and second terms imitate the effects of inner collapse
and subsequent accretion of the outer envelope, respectively. In Fig. 2(d), we display the result for the
superimposed waveform. This result is qualitatively the same as that obtained for case (1) displayed in
Fig. 2(a). We note that the long-timescale and nonoscillative component is produced by the long-term
superposition of quasinormal ringing including a precursory “burst” wave.
Next we choose another weight factor w(t) defined as

w(t)={ (z:d) [(zntq)a*‘l}-! for 0 <t <ta, 3)
0

fort <0,t, <t,

and we again set ¢, = 236AJ. See Fig. 2(f) for the shape of this function. This functional form imitates
the effect of accretion of the outer envelope alone. In Fig. 2(e), we display the result for the superimposed
waveform. This result is qualitatively the same as that obtained for case (3) displayed in Fig. 2(c). It
should be again emphasized that the superposition not of the pure damped oscillation but of the full
waveform for case (2), including the precursory burst wave, produces the long-timescale component. The
above consideration confirms our speculation.
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Figure 1: (a) Snapshots of the density profile, (b) trajectories of mass shells and for gravitational collapse
with [, = (4/3) + 0.00142. We extract 1 % of the internal energy from the equilibrium configuration to
induce the collapse. In (a), the label for each curve denotes the observer time @. In (b), the vertical and
horizontal axes denote the circumferential radius and observer time, respectively. The labels denote the
mass fractions enclosed by mass shells. All the quantities are shown in units of A/ = 1.
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Figure 2: [(a), (b), (c)] Waveform of gravitational waves for { = 2 radiated from the collapse with
[y = (4/3) + 0.00142. Gravitational waves are extracted at R = 2000M. The momentarily static initial
perturbation is given. The amplitude of the perturbation is normalized so that ¢ = 2M. [(d), ()]
Waveforms made by superimposing the waveform obtained for case (2). The shape of weight factors are
displayed in (f). (d) and (e) show the waveforms for the weight factor labelled “Collapse+Accretion” and
for that labelled “Accretion”. The waveforms are normalized so that the maximum amplitude is unity.
See text for details All the quantities are shown in units of M = 1.
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Abstract
Classical linearized stability behaviors of various static black brane backgrounds have
been summarized. It includes black strings in AdSs space, charged black p-brane
solutions in the type II supergravity, and the BTZ black string in four-dimensions.
The relationship between dynamical stability and local thermodynamic stability - the
so-called Gubser-Mitra conjecture - has also been checked for those cases.

1 Introduction

It is well known that the four-dimensional Schwarzschild black hole in Einstein gravity is stable classically
under linearized perturbations. Recently, Ishibashi and Kodama [1] have shown that this stable behavior
extends to hold for higher dimensional cases. Some static black hole solutions in higher dimensions
have hypercylindrical horizons instead of compact hyperspherical ones. Such black holes are called black
strings or branes. Gregory and Laflamme (2] have investigated the stability of a black p-brane that is a
product of the (D — p)-dimensional Schwarzschild black hole with the p-dimensional flat space, and found
that such background is unstable as the compactification scale of extended directions becomes larger than
the order of the horizon radius - the so-called Gregory-Laflamme instability. Gregory and Laflamme (3]
also considered a class of magnetically charged black p-brane solutions for a stringy action containing
the NS5-brane of the type II supergravity. For horizons with infinite extent, they have shown that the
instability persists to appear but decreases as the charge increases to the extremal value. On the other
hand, branes with extremal charge turned out to be stable [4]. Since their discovery of such linearized
instability, black strings or branes have been believed to be generically unstable classically under small
perturbations except for the cases of extremal or suitably compactified ones, and the Gregory-Laflamme
instability has been used to understand physical behaviors of various systems involving black brane
configurations as in string theory.

In the context of string theory, however, black branes that Gregory and Laflamme considered are
those having magnetic charges with respect to Neveu-Schwarz gauge fields only. Recently a wider class of
black string or brane backgrounds has been studied in order to see whether or not the stability behavior
drastically changes. In this talk I briefly summarize some of interesting results obtained so far, and report
some new result for black D3-branes.

2 Linearized stability behaviors of black strings/branes

In order to check the classical stability of a given black string or brane background under small perturba-
tions, we seek any unstable linearized solution that grows in time and is regular spatially outside the event
horizon. In the viewpoint of the Kaluza-Klein (KK) dimensional reduction, such unstable solution can
be expanded in terms of KK modes along the extra directions characterized by the KK mass parameter
m. In particular, s-wave perturbations that are spherically symmetric in the submanifold perpendicular
to the space in extra directions are believed to be the strongest instability for most cases. The existence
of such s-wave unstable mode can be checked by analyzing the so-called threshold mode that is static
and the onset of instability. The number of unknown functions in the analysis can be further reduced by
suitably choosing gauge conditions allowed in the system. If the set of coupled linearized equations allows
a solution with the non-vanishing threshold KK mass m* for certain parameter values characterizing the
background fields, the corresponding black brane is unstable.
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Figure 1: The lefthand side: threshold masses for varying ry with given {4y = 10 in the dS;-Schwarzschild
black strings. The vertical dotted line denotes the maximum possible value (Nariai limit), ry ~ 3.85.
Note that all threshold masses are larger than the lowest value in the KK mass spectrum (i.e., m,(rp =~
3.85) = 0.29 > mpn. =~ 0.15). The righthand side: For the case of Schwarzschild black strings threshold
masses (dotted curve) never cross the horizontal axis (my,;,, = 0). For AdS4-Schwarzschild black strings,
however, the threshold mass becomes smaller than the lowest allowed KK mass at a certain value of
ro(== 2.1), implying no unstable solution for rq larger than such critical value.

2.1 Black strings in AdS space

In five-dimensional AdS space, one has three types of static black string solutions characterized by
the parameter rg that is related to the mass density and the four-dimensional cosmological constant
A4 = £3/13. They are Schwarzschild (Ay = 0), dS4-Schwarzschild (A4 > 0), and AdS,-Schwarzschild
(As < 0) black strings. As shown in Fig. 1 for varying ry with a given value of A4 (5], there always
exist non-vanishing threshold masses for cases of Schwarzschild (6] and dS,;-Schwarzschild black strings,
implying instability as usual. For the case of AdSs-Schwarzschild black strings, however, the s-wave
instability disappears as the horizon radius is larger than the order of the AdS, radius.

2.2 Black branes in type II string theory

Recently, Hirayama, Kang, and Lee (7] have analyzed the linearized stability of a wider class of magnet-
ically charged black p-brane solutions for the string gravity action given by

1 1
I= /dD:r\/—_g [R - 5(60))2 - mea¢F3 . (1)

It turns out that the stability of these black p-branes behaves very differently depending on the coupling
parameter a. That is, there exists a critical value of the coupling parameter a..(D,p) to be determined
by the full spacetime dimension D and the dimension of the spatial worldvolume p = D — 2 — n. The
case that Gregory and Laflamme studied is precisely when a = a.,. Black branes with horizons of infinite
extent in this case are always unstable as explained above, and magnetically charged NS5-branes of the
type II supergravity belong to this class. When 0 < a < ag,, black branes with small charge are unstable
as usual. As the charge increases, however, the instability decreases and eventually disappears at a certain
critical value of the charge density which could be even far from the extremal point. Magnetically charged
black DO, F1, D1, D2, D4 branes of the type II string theory belong to this class for instance. When
@ > acr, on the other hand, the instability persists all the way down to the extremal point. Magnetically
charged black D5 and D6 branes are in this case for example. However it is shown that all black branes
mentioned above are stable at the extremal point, which might be expected due to the BPS nature of
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Figure 2: The lefthand side: behavior of threshold masses for black 4-branes in D = 10 at various
values of a with fixed mass density M = 2°. m* =~ 1.581/r, =~ 0.791 with r, = 2 for uncharged black
branes (i.e., ¢ = 0). The extremality parameter ¢ = 1 for extremal branes. Critical values at which the
instability disappears are q., ~ 0.593, 0.606, 0.674 for cases of a = 0, 1/2, 1, respectively. The righthand
side: behavior of threshold masses for black D3-branes with mass density M = 5. The critical value is
Ger ~ 0.49.

extremal solutions in string theory. On the lefthand side of Fig. 2 behaviors of threshold masses are
illustrated for some black 4-branes as the charge increases.

2.3 Black D3-branes

The case of n = D/2 (i.e., a = 0) with a self-dual n-form field strength F = *F in Eq. (1) is treated
separately for some technical reasons. This case includes black D3-branes in the type II supergravity
for which the AdS/CFT correspondence has been understood very well in string theory. In contrast to
previous cases mentioned above, the fluctuation of the dilaton field is completely decoupled and can be set
to be zero, but the s-wave perturbation of the field strength should not be frozen in order to be consistent
with the metric perturbation as a black brane in this case gets charged. As shown in the numerical results
on the righthand side of Fig. 2 for black D3-branes, a black brane in this class is unstable when it has
small charge density. As the charge density increases for given mass density, however, the instability
decreases down to zero at a certain finite value of the charge density, and then the black brane becomes
stable all the way down to the extremal point (8, 9].

2.4 Black stringsin D <4

It is possible to have stationary black string or brane solutions even in four dimensions when a negative
cosmological constant is present. Interestingly it is likely that all known stationary black branes in four
dimensions are stable. In particular, the case of BTZ black strings has been checked to be stable under
small perturbations explicitly [10].

3 Thermodynamic stability behavior
One of naive explanations for the occurrence of the Gregory-Laflamme instability is that a hyperspherical
black hole configuration is entropically preferred to the configuration of a black string with the same mass.

Recently, Gubser and Mitra [11] refined such entropy comparison argument, and proposed a conjecture
that a black brane with a non-compact translational symmetry is classically stable if and only if it is
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locally thermodynamically stable. The proof of this Gubser-Mitra (GM) conjecture has been argued for
a certain class of black brane systems by Reall {12]. This interesting relationship between the classical
dynamical stability and the local thermodynamic stability has been explicitly checked to hold for various
black string or brane systems (13, 11, 10, 7, 9, 8]. When the translational symmetry along the horizon is
broken, one can see some disagreements for onset points of instability as shown in the stability analysis for
AdS;-Schwarzschild black strings in AdS space [5]. It also should be pointed out that the GM conjecture
simply gives the information about when a black string or brane becomes stable or unstable. It does not
explain or predict other details of classical stability behaviors (7].

4 Discussion

To conclude, black string or brane backgrounds are not always unstable under small perturbations. Some
of them could be stable due to the AdS nature of spacetime or the presence of a charge. Further work is
required in order to have deeper understandings of such diverse stability behaviors. Some of interesting
open questions are

1. What are special around the critical point in the parameter space at which the stability changes?
2. How does the Gregory-Laflamme instability evolve when it is present?
3. General proof of the stability when the s-wave instability is absent.

4. Is it possible to extend the GM conjecture to the case of static non-uniform black branes?

References

(1] A. Ishibashi and H. Kodama, Prog. Theor. Phys. 110, 901 (2003) [arXiv:hep-th/0305185].

[2] R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, (1993) 2837.

[3] R. Gregory and R. Laflamme, Nucl. Phys. B 428, 399 (1994) [arXiv:hep-th/9404071].

[4] R. Gregory and R. Laflamme, Phys. Rev. D 51, 305 (1995) [arXiv:hep-th/9410050].

(5] T. Hirayama and G. Kang, Phys. Rev. D 64, 064010 (2001) [arXiv:hep-th/0104213).

(6] R. Gregory, Class. Quant. Grav. 17, L125 (2000) [arXiv:hep-th/0004101).

(7] T. Hirayama, G. Kang and Y. Lee, Phys. Rev. D 67, 024007 (2003) [arXiv:hep-th/0200181).

(8] G.Kangand J. Lee;“Classical Stability of Black D3-branes,” preprint KIAS-P03062, hep-th/0401225.
[9] S. S. Gubser and A. Ozakin, JHEP 0305, 010 (2003) (arXiv:hep-th/0301002).

(10] G. Kang, Proceedings of the 11th Workshop on General Relativity and Gravitation held at Tokyo,
Japan, Jan. 9-12, 2002, arXiv:hep-th/0202147; G. Kang and Y. Lee;“Lower Dimensional Black
Strings/Branes Are Stable,” preprint KIAS-P03063 (2003).

(11} S. S. Gubser and I. Mitra, arXiv:hep-th/0009126; JHEP 0108, 018 (2001) [arXiv:hep-th/0011127).
(12] H. S. Reall, Phys. Rev. D 64, 044005 (2001) [arXiv:hep-th/0104071].

[13) T. Prestidge, Phys. Rev. D 61 (2000) 084002 [arXiv:hep-th/9907163); J. P. Gregory and S. F. Ross,
Phys. Rev. D 64, 124006 (2001) [arXiv:hep-th/0106220).

— 107 —



Gravitational Waves from Rotating Black Strings
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Abstract

In the Randall-Sundrum two-brane model (RS1), a Kerr black hole on the brane can
be naturally identified with a section of rotating black string. To estimate Kaluza-
Klein (KK) corrections on gravitational waves emitted by perturbed rotating black
strings, we give the effective Teukolsky equation on the brane which is separable
equation and hence numerically manageable. In this process, we derive the master
equation for the electric part of the Weyl tensor E,, which would be also useful to
discuss the transition from black strings to localized black holes triggered by Gregory-
Laflamme instability.

1 Introduction

The recent progress of superstring theory has provided a new picture of our universe, the so-called
braneworld. The evidence of the extra dimensions in this scenario should be explored in the ecarly stage
of the universe or the black hole. In particular, gravitational waves are key probes because they can
propagate into the bulk freely. Cosmology in this scenario has been investigated intensively. While,
gravitational waves from black holes have been less studied so far. In this paper, we shall take a step
toward this direction.

Here, we will concentrate on a two-brane model which is proposed by Randall and Sundrum as a
simple and phenomenologically interesting model [1]. In this RS1 model, the large black hole on the
brane is expected to be black string. Hence, it would be important to clarify how the gravitational waves
are generated in the perturbed black string system and how the effects of the extra dimensions come
into the observed signal of the gravitational waves. It is desired to have a basic formalism for analyzing
gravitational waves generated by perturbed rotating black string.

It is well known in general relativity that the perturbation around Kerr black hole is elegantly treated
in the Newman-Penrose formalism. Indeed, Teukolsky derived a separable master equation for the grav-
itational waves in the Kerr black hole background [2]. The main purpose of this paper is to extend the
Teukolsky formalism to the braneworld context and derive the effective Teukolsky equation.

The organization of this paper is as follows. In sec.ll, we present the model and demonstrate the
necessity of solving E,, in deriving the effective Teukolsky equation. In sec.Ill, a perturbed equation
and the junction conditions for E,, are obtained. In sec.IV, we give the explicit solution for E,, using
the gradient expansion method. Then, the effective Teukolsky equation is presented. The final section is
devoted to the conclusion.

2 Teukolsky Equation on the Brane

Based on the Newmann-Penrose (NP) null-tetrad formalism, in which the tetrad components of the
curvature tensor are the fundamental variables, a master equation for the curvature perturbation was
developed by Teukolsky for a Kerr black hole with source. The master equation is called the Teukolsky
equation, and it is a wave equation for a null-tetrad component of the Weyl tensor ¥o = —Cpgrs #mi&m*
or ¥4 = —CpgrsnPmIn"m*, where Cpyr, is the Weyl tensor and ¢,n,m,m are null basis in the NP
formalism. All information about the gravitational radiation flux at infinity and at the event horizon can
be extracted from ¥ and ¥4. The Teukolsky equation is constructed by combining the Bianchi identity
with the Einstein equations. The Riemann tensor in the Bianchi identity is written in terms of the Weyl
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tensor and the Ricci tensor. The Ricci tensor is replaced by the matter fields using the Einstein equations.
In this way, the Bianchi identity becomes no longer identity and one can get a master equation in which
the curvature tensor is the fundamental variable.

It is of inlerest to consider the four-dimensional effective Teukolsky equation in braneworld to investi-
gate gravitational waves from perturbed rotating black strings. We consider an S;/Z; orbifold space-time
with the two branes as the fixed points. In this RS1 model, the two 3-branes are embedded in AdSs with
the curvature radius £ and the brane tensions given by og = 6/(x2¢) and og = —6/(x%£). Our system is
described by the action

S= 2_;/453\/_(;) ('R+ _;;) - Z oi/d“x —gi-brane 4 2 /d"z\/mf:nmer- (1)
1=0,0 i=0.0
where (;)nw R, gf,',f"““e, and «? are the 5-dimensional metric, the 5-dimensional scalar curvature, the
induced metric on the i-brane, and the 5-dimensional gravitational constant, respectively.

Since the Bianchi identity is independent of dimensions, what we need is the projected Einstein
equations on the brane derived by Shiromizu, Maeda and Sasaki [3]. The first order perturbation of the
projected Einstein equation is

Gy = 87GT,, — 6E,, (@)

where 87G = x2/¢. If we replace the Ricci curvature in the Bianchi identity to the matter fields and E,.
using Eq. (2), then the projected Teukolsky equation on the brane is written in the following form,

(A+3y -7 +4p+p")(D+4e=p) — (8" — 7" + B° + 3a + 47)(6 — 7 + 48) — 3U,)6¥,
= %(A+37—7‘ +4p+ ")
x[(6* - 27° + 2a)(87GTum+ ~6Enm:) = (A + 27— 2¢° + p°*)(87GTim+me — 6 Emomme )]
+%(6' -7+ 8 +3a+4nm)
X[(D + 27 + 24" ) (87G Tame = 6Enm+) = (8* = 7* +28° + 2¢)(87GTun — 6Enn)] . (3)

Here our notation follows that of [2]. We see the effects of a fifth dimension, §E,,,,, is described as a source
term in the projected Teukolsky equation. It should be stressed that the projected Teukolsky equation
on the brane Eq. (3) is not a closed system yet. One must solve the gravitational field in the bulk to
obtain 6E,,,,.

3 Master Equation for §E,,,

Starting with the 5-dimensional Bianchi identities, we can derive the perturbed equation for 6 £,,,. The
background we consider is a Ricci flat string without source (7}, = 0) whose metric is written as

ds® = dy® + e"*¥ g, (z#)dz*dz" | (4)

where g, (z*) is supposed to be the Ricci flat metric. The equation of motion for dE,, in the bulk is
found as

4 4

)JE,W = —eML,,%P6E,5 = —?1LSE,, (5)

where £, stands for the Lichnerowicz operator,
£,,°° = 0628° +2R,,° . (6)

Here, the covariant derivative and the Riemann tensor are constructed from Suv()-



On the other hand, the junction conditions on each branes become

et [e‘z‘YJE,w]

x2e K a (@ 1 @
= -FTllﬂ' - ?ﬁuv h (Taﬂ - §9aﬂT) ) (7

Y ly=0

e?? [e'z‘,JE,w]

) PP\ 1 8
 lyea 6 Tlm’ + 5 ﬁ,w (Tap 3gapT) . (8)

@ e
Let ¢(z) and ¢(z) be the scalar fields on each branes which satisfy
@ ] o -]
n¢=%T, a¢=%—:r, (9)
respectively. In the Ricci flat space-time, the identity

(D¢)qu = éwap (¢Iaﬁ) (10)
holds. Thus, Eqs.(7) and (8) can be rewritten as

(] @ 2 .0 @
[eti8] | =-£(-ou0d) - $iha =23 (1)
Y y=0 2
. ) 2.0 .8
et [e'”JE,,,] =£ (qSM, g,..,DqS) + S 6T, =-£5,, . (12)
WV ly=d 2

(-] o
The scalar fields ¢ and ¢ can be interpreted as the brane fluctuation modes.

4 Effective Teukolsky Equation

Now, we solve Eq.(5) under the boundary conditions (11) and (12) using the gradient expansion method.

4.1 Gradient Expansion Method

It is known that the Gregory-Laflamme instability occurs if the curvature length scale of the black hole
L is less than the Compton wavelength of KK modes ~ £exp(d/¢). As we are interested in the stable

rotating black string, we assume \
4
€ = (Z) 1. (13)

This means that the curvature on the brane can be neglected compared with the derivative with respect
to y. Our iteration scheme consists in writing the Weyl tensor E,, in the order of ¢ [4]. Hence, we will
seek the Weyl tensor as a perturbative series
(1) 2) (3)
SE(y,2*)=0E w(y.2*) + 6 Ep(y,2") +0 Epu(y, 2¥) + - . (14)
Substituting this Eq.(14) into Eq.(5), we can obtain § E,,, perturbatively.

4.2 Effective Teukolsky Equation
As a result, Teukolsky equation takes the following form
Pé¥,y = Q (87GTams = 6Enme) + -+ , (15)

where P and Q are operators defined in (3). What we needed is §E,, in the above equation. We can
write down 8 E,,, on the brane up to the second order as [5]

2 o
[?,,, +0%3,,

+ [1 + G ] — [c?,,., +0 c?,,.,] [c?,,., +0 £3,w] (16)

6E,,

y=0

— 10—



where

@ ) @& xl@
Su = _¢Inu + 9,,0¢ — ?Tuv ’ (17)
) o 8 k2o
Suv = _¢I”y + guuD¢ - 'E'T;w . (18)

Substituting this §£,, into (3), we get the effective Teukolsky equation on the brane. From Eq. (16),
we see KK corrections give extra sources to Teukolsky equation. To obtain quantitative results, we must
resort to numerical calculations. It should be stressed that the effective Teukolsky equation is separable
like as the conventional Teukolsky equation. Therefore, it is suitable for numerical treatment.

Notice that our result in this section assume only Ricci flatness. If we do not care about separability,
we can study the gravitational waves in the general Ricci flat background. Moreover, we can analyze
other types of waves using 8E,,,. As §E,, has § degrees of freedom which corresponds to the degrees of
freedom of the bulk gravitational waves, one expect the scalar gravitational waves and vector gravitational
waves. Without KK effects, no vector gravitational waves exist and the scalar gravitational waves can
be described as the Brans-Dicke scalar waves. However, KK effects produce new effects which might be
observable.

5 Conclusion

We formulated the perturbative formalism around the Ricci flat two-brane system. In particular, the
master equation for 6 E,, is derived. The gradient expansion method is utilized to get a series solution.
This gives the closed system of equations which we call the effective Teukolsky equations in the case of
type D induced metric on the brane. This can be used for estimating the Kaluza-Klein corrections on the
gravitational waves emitted from the perturbed rotating black string. Our effective Teukolsky equation
is completely separable, hence the numerical scheme can be developed in a similar manner as was done
in the case of 4-dimensional Teukolsky equation.
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Abstract
The results of linear stability analysis about dynamical instabilities of rapidly and
differentially rotating Newtonian polytropes are presented. We found that when we
consider strong differential rotations, the critical limit where dynamical instability sets
in will decrease considerably. Additionally, when the eflect of differential rotation is
so large. the star will suffer from the instability, even if the stellar rotation rate is
small.

It is well known that the rotating sell-gravitating fluids will be unstable when the rotation rates are
sufficiently large. This rotational instabilities of stars can be divided into two types; secular instability
and dynamical instability. The secular instability is the instability which grows in the time-scale of
the energy dissipation mechanisms, while the dynamical instability grows in the dynamical time-scale of
the system. In this study, we are interested in the dynamical instability of rotating stars. For simple
models called the Maclaurin spheroids (the rigidly rotating uniform density stellar models}, the critical
rotation rates where those instabilities will appear have been studied. Namely. stars will be secularly
unstable (due to gravitational waves) when T/|W| 2 0.14, and also they will be dynamically unstable
when T/|W| 2 0.27. Here, a parameter T/|I¥'| is the ratio between the rotational kinetic energy T, and
the potential energy IV, and we often use this parameter to describe the stellar rotation rates.

In actual situations, however, it is difficult to approximate real objects by using such simple models.
For example, typical main targets of the study of rotational instabilities are nascent compact stars since
they will be accompanied with rapid rotations, but such young compact stars will have soft equations of
state and non-uniform rotation laws. Therefore, it is unknown whether the stability criteria given from
classical analysis can be applied in the cases of realistic young compact objects. In fact, recently some
authors have claimed that in differentially rotating stars, the stability criteria will be changed significantly.
Hence, in order to confirm the stability of such differentially rotating stars, we systematically investigate
the secular and dynamical stability of differentially rotating Newtonian polytropes by using linear stability
analysis method.

In this study, as the stellar models. we assume axisymmetric stars in the framework of Newtonian
gravity. We use polytropic relations as the equations of state. When we consider the linear perturbations,
we assume the adiabatic perturbations. The perturbed quantities (say, f) can be expanded as 6f
exp(—iot + imyp). Here, we only investigate about the oscillation modes which have m = 2. By solving
the linearized equations of perturbed Aluid numerically, we can obtain the eigenvalue of the mode, ¢. By
using this o, we can know the dynamic stability of rotating stars. That is, if the eigenvalue, 7, has finite
imaginary part, such a mode will grow exponentially, hence we can label it “unstable”.

From the linear analysis, we found a lot of new properties of rotational instabilities in differentially
rotating stars. In the investigation of the stability of differentially rotating compressible stars, we show
that the stability will strongly depend on the degree of the differential rotation. When we consider
sufficiently steep rotation laws, the critical rotation rate where the dynamical instability sets in will
decrease considerably. That is, under the effects of differential rotation, stars will be dynamically unstable
even when T/|W| < 0.27 (see, Karino & Eriguchi 2003, Shibata, Karino & Eriguchi 2002).

The numerical results are shown in the table. In this table, the critical limit of 7/]V| where dynamical
instability starts to appear in differentially rotating polytropes with N = 1.0 and 1.5. Here, we use the
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Figure 1: The unstable parameter region. The stellar model is N = 0.7,1.0, and 1.5 polytrope. The
central-left region bounded by lines denote the newly found unstable zone.

differential rotation law:  « 42/(R® + A?), where R is the distance [rom the rotation axis and A is the
parameter to decide the effects of differential rotation (we call this rotation law as the “J-constant law™).
A model with small value of A corresponds to a star with steep differential rotation in this case. As shown
in the table, when we consider strong differential rotations (i.e. small 4), the critical limit of dynamical
instability tends to decrease for both polytropic indices. In the extreme case, even if T/|W| = 0.2, the
differentially rotating star will suffer from dynamical instability.

Critical Limit of Dynamical Instability
N=10 N=15

A T/lvvlcrit A T/I"Vlcrit
1.00 2.646E-01 0.75 2.480E-01
0.90 2.533E-01 0.70 2.421E-01
0.80 2.456E-01 0.60 2.263E-01
0.70 2.350E-01 0.55 2.176E-01
0.65 2.287E-01 0.50 2.100E-01
0.60 2.218E-01 0.45 2.004E-01
0.55 2.135E-01
0.50 2.065E-01

Additionally, we found that when the degrees of the differential rotations is significantly large, new
branches of dynamical instabilities will appear, even when the stellar rotation rates are small. According
to our computations, when we consider enough strong differential rotations, stars with small rotation rates
as T/|W| = 0.05 will be also unstable dynamically. Rotational instabilities appear in slowly rotating stars
have been known in restricted cases as like the Papaloizou-Pringle instability or the shear instability, but
the present instability will be different type with them. These results about the dynamical stability
of rotating stars strongly suggest that the classical critical limits where instabilities appear can not be
applied in realistic stars no longer (see, Shibata, Karino & Eriguchi 2003).

In the figure, the critical boundary of dynamical instability which we found is plotted in 4 vs T/|W|
plane, when we choose N = 0.7,1.0 and 1.5 as the polytropic index. The triangular region where extends
from the left to the center corresponds to the previous unstable region. This newly found dynamically
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unstable parameter region which has a vertex at (A, T/|W]) =~ (0.9,0.08) for N = 1.0 case, extends on
quite broad region when the degree of differential rotation gets stronger. Particularly when A =~ 0.4,
almost regions become dynamically unstable independently from the rotation rate of the star. Also it
is clear that the stability against the present mode depends on the equations of state strongly, and it
is shown that the mode becomes unstable in broader parameter region when the equations of state is
stiffer, i.e. when the value of iV is smaller. Especially in the case of N = 0.7, the mode tends to become
unstable even if the degree of differential rotation is relatively large (A = 1.0).

Those rotational instabilities will be important in the actual astronomical situations. For example,
rapidly rotating objects will lose their angular momentum and make their spins down in consequence
of the growth of the dynamical instability. This process will affect drastically in the spin evolutions of
nascent objects, as like nascent neutron stars, young stellar cores, and so on. Also when we consider
compact stars as the target of the instabilities, the growth of instabilities will cause the quasi-periodic
gravitational wave emissions, therefore, it is also important to investigate the stability properties from
the standpoint of gravitational wave astronomy.

In this presentation, we suggest that the rotational instability will occur even if the stellar rotation
rate is much smaller than the level we have believed. This conclusion means that rotational instabilities
will be much more important in realistic astrophysical events than we thought.
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Abstract
An algebraic approach to the binary gravitational lens system is shown. It is shown
that the lens equation for the binary lens, which is a set of coupled nonlinear equation,
is reduced to a single, real quintic equation. Some useful information on the number
and the positions of the images are also given.

1 Introduction

In this paper, we show an algebraic, non-numerical approach towards binary gravitational lens system.

1.1 Why binary lens?

There are many binary objects in the universe. For example, there are many binary stars. From the
viewpoint of the gravitational radiation research, study of compact object binaries of neutron stars, black
holes, etc., has been investigated. Furthermore, recent searches for extra-solar planets have discovered
more than a hundred planets. Most of them can be regarded as the binary system of a star and a giant
planet. These binary systems are likely to behave as the gravitational lenses.

1.2 Why algebraic approach?

Analytical study of the gravitational lensing has been limited to the cases of a few, simple lens models,
e.g., the spherically symmetric lenses. We need numerical approach for more generic lens models. Even
if the numerical study is necessary in such cases, if would be nice if we can have some, hopefully useful
information on the lensed image properties, before performing numerical computations. We will show
an algebraic (non numerical) approach can tell such useful information on the properties of the binary
gravitational lens system.

1.3 Previous works

The lens equation for the binary system is a set of coupled, non-linear equations for the image position
6 = (z,y). Witt[l] has shown the lens equation reduces to a single, quintic equation for a complex
variable z = 2 + i y with complex coefficients. It follows that the maximum number of the solutions, i.e.,
the number of images is 5. However, the complex formalism does not give other informations such as the
condition of getting 3 images, the positions of the images, and so on.

Recently, Asada[2] and Asada et al.[3] have shown that the binary lens equation can reduce to a single,
real polynomial equation. Asada’s formulation is based on taking the polar coordinates. Therefore, we
have to be a little bit careful in treating the lens equation. Imagine we have the lens equation as a single
polynomial equation of the angular coordinates » = y/x. The number of the solution for ¢ does not
always equal to the number of the images. (Consider the case that the images are on the same straight
line crossing the origin.)

1.4 The purpose of this paper

Inspired by Asada's work, we develop a systematic, algebraic approach to derive a single, real equation
for the binary lens, using the usual Cartesian coordinates. We will give some useful information on the
number and positions of the lensed images, before performing numerical computations.
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2 The binary lens

2.1 The lens equation

After a suitable normalization, the lens equation for the binary lens system is

< = ) g-¢
l3=9— l=v)— +v——-—7 N 1
(( )IOI"" I0-fl2) (1)

where § = (8=, By) and 0 = (z,y) represent the position of the source and the image, respectively,
v = Ma/(M| + M) is the relative mass ratio, and £ = (¢,0) is the lens separation. If we wright down

image

source

‘ = >®
197151 M lens2 AM:

Figure 1: The binary gravitational lens system.

each components explicitly,

- ¢
ﬁz‘:x-((l_u)zgiyg+”(I_Ie)2+y2)’ (2)
gy=y-((1-u)zz_’iy2+u(m_e’)’2+y2). @3)

It is a set of non-linearly coupled equations for r and y, with given lens parameters 3;, 8, v and €. Usual
technique of eliminating one variable, e.g., z, seems hopeless.

2.2 The lens equation as a set of polynomial equations

We can regard the the lens equation as a set of two polynomial equations,

fs(2%,yt,..) =0 quintic eq. of z
fa(zh, 9%, ) =0 quartic eq. of z (4)

Then the following theorem of algebra can be applied: the condition for the two equations fs(z5,...) =
0, f4(z*,...) = 0 to have common roots is that the resultant vanishes:

Resultant [f5(z°, %, ...), fa(z%,3%,..), x1=0. (8)
After a straightforward calculation and a suitable factorization, we obtain the quintic equation of y;
5 .
Fs(y) =) aiy' =0. (6)
i=0

The coefficients a; are completely written in terms of the lens parameters 8, 8,,v and €. The explicit
form of a; will be given elsewhere[4].
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Once the roots for y are given, the corresponding solutions for z are obtained by using the Euclidean
algorithm for polynomials:

fs(@®) = @lz) fulet ) + falE ),
L@l ) = qx) f3(2..0) + fo(22,.0),
) = ax) L)+ Aila).

In the above way, f5(2%,...) =0, f4(z?,...) = 0 reduce to f\(z) = A(y) z+ B(y) = 0, from which we have
z = ~B(y)/Aly).

2.3 How many images?

It is straightforward that the real quintic equation F;(y) = 0 has either 5. 3, or 1 real roots, depending
on the signature of the discriminant D5. We obtain 5 images for D; > 0. and 3 images for D; < 0.
(The single root case does not appear in our lens model.) Moreover, Ds = 0 directly corresponds to the
caustics, which is explicitly written in terms of the source position 3; and 3,.

2.4 Where are the images?

Since the lens equation is now the quintic equation F3(y) = 0, is not in general solved analytically.
However, without performing numerical computations, we can obtain a bit useful information on the
position of the images.

Let us consider the case 8, > 0. (From Figure.l, it is sufficient to consider the “upper half plane”
case.) Next, check the sign of the coefficients a; of F5(y). Then Descartes’ sign rule in algebra tells the
number of the positive roots for F5(y) = 0. The result is that the we have only one positive root. It
should be emphasized that this result does not depend on the values of the lens parameters.

3 Summary

We have shown a systematic, algebraic approach to binary gravitational lens. The non-linearly coupled
lens equations reduce to the single polynomial equation. The discriminant D of the equation determines
the number of the lensed images. In particular, Dg = 0 directly corresponds to the caustics. Concerning
the image positions, Descartes’ sign rule tells that only one image appears in the same side as of the
source, with respect to the lens symmetry axis.

Finally, it should be mentioned that the algebraic approach we showed here is quite general and
applicable to other generic lens models.
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Abstract

We consider a closed string field theory with an arbitrary matter current as a source
of the closed string field. We find that the source must satisfy a constraint equation
as a consequence of the BRST invariance of the theory. We see that it corresponds
to the covariant conservation law for the matter current, and the equation of motion
together with this constraint equation determines the classical behavior of both the
closed string field and the matter. We then consider the boundary state (D-brane)
as an example of a source. We see that the ordinary boundary state cannot be a
source of the closed string field when the string coupling g turns on. By perturbative
expansion, we derive a recursion relation which represents the bulk backreaction and
the D-brane recoil. We also make a comment on the rolling tachyon boundary state.
This proceeding is based on [1].

1 Introduction

Throughout the recent studies of the {super)string theories, we have obtained deep insights into the off-
shell structure of the string theories. Especially, D-branes have played extremely important roles. For
example, it was conjectured that unstable D-brane systems decay into the vacuum or lower dimensional D-
branes through the tachyon condensation [2], and analysis using various methods supports the correctness
of this conjecture. The rolling tachyon sclution was also proposed, which is a time dependent background
representing the rolling down of the open string tachyon field towards the bottom of its potential [3].
Another important feature of D-brane is that it is thought to be a soliton of closed string theory. This
is well understood by expressing the D-brane as the boundary state [4]{3]. D-brane is originally defined
as an object on which open strings can attach their end points. The corresponding boundary condition is
determined so that it does not break the conformal symmetry of the world-sheet with the disk topology
(the boundary CFT), and this symmetry enable us to transform the boundary condition for open strings
into that for closed stings. The obtained state | B) is the boundary state which satisfies the boundary
condition in terms of closed strings. Then, it can be viewed as a source in closed string theory [4](5].
Namely, adding a boundary to the world-sheet is equivalent to adding a boundary state to the equation
of motion for the closed string field as
Ql®)=-1B), (1)

where Q is the BRST charge of the closed string. The nilpotency Q* = 0 implies that the admissible
boundary states are characterized by the condition,

QIB) =0, )
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that is, BRST invariant boundary states give conformal backgrounds.

Open string dynamics on the D-brane can also be expressed by inserting an appropriate boundary
interaction in the boundary state and they correctly describes the tachyon condensation which is men-
tioned above (see e.g. [6]). The rolling tachyon background can be also described in the same way (3].
Through the study of this rolling tachyon boundary state, it is found that the final state of this decay
is not the closed string vacuum but a state with finite energy density and no pressure, which is called
the tachyon matter 7). However, in spite of many studies on the rolling tachyon and the tachyon matter
(8, 9, 10], the relation between the closed string emission from the decaying D-brane and the tachyon
condensation is not clear yet. This would be because the effect of closed string interactions are not taken
into account in (1).

One of our main purposes is to give a general formalism to deal with D-branes in a closed string field
theory (closed SFT). In other words, we will see what happens to (1) by turning on the closed string
coupling g. Here, we regard the boundary state as a matter current which couples to the closed string
field. We first give a general formalism to determine the classical behavior of the closed string field when
there is an arbitrary matter current which couples to the closed string field. Starting with adding a source
term to the action of a closed SFT, we find a constraint equation that the source must satisfy and we
see that the constraint equation plays an important role in this formalism. Although we adopt HIKKO's
closed SFT [11] as an example of a closed SFT because of its simplicity, we emphasize here that our
argument does not depend on the detail of the theory but applicable to any kind of closed SFTs that is
consistent at least at the tree level in the sense of BRST invariance, because our argument relies only
on the BRST invariance of the theory in the tree level. One of our most interesting results is that the
ordinary boundary state does not satisfy the constraint equation but must be modified so that it can be
a consistent source of the closed string. We see that it is quite natural to expect that the modification is
caused by open string excitations on the D-brane, which give dynamical degrees of freedom to the source.

2 Source Term in Closed String Field Theory

We start with the action of HIKKO’s closed SFT [11], which is invariant under the BRST transformation
and gauge transformation. We then add to it a source term as

=%Q.Q¢+§¢-¢*®+®-J. (3)

Here J is considered to be some (yet unknown) matter current.
Applying the variational principle to the action (3), the equation of motion of this system is obtained:

QP+9gP*xd+J=0. (4)

From this equation, although the BRST transformation for the current J has not been defined, we
can symbolically rewrite this as
o) =QJ +29%»J =0, (8)

which corresponds to the covariant conservation law for the current.
Furthermore, using the definition of the BRST transformation

o8P =Qb +gd+ o, (6)
and the fact that (4) can be written as ég® = —J, we obtain (4) as the consequence of the nilpotency of
the BRST transformation.

3 Boundary State as A Source

Then we restrict our attention to boundary states and regard them as sources for the closed string field.
To be more precise, we consider the boundary state | B, ) which describes a (bosonic) Dp-brane, extended
inz% (a«=0,---,p) direction and sitting at z* =0 (i = p+1,---,25). As explained in the introduction,
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the boundary state is obtained by performing the modular transformation for the boundary condition of
open strings. In the above case, we impose the Neumann boundary conditions for X and the Dirichlet
boundary conditions for X*. The boundary conditions for the ghost fields are determined so as the total
boundary state is BRST- invariant,

Q|B,)=0. (7
Then, the obtained state is (see, e.g., Ref. [12])
= Tpsaspg i — (-1 ~y T . o=
| Bp) = 26%7P(z") exp > — a2, 5,,8% , + Conbon +Enbon ) p 11 [0) , (8)
n=1

where T}, is the tension of the Dp-brane and S,., = (a3, —6;;). It is a state in the closed string Hilbert
space with ghost number 3. In order to regard the boundary state as a source for the physical sector of
the closed string field | ¢}, it is first required to multiply ¢5 to (8);

|J)=cg | By). (9)
Then, it has the correct ghost number 4 and we can prove easily that J is also BRST invariant:
QJ=0. (10)

Comparing this to the equation (5), it is obvious that the boundary state | B, } is a source of the closed
string field only when the closed string coupling constant vanishes. In other words, when ¢ # 0, the usual
BRST invariant boundary state cannot be a source for the closed string field (unless By, «+ & = 0). This
means that, if the closed string coupling is turned on, the boundary state must be modified so that it
satisfies the condition,

é6gJ = 0. (11)

We can then regard this J as a matter current that truly describes a D-brane. The necessity of this
modification is not surprising. In fact, it is consistent with the usual picture of the string perturbation
theory: Since a D-brane is a non-perturbative object and has mass ~ 1/g, it is infinitely heavy in the
limit ¢ — 0 so that it behaves as a rigid hyperplane in the space-time and this defines a conformal
background. When small g is turned on, it is still heavy but can receive some recoil effect from the
bulk and behaves as a non-relativistic object moving in the space-time. To maintain the unitarity, there
should be collective coordinates for the D-brane [13] and they give the dynamical degrees of freedom
for the source. Therefore, it is quite natural to assume that this modification is due to the open string
excitation: it is schematically written as

|J)=eSX| B}, (12)

where Sp[X] is an appropriate boundary interaction [4]. In the presence of the boundary state | B, ) alone,
the space-time symmetry such as the translational symmetry in the z* direction is generally broken. On
the other hand, since the modified current J contains the collective coordinate for the broken symmetry,
e.g., the scalar fields on the D-brane, it can keep the global gauge symmetry. As a result, the current
becomes a dynamical source and the equation (11) would effectively describes the behavior of the open
string excitations on the D-brane. In the next subsection, we will discuss this point in more detail.

4 Conclusion

In this proceeding, we presented a general framework for the closed strings in the presence of an arbitrary
matter current. Starting with a closed string field theory with an arbitrary source term, we derived a
couple of equations, one is the equation of motion for the closed string field, and the other is a constraint
equation which expresses the covariant conservation law for the matter current.

Then we applied our argument to D-branes. We claimed that the usual BRST invariant boundary
state is not a consistent source, but it should be modified by turning on dynamical degrees of freedom so
that it satisfies the constraint equation.
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Another interesting issue is to apply our argument to a time dependent matter source. It is a fasci-
nating issue to decide whether the modified boundary state starting from the rolling tachyon boundary
state correctly describes the decaying process of non-BPS D-branes. Qur argument could also apply to
gravity theories. For example, if we find a solution that describes the decaying process of some extended
object, the low energy limit might express the classical solution for the black hole evaporation.

Applying our argument to the superstring theories is also one of the important future works. For
instance, our setting seems quite useful to understand the AdS/CFT correspondence at the more fun-
damental level. The essence of the AdS/CFT correspondence is the duality between the open string
theory on a D-brane and the closed string theory in the background of the classical geometry made by
the D-brane.
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Abstract

We investigate the possibility of D-term inflation within the framework of type-I string
inspired models. Although the D-term inflation model has the excellent property that
it is free of the so-called n- problem, two serious problems appear when we embed D-
term inflation in string theory; the magnitude of the FI term and the rolling motion
of the dilaton. In the present paper, we analyze the potential of D-term inflation in
type-l-inspired models and study the behavior of dilaton and twisted moduli fields.
Adopting the nonperturbative superpotential induced by gaugino condensation, the
twisted moduli can be stabilized. If the dilaton is in a certain range, it evolves
very slowly and does not run away to infinity. Thus D-term-dominated vacuum
energy becomes available for driving inflation. By studying the density perturbation
generated by the inflation model, we derive the constraints on model parameters and
give some implications on D-term inflation in type-I-inspired models.

1 Introduction

In the success of slow-roll inflation, a sufficient flat potential for the inflaton is required. However, it is
not so easy to construct a model of inflation where the corresponding scalar field has a very flat potential
in the framework of supergravity. In the case that the vacuum energy is dominated by the F-term during
the inflation, supergravity effects produce the soft mass of inflaton field whose magnitude is the same
order of H and spoil the flatness of potential. In other words, such large inflaton mass gives n ~ 1 and
violates the slow roll condition, which is often referred to as the 5 problem.

From this point of view, D-term inflation is one of the attractive inflation scenarios within the frame-
work of supersymmetric models [1, 2], because the inflaton does not acquire the mass squared term of
the order of H? and the flatness of the potential is preserved. In the D-term inflation scenario, the
Fayet-Iliopoulos (FI) term is dominant during the inflation and this vacuum energy causes an accelerat-
ing expansion. The FI term comes from the anomalous U{1) symmetry in the framework of string theory
and is dependent on the field which plays a role in the Green-Schwarz anomaly cancellation mechanism
[3] for the anomalous U(1).

However, there are difficulties in the realization of D-term inflation based on heterotic string models.
The first problem is the energy scale of inflation. The magnitude of the FI term is given as

__ g 2

£= W'I‘Y(Q)Mp' (1)
where g? is the gauge coupling, M, is the reduced Planck mass and Tr(Q) is a model-dependent constant
of the order of O(10) — O(10%) [4]. Eq. (1) reads v&/M, = O(107!). On the other hand, the CMB
anisotropy requires £!/2 ~ 10'5 GeV. We find that the theoretical prediction is too larger to meet the
observational estimation. The second problem is due to the dilaton dependence of the FI term and the
anomalous U(1) gauge coupling. Since g> « 1/ReS, the D-term scalar potential, Vp = g%€*/2, is in
proportion to (ReS)~3. Hence the dilaton rolls down the potential to the infinity, ReS — oo, and the
D-term potential energy goes to zero, Vp — 0. This phenomenon is the same as the dilaton runaway
problem in generic string models and such runaway behavior of the dilaton prevents a viable inflation.



Now, we study behavior of dilaton and moduli fields in the D-term inflation scenario with the above
two problems in mind in order to explore a way to avoid these problems at the same time [5). Now,
in particular, we will consider type-I-string inspired models. The D-term inflation in type I inspired
model has been studied in Ref. [6] and it was shown that the magnitude of the Fl-term is reducible to a
desired value. This result arises from the facts that the Fl-term is determined by the expectation value
of the twisted moduli and the string scale M, is independent of the Planck scale M, (7] in type-I string
models. However, in Ref. [6] the stabilization of the twisted moduli and the runway problem have not
been discussed.

2 Behavior of dilaton and twisted moduli fields

In this section we study the behavior of dilaton and twisted moduli fields in type-I string inspired D-term
inflation models. We consider the case that the anomalous U(1) originates from the D9 brane. In this
case the gauge kinetic function is obtained as (8)

f9=S+a%-, (2)

where o is a model-dependent constant and we define & = a/M,. The corresponding gauge coupling go
is obtained as g3 = 1/Re(fy). The Kihler potential of the dilaton field S is written as

K(S,5) = -In(S + ). 3)

On the other hand, the Kahler potential of the twisted moduli field K (M, M) is not clear. For small
values of M, it can be expanded as [9)

K(M, M) = %(M+1t7!)2 b (4)

However, the reliability of this form is not clear for large values of M, i.e. M > O(1).
The twisted moduli field plays a role in the 4D Green-Schwarz anomaly cancellation mechanism, and
the FI term is obtained as

€ =bgsK'(M, M), (3)
where d¢s is a model-dependent constant. Thus the D-term scalar potential during inflation is obtained
as

[9esK'(M, M)
Vp = .
b= S¥Tra(M+ M) (6)

First, let us study behavior of S during inflation. When we suppose the twisted moduli M is stabilized
somehow such that S + § &« (M + M), we obtain

1 8vp\* _ S+8$

(w%) = *(sarsm) < ®
18V _  2V2AS+9)
Vo 08T T T+ <F (®)

that is, the slow-roll condition is satisfied for the dilaton field and it does not run away, where ¢ is the
canonically normalized dilaton field. Note that this result is independent of the form of K(M, M).
Next, we study the stabilization of M in the model. For S + § « &(M + M), the potential reduces to

_ [besK'(M, M))?

Vo a(M + M)

(9)

Unfortunately, only the term Vp does not stabilize the twisted moduli M at a finite value with nonva-
nishing vacuum energy, unless we choose a special form of K (M, ). Hence, another term is necessary
for stabilization of M such that the D-term inflation can be realized. Now, we assume that gaugino



condensation of another non-abelian gauge group generates the nonperturbative potential. Then we can
find the local minimum of the potential for the twisted moduli field at the point

(M + M)ing = (0(107%) = O(1071)) M, (10)

where (...)ins denotes the expectation value during inflation. Here we assumed S +§ « &(M + M)
during inflation and K(M, M) = (M + M)?. Note that the key point for stabilization is the polynomial
form of the Kahler potential, in particular the canonical form. From this point, the above result that M
is stabilized as a small value is favorable.

3 Dynamics and density perturbation

Now let us discuss the dynamics in this inflation model. The relevant potential including one-loop
correction during inflation is given by

6%s(M + M)?,, [ 1 2 n A2X)?
S+S5+a(M+ M)ing 1672 S+S+6(M+Miny (S+5)A°
Here one should notice that the stabilization of twisted moduli is achieved by the F-term potential and we
can replace M + M with (M + M);n;. Hereafter we will consider only the region, S+ 5 <« &(M + M)ins
in order to avoid runway motion of the dilaton and obtain a successful inflation.

From the solutions of equations of motion for scalar fields under the slow roll approximation, we
obtain the following equation ;

V= (11)

5+§
&(AJ + M)in/

1

= TR ; (12)
(M+M).n
UL IRV YY

where t, denotes the time of the end of the inflation, by using the definition of the number of e-folds,
—~dN = Hdt. Since the Lh.s. must be less than the order of 10!, we find that (M +M);ns/(S+5) ~ 10?
for the present horizon scale. Here we estimate the following quantity

o\ 2 = 5+8
e\ . 10~! (M + M)iny FM+M)ing
X))~ 10-! 10-1

e { . (13)

Thus we find that the ratio of kinetic energies of these scalar fields takes a value of O(10~!) — O(1072).

Next, we turn to the density perturbation generated by this inflation model. The WMAP data
shows that the adiabatic fluctuation is favored [10]. On the other hand, in general, inflation model which
contains several evolving scalar fields produces also the isocurvature fluctuation. Accordingly, we estimate
the contribution from the isocurvature mode and confirm this mode! to be consistent with observations.
In this model, the power spectrum of the density perturbations at the end of inflation {11] is estimated

as 2
H? \? (fa/fx |¢,)
. = (25 (coert)’
27| X|

t, €¢/ €x Ig,‘
where t; is a horizon crossing time during inflation. We find that the variation of { on superhorizon scales
by the isocurvature perturbation is suppressed by the power of $*/X2 = 0(10~!) — O(10~%). Thus, we
obtain the constraint on the model parameters,

So5(M + Mbins
M3

for the present horizon scale. For the GS coefficient dgs, a suppressed value is required like the heterotic
case. Explicit models through type IIB orientifold construction seem to derive dgs/M, = o104 -
0(10-3) [12). Anyway, the GS coefficient dgs is model-dependent. If we find the model that dgs is
small enough like dgs/M, ~ 1073, the string scale can be almost comparable with M), or slightly smaller.
Otherwise, if the original FI terms are not small enough, we would need the mechanism to reduce the
effective FI term such as a lower string scale.

€
€x

(14)

iy

1078, (15)
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4 Conclusion

We have studied D-term inflation within the framework of type-I string inspired models. In this case,
the twisted moduli field plays a significant role. Stabilization of the twisted moduli during inflation is
achieved with the help of the gaugino condensation potential and this stabilization mechanism does not
spoil the situation that the potential is dominated by D-term. Furthermore it is a favorable property
that the expectation value of the twisted moduli during inflation is enough smaller than the unity where
the Kahler potential K = (M + M)?/2 is valid.

At first, we found that the magnitude of thr FI term would be reducible to a desirable value within
this framework even if we do not assume a hierarchically large gap between the string scale M, and the
Planck scale M.

Concerning the second problem, or dilaton runaway problem, we found the condition to avoid this
difficulty for the initial value of the dilaton. In the potential with a fixed twisted moduli, we could find
the field region where the dilaton does not run away, S + § « (M + M);ns. If the dilaton takes such
an initial value at the pre inflation stage, it is possible that the universe undergoes the quasi de-Sitter
expansion, because the dilaton can evolve slowly. Of course, at the moment, we cannot answer the
question why the dilaton takes such initial value. The point we would like to emphasize is that D-term
inflaton is possible in type I string inspired model under certain conditions.
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Abstract

We introduce a (5 + m)-dimensional vacuum description of five-dimensional bulk
inflaton models with exponential potentials that makes analysis of cosmological per-
turbations simple and transparent. We show that various solutions, including the
power-law inflation model recently discovered by Koyama and Takahashi, are gener-
ated from known (5 + m)-dimensional vacuum solutions of pure gravity. We derive
master equations for all types of perturbations, and each of them becomes a second
order differential equation for one master variable supplemented by simple boundary
conditions on the brane. One exception is the case for massive modes of scalar per-
turbations. In this case, there are two independent degrees of freedom, and in general
it is difficult to disentangle them into two separate sectors.

1 Introduction

Recent progress in particle physics suggests that the universe might be a four-dimensional subspace, called
a “brane”, embedded in a higher dimensional “bulk” spacetime. Various kinds of braneworld models have
been proposed, and the cosmological consequences of these models have been studied (for a review see,
e.g., Ref. [1]). The idea of the braneworld brings new possibilities, in particular to scenarios of the early
universe.

A simple model proposed by Randall and Sundrum [2] is such that the unperturbed bulk is a five-
dimensional anti-de Sitter spacetime (warped bulk) bounded by one brane or two. An empty bulk,
however, seems less likely from the point of view of unified theories, which often require various fields
in addition to gravity. Cosmological solutions in the context of heterotic M theory has been studied
in [3, 4). In the model discussed in Refs. (3], the scalar field has an exponential potential in the bulk
and the tensions of the two branes are also exponential functions of the scalar field. In this model
the power-law expansion (but not inflation) is realized on the brane. A single-brane model with such
exponential-type potentials is also interesting, and it has been investigated in Ref. [4]. Very recently, an
inflationary solution was found in a similar setup by Koyama and Takahashi [5]. A striking feature of
their model is that cosmological perturbations can be solved analytically.

In spite of the tremendous efforts by many authors [6, 7], it is still an unsolved problem to calculate
the evolution of perturbations in the braneworld models with infinite extra dimensions. This lack of
knowledge constrains the predictability of this interesting class of models. Only a few cases are known
where perturbation equations can be analytically solved (7]. One of them is the special class of bulk
inflaton models mentioned above [5]. In this article we clarify the reason why the perturbation equations
are soluble in this special case. Based on this notion, we present a new systematic method to find a
wider class of background cosmological solutions and to analyze perturbations from them. For details,
see Ref. [8].

2 Key Idea

The Key idea is summarized in Fig. 1. We begin with the (n + 2 + m)[= 5 + m]-dimensional Randall-
Sundrum model which consists of an empty AdS bulk and a vacuum brane:

2% /dD“X\/_(R[G] 2AD+,)-/de¢_ga (1)
+1
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Bulk inflaton model
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Figure 1: Schematic of the higher dimensional vacuum description of an (n + 2)-dimensional bulk inflaton
model and the derivation of the (n + 1)-dimensional effective theory on the brane. The top-left picture
represents the bulk inflaton model which we are interested in. To analyze cosmological background
solutions (and “zero mode” perturbations), we use the (n + 1)-dimensional description shown in the
bottom-left corner. On the other hand, we make use of the (D + 1)-dimensional description presented in
the top-right corner to simplify the perturbation analysis.

Now we assume the metric form as ds® = Goy(x)dzdz® + €2%(2)y,, dy4dy”, with 7,, the metric of m-
dimensional maximally symmetric space. Then, dimensional reduction to (n + 2){= 5| dimensions yields
a braneworld model with a bulk scalar field which has exponential-type potentials both in the bulk and
on the brane:

59 = [ #oy/-G{ L RiG) - 360uotur - Vo)) - [ d=v=1Ute) @)
5
where ¢ := x5!\ /m(m + 3)/3 ¢ and
4 K -1 o —/3bx
Vip) = _____(m +2i)§($ T )e""\/ﬁbnw — _._mg?g )e‘ﬁ"sw/"’": Ulp) = Ge v2b s, 3)

with b := ‘/ E(m&ﬁi' Thus we see that these two models are equivalent to each other. As we will see,

however, the perturbation analysis is simplified a lot by making use of the former (5 + m)-dimensional
description.

3 Cosmological Perturbations

First let us consider the following form of background metric:

ds? = &%) (da + g pdatda®) = 20 (ds? = df? + Oy, dyrdy? + W5 da'dnd),  (4)
where latin and roman indices, respectively, run m and n-dimensional subspaces, and the warp factor is
given by e“(*) = ¢H,/sinh(Hpz). We assume that a(t) and A(t) are chosen so that 945 is a solution of

the (n + 1 + m)-dimensional vacuum Einstein equations with a cosmological constant,

m (& +6%) +n (B+ ) = (m+n)HE, (5)



@+ a (md+n3) + K(m—-1)e~? = (m +n)H;, (6)
B+B(ma+n;§) = (m + n)H3. @
In the case of K = 0, for example, these equations are solved to give following two types of expressions:
a = f = Hyt. (8)

and
ema+"8 = sinh((m +n)Hot), €*~? = [tanh ((m + n)Hot/2)]i‘/m—ﬁ?: . (9)

The de Sitter solution (8) yields a power-law inflation model which is equivalent to the model of Ref. [5],
while the solution (9) gives a rather nontrivial cosmological expansion law. We can also obtain a back-
ground solution with X = +1, Hp = 0 analytically. In what follows we include more general cases
with K = =1 and Ap # 0. Although the background solution cannot be obtained in an explicit form
for such non-flat compactifications with a cosmological constant, we will find that general properties of
perturbations can be explored to a great extent.

Now let us move on to the perturbations. We write the perturbed metric as

ds®> = e'*’“{(l + 2N)dz? + 2Adtdz — (1 + 29)dt® + €?°(1 + 25) v, dy*dy”
+e?8 [(1 + 2\P)6;jdx‘dxj + 2E§jd$idl‘j + 2Bid$idt + 2Cid2}idZ] }, (10)

and decompose the perturbed quantities into scalar, vector and tensor components. The (n + 2 + m)-
dimensional Einstein equations give the perturbation equations.

Tensor perturbations Since tensor perturbations are gauge-invariant from the beginning, they are in
general easy to analyze. The equation for tensor perturbations is

LET =0, (11)

where we have defined a differential operator £ := 82+ (ma + nﬁ) 8, +e~2Pk? -2 - (m+n)(8;w)0;. The

perturbed junction condition implies that boundary conditions are Neumann on the brane, 8,E5|z=% =
0. The perturbation equation is manifestly separable, and so one can easily solve it. This is not a surprise

because the background of the current model is just an AdS,, 2+, bulk with a de Sitter brane.

Scalar perturbations Since scalar perturbations are more complicated, we begin with fixing the gauge
appropriately in order to simplify the perturbed Einstein equations. We impose the Gaussian-normal
gauge conditions N = A = C = 0. In this Gaussian-normal gauge, boundary conditions on the brane for
all remaining variables become Neumann: 8,%¥|.=,, = 8, E|.=,, = 8;5|:=s, = 8:®|:=;, = 8:B|:=;, = 0.
Three of eight scalar perturbation equations are the constraint equations, and the other five are the
evolution equations. Scalar perturbations have two independent physical degrees of freedom, correspond-
ing to the bulk scalar field and the “graviscalar” mode, and with the aid of the constraint equations,
these fives are simplified to give master equations for the KK modes,
n —

- 2 [(m +a+ nB] -(m+ n)H’} &, (12)

C\Il=—2(n—2)[3(d—-3)\ll+%fi<i>-2{
£0 = -4pé - 2{(m + 1) +nf+28 [(m+1)a+n;§] —(m+n)H2}q>
-2n [&—B+2B (a—B)] . (13)

Unfortunately, except for the simplest case (a« = § = Hyt) we do not know how to disentangle these
two equations, although there is no problem in solving these equations numerically. Once we could solve



these coupled equations, the other variables S, B, E are easily determined just by using the constraint
equations.

For the zero mode, the Einstein equations reduce to a second order differential equation for one
master variable because the zero-mode perturbations are, just as the background metric, described by
the (n + 1)[= 4]-dimensional effective theory and so the analysis is much the same as the conventional
four-dimensional cosmological perturbation theory.

4 Summary

We have shown that a wide class of braneworld models with bulk scalar fields can be constructed by
dimensional reduction from a higher dimensional extension of the Randall-Sundrum model with an empty
bulk. The sizes of compactified dimensions translate into scalar fields with exponential potentials both
in the bulk and on the brane. We have mainly concentrated on models with a single scalar field, which
include the power-law inflation solution of Ref. [5].

First we have investigated the evolution of five]= n + 2]-dimensional background cosmologies, and
then we have studied cosmological perturbations in such braneworld models. Lifting the models to
(5 + m)|= n + 2 + m]-dimensions is a powerful technique for this purpose. The degrees of freedom of a
bulk scalar field in (n + 2)-dimensions are deduced from a purely gravitational theory in the (n+24m)-
dimensional Randall-Sundrum braneworld, which consists of a vacuum brane and an empty bulk. We
would like to emphasize that the analysis is greatly simplified thanks to the absence of matter fields.
From the (n + 2 + m)-dimensional perspective, we have derived master equations and shown that the
mode decomposition is possible for all models which are constructed by using this dimensional reduction
technique.

To sum up, our “embedding and reduction” approach enables systematic study of cosmological per-
turbations in a class of braneworld models with bulk scalar fields.
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Abstract

We reconstruct the primordial spectrum of the curvature perturbation, P(k), from the
observational data of the Wilkinson Microwave Anisotropy Probe (WMAP) by the
cosmic inversion method developed recently. In contrast to conventional parameter-
fitting methods, our method can reproduce fine features in P(k) with good accuracy.
As a result, we obtain an oscillatory P(k). We evaluate the statistical significance
of nontrivial features in the reconstructed P(k), performing Monte Carlo simulations
for the scale-invariant spectrum. It is found that there are some possible deviations
around k =~ 1.5 x 10~2Mpc™!, while the oscillatory feature isn’t significant.

1 Introduction

The Wilkinson Microwave Anisotropy Probe (WMAP) satellite has brought us much information of
our Universe [1]. From their remarkably precise observation of the temperature fluctuations and the
polarization of the cosmic microwave background (CMB), we have obtained invaluable information of
the cosmological parameters and the properties of the primordial fluctuations. The results are almost
consistent with the so-called concordance model (1, 2, 3]. However, there seems to be some discrepancies
in the primordial spectrum such as running of the spectral index, lack of power on large scales, and
oscillatory behaviors of the power spectrum on intermediate scales. Some attempts to reconstruct the
primordial spectrum were made by [4, 5] after the WMAP data release. They all used the binning or
wavelet band powers method. Although they reconstruct the primordial spectrum in a broad range, the
disadvantage of these methods is that they cannot detect possible fine features. It is preferable to use a
method which can restore the primordial spectrum as a continuous function without any ad hoc filtering
scale. Recently, such a new method named the cosmic inversion method has been proposed by [6, 7]. The
advantage of this method is that we can investigate possible fine features in the primordial spectrum by
inverting the observed angular power spectrum to the primordial spectrum as an arbitrary function, given
the cosmological parameters. In this presentation, we attempt to reconstruct the primordial spectrum
from the WMAP data, using this method.

2 Inversion Method

First, we briefly review the cosmic inversion method. In this study, we assume the spatially flat universe
and the adiabatic initial condition, both of which are generic predictions of standard inflation and have
been supported by the WMAP data.

The CMB anisotropy is quantified by the angular correlation function defined as

20

C(8) = (8(i1)B(R)) = Y

2=0

20+1
4r

C(Pi(cos8), cosb =n, -hq, (1)
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where ©(11) is the temperature fluctuation in the direction fi. We decompose the Fourier components of
the temperature fluctuations 6(n, k) into multipole moments,

O(m ko) = Y_(—i)Oe(n, k) Pe(p), (2)
=0

where = k-, k is the comoving wavenumber, and 7 is the conformal time with its present value being
0. The angular power spectrum is expr%sed as
241, / dk K*(|©c(mo, k)I?) 3)
= ST To2e+1

Theoretically, ©¢(n, k) is given by solving the Boltzmann equation. When we attempt to invert Eq. (3),
we adopt the thin last scattering surface (LSS) taking its thickness into account. Then, we find the
approximated multipole moments as

;P (10, k) = (2€ + 1) [f(k)je(kd) + g(k)je(kd)] 2(0, k), ()

where d is the conformal distance from the present to the LSS and f(k), g(k) are the transfer functions
which depend only on the cosmological parameters. From Eq. (4) via Eq. (1), (3), we write down the
approximated angular correlation function as

lmux 2
e = 30 e (1-5). )

4T 2d?

{=lmin

where 7 is defined as r = 2dsin(8/2) on the LSS. Using the Fourier sine formula, we obtain a first-order
differential equation for the primordial power spectrum of the curvature perturbation, P(k) = (|®(0,k)|?),

=k f2(k)P'(k) + (2K f (k) f'(k) + kg®(k)] P(k) = 4n /0 xdr %g{r“c&m’(r)}sm kr = S(k). (6)

Since f(k) and g(k) are oscillatory functions around zero, we can find values of P(k) at the zero-points
of f(k) as

S(ks)

P(ks) = %%k for f(ks;)=0, (7)
assuming that P’(k) is finite at the singularities, k = k,. We can calculate f(k), g(k) by using a numerical
code such as CMBFAST (8]. If the cosmological parameters and the angular power spectrum are given,
we can solve Eq. (6) as a boundary value problem between the singularities.

However, the errors caused by the approximation, or the differences between the approximated angular
spectrum C,"P and the exact angular spectrum C§* for the same initial spectrum are as large as about
30%. Thus, we should not use the observed power spectrum Cgbs directly in Eq. (5). In fact, we find
that the ratio,

CCX
bl Capp ) (8)

is almost independent of P(k). Using this fact, we first calculate the ratio, b{") = C§*®/CiP®) for o

known fiducial initial spectrum P(®) (k) such as the scale-invariant one. Then, inserting C°"“/b(°), which
is much closer to the actual C,*?, into Eq. (5), we may solve for P(k) with good accuracy.

In this study, we use a modnﬁed CMBFAST code with much finer resolutions than the original one
in both k and ¢. We limit C; in the range 20 < € < 700 in order not to use the data which have large
observational errors due to the cosmic variance at small ¢ and the detector noise at large £. We adopt the
fiducial initial spectrum, P(% (k) as the scale-invariant spectrum and the fiducial cosmological parameter
set as 7 = 0.17, h = 0.72, , = 0.047 and Q4 = 0.71, which are the best-fit values to the WMAP data
for the scale-invariant spectrum, k3P(k) = A. In this case, the positions of the singularities (7) are at
kd =~ 70,430, 680, - - -, where d =~ 1.34 x 10°Mpc. Because the reconstructed P(k) around the singularities
has large numerical errors which are amplified by the observational errors, we can obtain P(k) with good
accuracy in the limited range 120 < kd < 380 or 9.0 x 10~3Mpc™! < &k < 2.8 x 10-2Mpc~". Note that
kd corresponds roughly to ¢.
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3 Results and Discussion

We show P(k) reconstructed from the WMAP data for the fiducial cosmological parameter set in Fig. 1.
We can see the oscillation whose amplitude is about 20 — 30% of the mean value. To check whether our
method works correctly, we recalculate Cy from the obtained P(k) in the range 120 < kd < 380, assuming
the scale-invariance outside of this range, and compare it with the observational data of WMAP. Then,
we find that the recalculated C, agrees with the binned WMAP data whose bin size is A2 = 5 as shown
in Fig. 1. This is because our method has a finite resolution in P(k), which is caused by the Fourier
sine transform in the inversion. In practice, this is determined by a cutoff scale of the integration in the
source term of Eq. (6) as rc,, = 0.5d which leads to Al ~ Akd =~ nd/rcy =~ 6.

To examine whether the oscillatory feature is real, we perform Monte Carlo simulations for the scale-
invariant P(k). Then, we find a similar oscillatory feature in the resultant P(k)’s, which is purely caused
by the scatter of the data. Therefore, to evaluate the statistical significance of nontrivial features, we
quantify the deviation from the scale-invariance in P(k) as

Dky, kz) = /k g [*P(k) - 4], ©)

where k), k2 are chosen by hand, and estimate the probability that the value of D(k;, k=) for the simulation
exceeds its observed value in a certain range for 10,000 realizations. We show the results of this analysis
in Table 1. We find only 0.39% in the range 175 < kd < 225, from which we conclude that there are
some possible deviations around kd =2 200. On the other hand, the low probability near the second
singularity kd =~ 430, namely, 2.23% in the range 350 < kd < 400, may be due to inappropriate choice of
the cosmological parameters [7]. According to them, if the different cosmological parameters from actual
values are adopted in the inversion, the reconstructed P(k) is distorted from the real one, especially
around the singularities. As for the oscillatory feature, since significant deviations are not found in the
other ranges, we conclude that it has no significance.

We also examine the dependence of the reconstructed P(k) on the cosmological parameters as shown
in Fig. 2. It is found that the oscillatory feature remains, but the global amplitude and especially the
sharpness of the oscillation around the second singularity change. Thus, there may be more appropriate
choice of the cosmological parameters. This issue is currently under study.

4 Conclusion

We have reconstructed the shape of the primordial spectrum, P(k), applying the cosmic inversion method
to the WMAP data. As a result, we have confirmed that the reconstruction is successful and found that
there are some possible deviations from the scale-invariance around kd = 200 or k =~ 1.5 x 10~2Mpc~!. In
the future work, we should constrain the cosmological parameters systematically and extend the formalism
to include the CMB polarization which will constrain P(k) more severely.
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Figure 1: The left panel shows the reconstructed P(k) from the WMAP data for 7 = 0.17, h = 0.72,
Qp = 0.047, Q4 = 0.71. The right panel shows the comparison of the recovered C; and the WMAP data
binned by A€ = 5.

Table 1: Statistical significance of the deviations from the scale-invariance.
range (k;d, kg&l 100,150 [150,200] [200,250] [250,300| |300,350] {350,400

probability 18.20% 9.72% 3.08% 83.31%  16.52%  2.23%

range [k,d, k»d] | [100,400] [150,350] ([175,225]
probability 1.41% 4.48% 0.39%
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Figure 2: The reconstructed P(k) from the WMAP data for (a) k = 0.65,0.70,0.75, 2 = 0.04, 25 = 0.70
(top-left panel), (b) h = 0.70, £, = 0.03,0.04, 0.05, Q5 = 0.70 (top-right panel), (c) h = 0.70, &, = 0.04,
25 = 0.65,0.70,0.75 (bottom panel), respectively.
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Abstract

In this talk, we consider the effects on big bang nucleosynthesis (BBN) of the hadronic
decay of a long-lived massive particle in supergravity. If high-energy hadrons are
emitted during/after the BBN epoch {t ~ 10~ — 10'? sec), they may change the
abundances of the light elements through the destruction processes caused by such
high energy hadrons, which may result in a significant discrepancy between standard
BBN and observation. So far, these types of hadronic decay process in BBN have
not been studied well without a few papers whose treatments were simple, because
of severe shortage of hadron experimental data. However, recently the experiments
of the high energy physics have been widely developed. Now we can obtain a lot of
experimental informations of the hadron fragmentation in the high energy region and
also simulate the process even in the higher energies where we have no experimental
data by executing the numerical code of the hadron fragmentation, e.g. JETSET 7.4
Monte Carlo event generator. In addition, we have more experimental data of the
hedron-nucleon cross sections. One of the candidates of the long-lived massive parti-
cle would be gravitino which appears in supergravity. If we consider general particle
physics models in supergravity, it possibly decays during/after big-bang nucleosynthe-
sis epoch. Compared with observational light element abundances, for the successful
nucleosynthesis, we can obtain severe upper bound on reheating temperature after
the primordial inflation which controls the primordial abundance of gravitinos. We
discuss the implications of that result for cosmology, particle physics and nuclear
physics.
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Big bang nucleosynthesis (BBN) is one of the most important tools to probe the early universe because
it is sensitive to the condition of the universe from 10~2 sec to 10'? sec, for the review, see Ref. {1].
Therefore, from the theoretical predictions we can indirectly check the history of the universe in such an
early epoch and impose constraints on hypothetical particles by observational light element abundances.
Now we have a lot of models of modern particle physics beyond the standard model, e.g., supergravity
or superstring theory, which predict unstable massive particles with masses of O(100) GeV - 0(100)
TeV, such as gravitinos, Polonyi fields, or moduli. They have long lifetimes because their interactions are
suppressed by inverse powers of the gravitational scale (o 1/M,). These exotic particles may necessarily
decay during/after the BBN epoch (T < O(1) MeV) if they have already existed in earlier stages.

If the massive particles X decay into quarks or gluons (see Fig. 1), during/after the BBN epoch
10-2 £t £10"sec. it is expected that non-standard effects are induced. If once the high-energy quarks
or gluons are emitted, they quickly fragment into a lot of hadrons. Then, such high-energy hadrons are
injected into the electromagnetic thermal bath which is constituted by photons, electrons, and nucleons
(protons and nucleons) at that time.

o
%T/a
P
.

(a)

Y

(b)
Y

j

Figure 1: Feynman diagrams of the decay of a gravitino v, into (a) a photino ¥ and a quark-antiquark
pair qf, and (b) a gluino § and a gluon g.

For relatively short lifetime (< 10? sec), the emitted high-energy hadrons scatter off the background



photons and electrons because they are more abundant than the background nucleons. Then, almost all
kinetic energy of the hadrons are transfered into the thermal bath through the electromagnetic interaction.
As a result, they are completely stopped and reach to the kinetic equilibrium. After that time, they scatter
off the background p or n through the strong interaction, and they inter-convert the background p and n
each other even after the normal freeze-out time of the neutron to proton ratio n/p of the weak interaction.
This effect extraordinarily tends to increase n/p. Therefore, the produced ‘He would be increased in the
hadron injection scenario compared to standard big-bang nucleosynthesis (SBBN) [2].

On the other hand, for relatively longer lifetime (2 10? sec), the other important effects occur. The
emitted high-energy nucleons are no longer stopped in the electromagnetic plasma and directly scatter
off the background nuclei such as proton or “He. Then 4He is destroyed through strong interactions and
produces many lighter nuclei and nucleons. The produced nuclei and nucleons still have high energies and
induce the further hadronic showers, for the schematic picture, see Fig. 2. Namely this hadron showers
produce a lot of light elements, and that may result in a significant discrepancy between SBBN and
observations.

Se+2n (3 He+p+n)
T+p+n  (T+2p)
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2p+3n  (3p+2n)

(p)
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\ =
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Figure 2: Schematic picture of hadron shower induced by a high energy neutron (proton) which scatters
off the background proton or the background *He (a) with its energy E = Ej.

In this situation, we have obtained upper bounds on the abundance nx /s as a function of the lifetime
Tx to agree with the observations for the wide range of the mass my = 100 GeV - 100 TeV which
are relevant for various models of supergravity or superstring theory. We have also applied the results
obtained by a generic hadronic decaying particle to gravitino ¥3/2. Then we have got the upper bound
on the reheating temperature after primordial inflation as a function of the mass. The details will be
shown in Ref. {3].
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Abstract

Electromagnetic fields exterior to a slowly rotating relativistic star are solved. The an-
alytic expression for the stationary fields is impossible in the presence of the spacetime
dragging, but approximate one applicable to a wide range of parameters is given.

1 Introduction

Rich observational properties of neutron stars have unveiled gradually. In particular, enormously intense
magnetic fields are inferred from recent observation associated with magnetars, i.e. magnetized neutron
stars with B = 10'3 - 10!® Gauss. Violent dynamical events may be realized in compact stars as a conse-
quence of both intense gravity and magnetic fields. In this paper, we consider stationary electromagnetic
fields outside a rotating relativistic star. The effect of dense plasma is also important in constructing
pulsar magnetosphere, since the electromagnetic fields strongly depend on charge density and current
flow. This problem is one of difficult problems, and inherently requires highly numerical calculations for
the coupled system of plasma and electromagnetic fields. We here neglect the plasma effect. but consider
the general relativistic effect on the exterior fields in vacuum. The curved spacetime produced by a
rotating relativistic star is important near the surface. Rotation of the magnetic dipole field induces the
electric quadrupole field by imposing perfect conductivity condition at the surface. The analytic solutions
are known for the flat spacetime, i.e. Deutsch solution[l]. The problem is straightforwardly extended
to the curved spacetime, but there are no longer analytic expressions due to spacetime curvature and
dragging. This problem was considered previously, but here a new method is developed [2], in which no
low frequency approximation is used in solving the Maxwell equation. This is remarkably different from
the previous work in solving for oblique rotator. In the previous work, the applicable range is limited
within the light cylinder. An approximate method, useful solutions and the validity are discussed briefly.
Details are given in Ref.[2]. We use the units of c=G = 1.

2 Stationary electromagnetic fields in vacuum

The general form of axially symmetric spacetime is given by
ds® = —a’dt? + e*¥(d¢ — wdt)? + e**dr® + e*"df>. (1)

In this paper, the electromagnetic fields E and B are denoted by the values measured by “zero angular
momentum observers”, i.e. ZAMOs [3], and their components projected to a locally orthonormal tetrad
frame are expressed as E = (E*, E®, Eé) and B = (B*, BY, B°-) . We shall impose stationary condition
on these fields. The stationarity means that a scalar function f should depend on the time ¢ and the
azimuthal angle ¢ in the combination ¢' = ¢ — Qt. In the corotating frame with angular velocity £, the
function is expressed as f(r,8,4'). The function is constant along the direction 9, + Q9. For vector
fields, the condition can be described by the Lie derivative. Using the stationarity, the time derivative
of a vector is eliminated and equations involving ’rotation Vx’ in the Maxwell equation are solved by
scalar potentials for vacuum case. The electromagnetic fields are expressed by two functions, G and H:

E = —% [e™*G., +wev""a"'Hy, €7 "G —we¥ Ha ' H.,, e"¥AG ], (2)

o
I

-—ﬁ [e#H,, ~we*""a"'Gy. e""Hyp +we¥"#a”'G,, e"YAH,], (3)



where
A=1-m%a"?=1-(0—w)?e®a"2 (4)
These functions should satisfy the equations V-E=0and V-B=0. They are explicitly written as
A [a (e—“+"+wa—lG'r).r +a (e“""""’a‘lth)‘o + e“"'”'“’AGd,_d,]

—eTHFMHIA G~ P YA G o+ K Hg — KgH . =0, (5)

A [a (™90 H,) +a (e Y0 H ) 4 e“""’_""AH_¢‘¢]

— e MY H et YA G H y — K,G g+ KeGr =0, (6)
where
we? wiet? ,
K; =°’( ot ), = (@), (for j=r.0). @)

These equations (3) and (6) are symmetric under the transformation between E and B, i.e. £ — B, by
changing G — H and H — —G. This property is generic one in the source-free Maxwell equations.

There is a singular surface, light cylinder for eqs.(5) and (6) as well as the poloidal components defined
in eqs.(2) and (3). The velocity of corotating frame measured by ZAMOs becomes the light speed at the
light cylinder, which corresponds to A = 0. The singularity is not physical, but mathematical drawback.
We need special treatment at the surface. For example, in the direct numerical calculation egs.(5) and
(6) are solved in each side of the light cylinder so as to be continuously matched.

3 A method by series expansion

For the spacetime exterior to a slowly rotating star with spin angular momentum J, the metric functions
are simplified. In particular, the light cylinder is expressed simply by

0=A=1-8sin%6, (8)
where
1/2
b=, w=n—3§, a=(l—%) . (9)
43 r T

The light cylinder () is expressed by solving 52 = sin® @ for r. In this case, there is a nice method using
a series expansion to remove the problem asscciated with the light cylinder. The following expansion
forms with respect to angular variables are useful:

G(r,0) = Z gn(r)(sin8)*",
o= o
H(r,8) = cosé (Z ha(r)(sin 9)2")

n=0
for axially symmetric case (azimuthal wave number m = 0) and
0
G(r,8,¢,t) = e'®~ " sin P cosd (Z gn{r)(sin 0)2") .
{ , w0 "0 (11)
H(r,0,¢,t) = e~ sing (Z hn()(sin 0)2“)
n=0

for non-axially symmetric case (azimuthal wave number m = 1).
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We require that the poloidal fields given by eqs.(2) and (3) should be regular at the light cylinder. The
numerators of these equations should vanish because the denominator, i.e. A goes to zero. Substituting
sin? = b=2 in the numerators, we have two independent conditions. They are relations among the
radial functions g, h,. These regularity conditions should hold for b > 1, equivalently r > r., where r,
is defined by b(r;) = 1. The value r. becomes Q2! in the flat spacetime. It is not necessary for the
radial functions to satisfy the regularity conditions in the inner region r < r.. It may be possible to
construct a global solution by smoothly matching the radial functions across the radius r.. which are
solved with and without the regularity conditions for each side. We however look for the solution satisfied
or approximately satisfied with the constraints in the whole space exterior to the star. This method may
restrict a class of solutions, but is free from the location of r.. If there is no solution with the strong
constraints in entire region outside the star, we should look for the solutions under weaker conditions.

We look for the Deutsch-type solutions in a curved spacetime, that is, electromagnetic fields originated
from a rotating magnetic dipole in a fixed curved spacetime. It is possible to truncate the expansion
series (10) and (11) up to n = 1 for the flat spacetime. We shall truncate them up to » = 1 for the
spacetime around a slowly rotating star. The truncation leads to overdetermined system in the presence
of spacetime dragging[2]. Therefore, the truncation is possible only in an approximate meaning. After
obtained the solutions, we can check the approximation, e.g. by increasing order n.

4 Electromagnetic fields exterior to aligned rotator

The electromagnetic field are axially symmetric, when the dipole moment is parallel to the rotating
axis. We consider the system described by gn,hn(n = 0,1). From the expansion coefficients in the
divergence of electromagnetic fields, eqs.(5) and (6), we have three differential equations for the radial
functions. Combined with two regularity conditions, there are five equations for four functions. These
five equations are independent unless @’ =0, i.e. except for non-rotating case. The system of equations is
overdetermined. If the term & = h. is neglected, the system is reduced to four independent equations.
In this case, we can solve the funcuon gn,hn(n = 0,1). They are solutions in an approximate meaning,
and the validity can be checked below. The analytic solutions for them are known in the literature. Using
the solutions, the electromagnetic fields are given by

B= [ —hjcos8, Z sin#, 0] (12)
E= [2hi, , ] : (13)
wre
where hg, h, and q; are functions of r. See Ref.[2]. The neglected quantity is expressed as
9 6 -6
&= —hl ~=3 (dM°ey +5J) i3 *T (for > M). (14)

This value (14) can be regarded as an 'error’ for the consistency of our method. The actual value of the
*error' is quite small, and therefore the analytic expressions are applicable to almost every case.

We have so far considered the lowest approximation by truncating the series expansion at n = 1.
Within the approximation, the system was overdetermined. One might think that this drawback may
be recovered by extending n to a larger value. The answer is no unless n is finite. The system is still
overdetermined. For example, we increase the degree of freedom up to n = 2. In this case, we have five
differential equations from the divergence of electromagnetic fields. In addition, there are two regularity
conditions. Therefore, we have seven equations for six radial functions gn, ha(n = 0,1,2). The seven
equations are reduced to six independent ones for @' = 0. The 'error’ term becomes

'
£ = b, (15)
w

This term is smaller than &, that is, the accuracy significantly increases compared with the first-order
case.
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5 Electromagnetic fields exterior to perpendicular rotator

In this section, the axis of the magnetic dipole is assumed to be perpendicular to the rotational axis. The
resultant electromagnetic fields are non-axially symmetric, and depend on €*®, (or e~* ). The method
to solve the Maxwell equation is almost the same as done in the axially symmetric case.

We consider the case described by g, hn(n = 0,1). These radial functions should satisfy five equations
if w’ # 0. The system is overdetermined. If an inconsistency term is neglected, then we have solution
in an approximate meaning. The electromagnetic fields are governed by a pair of coupled equations for
radial functions, F; and Fs:

2
02(021‘-{)' + (w2 - g’%) F+ %aﬁw'l’g =0, (16)
20 2y 2 6a? 2_tp
Q(QF2)+ W—T—g F2—30(WF1—0. (17)

These equations are reduced to Regge-Wheeler wave-equations F; ({ = 1,2) in the limit of non-rotating
case. Using functions Fy and F», the electromagnetic fields are expressed as

5 _ .1 i (Y @ o (X @ io’
B = [ = Fysinfe'®, (_27' Fi + Bor Fz) cosfe'® | (_27' F| + bar F5 cos 20) e |, (18)
= 1 o @ a 5! w a "
= — . ig - i N _ ! i} .
E [ 57 Fysin20e'® (_2ar Fy & F; cos 29) e, i (—20:1' R & F2) cosfe ] (19)

In case of flat spacetime, eqs.(16) and (17) are decoupled, and their analytic solutions are possible. In

the presence of curvature a # 1, there are no analytic solutions due to backscatter. Furthermore, the

presence of spacetime dragging causes the coupling of two equations with the coefficient @’ = 6J/r%.
The ’error’ term involving our method is estimated as

2J
y=-3h (20)

This does not vanish in general, but rapidly decreases to zero with the radius because of the factor 2J/74.
In fact, we can find

2

y B Gui?R (near the light cylinder), (21)
3p? ; -

2uJQU R exp{i)(r + 2M In(r/2M - 1))} (beyond the light cylinder). (22)

r

Since the function F> describes the induced electromagnetic fields by rotating perfect conductor, it is
regarded as the first order quantity with respect to the low frequency expansion. The term (20) was
therefore neglected in the previous approximation. There are some analytic expressions near the stellar
surface derived by the low frequency approximation [4]. Their analytic result becomes invalid roughly
before the light cylinder([2].
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Abstract

We have done a series of two-dimensional hydrodynamic simulations of the rotational
collapse of a supernova core in axisymmetry. We have employed a realistic equation
of state (EOS) and taken into account electron captures and neutrino transport by
the so-called leakage scheme. It is an important progress to apply the realistic EOS
coupled with the microphysics to 2-D simulations for computing gravitational radi-
ation in rotational core collapse. We have used the quadrupole formula to calculate
the amplitudes and the waveforms of gravitational wave assuming the Newtonian
gravity. From these computations, we have extended the conventional category of
the gravitational waveforms. Our results have shown that the peak amplitudes of
gravitational wave are mostly within the sensitivity range of the laser interferometers
such as TAMA and first LIGO for a source at a distance of 10 kpc. Furthermore we
have found that the amplitudes of the second peaks are within the detection limit
of first LIGO for the source and first pointed out the importance of the detections,
since they will give us the information as to the angular momentum distribution of
evolved massive stars.

1 Introduction

Asymmetric core collapse and supernova have been supposed to be one of the most plausible source of
gravitational radiation for the long-baseline laser interferometers (GEO600, LIGO, TAMA, VIRGO). The
detection of the gravitational signal is important not only for the direct confirmation of general relativity
but also for the understanding of supernovae themselves because the gravitational wave is only a window
that enables us to see directly the innermost part of an evolved star, where the angular momentum
distribution and the equation of state are unknown.

Observationally, the asymmetric aspects of the dynamics of supernovae are evident because they are
confirmed by many observations of SN 1987A and by the kick velocity of pulsars. On the other hand,
there is no consensus of the origin of asymmetry theoretically. However, provided the facts that the
progenitors of collapse-driven supernovae are a rapid rotator on the main sequence and that the recent
theoretical studies suggest a fast rotating core prior to the collapse (1], rotation should play an important
role as the origin of the asymmetric motions in the core collapse. It is noted that anisotropic neutrino
radiations induced by rotation [2] could induce a jet-like explosion (3] as suggested by the observations
of SN 1987A.

So far there have been works devoted to study the gravitational radiation in the rotational core
collapse (see [4] for a review). To say rigorously, reliable core collapse simulations should require the
implementation of a realistic equation of state (EOS), an adequate treatment of microphysics (electron
captures and other weak interactions) and neutrino transport, and a relativistic treatment of gravitation.
However it is difficult to incorporate all of them at the same time. Therefore previous investigations
have neglected or approximated the above requirements partially. So far most of the computations have
oversimplified the microphysics. In addition, it has been reported that general relativity does not alter the
significant features of gravitational radiation compared with those obtained in Newtonian approximation
such as the range of gravitational wave amplitudes and frequencies. This situation motivates us to employ
a realistic EOS and treat microphysics adequately in the Newtonian gravity. In this paper, we will study
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the wave forms of gravitational radiation elaborately by performing the improved rotational core collapse
simulations and will discuss what information can be extracted from the analysis.

We describe the numerical models in the next section. In the third section, we show the main numerical
results. Conclusion is given in the last section.

2 Initial Models and Numerical Methods

We know little of angular momentum distributions in a core of evolved massive stars. Although it is sup-
posed that some instabilities grow and transport angular momentum during the quasi-static evolutions,
which mode prevails in what time scale is not understood very well at present. Therefore, we assume in
this study the following two possible rotation profiles, which are the shell-type or cylindrical. We have
computed twelve models changing the combination of the total angular momentum, the rotation law, and
the degree of differential rotation. We will choose some representative models, which clearly illustrates
the effects of rotation on the gravitational signals in this contribution. For more detailed information, see
the paper [3]. The numerical method for hydrodynamic computations employed in this paper is based on
the ZEUS-2D code [6]. We have made several major changes to the base code to include the microphysics.
First we have added an equation for electron fraction to treat electron captures, which is solved sepa-
rately. We have approximated electron captures and neutrino transport by the so-called leakage scheme.
Second, we have incorporated the tabulated equation of state (EOS) based on the relativistic mean field
theory [7] instead of the ideal gas EOS assumed in the original code. It is noted that the implementation
of the recent realistic EOS to 2-D simulations is an important progress beyond the previous calculations.
For a more detailed description of the methods, see Kotake et al. [2].

3 Results

3.0.1 The Properties of the Waveform

We first show the general properties of the waveform with collapse dynamics. We choose model A,
which is based on the recent stellar evolution calculation [1]. The time evolution of the amplitude of
gravitational wave are shown in the left panel of Figure 1. As the inner core shrinks, the central density
increases and a core bounce occurs when the central density reaches its peak at ¢, = 243 msec with
2.65 101 g cm™3. At this time, the absolute value of the amplitude becomes maximum. After the core
bounce, the core slightly re-expands and oscillates around its equilibrium. As a result, the gravitational
wave shows several small bursts and begins to decay. These gross properties are common to all other
models. However, there exist some important differences when we compare them in more detail. We will
discuss the differences in the following.

In the right panel of Figure 1, the time evolution of the amplitude of gravitational wave for model B,
which has a cylindrical rotation law with strong differential rotation, are given. By comparing the left
with the right panel of Figure 1, the oscillation period of the inner core for model B is clearly longer than
for model A. In other words, the pronounced peaks can be seen distinctively in this case. This is because
the central density becomes more smaller after the distinct bursts by the strong differential rotation.
This effect increases with the initial angular momentum. It is also found that the signs of the values of
the second peaks are negative for model B, on the other hand, positive for model A. Note that we will
speak of the second peak where the absolute amplitude is second largest. The above characteristics are
common to the models for strongly differential rotation with cylindrical rotation law.

3.0.2 Maximum Amplitude and Second Peak

The values of maximum amplitude for all our models range from 3 x 10~2! < ATT < 3 x 10-2° | which
is almost the same as the results by Zwerger et al. [8] and Ménchmeyer et al. [9). On the other hand,
the values of the standard models by Yamada & Sato [10] are about an order of magnitude lower. This
is understood as follows. They employed a parametric EOS by which the effects of microphysical and
transport processes were assumed to be expressed. Since they found that the maximum amplitude is most
sensitive to the adiabatic index at the subnuclear density by their parametric surveys, we pay attention
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to this. Compared to their EOS, our realistic EOS is rather soft for the subnuclear density regime. At
the regime, our realistic EOS can express the soltening of EOS by the effect that the nuclear interactions
become attractive. Due to this eflect, the inner core can shrink more compact at core bounce, which
results in the larger maximum amplitude. It is naturally suggested that we may get the information
about the subnuclear matter if we can detect the gravitational wave from the rotationally collapsing
cores. We hope it can be realized in the near future since the maximum amplitudes for our models are
mostly within the detection limit for TAMA and first LIGO which are now in operation if a source is
located at a distance of 10 kpc (see Figure 2).

As pointed earlier, we find that the signs of the values of the second peaks are negative for the models
for strongly differential rotation with cylindrical rotation law and positive for the others. The absolute
amplitudes of the second peak are also presented in Figure 2. As shown, they are within the detection
limit of first LIGO for a source at a distance of 10 kpc. In addition, it seems quite possible for the
detectors in the next generation such as advanced LIGO and LCGT to detect the difference. Therefore
if we can find the difference of the signs of the second peaks by observations of gravitational wave, we
will obtain the information about the angular momentum distribution of evolved massive stars. Since
there is no way except for the detection of the gravitational wave to obtain the information, it is of great
importance to detect the second peaks in the future.
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Figure 1: Time evolutions of the amplitude of gravitational wave for model A (left panel) and B (right
panel). Note that the distance of the source is assumed to be located at the distance of 10 kpc.

4 Conclusion

We have done a series of two-dimensional hydrodynamic simulations of the rotational collapse of a su-
pernova core and calculated gravitational waveforms using the quadrupole formula. We have employed
a realistic EOS and taken into account electron captures and neutrino transport in an approximated
method. We have found the following:

1. The peak amplitudes of gravitational wave obtained in this study are mostly within the detection
limits of the detectors of TAMA and first LIGO which are now in operation if a source is located at
a distance of 10 kpc. In addition, the peak amplitude becomes extrema for the models whose initial
rotation rate is moderate.

2. The waveforms are categorized into the criteria by Zwerger et al. [8]. In addition, we further
find that type II does not occur for models with shellular rotation law, on the other hand, does occur
regardless of the initial rotation rate in case of strong differential rotation with cylindrical rotation law,
and that the type III does not occur if a realistic EOS is employed.

3. At the subnuclear density regime, our realistic EOS can express the softening of EOS by the effect
that the nuclear interactions become attractive. Therefore the inner core can shrink more compact at
core bounce than the other work [10] in which EOS is expressed in a parametric manner. Subsequently,
this results in the larger maximum amplitude. It follows that we may get the information about the
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Figure 2: Detection limits of TAMA, first LIGO, advanced LIGO, and LCGT with the expected am-
plitudes from numerical simulations. The open squares represent the maximum amplitudes for all the
models. On the other hand, the pluses and the closed squares represent the amplitudes of second peaks
for models with strong differential rotation with cylindrical rotation law and for the other models, respec-
tively. We estimate the characteristic frequencies by the inverse of duration periods of the corresponding
peaks. Note that the source is assumed to be located at the distance of 10 kpc.

subnuclear matter if we can detect the gravitational wave from the rotationally collapsing cores.

4. The signs of the values of the second peaks are negative for the models with strong differential
rotation with the cylindrical rotation law, on the contrary, positive for the other models. The absolute
amplitudes of the second peaks are within the detection limit of first LIGO. Therefore if we can detect
the signs of the second peaks, it will give us the information as to the angular momentum distribution of
massive evolved stars when a supernova occurs at our galactic center.

As stated earlier, the detection of gravitational wave is likely for the models whose initial rotation
rate is moderate. According to the study of rotational core collapse by Kotake et al. [2], the anisotropic
neutrino radiation is well induced by such a rotation rate. Noting that the anisotropic neutrino radiation
can induce the globally asymmetric explosion [3], the detection of gravitational wave will be a good tool to
help understand the explosion mechanism itself. We are currently preparing for a sequel of this work, in
which the effects of the magnetic fields on the gravitational wave are investigated. This will be presented
in the forthcoming paper [11].
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Abstract

The connection between the two-point and the three-point correlation functions in the
non-linear gravitational clustering regime is studied. We derive a new formula about
the relationship between these correlation functions under the scaling hypothesis. In
particular, if the Fourier phases keep correlated through the non-linear effects, we find
that the three-point correlation function ¢ obeys the scaling law, ¢ « £ 3—:—1—3%‘ where
£ is the two-point correlation function, m is the power index of the power spectrum
in the non-linear gravitational clustering regime and w is the spatial dimension.

1 Introduction

Formation of large-scale structures of the Universe is one of the most important and interesting problems
in cosmology. It is generally believed that these structures have developed by a process of gravitational
instability from small initial fluctuations in the density of a largely homogeneous early Universe. Hence, it
is very important to clarify physical mechanism of the evolution of density fluctuations by a gravitational
instability.

The inflationary scenario predicts a random Gaussian field possessing the properties of statistical
homogeneity and isotropy as the primordial fluctuations. The statistical properties of the Gaussian
field are completely characterized by the two-point correlation function (hereafter 2PCF) or the power
spectrum, since higher order correlations vanish although the two-point correlation function 2PCF has
a certain value. However, the non-linear gravitational clustering gives rise to non-zero values of the
higher-order correlations, even if the primordial density fluctuations were indeed Gaussian. When we
consider the evolution is governed by non-linear gravitational clustering, in other words, higher order
statistics, like the three-point correlation function (hereafter 3PCF), become essential. Therefore it is
a quite important subject for understanding the non-linear evolution to investigate the property of the
3PCF.

Generally, it is hard to deal with the exact formula of the 3PCF both theoretically and numerically,
since it is much more lengthy and complicated than 2PCF. Historically an assumption had proposed[2, 1];
The 3PCF can be expressed by the product of the 2PCF as

Cabe = Q[eufb +&péc + EC‘EG]' (1)

where (, €, and Q are the 3PCF, the 2PCF, and a certain constant, respectively. The expression (1) or
¢ x €2 is often called “hierarchical form”. The data from the Zwicky and Shane-Wirtanen catalogs are in
good agreement with the model when we choose Q ~ 0.85 for Zwicky and @ ~ 1.24 for Shane-Wirtanen
2, 1.

[ }]Iowever there is a serious fault about the proposal (1). It has no theoretical ground, although some
observational or numerical data may be well-fitted. One explanation may be that the form of Eq. (1) for
¢ with @ = | resembles the Kirkwood superposition approximation occasionally used in liquid physics
and turbulence theory, if £,6y€. <« 1. However this approximation is not appropriate for the non-linear
regime, since the distribution of the gravitational sources is strongly correlated, § > 1, in such regimes.
Hence this resemblance is helpless to excuse the theoretical defect.

'E-mail:hiroko.koyama@nao.ac.jp
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Indeed, there were many theoretical investigations about the 3PCF. Nevertheless their analyses are
based on the “hierarchical form” assumption; The coefficient @@ under the “hierarchical form" was esti-
mated by assuming self-similarity. The BBGKY hierarchy was analyzed by assuming the “hierarchical
form” as well as self-similarity. In the first place, however, there is no reason why the 3PCF should
necessarily depend only on the second power of the 2PCF, even if we accept the sell-similarity. Indeed,
the possibility of solutions which do not satisfy the *hierarchical form” on the bases of the BBGKY
equations has been suggested. Therefore investigating physical adequacy for “hierarchical form™ itself
and more reliable and useful formulae for the 3PCF are required pressingly.

In this paper we study the connection between the 2PCF and the 3PCF in the noun-linear gravitational
clustering regime. Since the gravity is scale free, we assume the time evolution of the statistics obeys also
some self-similar rules. The power spectrum in the non-linear regime is assumed to obey a power law.
In addition, phases between Fourier modes in the bispectrum are considered to be also correlated in the
non-linear regime, where galaxies or galaxy groups are strongly clustered each other. We suppose the
self-similarity where the bispectrum obeys also self-similar rules as well as the power spectrum. What
is unique is that we never assume the “hierarchical form”. Consequently, we obtain the new formula
between the 2PCF and the 3PCF, focusing to their power indices. The relevance to the “hierarchical
form” is also discussed. In Sec.2 we obtain the new connection with these statistics under the scaling
hypothesis. The final section is devoted to summary.

2 The connection between the 2PCF and the 3PCF under the
scaling hypothesis

In this section we derive the connection between the 2PCF and the 3PCF, under the scaling hypothesis.
This assumption is adequate, since we consider that fluctuations evolve due to purely gravity.

Let us denote by g the mean density and take p(x) to be the density at a point specified by the
position vector & with respect to some arbitrary origin. As usual, we define the fluctuation to be

z) -5
o(x) = 222, @)
We assume this to be expressible as a Fourier series:
1 )
0= Is /6(w)e'k'md“’:r, (3)
<
— -ik-z Lv w g,
éz) = /;w dge —(2”)wd k, (4)
where &y, is a Fourier amplitude, and w is the number of spatial dimension.
Firstly, we assume the power spectrum in the non-linear regime obeys a power law as
P(k) = (16
x k™, (3)
where the index is a value in the non-linear regime. Substituting Eq.(5) into Eq.(??) gives
£&(r) « / k™d%k
x po(miw) (6)
Next, the bispectrum in Eq. (??) is decomposed by
Bk.k') = (|6ul1dw 6w Je'(Or+ox+o-eu)} (7)

where ¢y is the Fourier phase of the modes with a wave number k.
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Now we consider the Fourier phases in Eq.(7) in the non-linear regime. Let the initial fluctuations are
a random Gaussian field whose phases are distributed randomly. Induced by the gravitational instability,
however, the density fluctuations become more and more strong, which means the phases between Fourier
modes become distributed non-randomly. That is, the Fourier phases are also correlated due to the
gravitational clustering. It is not difficult to imagine that the phases are extremely assemble in the case
of the gravitational collapse like a pancake, for example.

Generally, the 3PCF or the bispectrum depend on the shape of the configuration. If we fix the shape
of the triangle, however, the 3PCF and the bispectrum are determined by one parameter. Here we assume
the bispectrum in the strong non-linear regime obeys a scaling law as well as the power spectrum. Hence
the expectation value of the Fourier phase in the bispectrum (7) is described as

(ei(¢kt+¢n'c+¢-m-k'1)> xt-9 (ei(d’ﬁ-%f +d_nt )) (8)

in the strongly non-linear regime. Assuming the scaling hypothesis corresponds to considering the follow-
ing two characteristic possibilities physically; First, the Fourier phases keep correlated, and the expecta-
tion value converges to some non-zero constant value through the non-linear gravitational clustering. In
this case the value of a in Eq. (8) is zero. Second, the Fourier phase correlations disappear finally due
to non-linear gravitational clustering, although the phases may be correlated by gravitational instability
at once. In this case the expectation value of the Fourier-phase correlations converges to zero, and the
value of a in Eq. (8) is some finite value which is depend on the way to converge. That is, the constant
should be a non-negative value. Similarly, other terms in Eq. (7) are also assumed to obey some scaling
laws.
The 3PCF is reduced to

¢(rs) « / B(k, k")  kd™ k'
o ¢m(dmizee) / {160k 1) (8ek 1) {16 ek [} (e(0ek + e +O-eumni )y (k) (2')

e (Fma2e=bom) / 100k ) {|8en [) (16 - ko [) (S PrkFOrw + O ot g (k) d¥ (2K)
e )

Where 3 and « is the scaling factors of variance and other constants. Each value of these factors should
be positive or zero so that the 3PCF should not diverge. Then the 3PCF can be approximated by

—(3m+2w—¢) - (T L
C(r‘s) X t C(tvt)y (10)
that is,
C(rt, st) o = Am+2u—e) (11)
where ¢ is defined as
€= min(a~ ﬂ + T2y, 13 + T3y /3 + "/-!y)- (12)
From Egs.(6) and (11), we finally obtain a new connection between ¢ and & as
C o £Jmm:-:.w:131 . (13)

The formula (13) states that the 3PCF is proportional to the power of the 2PCF. The power index
depends on the power index of the power spectrum in the non-linear regime, m, and the scaling factors
of the bispectrum, e. The formula clarifies the source of the power index of the 3PCF, for the first time,
under the scaling hypothesis.

Now we consider the case where the Fourier phases keep correlated through the non-linear effects. In
this case the expectation value of the phase correlations converges to a finite constant value. a = 0. Then
the power index of the formula (13) depends only on the index of the power spectrum and the number
of the spatial dimension,

¢ x gIRHE, (14)
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Accordingly, the 3PCF can be described as the closed form only by the 2PCF. In addition, if the power
index of the power spectrum is zero, m = 0, the 3PCF is proportional to the second power of the
2PCF. Remind that the index of the power spectrum is around zero in the transitional region from the
linear regime to the non-linear regime, if the power index of the power spectrum of the initial random
Gaussian field is not negative value. Considering these facts, we suppose the “hierarchical form" is
realized accidentally around such quasi-linear scales. On the other hand, it is proper from our formula
that the power index of the 3PCF deviates from the second power of the 2PCF in the strongly non-linear
regime, if the phases keep correlated.

3 Summary

In this paper we have studied the connection between the 2PCF and the 3PCF in the non-linear gravita-
tional clustering regime. Under the scaling hypothesis to the bispectrum as well as the power spectrum,
we have obtained new formula about the 3PCF. It is striking that the origin of the power index of the
3PCF has been revealed for the first time.

Under the scaling hypothesis, there remain two characteristic possibilities for the phases of the Fourier
modes; they keep correlated or tend to become uncorrelated in the strongly non-linear regime. Qur
analytical formula says that if the phases of the Fourier modes keep correlated in the strongly non-linear
regime, the power index of the 3PCF can be expressed as the closed form by the 2PCF. If the Fourier
phases become distributed randomly asymptotically due to the non-linear gravitational clustering, on the
other hand, the power index of the 3PCF consists not only of the information of 2PCF, but also of that
of the higher statistics. However, our numerical simulations supports that phases keep correlated in the
highly non-linear regime, since the numerical results agree to the analytical formula in the case where
phases of the Fourier modes keep correlated, Eq. (14) rigorously. Therefore it is Eq. (14) that new and
reliable formula between the 2PCF and the 3PCF in the non-linear gravitational clustering regime. In
the strict sense, the “hierarchical form”, ¢ o< €2, is reproduced only when the power index of the power
spectrum is zero. As results, we have achieved more comprehensive understanding for the hierarchy of
the higher-order statistics than before.

It is believed generally that the power index of the power spectrum in the non-linear regime, m,
depends on the initial power spectrum. Combining this fact and our formula, Eq. (14), we can claim that
the power index of the 3PCF originates from the initial power spectrum. Therefore, it is an important
future work to clarify the relationship between the power spectrum in the non-linear regime and the
initial one.

Radical progress of recent observations needs increasingly advanced and practical formalism for anal-
yses containing the higher-order statistics. Standing on such circumstances, our new formula is expected
to be a good indicator to understand the non-linear gravitational clustering. For the purpose it is a
succeeding subject to check if the new formula is consistent with the BBGKY hierarchy. In addition,
it will be also important to complete the formula by investigating the coefficients as well as the power
indices, in order to inspect the adjustment with the “hierarchical form” and to understand the origin of
the parameter Q. We hope the new formula become a very useful instrument for analysis of the large-scale
structure.
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Inflation in brane models with radion stabilization
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Abstract
The low energy effective theory in a stabilized Randall-Sundrum model is derived.
Then a stable configuration of the inflationary branes is constructed. Difficulties in
constructing a realistic inflationary model are addressed.

1 Introduction

The hierarchy problem is one of the most serious problems in particle physics. Why is the Planck scale
Mpi ~ 10'® GeV much higher than the electroweak scale M,,, ~ 10° GeV ? Why is such a large hierarchy
stable under radiative corrections? One way to solve this problem is to introduce the supersymmetry
which prevents the electroweak scale from receiving radiative corrections. Supersymmetric theories pre-
dict the existence of superpartner particles but, so far, none of the superpartner particles is detected.
Thus it would be important to consider an alternative way to explain the hierarchy problem.

Recently, according to the development of brane world ideas, an interesting possibility is proposed.
The key aspect of brane world ideas is that the dimensionality could be different for matter fields and
the gravity. The gravity can propagate into the whole higher dimensional spacetime. On the other hand,
matter fields are confined to the lower dimensional brane. The scale for the gravity is determined by the
higher dimensional Planck scale, say Al,. If this scale is of the same order as M., there is no hierarchy
problem. Of course, we should explain why the Planck scale in 4D spacetime is Mp not Mey. This can
be explained by that fact that the higher dimensional gravity couples to matter fields very weakly on the
brane.

Randall and Sundrum proposed an interesting model based on this idea [1]. They consider the 5D
AdS spacetime bounded by two branes. The 5D spacetime is described by the metric

ds® = dy® + e~y dz#dz¥, (1)

where k is the curvature scale of the AdS spacetime. The branes are located at ¥y = 0 and y = dy
respectively. The tension of the branes is positive and negative respectively and we are assumed to live
in negative tension brane located at y = dy. The 4D planck scale on the negative tension brane is given
by

ME = (e*% — 1)M3/k. (2)

So, if kdy ~ 37, My can be 10'® GeV even if k and 5D Placnk scale M, are of the order Mey.

In order to realize this scenario, the stabilization of the distance between two branes (so called radion)
is essential. It is of course needed to stabilize the hierarchy between Afp and M..,, but also it is essential
to recover the Einstein gravity on the brane. If we do not stabilize the radion, the linearized gravity is
described by Brance Dicke (BD) gravity with a BD parameter that contradicts solar-system observations
(2). This is because the radion is massless if the stabilization mechanism is not included. The stabilization
mechanism that gives a mass to the radion is necessary.

It has been pointed out that the radion mass is affected by the curvature of the brane [3]. If the
branes are de Sitter branes, the radion mass is give by formula

2= —4H? + m3(H), (3)

where H is the Hubble parameter on the brane and my is the mass which comes from the stabilization
mechanism [4]. This formula tells us that if we do not include the stabilization mechanism, the radion
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is tachyonic and the configuration of two de Sitter branes is unstable. Because the radion mass that
comes from the stabilization mechanism mo(H) also depends on H, it is not so obvious that we do have
a tachyonic mode if we include the stabilization mechanism. The purpose of this article is to investigate
the effect of the curvature of the brane on the stabilization mechanism and investigate whether the stable
configuration for inflationary brane world is possible or not.

2 Stabilization mechanism

The easiest way to stabilize the radion is to include the scalar field in the bulk [5]. The action for the
model is

1

5= [ #2v75 (5 OR=- 3007 - Vo)) - [ deyTRaro - [dav/ TR en @

where x? = M3 and hy are induced metric on the branes. We take the potential for the scalar field in
the bulk V(;2) and on the brane A(y) so that we can derive the analytic solution for the scalar field [6];

6k2 u? . K2
, - el 2 2_ > .24
Vip) n2+(2+ ku)tp AR (5)
6k 2 2 2
Ar =E— Fups F 2ups(p - ox) + a0 - v2)* (6)
Then we can derive the solution for 5D Einstein equation
K22
ds? = dy?+e AW, dr*ds”, A(y) = ky + 1—2+e'2“y,
ely) = pse”™. (7)
The junction condition for the scalar field gives
P o emuds, 8)

Y+
Then the radion dp is fixed by the scalar field.

3 Low energy effective equations

Now we include the effect of the matter on the brane. It is rather difficult to derive the solution for 5D
Einstein equation if the scalar field has time dependence. Here we will use low energy expansion scheme
[7]. We begin with the O-th order solution given by

2, (z)2
Ay, 2) kdo(z)y + "_“’102(2)_3—2“0(:):;‘

o(y,x) = po(z)e vy, (9)

where branes are located at y = 0 and y = k™! respectively. These are the solutions for 5D Einstein
equation for Dyg(z) < kyo, Ddo(z) < kdp(z), where D is the covariant derivative with respect to
induced metric A- on the negative tension brane. And also they can satisfy the junction conditions if
k204 (¢~ — poe~ ) < 1 and x%k~'T% , < 1 where T% , is the energy-momentum tensor on the brane.
We assume that these conditions are satisfied and solve the 5D Einstein equation perturbatively.

In the next order, we can derive the equations that determine ¢y and dy. The resultant theory becomes
a very complicated scalar-tensor theory coupled to the scalar field. It is too complicated to write it down
here, so we use further approximations. First, the potentials on the branes are very steep v+ — 0 so that
the scalar field is exactly pinned down at @. on the branes. Then the solution for g is just

w0 = @4 (10)
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And also we assume that the backreaction of the scalar field is weak, so we neglect the terms proportional
to k22 <« 1. Then the resultant effective Einstein equation on the negative tension (visible) brane is
given by

Gl = —K%KTE, — KPulu + k)94 (p- — ppem)e 05y — B,
2k K2 o . o 1
—'El‘: = l—_m (—2—(62“‘01‘1‘ v + Ti u) + (D“Dud() - 55D'du) - k (D#d()Dudl) + 565(Dd0)2))

+x2u(u + 2k)ps (o= — ppeid)e 05, (11)

The equation for the radion dy is given by the traceless condition for E%;

2 2
Ddy+k(Ddo)* - U(do) = %(e%dunw_), U(d) = 2%%(u+2xrc)<,a+(<p_ —peTudn)emudo(] — g=2kdo),
(12)
where T is the tarce of the energy-momentum tensor.
We first check that the effective equation recovers the result for the linearized gravity. We consider
the stabilized two Minkowski branes. The radion potential has a minimum at

do=d., 2= =eud-, (13)
P+

Let us consider the perturbation around this minimum dy = d. + éd. Then the equation for dd becomes

2k2 2

. — 1
22 K7 dye?A
D?d - m2dd = 0, m2 = mg(d,) =T 2R p2kd. fn

- (14)

(u + 2k)p2 e~ 2ud- = g
+ 3 S5 dyetay

This precisely recovers the result for linearized gravity [8]. For the scale lower than m,., radion is massive,
so it is easy to show that the 4D linearized Einstein gravity is recovered.

4 De sitter branes

Now we consider the de Sitter brane. The stating point is the equation of motion for the radion (12).
The first possibility to have the stabilized radion is to chose

Ty = -T_e®d | o =p e v, (15)
Then the radion mass around this minimum becomes
m? = —4H? + m}. (16)

Because my is of the order TeV if we want to solve the hierarchy problem, this solution is unstable for
H > TeV. However, this solution is not natural phenomenologically. The effective Einstein equation
becomes

2
H =R o), (17)

Thus the energy density on the visible brane should be negative. And also we need the fine tuning
between the energy densities on the positive tension brane and the negative tension brane.

Hence, we seek another possibility. We assume the hidden brane is vacuum, thar is T. = 0. Then the
equation for the radion has a solution

d=dy <d., p-==(u+2k)(p- ~ @se "M )p e (1 - e hdn), (18)

>

Note that the above solution exists only for

p- < Pmaz = 7 (u+ 2"7)992—' (19)

&)
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The radion mass is given by

2 2 2% u? —udyy,~udy 2

m; = mg(dy) - ‘3——,;(11 +2k)p4 (- — pre”"M)e -4H (20)
The effective Einstein equation gives

Kk p_

2o KKk po
a3

(21)
The energy density on the brane is positive and the Friedmann equation is completely the same as the
4D Einstein gravity where the 4D Placnk scale is given by M2 = (e?*d# — 1)M3/k. In order to solve
the hierarchy problem, we assume & and u are M., scale. Then the energy density p- cannot exceed
Pmax ~ M2, and the Hubble parameter should be

M,

H? < .
M:,

(22)

Hence the tachyonic mass —4H? in m? can be neglected. And also the second term should be small

because of our assumption x%p (- — poe™"%) < 1. Thus we conclude that the radion mass squared is
positive
0 <m?<ml (23)

Therefore, in this case, a configuration of inflationary two branes is stable.

5 Conclusion

In this article, we derived the low energy effective theory in the stabilized Randall-Sundrum brane world.
We have shown that a stable configuration of inflationary two branes is realized. However, phenomenolog-
ically, this model has a crucial problem. The Hubbel scale is very low so it is quite difficult to produce the
correct amplitude of the density fluctuations. It is a common problem in TeV gravity scenario where the
energy density cannot exceed MJ,. And also, the minimum of the radion is different from true minimum
d. during inflation. Then there could be a moduli problem.

A possible way to avoid the problem of the low Hubble scale is to include the energy density on the
hidden brane. However, even in this case, the Hubble scale cannot exceed TeV because for H > TeV the
tachyonic mass —4H? appeared in radion mass becomes important and it becomes difficult to construct
the stable configuration [4]. Moreover, in this case inflaton is living on the hidden brane, we need a
mechanism to convert the energy density of the inflaton to the radiation on the visible brane. Careful
investigations are needed in order to construct an inflation model in the stabilized Randall-Sundrum
model.
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Abstract

We construct a conformal field theory(CFT) model which describes the three-
dimensional Hawking-Page phase transition. We find that the free fermion CFT
on the boundary torus has a good description for it. Around the critical temperature
where semi-classical approximation does not work, the modular invariant free fermion
model predicts that the transition will smoothly occur through the conical spaces and
small black holes phase, which means Hawking-Page transition is not phase transi-
tion. However we also find that the free fermion model which do not have modular
invariance predicts that the three-dimensional Hawking-Page transition is the second
order phase transition.

1 Introduction

The Hawking-Page phase transition is 2 transition between thermal anti-de Sitter space and AdS black
holes spacetime with thermal radiation[1]. The original argument is based on the semi-classical approxi-
mation of the Euclidean path integral. However this approximation will break down around the critical
temperature, and we have to consider the quantum correction between two classical solutions.

We consider the three-dimensional Hawking-Page transition and construct the phenomenological
boundary conformal field theory model which describes it. The boundary CFT can be regarded as
the quantum theory of asymptotically AdSs gravity so that it can predict the thermodynamical behavior
even for the temperature around the critical one. The free fermion CFT on the torus which is the bound-
ary topology of asymptotically thermal AdS; spacetime gives us a good description of the transition for
the temperature T >» T and T <« T, in comparison with the result of the semi-classical approxima-
tion. The modular invariant free fermion model predicts that the three-dimensional Hawking-Page phase
transition will occur smoothly through a conical space and small black holes phase, which means the
Hawking-Page phase transition is not a phase transition. On the other hand, the free fermion models
which do not have modular invariance may predict that the Hawking-Page transition is the second order
hase transition. Thus it seems to have some relation with modular invariance of the boundary conformal
field theory whether the Hawking-Page transition is phase transition or not.

2 The three-dimensional Hawking-Page transition

We consider canonical ensemble of a black hole, that is, the situation in which a black hole is in equilibrium
with thermal radiation in the bulk at the Hawking temperature. The partition function of this system is
defined by a path integral over metric fields which tends asymptotically to anti-de Sitter space identified
periodically in a Euclidean time with the period 3 = 1/Ty. The partition function can be evaluated by
the semi-classical approximation:

7= Dg e~ 1eld] ~ =113} (1)

te~teg+/T
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where § is the metric of the classical solutions. Thus we can obtain the free energy of each thermal
spacetime[2).

_ —-(2n1T)* (BTZ)
F = -TlogZ=TIglg) = { -1 (AdSs) (2)
The expectation values of the energy in each space are
(Eyorz = —logZ =05~ 2 a1 = (2miT)? @)
BTZ Bﬁ g a g =M=
(E)Ad$3 = -l (4)

At the temperature T = T, := (2n!)~!, the free energy of thermal radiation accords with that of a BTZ
black hole. For temperatures T < T, the free energy of thermal radiation is lower than that of a BTZ
black hole which means that a BTZ black hole is less possible than pure thermal radiation. On the other
hand, if T > T, the free energy of the BTZ black hole will be less than that of pure radiation. Then pure
radiation will tend to tunnel to the BTZ black hole configuration. This is the Hawking-Page transition,
which means the most dominant classical solution (or state) changes as temperature does.

At the critical temperature T = T, the energy of spacetime seems to change discontinuously. How-
ever, the evaluation of the partition function in this argument is only depends on the semi-classical
approximation which will be broken near the critical temperature because, at the ctirital temperature,
two classical solution contribute to the partition function equally, and some Euclidean solution interpo-
lating these two classical solution will be impertant. Therefore we have to consider alternative approach
in order to investigate this transition near the critical temperature.

3 CFT description of the three- dimensional Hawking-Page tran-
sition.

There are some features of asymptotically AdS; spacetime which imply the quantum theory of asymptotic
AdS3 is the boundary conformal field theory. First, there is no local gravitational degrees of freedom in
bulk. Only pure gauge exists there. It becomes physical on the boundary. The second feature is the
asymptotic symmetry including quantum fluctuation of metric fields is the Virasoro symmet.ry which is
two-dimensional conformal symmetry. The central charge of it is also given as ¢ = The third feature
is topology of the Euclidean boundary is a torus 72 with the modular parameter 'r = 57~ These facts
stronsgly suggest that quantum gravity of asymptotically AdSs is the CFT on the boundary T? with
c= bTeld
In terms of CFT, the mass gap between AdS3 and BTZ spacetime at zero temperature can be explained
as the casimir energy of CFT(3]. Furthermore, Strominger related the entropy of a large BTZ black holes
to the number of microscopic states in conformal field theory through the Cardy’s formula[d]). Thus we
can expect that the boundary CFT can also describe the Hawking-Page transition.

We consider pure fermionic CFT on the boundary torus, because, at the finite temperature, there is
no supersymmetry and bosonic fields contribute finite correction to the specific heat in low temperature
limit where it should be zero. The modular invariant partition function of pure fermion CFT on the
boundary torus with the modular parameter 7 is

- (48)" (389" (4

It behaves as;

e~ laas,y (T —0)
ZI(T) bd { e-!lsrz (T_. CX))
Thus the Hawkmg-Page transition can be described in this model. The turning point of the partition
function is 7 = —; where T = T.. The expectation value of energy in low and high tenperature limit
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Figure 1: This figure shows the behavior of the energy (3) in classical limit around the critical temperature
T =T.. Weset £ =1/2m, so T = 1. This is the result of the modular invariant free fermion model.

behaves as

Mags, + 0(8-’-"" ) (T—0)
Mgrz(T) + O(T%¥'T), (T - )

(E)s
(E);

where Maqs,, Mprz are the mass of AdS; space and a BTZ black hole respectively. For T ~ T, in
classical limit (G3 — 0),

8G3(E) s ~ —241 (a,,os a"") ,

03

which means the contribution comes only from the NS-NS sector in this model. Around the critical
temperature, this model predicts the transition occur smoothly, passing through the conical space phase
(- T < M < 0) and small black holes phase (0 < M < g=).

If one can be allowed to break the modular invariance, t,ﬁe partition function consisting only of R-NS
and NS-R sectors can be considered.

Then the expectation value of energy and the specific heat are:
8G Cnsp = %{Eﬁ_—c—e‘%c I:hz;:i (%2: - Z’;;i - (z—i)2 + (%’)2)]
+241;§(£% (9' - %)2 @)

The behavior of the specific heat are shown in the figure 2. There is discontinuity in the specific heat and
therefore the Hawking-Page transition in this case can be interpreted as a second order phase transition.

4 Summary

We show that the Hawking-Page phase transition which is originally predicted in the Euclidean semi-
classical gravity can also be described in boundary CFT by identifying the boundary CFT partition



| 1.5 2 2.5 3
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Figure 2: This shows (7). We set { = (27)~! so that T, = 1. It diverges at the critical temperature.

function with that of Euclidean asymptotic AdS; gravity. In the semi-classical gravity, we can not
discuss thermodynamics near the critical temperature in terms of semi-classical gravity because two
classical solution equally contribute to the partition function. In this work, we treat the boundary CFT
as an effective quantum theory which can predict the thermodynamical behavior even at the critical
temperature.

For a CFT model, we consider a free fermion model. The partition function of this CFT behaves
as that of the gravitational instanton of AdS; and a BTZ black hole in low and high temperature limit
respectively. This fact means the Hawking-Page transition can be described by the boundary CFT,
and the critical temperature can be determined as the self dual point under the boundary modular
transformation 7 — —%, giving the same temperature as in the Euclidean semi-classical result. This
model has a good description for temperature not around the critical temperature.

Unlike the transition predicted in the Euclidean semi-classical approach, the modular invariant fermions
model seems to have smooth transition between the AdS; phase and the BTZ phase even in classical
limit. It is a new prediction from this fermions model. In classical limit, the dominant contribution to
the partition function around the critical temperature comes only from the NS-NS sector in this model.

If one can be allowed to break modular invariance, only R-NS and NS-R sectors will also be considered.
These sectors are also invariant under the boundary modular transformation 1 — —%. The contributions
from these sectors are much like the case of the Euclidean semi-classical approach in classical limit.
Around the critical temperature, this model shows that there is discontinuity in the specific heat at the
critical temperature, which means that the Hawking-Page transition is the second order phase transition.
Therefore, it seems to have some relation with modular invariance of the boundary conformal field theory
whether the Hawking-Page transition is a phase transition or not.
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Abstract
A stability criterion is derived in general relativity for self-similar solutions with a
scalar field and those with a stiff fluid, which is a perfect fluid with the equation of
state P = p. A wide class of self-similar solutions turn out to be unstable against
kink mode perturbation. Several interesting applications are discussed, one of which
is related to critical behaviour for these two systems.

1 Introduction

Scale-invariant nature of gravity implies that there exists a class of scale-invariant solutions for the
gravitational field equations, which are called self-similar solutions. Recently, self-similar solutions have
been watched with keen interest and intensively investigated because of their importance among more
general non-self-similar solutions in dynamical situations. It has been reported that a class of self-
similar solutions is realized as an attractor in generic situations. The suggestion that solutions might
naturally evolve to a self-similar form is called self-similarity hypothesis [1]. In fact, Harada and Maeda (2]
numerically found that a self-similar solution is an attractor in the spherically symmetric collapse of a
perfect fluid with the equation of state P = kp (0 < k < 1) at least for 0 < k < 0.03.

Spherically symmetric self-similar solutions have been also studied in the context of critical behaviour
in gravitational collapse, in which a self-similar solution, which is called a critical solution, is not an
attractor but an intermediate attractor. The critical behaviour was numerically discovered by Choptuik (3]
in the spherical system of a massless scalar field. In this case, the critical solution is a discretely self-similar
solution. This phenomenon has been understood by Koike, Hara and Adachi by using a renormalization
group approach [4]. They found that a critical solution is identified with possessing a single unstable
mode. Evans and Coleman (5] studied the spherical system of a radiation fluid (P = p/3) and found
similar phenomena although the observed critical solution is a continuously self-similar solution. Several
authors (5, 6, 7, 2] have extended the work to perfect fluids with the equation of state P=kp(0<k<l)
although the observed critical solution is a continuously self-similar solution. For a stiff fluid (k =1),
it is interesting because the stiff fluid is known to be equivalent to a massless scalar field in certain
circumstances (8. Neilsen and Choptuik (7] studied the stiff-fluid system and found that the critical
behaviour can be regarded as a continuous limit of that for a perfect fluid with P = kp (0 < k < 1)
as k — 1. The critical solution is continuously self-similar and we refer to the critical solution found
by Neilsen and Choptuik as the Evans-Coleman stiff-fluid solution. Brady et al. (8] numerically found a
continuous self-similar solution for which the solution has regular centre and analytic similarity horizon
in the spherical system of a massless scalar field. We refer to this self-similar solution as the Brady-
Choptuik-Gundlach-Neilsen (BCGN) solution. They found that this solution has a single unstable mode
which is analytic at the similarity horizon and studied the mystery of why the critical behaviour for a
stiff fluid is different from that for a scalar field.

! E-mail:hideki@gravity.phys.wasdea.ac.jp
2E-mail:T.Harada®qmul.ac.uk



The present article concerns weak discontinuity around self-similar solutions. If we insert a pertur-
bation with a sufficiently small weak discontinuity, it may grow too large to neglect as time proceeds.
This instability has been called kink instability. Harada [9] investigated the kink instability of self-similar
solutions for the spherical system of a perfect fiuid with the equation of state P = kp (0 < k < 1) in
general relativity. In this article we derive a stability criterion against the kink mode perturbation for
both self-similar solutions with a scalar field and those with a stiff fluid in general relativity. Several
interesting applications are discussed, one of which is related to critical behaviour for these two systems.

This article is based on (10} and organized as follows. In Sec. 2, we derive the basic equations for the
spherically symmetric Einstein-scalar-field system and those for self-similar solutions. Also in this section
we introduce the kink mode for the self-similar scalar-field solutions, derive the equations for this mode
and obtain the stability criterion for self-similar scalar-field solutions. In Sec. 3, the stability criterion for
self-similar stiff-fluid solutions is mentioned. In Sec. 4, we discuss the applications of the present result,
in particular, to critical behaviour of gravitational collapse. We adopt units such that G =c = 1.

2 Stability criterion for self-similar solutions with a scalar field

2.1 Equations for a self-gravitating massless scalar field

In this section, we basically follow the notation given by Brady et al. [8]. We consider a massless scalar
field ¢ as a matter field, for which the stress-energy tensor is given by

T = vepvbe — %g"" (Veo6Vee). (1)
We adopt the Bondi coordinates for a spherically symmetric spacetime as
ds® = —ggdu® — 2gdudR + R*(d6® + sin® 0d¢?), (2)
where g = g(u, R) and § = §(u, R). For later convenience we define a new function 2(u, R) as
¢ =h(u,R) - xlnul, (3)
where « is an arbitrary constant, and we define the following variables:
R
r=-— X=hiz|, T=-lnly. (4)
Then the Einstein equation and the equation of motion for the scalar field reduce to
(Ing) = d4mh"?, (5)
i = 9-3 (6)
g [(%) + (3)] = 81r(7z+iz’+x){r(fz+l'z’+n)—§7:’], (7
@GR +gh' = 2a((h+R')+(h+h) +4, ®)

where the dot and prime denote the partial derivatives with respect to 7" and X, respectively. We refer
to u < 0 and u > 0 as early times and late times, respectively. It is noted that the present definition of
prime is different from that in Brady et al. [8].

2.2 Self-similar scalar-field solutions

For self-similar solutions, we assume that g = g(X), § = §(X) and % = A(X). The ordinary differential
equations for g, § and h are given by

(Ing) = d4mj°, 9)

§ = g-3§ (10)

9-§ = dm[2k*z - (g - 2z)(% + 2&7)], (11)

R o= j (12)
(2z-g)j' = -2xz+j(g-2z). (13)
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where the prime denotes the differentiation with respect to X.

These equations are singular when § = 2x. which is called a similarity horizon. We denote the value
of x at the similarity horizon as z, and also the value of X as X, = In|z,|. This line corresponds to a
radial ingoing (outgoing) null curve for early-time (late-time) solutions because

dX 1o 3

T - T (14)

along a radial ingoing (outgoing) null curve. We consider self-similar scalar-field solutions with finite
values of functions g, §, h and j and their gradients with respect to X at the similarity horizon. Then

we find at X = X

g =2c,(dmx? +1). §= 2z, '=%}—€, (15)

for x #0 and
g=g=2x. J=ju (16)
for x = 0. For x = 0, similarity horizons are parametrized by j;.

2.3 Kink instability of self-similar solutions with a scalar field

We consider perturbations which satisfy the following conditions in the background of a self-similar
solution: (1) The initial perturbations vanish inside the similarity horizon for early-time solutions (u < 0).
(For late-time solutions (u > 0), the initial perturbations vanish outside the snmllamy horxzon ) (2)g.3.h

and k' are continuous everywhere, in particular at the similarity horizon. (3) 2" and h are discontinuous
at the similarity horizon, although they have finite one-sided limit values as X — X,—0and X — X,+0.
We denote the [ull-order perturbations as

89(T. X) = ¢(T. X) — go(X), 64(T.X) = §(T.X) = gn(X), Sh(T.X)=h(T X)-hy(X),  (17)

where gy, g1, and hy, denote the background self-similar solution.

By conditions (2), the perturbations satisfy 6h = 6h' = 0 and 6h” # O at the similarity horizon at
initial moment T = Ty. The evolution of the initially unperturbed region is completely described by
the background self-similar solution because no information from the perturbed side can penetrate the
unperturbed side by condition (1). Then, by conditions (2) and (3), we find 8h = 6R' = 0 and 6h" # 0
at the similarity horizon for T > Ty for early-time solutions (for T < T for late-time solutions). We find
8g = 6§ = 8¢’ = 65’ = 65" = 0 but 6¢g” # 0 and 65" # 0 from Egs. (5), (6) and (7) for the full-order
perturbations at the point of discontinuity.

After some calculations, we obtain the full-order perturbation equation for 8§’ at the similarity horizon:

83’ - (8wx® = 1)8j' = 0. (18)

It should be noticed that the full-order analysis results in a linear-order equation. This equation can be

integrated as
05’ = const - e°7, (19)

where
a = —(1 - 8nx?). (20)

Therefore, for early-time solutions, it is found that the perturbation decays exponentially for 4wk < 1/2,
it is constant for 47«2 = 1/2 and it grows exponentially for 4wx> > 1/2. The situation is reversed for
late-time solutions.

Here we define instability by the exponential growth of discontinuity. Then we find the following
criterion: for early-time solutions, solutions with a regular similarity horizon and drr < 1 /2 are stable
against the kink mode, while those with 4mwk? > 1/2 are unstable. Solutions with 4wx2 = 1/2 are
marginally stable against this mode. The situation is reversed for late-time solutions.



3 Stability criterion for self-similar solutions with a stiff fluid

An irrotational stiff fluid with positive energy density is equivalent to a scalar field with a timelike
gradient. When there is the equivalence between a self-similar scalar-field solution and a self-similar
stiff-fluid solution, the stability against the kink mode and its growth rate coincide for both sclf-similar
solutions.

It is noted that discontinuity grows more rapidly and blows up to infinity at a finite moment before
t = 0 for the perfect-fluid system with P = kp (0 < k < 1) [9]. In other words, the kink instability results
in the reduction of the rank of differentiability and the formation of a shock wave before the singularity
formation for a perfect Auid with 0 < k& < 1, while it does not for the scalar-field system and also for the
stiff-fluid (k¥ = 1) system until the singularity forms.

4 Applications

These systems have recently attracted attention in the context of critical phenomena in gravitational
collapse. The present result shows that both the BCGN scalar-field solution (47« = 0.577) and Evans-
Coleman stiff-fluid solution, which are both early-time solutions, are unstable against the kink mode.
This implies that the latter solution, which was identified with a critical solution in the stiff-Auid collapse
by Neilsen and Choptuik (7] and Brady et al. [8], cannot be a critical solution once we allow sufficiently
small discontinuity in the density gradient field in the initial data sets; nor can the BCGN scalar-field
solution be a critical solution once we allow sufficiently small discontinuity in the second-order derivative
of the scalar field in the initial data sets. As another important application, we have shown the kink
instability at the particle horizon of the flat Friedmann universe, which is a late-time solution, with a
scalar field (4rx® = 1/3) and with a stiff fluid, while the flat Friedmann collapse solution, which is an
early-time solution, is stable against this mode.
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Abstract

In the context of the Randall-Sundrum braneworld scenario, we consider the bulk
dynamics and brane cosmology in terms of the local energy conservation law which
is satisfied in a spacetime with constant curvature 3-space. The local conservation
law enables us to define the local mass in the bulk. We show that on the brane the
local mass gives the generalization of the dark radiation term. We find there also is a
conserved current associated with the bulk Weyl tensor, thus the corresponding local
charge, which we call “Weyl charge”. The Weyl charge is given by the sum of the local
mass and a linear combination of some components of the bulk energy momentum
tensor. On the brane, the Weyl charge gives the non-trivial component of projected
Weyl tensor in the geometrical formalism. This gives the unique decomposition of the
projected Weyl tensor into the generalized dark radiation and the remaining bulk-
induced energy-momentum tensor.

1 Introduction

In braneworld scenarios, our universe is assumed to be on a membrane embedded in a higher dimensional
spacetime. In this paper, we focus our attention on a single brane scenario with negative bulk cosmological
constant, the so-called second Randall-Sundrum (RS2) scenario {1].

In many cases, the 5-dimensional bulk geometry is assumed to be AdS-Schwarzschild:

2 2 -

i =-(K+ - )i+ (K+ 7 - 3) dr® + 120y, (1)
where £ := /—6/As is the AdS curvature radius, M is the black hole mass, and dQ'(',K.a) is the maximally
symmetric (constant curvature) 3-space with K = —1, 0 or +1. The brane trajectory in the bulk,

(¢,7) = (¢(7),r(7)), is determined by the junction condition. As usual, we impose the reflection symmetry
with respect to the brane. Then, we obtain the effective Friedmann equation on the brane as

2 K Ka 1 ki M
(;) 7= (G- 7) + 3 (2oe+ #) + 2, @
where o and p are the brane tension and energy density of the matter on the brane, respectively, and
# = dr/dr with 7 being the proper time on the brane. The final term proportional to the mass of the bulk
black hole is often called the “dark radiation™ since it behaves as the ordinary radiation. Geometrically,
it comes from the projected Weyl tensor in the bulk, denoted commonly by E,, [2].

When the bulk ceases to be pure AdS-Schwarzschild, or when there exists a dynamical degree of
freedom other than the metric, the parameter My is no longer constant in general, but becomes dynamical.
In this paper, we investigate the case when there is non-trivial dynamics in the bulk, and clarify the
relation between the bulk geometry and the dynamics of the brane. We focus on the case of isotropic and
homogeneous branes, hence assume the existence of slicing by the maximally symmetric 3-space as in
Eq. (1). In this case, we can derive a local energy conservation law in the bulk, in analogy with spherical

*E-mail:masato@yukawa.kyoto-u.ac.jp
tE-mail:misao@yukawa.kyoto-u.ac.jp

—162—



symmetric spacetimes in 4-dimensions [3]. Then. this conservation law can be used to relate the brane
dynamics with the geometrical properties of the bulk, especially with the projected \Weyl tensor in the
bulk.

In this paper, we derive the local energy conservation law in the bulk and discuss the general property
of the bulk geometry and cosmology on the brane. We show that there exists a unique generalization of
the dark radiation that is directly related to the local mass in the bulk. We also find that there exists
another conserved current associated with the Weyl tensor, as a non-linear version of what was found
in [4]. We call it the Weyl charge. The difference between the local mass and Weyl charge is given by
the linear combination of certain components of the bulk energy-momentum tensor, and the projected
Weyl tensor that appears in the effective Friedmann equation on the brane is indeed given by this Weyl
charge. Thus we have a unique decomposition of the projected Weyl tensor term into the part due to
the bulk mass that generalizes the dark radiation term and the part due to the bulk energy-momenturn
tensor.

2 Local Conservation Law and Brane Cosmology

2.1 Local conservation law and the Weyl charge
We assume the bulk has the 3-space with constant curvature. The bulk metric is

4
ds® = %dudv + r(u,v)?dQ 5). 3)

where we refer to v and u as the advanced and retarded time coordinates, respectively. The 5-dimensional
Einstein equations are given by

Gab + Asgab = K3Tas + Sasd(y — ¥0). (4)

where the indices {a, b} run from 0 to 3, and 5, and A; and 2 are the 5-dimensional cosmological constant
and gravitational constant, respectively. The brane is introduced as a singular hypersurface locates at
¥ = Yo, where y denotes a Gaussian normal coordinate in the vicinity of the brane, and S, denotes
the energy-momentum tensor on the brane. The spacetime is assumed to be reflection symmetric with
respect to the brane.

In this system, it is easy to show that a vector field

a_lgf_ 18 10\
"2‘1’( )

+ — —
ryOv r,du

(3)
is locally conserved, i.e. £%,; = 0. The vector field £* corresponds to the asymptotically timelike Killing
vector in an asymptotically constant curvature spacetime. Using the vector field £%, we define another
conserved vector field

- 1 -

a b

§e=¢ (T,,° - rcgAg.«s:) 5%, =0. (6)

The corresponding charge, which is so-called “local mass”, is
M=K - 9). (7)

For convention, we often use the bulk matter part

M:=M- %Asr“. (8)

Using the relation Cobcd‘d = Jabe, where Jopc is given by a linear combination of Ty, (5], we also find
one more locally conserved vector field Q* associated with the bulk Weyl tensor,

Q° =r&nJbe; Q% =0, (9)
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where ¢, and n, are a set of two normalized, hypersurface orthogonal null vectors (6]. The corresponding
charge is clearly r1C,,"*, which we call the “Weyl charge”.
The local mass and the Weyl charge are uniquely related to

rCp’ = 30 + (sc:" —G‘) 3M + 6n,(6T" —T‘) (10)

2.2 Brane cosmology

We now consider the dynamics of the brane in the bulk discussed in the previous subsection. The brane
trajectory is parameterized as (v,u) = (v(7),u(7)). The parameter 7 is assumed to be the proper time
on the brane and given by

T.ul.u

¢

on the brane, where & = du/dr and so on. The junction condition under the reflection symmetry
determines the brane trajectory

4 ah = =1 (11)

i=—5[(o+2)- 5] w

e g

where H = #/r. From these equations, we obtain the effective Friedmann equation on the brane

5 e (- )+ ) . w

For a dynamical bulk, A varies in time. The evolution of M on the brane is given
M = Myj+M,
2 1 . 1 ] 2 4
= sngr" [T.,,,(-é-ng(p +a) - H)v2 - Tyu (Eng(p +0a)+ H)uz] - gn;r"HT”u . (15)

From the Codacci equation on the brane [2], we obtain the equation for the energy transfer of the matter
on the brane to the bulk,

p+3H(p+p) = 2(_Tuui’2 + Tuu'&g) . (16)

Equations (14), (15) and (16) determine the cosmological evolution on the brane, once the bulk geometry
is solved.

Next, we relate the above result with the geometrical formalism developed in [2], in particular with
the E, term on the brane. The projected Weyl tensor

E, = Cnubu nanb’ (17)
has only one non-trivial component as
Err = Cal.'n:d""v“"-‘:vb'ud = 4Cmmtﬂ"-2£’2 = —Cuw*". (18)

Using Eq. (10), this can be uniquely decomposed into the part proportional to Af and the part due to
the projection of the bulk energy-momentum tensor on the brane:

a1 M 3
Er==T7 %% =%

Finally, from the brane point of view, the expressions for the effective total energy density and pressure
on the brane are given:

(G’ - 6G” ) =20 (T‘.—GT ) (19)

p(tot.) = p(hmnc) + p(hulk) , p(tul.) = p(hrnnc) +p(l)1|lk) \ (20)



where
2
h.gp(bmnc) = 3[%,% (P + 0—)] , ngp(hmnc) = %Kg (p + o‘) (p -0+ 2p) .

3M M 1 Umy U -
2 (buik) _ 98 2 (hulk) _ M 1 af Umy  Ury v
Kt = 22l —r4+3n5( =T, ﬁT,,+2T,,). (21)
where both A7 and T contain the contribution from the bulk cosmological constant. It may be noted
that, unlike the effective energy density, the effective pressure contains a part coming from the bulk that
cannot be described by the local mass alone. The contracted Bianchi identity implies the conservation
law for the total effective energy-momentum on the brane:

,_-)(bulk) +3H (p(bulk) + p(bulk)) — _ﬁ(hrnnc) -3H (p(hrnnc) +p(hnmc)) . (22)

This is mathematically equivalent to Eq. (15). However, these two equations have different interpretations.
From the bulk point of view, Eq. (13) is more relevant, which describes the energy exchange between the
brane and the bulk, whereas a natural interpretation of Eq. (22) is that it describes the energy exchange
between two different matters on the brane; the intrinsic matter on the brane and the bulk matter
induced on the brane. The important point is, as mentioned above, that the pressure of the bulk matter
has contributions not only from the local mass but also from a projection of the bulk energy-momentum
tensor, which makes the equation of state different from p(Pulk) = p(hulk) /3 e  that of a simple dark
radiation.

3 Summary

In the context of the RS2-type brane cosmology, we focused on a dynamical bulk with maximally sym-
metric 3-space and derived two local conservation laws in the bulk. One of which is just the local energy
conservation law and the corresponding charge is the local mass, the existence of which is known for
spherically symmetric spaces in 4 dimensions. The other, which is newly found, is associated with the
Weyl tensor, hence we call the corresponding charge the Weyl charge.

We found that the bulk geometry is completely described by the local mass M and it is directly
related to the generalized dark radiation term in the effective Friedmann equation. We also found that,
on the brane, the Wey! charge is directly related to the time-time component of the projected Weyl tensor
that appears in the geometrical approach, and it can be expressed in terms of M and a certain linear
combination of the components of the bulk energy-momentum tensor. Further details and applications
to a null dust fluid and the bulk inflaton model are discussed in [6].

Finally, let us briefly comment on future issues. As a more realistic situation, it will be interesting
to consider a bulk scalar field such as a dilaton or a moduli field. In this case, it will be necessary to
solve the bulk and brane dynamics numerically in general. Another interesting issue will be to study the
evaporation of a bulk black hole by the Hawking radiation and its effect on the brane dynamics.
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Abstract

Modified Weyl’s canonical coordinates are introduced to the higher dimensional gen-
eralization of Weyl solutions developed by Emparan and Reall. It is shown that four
dimensional Laplace equation with two independent rotational symmetries in a hypo-
thetical Euclidean space is derived, instead of three dimensional one in the treatment
of Emparan and Reall. In five dimensional case especially, the metrics correspond-
ing to the modified Weyl's canonical coordinates asymptotically approach a simple
Minkowski metric which shows apparent flatness. We also discuss how five dimen-
sional black hole solutions are described using the modified version of the generalized
Weyl formalism.

1 Introduction

In the long history of the study of four dimensional Einstein gravity, Weyl’s axisymmetric solutions of
Einstein equations[1] have continued to play important roles to deepen understanding of general relativity
the same as the familiar Schwarzschild or Kerr solutions(2].

Through the investigations of the Weyl solutions, we can acquire the knowledge of general features of
four dimensional gravity which could never be grasped only with the Schwarzschild or Kerr solutions.

In the case of higher dimensional gravity, recently Emparan and Reall tried to generalize Weyl'’s treat-
ment of axisymmetric solutions to higher dimensions[3]. For the study of spacetimes in higher dimensional
gravitational theories have become more and more important rapidly owing to the recent remarkable de-
velopment of fundamental theories including brane world models, so that deeper understanding of higher
dimensional gravity should be needed for further development.

Following the pioneering work by Emparan and Reall, rotating black ring solution in five dimensions
was presented by themselves simultaneously[d] and recently Tan and Teo proposed multi-black hole
solutions as corresponding five-dimensional solutions(3] to the Israel-Khan solution[6] in four dimensions,
and also Ida and Uchida gave higher dimensional treatment of Maxwell-Einstein system with the same
symmetry as the generalized Weyl formalism (7).

Emparan and Reall showed that by adopting the original Weyl's canonical coordinates, D-dimensional
Einstein equations in the case with D — 2 orthogonal commuting Killing vector fields, where one is
timelike and others are spacelike, can be reduced essentially to axisymmetric Laplace equation represented
with circular cylindrical coordinates in three-dimensional flat space. However the three-dimensional
flat space which the Laplace equation is defined has no direct connection to any real spacetime, so
that metrics derived as the generalized Wey!l solutions have rather complicated forms especialy near
spacelike infinity. Only in the original four dimensional case treated by Weyl, the spacelike portion of the
metrics happens to have the form corresponding to the metric of three-dimensional flat space in circular
cylindrical coordinates. Emparan and Reall also showed that the metrics of five-dimensional black holes
in asymtotically flat spacetimes are derived from the solutions of the three-dimensional Laplace equation
corresponding to the Newton potentials produced by several finite rods and two semi-infinite rods with
mass line density 1/2, which are appropriately arranged along z axis (see the paper by Tan and Teol[5]
in more details ).

In this place we reconsider the generalized Weyl formalism by Emparan and Reall. Modification of
their formalism is done by introducing another choice of coordinates in place of Weyl's original canonical
ones. [t is shown that four dimensional Laplace equation with two independent rotational symmetries in a
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hypothetical Euclidean space is derived in place of three dimensional one, and especially in five dimensions
the metrics corresponding to the modified Weyl's canonical coordinates asymptotically approach a simple
Minkowski spacetime metric which shows apparent flatness. We also discuss how the five dimensional
black hole solutions are described using the modified version of the generalized Wey) formalism.

2 Modification of Generalized Weyl Formalism

Here we consider general D-dimensional spacetimes with D — 2 orthogonal commuting Killing vector
fields, where one is timelike and others are spacelike. Following the argument by Emparan and Reall[3],
as a starting point we can adopt the metric form,

D-3
ds? = —e?¥o(da®)? + 3 e?i(da')? + e*CdZdZ (1)
i=1
where Uy, U; and C are functions of Z and Z.
The vacuum Einstein equations are reduced to the following,

Uo + Z U = log [w(2) + ®(2)] + const. )

W2,2) :=C(Z,2) - §log(azw32w)

dzv = —(u‘;: =) L1<s02U182U, ®3)
v = —(wa: 2 1<y02U102U; (I,J=0~D-3)
2w+ w)8z92U; + OzwdzU; + 82wdzU; (i=1~ D -13), 4)

where w(Z) and w(Z) are an arbitrary function of Z and its complex conjugate respectively.
When the following Weyl’s canonical coordinates are introduced

w(Z)=2 (=r+iz), (5)
the equation (2) becomes
D-3
Z Ur=logr (6)
I=0
and the equation (4) changes into
GUI+18,Us +62U; = 0. (7)

From these equations (6) snd (7), the following statment is deduced that U; are given as some three-
dimensional Newton potential and the total sum of U/; must be Newton potential corresponding to an
infinite rod of zero thickness lying along z-axis with mass line density 1/2.

Now we introduce the following modified Weyl’s canonical coordinates,

1 2 . 92 - X2 .
w(Z)=EZ =xp+i 5 (Z=x+1ip), (8)
in place of the Weyl's original ones. Then the basic equations (2) and (4) are reduced to
D-3
> Ur=logp+logx, (9)
1=0
1
O + L 0xUs + 83U + %a,,u, =0. (10)

In this case, U; is given as some four-dimensional Newton potential and the total sum of U; must be
Newton potential corresponding to the homogeneous mass distribution on orthogonal two flat planes in
an auxiliary four-dimensional Euclidean space.
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3 The Five-dimensional Schwarzschild Black Hole solution

We restrict our concern to five dimensional black holes. In the case of the original generalized Weyl
formalism, the five-dimensional Schwarzschild metric takes the form [3]

ds® = —e?Vodt? + eV dg? + e2V2dy? + e (dr? + d2?). (11)
Ul = glog(VEE G AT + (2 + /)
1
U, = 3log (VTG AAR - (2 - i)

U = logr=-U,-Us.

where the coordinates (z°, z!, 2?) are replaced with (¢, ¢, ¥). The function v is omitted for want of
space. The Source for Uy is a finite rod with mass line density 1/2 on z axis and the sources for U; and
Us are two semi-infinite rods with mass line density 1/2 extending to different directions along z axis,
respectively. About the spacelike infinity, the metric above can be approximately written in the form

2 o A2 2 2 2 2 2 _ 2 _;_ 2 2
ds dt +{ ré+z +z}d¢ +{\/r +z z}dt/; +2m(dr +dz*). (12)
The right hand side of the equation (13} is a Minkowski metric represented in a four-dimensional co-
ordinates similar to the two dimensional orthogonal curvilinear coordinates based on hyperbolas. This
form is not so convenient for the analysis of the spacetime, because the z axis (r = 0) can be actually
considered a pair of orthogonal two dimensional planes in the slice of constant time, if we take the large
scale viewpoint. See Fig.1.

P >0

r = const.

Figure 1: The relation between the coordinates (r, z) and (x, p) is depicted. The black shaded region at
the origin includes the region of strong gravity.

On the other hand, in the case of the modified weyl’s canonical coordinates, using new functions
Up:=Up, Uy :i=U, —logp, and U, := Uz — log x, the metric form is written as
ds? = —e20ogds? 4 200 plde® + e2g°x2d1/)2 + &2 (dp® + dx®), (13)

and the relation corresponding to the equation (10) changes into Uy + U + U = 0.
In this coordinates, the five-dimensional Schwarzschild Black Hole solution is described with the
following Uy,

- 1 1 3 G 2 2
0 = 5log [? (VAP + @ =+ a2+ (6 - X + #/?))]
. 1, [1

2 = ;log [p—z (\/‘Wx2 +(0? =2~ p/2)2 - (p° - X* - “/2))]
~0 = _ffl - [-J'.’-
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D,/ X x(Corp)

(a) (b)

/9

Figure 2: (a) is for [y and (b) is for U; or U;. The white colored portions correspond to no matter
distribution. The gray ones mean existence of matters.

which can be derived from U; just performing the coordinate transformation r = xp and z = (p? — x2)/2
and correspond to homogeneous disk sources (for example, see Ida and Nakao[8)). .

As depicted in Fig.2, the function Uj is given as four-dimensional Newton potential generated by two
disk sources D, and D with surface mass density 1/2 which are put on two orthogonal flat planes in an
auxiliary four-dimensional Euclidean space. On the other hand the functions {; and I/, are generated by
the homogeneous mass distribution on a flat plane where the same disk mentioned above is taken away.

The asymptotic form of the metric (13) is given by

ds® ~ =dt? +dp? + p? do® + dx® + X2 dy?, (14)

which shows that the spacetime approaches to five-dimensional Minkowski Spacetime explicitly. See
Fig.1.
4 Summary

Modification of the generalized Weyl formalism was done by introducing another Weyl's coordinate
system. It was shown that the solutions of the modified version have natural behavior of metric form
about spacelike infinity, and also the disc sources in E* of the modified version correspond to the rods
in E? in the original generalized Weyl formalism. The modification introduced here is just a coordinate
transformation, but opening of new perspective of higher dimensional gravity may be expected. For
introducing new coordinates has often resolved important problems in the study of general relativity.

For some interesting problems like global structure of spacetime with multi-black holes, or higher
dimensional generalization of Zipoy-Voorhees spacetimes[9], the modification considered here may be
useful to the study of these problems, which open up the rich structure of higher dimensional gravities.

References

(1] H. Weyl, Ann. Phys.(Leipzig)54, 117 (1917).

(2] D. Kramer et al, Ezact Solutions of Einstein’s Field Equations. 2nd ed. (Cambridge University Press,
Cambridge, 2003).

(3] R. Emparan, H.S. Reall, Phys. Rev. D65, 084025 (2002).

[4] R. Emparan, H.S. Reall, Phys. Rev. Lett. 88, 101101 (2002).

[5] H.S. Tan, E. Teo, Phys. Rev. D68, 044021 (2003).

[6] W. Israel, K.A. Khan, Nuovo Cimento 33, 331 (1964).

(7] D. Ida, Y. Uchida, Phys. Rev. D68, 104014 (2003).

(8] D. Ida, K. Nakao, Phys. Rev. D66, 064026 (2002).

(9] D-M. Zipoy, J. Math. Phys. 8, 1137 (1966); B.H. Voorhees, Phys. Rev. D2, 2119 (1970).

— 169 —



Electromagnetic radiation from naked singularities
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Abstract
We study behaviors of electromagnetic radiation emitted at the moment of naked
singularity formation during spherically symmetric self-similar gravitational collapses
of an isothermal gas with small circular currents. Consequently, it is found that the
energy flux has various behaviors depending on internal conditions of the collapsing
star.

1 Introduction

While Penrose proposes cosmic censorship conjecture, many counterexamples to this conjecture have
been found over the past three decades. For example, Lemaitre-Tolman-Bondi (LTB) spacetime, which
describes a spherically symmetric inhomogeneous dust collapse, spherically symmetric perfect fluid self-
similar spacetime [1], which describe a spherically symmetric inhomogeneous isothermal gas collapse,
critical phenomena, which are behaviors of collapse solutions at a critical point which is threshold of black
hole formation for a one-parameter famjly of initial data sets, and so on. These counterexamples predict
that a naked singularity appears during the gravitational collapse of an inhomogeneous massive star
and give us an expectation that one can gain information around the singularity. Unknown phenomena
may happen at the singularity because of divergence of the density and the strong gravity, and so the
information may lead to a breakthrough of high-energy physics.

In practice, this may be possible if we can observe the radiation emitted during the gravitational
collapse to a naked singularity. And then, one can expect that peculiarities of the radiation are observed
near the Cauchy horizon. Hence, many researchers have been examined u-dependence, where u is a
retarded null coordinate, of the energy flux of the radiation just before the Cauchy horizon by giving
linear perturbations to spacetimes including a naked singularity and determined £ if the energy flux is
proportional to (u — ucy)~¢ there, where the Cauchy horizon sits on u = u, line. The energy flux is
finite at the Cauchy horizon when £ = 0 and then it is regretted that observation of efficiencies of the
naked singularity may be difficult. It is noted that howbeit, from the viewpoint of stability of the Cauchy
horizon, this is meaningful because then the Cauchy horizon is stable and the naked singularity still
alive. When £ is a positive value, it is expected that the energy flux grows unboundedly as the Cauchy
horizon is approached and that the growing power £ has information of the dynamics of the collapse. This
means that we may be able to observe a burst phenomenon due to effects of the strong gravity, and so is
significant for astrophysics although efficiencies of backreaction to the background spacetime due to the
radiation should be taken into consideration in more accurate arguments. Previous works for this problem
are summarized in Table.1. From these works, £ seems to be different for the different radiation and the
different gravitational collapse to a naked singularity. However, the following three points are not obvious
in these works. (1) LTB solutions have parameter functions. In previous works for LTB spacetime, the
energy flux was investigated only for restricted range of these parameters. More rigorous parameter-
dependence of the energy flux must be clarified in order to know how it reflects internal information. (2)
In previous works for semi-classical radiation, the 1st order WKB approximation was used. This means
that “particle” propagation along null geodesics rather than “wave” propagation was discussed in these
works. It is not obvious how the radiation reflects internal information as “wave”. (3) In previous works
for semi-classical radiation, two-dimensional form obtained by removing the angular degrees of freedom

! E-mail:emitsuda@allegro.phys.nagoya-u..ac.jp
2E-mail:hyoshino@allegro.phys.nagoya-u..ac.jp
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where z = r/t is a self-similar variable. Penrose diagram of this spacetime is shown in Fig.2. Naked
singularity appears at the center and ¢t = 0, and the center is regular before the singularity appears.
We introduce a function V(z) = ze*~¥ which is the velocity of z-const surface relative to fluid and
V(z1) = =1, V(22) = 1. In this spacetime, z = z, line is the past Cauchy horizon and the past null infinity
and z = 2 line is the future Cauchy horizon and the future null infinity. We construct null coordinates
(u, v), which are retarded and advanced null coordinate respectively, so that the neighborhood of the
Cauchy horizon is locally flat. In these coordinates, the Cauchy horizon is u = 0 line.
This solution is parameterized by the central density parameter which is defined by

D = 4mp(t, 0)¢2. (3)

3 Energy flux of electromagnetic radiation

We give the following currents as a perturbation to the above spacetime :

. . . 0% . Je8(r = 10)
Ja = (0. 0, 0, 7i(t, z)sin 9—37) . ait2) = —E‘z_ (4)

This means that axisymmetric circular currents are only on a single sphere r = rp and are conserved in
this sphere. Under the Lorentz gauge, the vector potential can be written as

Ay = (0, 0, 0, a(t.z)sino%}%) , 6]

where a is gauge invariant and a wave function which must be solved. Using the above form, Maxwell
equation VpF = 47j% (Fup = GpAg — OaAp) is

f o) 8% 8%a b . ..y Oa
207 (20— _ 2\ 92 203" _ 'y o20v=A)gy, _ da
Pom =2t~ (e 2) g + {2 20 -0 - N N}
, 2o
-(A -v )zt-g—‘: + fithl)a = —4mt%e™j, (6)
where ' = d/dz. We try the following Fourier expansion for a and J; = 24 :
oC R 0 “ )
a(t,z) = / f(z, k)e*e8 =k, Ji(t,2) = / Ji(z, k)eilos (-t gk, )
-0 -

By doing this, we find Eq. (6) to be reduced to the following ordinary differential equation :
"+ p(z. k) + q(z,k)f = dnb(z, k). (8

We don't explicitly write p(z, k), ¢(z, k) and b(z, k) here. To solve this equation, we impose the following
boundary conditions on f : (1) f is regular at 2 = 0. (2) f has no ingoing mode at the past null infinity.
By condition (2), we can purely observe effects of scattering due to the strong gravitational field around
the center. We introduce two homogeneous solutions of Eq. (8) fo and f; which satisfy the condition (1)
and (2) respectively and construct Green function with these homogeneous solutions. To know specific
k-dependence of fp and f;, we use the high frequency (WKB) approximation. In the approximation, the
3rd order of 1/k is taken into consideration. This consideration leads us to Wronskian W written as the
following form for l =1:

W(k,2) = fify = fofi = (k4 i)k - imFla), 4 =1-2223p ©

We don’t explicitly write F(z). The above equation means that k = =xivy are poles in k-space. These
poles significantly contribute u-dependence of the energy flux of the radiation just before the Cauchy
horizon. Note that + can be real or imaginary number depending on D and a.

After some calculations, we obtain the following results for the energy flux of the electromagnetic
radiation (I = 1) just before the Cauchy horizon :
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1. In the case (> 0) is real number i.e. D < 3/{2(2 + 3a)},
Flux o« u ™%, (10)
where ¢ is defined by (V] = V'(z))

E=1- z

wa\w:

This means that £ has both possibility £ = 0 and £ > 0 indirectly depending on D and a.

T =min(y, - 21V, z22V;). (11)

2. In the case -y is imaginary number i.e. D > 3/{2(2 + 3a)},

m,_chcuwwEN A%& _om=+ av . va

where ¢ is constant and 4 = v/i. This u-dependence of the energy flux has not been discovered.

4 Discussion

To clarify parameter-dependence of those behaviors of the energy flux, we examine the above results in
the dust self-similar solution and the general relativistic Larson-Penston solution.

In dust self-similar solution, D is determined : D = 2/3. Therefore, ¥ = 1/3 from Eq. (9) and so
Flux oc u=%. Instead of D, the solution is parameterized by the density gradient parameter k. There
exists k" so that a naked singularity appearsin k* > & and don't in * < &. In 5* > x, we find &, s0 that
Vi <y<aV ink* <k <k and v < 22Vy < 2V in k. < k. Hence, From Eq. {(10) and Eq. (11),
the energy flux remains finite in k* < & < . and grows unboundedly in k. < & as the Cauchy horizon is
approached. This fact suggests that there is a relation between the naked singularity formation and the
behaviors of the energy flux just before the Cauchy horizon.

In the general relativistic Larson-Penston solution, D is determined for given a because of analyticity
on the sonic point. We found that D > 3/{2(2+ 3a)} for a whole range of o where a naked singularity
appears in this solution. Therefore, from Eq. (12), the energy Aux grows unboundedly with oscillation as
the Cauchy horizon is approached.

5 Summary

We gave an odd-parity electromagnetic perturbation to spherically symmetric perfect fluid self-similar
gravitational collapse solutions. Our analytic calculations based on the high frequency approximation
show that the energy flux of the electromagnetic radiation due to the perturbation remains finite, grows
unboundedly with inverse power-law or grows unboundedly with oscillation as the Cauchy horizon is
approached depending on the central density and the equation of state. In particular, the oscillation
is new behavior. This results indicate that the radiation emitted during the gravitational collapse to
a naked singularity evidently reflects internal conditions of the collapsing star. Moreover, our results
is significant for astrophysics because they predict an electromagnetic burst phenomenon during the
gravitational collapse.
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Abstract

We are concerned with the particle creation during naked-singularity formation in
spherically symmetric self-similar collapse without specifying the collapsing matter.
In generic case, the power of quantum emission is found to be proportional to the
inverse square of the remaining time to the Cauchy horizon. Moreover, the constant
of proportion can be arbitrarily large in the limit to marginally naked singularity.
Therefore, the unbounded power is especially striking in the case that a event horizon
is very close to the Cauchy horizon because the emitted energy can be arbitrarily large
in spite of a cutoff expected from quantum gravity. The divergence of the redshift
of emitted particles is found to cause the divergence of the power to positive or
negative infinity, depending on the coupling manner of scalar fields to gravity. Above
results suggest the instability of the Cauchy horizon in spherically symmetric self-
similar collapse from quantum field theory and seem to support the existence of a
semiclassical cosmic censor.

1 Introduction

It is known that generic spherically symmetric self-similar collapse results in strong naked-singularity
formation {1). Among such self-similar spacetimes, the general relativistic Larson-Penston (GRLP) solu-
tion [2], which describes the collapse of a perfect fluid, is interesting because the existence of pressure does
not prevent the formation of naked singularity completely. Moreover, the convergence of more general
spherically symmetric collapse of a perfect fluid to the GRLP solution has been reported both numer-
ically and analytically [3] as a realization of the self-similarily hypothesis proposed by Carr (4]. From
the above, the GRLP solution will be a strongest known counterexample against the cosmic censorship
hypothesis [5). The discovery of the black hole critical behavior also shed light on a self-similar solution
as a critical solution (see [6] for a review). We can say with fairy certainty that self-similar solutions play
important roles near spacetime singularities.

Ford and Parker first gave attention to the possibility that such semiclassical effects such as parti-
cle creation would prevent the formation of a naked singularity [7]. Subsequently, these semiclassical
phenomena were investigated in the collapse of self-similar null dust [8, 9], self-similar dust (10], and
analytic dust [11]. Typically, the power of quantum emission from a shell-focusing singularity diverges
as the Cauchy horizon (CH) is approached. For a recent review of quantum/classical emission during
naked-singularity formation, see [12].

Motivated from the above, we are intended for the investigation of particle creation during the naked-
singularity formation in generic self-similar collapse without specifying the collapsing matter and for the
resulting instability of the CH. Our analysis is regarded as a semiclassical counterpart of [13], in which
the stability of the CH in self-similar collapse was tested by a classical scalar field. For the derivation
of some formulae used in this article and the application of the generic results to concrete models of
self-similar collapse, see (14].
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Figure 1: One of the possible causal structures considered in this article. A singularity occurs at the
spacetime point (Up, Vo) and is visible from I+, where (U, V) are suitable double null coordinates. An
outgoing null ray U = const. can be traced backward in time from Z+ to Z—, which turn out to be an
incoming null ray V = G(U). The outgoing null ray U = Up and incoming null ray V = V; represent the
CH and the null ray that terminates at the NS.

2 Power, Energy, and Redshift

We consider spherically symmetric self-similar collapse with a globally naked singularity. The existence
of a regular center before the occurrence of a central naked singularity and an asymptotically flat region,
which is realized by a suitable cutoff of the self-similar region, is assumed. See Fig. 1 for the causal
structure and a map of null ray which we define below. A map V = G(U) between the moments when
one incoming null ray leaves Z~ and terminates at Z* after passing through the regular center plays an
important role in estimating the power of emission on geometric-optics approximation. We obtain the
map on the assumptions that the metric function is in C?~ around the CH ® and that the curvature
around the singularity causes particle creation, which was proven at least for the self-similar and analytic
dust models {15], as

GU)=VY% - (Uo-U)*G.(U), >0,

where U = Uy and V = V; are the CH and the first incoming null ray which terminates at the naked
singularity, respectively. The positive constant « is the first derivative of a metric function at the CH
and the function G, is a regular function which does not vanish at the CH.

The power can be obtained as the vacuum-expectation value of a stress-energy tensor by the point-

splitting regularization {7) as
1 3/¢" 2 el
P= |z (3) T

a? -1
4871'(Uo - U)2 '

(1)

for a minimally coupled scalar field. The emitted energy is estimated as

a® -1
487 (Uu - U) ' (2)

3Weaker differentiability of the CH leads to a different map. Therefore the resulting power and energy of emission have
different time dependence, although we do not look deeper into such a possibility in this article.

.
E= / PU)AU" ~
-
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Deriving above expression, we assumed that a # 1'. For a conformally coupled scalar field, the power
and energy can be obtained just by replacing the factor a® -1 for (a—1)? in Egs. (1) and (2) respectively.
The power is proportional to the inverse square of the remaining time to the CH. If a > 1, the power
diverges to positive infinity for both minimally and conformally coupled scalar fields, while if 0 < o < 1,
the power diverges to negative and positive infinity for minimally and conformally coupled scalar fields,
respectively. The redshift of emitted particles is obtained as

Lout o (Up - U)*",

Win

where w;, and w,y are frequencies of incoming and outgoing null rays, respectively. In terms of the
redshift of particles, the case of a > 1 (0 < a < 1) corresponds to infinite redshift (blueshift) at the CH
and the case of a = 1 corresponds to finite amount of redshift or blueshift.

Although the power and energy diverge when the CH is approached, such divergence needs to be
regarded carefully. The semiclassical approximation would cease to be valid when the curvature radius
at some spacetime point inside star reaches the Planck scale. If we take into account a cutoff expected
from quantum gravity, the emitted energy within the semiclassical phase can be shown to be less than
the order of the Planck energy, in ordinary situations. However, there is a case that total emitted energy
can be arbitrarily large, which seem to cause a crucial instability of the CH if we take into account the
effect of backreaction to gravity. One can prove that the constant o can be arbitrarily large in the limit
to marginally naked singularity, in which the event horizon and CH coincide 5.

3 Conclusion

We have been concerned with a quantum-mechanical particle creation by the strongly curved spacetime
region which is exposed to us in generic spherically symmetric self-similar collapse. The flux of quantum
emission diverges as the CH is approached except in a special class of solutions, in which the constant
a = 1. The square inverse proportion of the power to the remaining time is due to the scale invariance
of self-similar spacetimes. The total energy emitted within the phase in which quantum gravitational
effects could be negligible, can be arbitrarily large when the event horizon and CH are very close. We
go on from this to the conclusion that if the back reaction to a gravitational field is taken into account,
the semiclassical effect would cause the instability of the CH and might recover the cosmic censor in this
limiting case. We have also found that the divergence of redshift or blueshift of emitted particles would
be a criterion of the instability.

Due to the generality of our analysis, the results are applicable to known concrete models of self-similar
collapse such as Lemaitre-Tolman-Bondi, Vaidya, Roberts, GRLP solutions. Above spacetimes except
Roberts solution, which describes the self-similar collapse of a massless scalar field, would be suffered
from the semiclassical instability, including the GRLP solution.
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4If a = 1, both the power and energy remain finite at the CH. For example, the power of emission of a minimally coupled
scalar field is

p ~ 262(Uo) — G.(Uo)G (Vn)
= 87G2(Us) )

S5In the case that the event horizon and CH coincide exactly, quantum radiation reduces to the Hawking one (7, 8].
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Abstract
We study the boundary value problem for the stationary rotating black hole solutions
to the five-dimensional vacuum Einstein equation. Assuming the two commuting
rotational symmetry and the sphericity of the horizon topology, we show that the
black hole is uniquely characterized by the mass, and a pair of the angular momenta.

1 Introduction

In recent years there has been renewed interest in higher dimensional black holes in the context of both
string theory and brane world scenario. In particular, the possibility of black hole production in linear
collider is suggested [1]. Such phenomena play a key role to get insight into the structure of space-time;
we might be able to prove the existence of the extra dimensions and have some information about the
quantum gravity. Since the primary signature of the black hole production in the collider will be Hawking
emission from the stationary black hole, the classical equilibrium problem of black holes is an important
subject. The black holes produced in colliders will be small enough compared with the size of the extra
dimensions and generically have angular momenta, they will be well approximated by higher dimensional
rotating black hole solutions found by Myers and Perry [2]. The Myers-Perry black hole which has the
event horizon with spherical topology can be regarded as the higher-dimensional generalization of the
Kerr black hole. One might expect that such a black hole solution describes the classical equilibrium
state continued from the black hole production event, if it equips stability and uniqueness like the Kerr
black hole in four-dimensions. The purpose of this paper is to consider the uniqueness and nonuniqueness
of the rotating black holes in higher dimensions.

The uniqueness theorem states that a four-dimensional black hole with regular event horizon is charac-
terized only by mass, angular momentum and electric charge [3]. Recently, uniqueness and nonuniqueness
properties of five or higher-dimensional black holes are also studied. Emparan and Reall have found a
black ring solution of the five-dimensional vacuum Einstein equation, which describes a stationary ro-
tating black hole with the event horizon homeomorphic to §? x S! [4]. In a certain parameter region,
a black ring and a (Myers-Perry) black hole can carry the same mass and angular momentum. This
might suggest the nonuniqueness of higher-dimensional stationary black hole solutions. For example,
Reall [5] conjectured the existence of stationary, asymptotically flat higher-dimensional vacuum black
hole admitting exactly two commuting Killing vector fields although all known higher dimensional black
hole solutions have three or more Killing vector fields. In six or higher dimensions, Myers-Perry black
hole can have an arbitrarily large angular momentum for a fixed mass. The horizon of such black hole
highly spreads out in the plane of rotation and looks like a black brane in the limit where the angular
momentum goes to infinity. Hence, Emparan and Myers [6] argued that rapidly rotating black holes
are unstable due to the Gregory-Laflamme instability [7] and decay to the stationary black holes with
rippled horizons implying the existence of black holes with less geometric symmetry compared with the
Myers-Perry black holes. For supersymmetric black holes and black rings, string theoretical interpreta-
tion are given by Elvang and Emparan [8]. They showed that the black hole and the black ring with
same asymptotic charges correspond to the different configurations of branes, giving a partial resolution
of the nonuniqueness of supersymmetric black holes in five dimensions. On the other hand, we have
uniqueness theorems for black holes at least in the static case {9]. Furthermore, the uniqueness of the
stationary black holes is supported by the argument based on linear perturbation of higher dimensional
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static black holes [10]. There exist regular stationary perturbations that fall off at asymptotic region only
for vector perturbation, and then the number of the independent modes corresponds to the rank of the
rotation group, namely the number of angular momenta carried by the Myers-Perry black holes {11]. This
suggests that the higher-dimensional stationary black holes have uniqueness property in some sense, but
some amendments will be required. Here we consider the possibility of restricted black hole uniqueness
which is consistent with any argument about uniqueness or nonuniqueness. Though the existence of the
black ring solution explicitly violates the black hole uniqueness, there still be a possibility of black hole
uniqueness for fixed horizon topology [12]. Hence we restrict ourselves to the stationary black holes with
spherical topology.

In this paper, we consider the asymptotically flat, black hole solution to the five-dimensional vacuum
Einstein equation with the regular event horizon homeomorphic to 52, admitting two commuting spacelike
Killing vector fields and stationary (timelike) Killing vector field. Along with the argument by Carter [13],
it is possible to construct a timelike Killing vector field commuting with both spacelike Killing vector
fields. Hence, it is natural to assume all the three Killing vector fields are commuting with each other.
The five-dimensional vacuum space-time admitting three commuting Killing vector fields is described by
the nonlinear o-model [14]. Then the Mazur identity [15] for this system is derived. We show that the
five-dimensional black hole solution with regular event horizon of spherical topology is determined by
three parameters under the appropriate boundary conditions.

The remainder of the paper is organized as follows. In Section 2, we give the field equations for the
five-dimensional vacuum space-time admitting three commuting Killing vector fields, and introduce the
matrix form of field equations to clarify the hidden symmetry of this system following Maison [14]. Then
the Mazur identity which is useful to show the coincidence of two solutions is given in Section 3. In
Section 4, we determine the boundary conditions. We summarize this paper in Section 5. There are
detailed claculations in the full version of this paper [16].

2 Five-dimensional vacuum space-time admitting three com-
muting Killing vector fields

We consider the five-dimensional space-time admitting two commuting spacelike Killing vector fields
& = 8y, (I = 4,5) and timelike Killing vector field €, = 8,. The metric can be written in the form

g = [7le*(dp® +dz2®) — f'p%dt? + fii(dz! + w'dt)(dz! + wldt), (1)

where f = det(f;,), all the metric functions depend only on p and z, z* = ¢, 2% = ¢ (we will later identify
€41 and &5 as Killing vector fields corresponding to two independent rotations in the case of asymptotically
flat space-time). We define the twist potential w; by w;; = —p~'f f1,€i;,7*6w’, where i,j run in
{p, 2,5}, 7 is the abstract flat three-space with the metric v = dp? + dz> + p>dyp?, €;j denotes the totally
skew-symmetric symbol such that €,;, = 1. Then the vacuum Einstein equation reduces to the field
equations for the five scalar fields f;; and w; defined on the three-dimensional space:

D*f1y=fX'Df1yc-Dfsy - f'Dw; - Dwy, D?wy= f'Df-Dws+ f'¥Dfy;- Dug, (2)

where D is the covariant derivative with respect to the three-metric v;; and the dot denotes the inner
product determined by -;;. Once the five scalar fields f;;,w; are determined, the other metric functions
o and w’ are obtained by solving the following partial derivative equations.

Instead of the nonlinear representation by the scalar fields f;; and w;, we introduce the SL(3,R)
matrix field ® as

[t -flws -f"lwy

¢ = —fTlws fos ¥ [Tlwews  fou + fTlwewy |, (3)
=fTlwy fou+ flwswy  feu + Flwgwy

which is symmetric (*® = &) and unimodular (det ® = 1). When the Killing vector fields £, and £, are

spacelike, all the eigenvalues of ¢ are real and positive. Therefore, there is an SL(3, R) matrix field g

which is a square root of the matrix field &, namely ¢ =g tg. The current matrix defined by J; = #-19;%,
which is conserved, namely every element of D;J* independently vanishes due to the field equations (2).
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3 Mazur identity

Let us consider two different sets of the field configurations &g and &y satisfying the field equations (2).
A bull's eye © denotes the difference between the value of functional obtained from the field configuration

®[;) and value obtained from (g, e.g., Ji= Ky =y = <I>[‘”‘8"<I>[1] - fb[T)]la"tb[o]. The deviation matrix

ol
¥ is defined by ¥ =¢ (I)[Bll' which vanishes if and only if the two sets of field configurations ([1] and [0])
coincide with each other. The Mazur identity is given by

?( p&°tr¥dS, = / phastr {M°®‘M*} dpdz, (4
3> £

where hg, is the flat two-dimensional metric h = dp® + dz?, the relevant region is £ = {(p,2)|p > 0}, the
matrix M is defined by M*° = 900} ‘J g1)- When the current difference J % is not zero, the right hand

side of the identity (4) is positive. Hence we must have J 2 = 0 if the boundary conditions under which
the left hand side of Eq. (4) vanishes are imposed at 8. Then the difference ¥ is a constant matrix
over the region I. The limiting value of ¥ is zero on at least one part of the boundary 8 is sufficient
to obtain the coincidence of two solutions ®(o and &yy).

4 Boundary conditions and coincidence of solutions

When one use the Mazur identity, the boundary conditions for the fields ® (i.e., f;s and w;) are needed
at the infinity, the two planes of rotation and the horizon. We will require asymptotic flatness, regularity
at the two planes of rotation, and regularity at the spherical horizon. Under these conditions, the
Mazur identity shows that the coincidence of the solutions. An asymptotically flat space-time with mass
M = 37m/8G, angular momenta J, = 7ma/4G and Jy, = mmb/4G (where we restrict ourselves to the
case in which m > a2 + b® + 2|ab|) has metric as the following form:

2ma(r® + a?) [2mb(r2 + b?)
[—r— —

sin® 0 + 0(r'3)] dtde + cos® 8 + O(r'3)] dtdy

[_m _3] 2 -3 2 +a?cos? 9 + b?sin® ,  ,
[1 5 +O0r )] de? + [1 + 505 +O(r B [ e
+(r® + a® cos? 0 + b sin® 0)dB? + (r? + a®) sin® 8d@? + (r? + b?) cos? dez] . (5)

Here the metric (5) admits two orthogonal planes of rotation § = x/2 and 6 = 0, which are specified
by the azimuthal angles ¢ and 1, respectively. The planes § = 0 and # = 7/2 are invariant under the
rotation with respect to the Killing vector fields 8y and 9, respectively. Both angles ¢ and ¥ have
period 27. Comparing the asymptotic form (5) with the Weyl-Papapetrou form (1), we derive boundary
conditions. Since the horizon has topology of 3, let us introduce the spheroidal coordinates on T as

z=ap, o= (A=) -4, (6)
where g = c0s26. Then the relevant region is £ = {(A,p)]A > ¢,-1 € u £ 1}. The boundaries
=¢, A=+, 4 = 1and u = —1 correspond to the horizon, the infinity, the ¢-invariant plane and

the y-invariant plane, respectively. In these coordinates, the boundary conditions for f;; and w; are
summarized as follows:

¢-invariant plane y-invariant plane horizon infinity
u=+1 u=-1 A-oec A= 400
foo o(1) o) O(1)  2X+(a® = b +m)/2+ O(A~1/?)
fev o) 0(1) o(1) o1/
fou 0(1) o(1) 0(1) 2Xx+ (b? = a® +m)/2+ 0(A"/?)
We 0 ((1-p)?) O(1+p) 0(1) O(A~1/2)
Wy O(1 — p) O ((1+np)?) o(1) o(n-'7)




where

e R AR T ™
wo = ~T2u2 W)+ By wo = =024 ) + o (8)

Then, the boundary integral (4) vanishes. The difference matrix ¥ is constant and vanishes at the infinity,
and then ¥ is zero over I. Thus, the two configurations ®g) and ®[;) coincide with each other.

5 Summary

We show uniqueness of the asymptotically flat, black hole solution to the five-dimensional vacuum Einstein
equation with the regular event horizon homeomorphic to §%, admitting two commuting spacelike Killing
vector fields and stationary Killing vector field. The solution of this system is determined by only
three asymptotic charges, the mass M = 37m/8G and the two angular momenta J, = #ma/4G and
Jy = mmb/4G. The five-dimensional Myers-Perry black hole solution is unique in this class.
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Abstract
Based on the gauge invariant variables proposed in [K. Nakamura, Prog. Theor. Phys.
110 (2003), 723.], general framework of the second order gauge invariant perturbation
theory on arbitrary background spacetime is considered. We derived formulae of
the perturbative Einstein tensor of each order, which have the similar form as the
definitions of gauge invariant variables for arbitrary perturbative fields. As a result,
each order Einstein equations necessarily given in terms of gauge invariant variables.

The perturbative approach is one of the popular techniques to investigate physical systems. In par-
ticular, this approach is powerful when the construction of exactly soluble models is difficult. In general
relativity, there are many exact solutions to the Einstein equation{l) but these are often too idealized
to properly represent natural phenomena. In this situation, the perturbations around appropriate exact
solutions are useful to investigate realistic situations. Cosmological perturbation theory(2] is now the
most commonly used technique, and perturbations of black holes and stars have been widely studied to
obtain descriptions of the gravitational radiation emitted from them(3}.

In general relativistic perturbations, gauge freedom, which is unphysical degree of freedom, arises due
to general covariance. To obtain physically meaningful results, we have to fix these gauge freedom or to
extract gauge invariant part of perturbations. These situations are also senn in the recent investigations
of the oscillatory behavior of gravitating Nambu-Goto membranel[4, 5}, which are concerning about the
dynamical degree of freedom of gravitating extended objects. In these works, it was necessary to dis-
tinguish true dynamical degree of freedom from gauge freedom in perturbations and to develop a gauge
invariant treatment of general relativistic perturbations.

In Ref.[5], we discussed comparison of the oscillatory behavior of a gravitating string with that of a test
string. To do this, we have developed two-parameter general relativistic gauge invariant perturbation
on the Minkowski spacetime, in which one of the parameter for the perturbation is the string energy
density and the other is the string oscillation amplitude. Such multi-parameter perturbations have many
other physical situations to be applied. The perturbation of spherical stars(7] is one of them, in which we
choose the gravitational field of a spherical star as the background spacetime for the perturbations, one of
the parameters for the perturbations corresponds to the rotation of the star and another is the pulsation
amplitude of it. The effects due to the rotation-pulsation coupling is described in the higher order.
Even in one-parameter perturbation, it is interest to consider higher order perturbations. In particular,
Gleiser et.al(8] reported that the second order perturbations predict accurate wave form of gravitational
waves. Thus, there are many physical situations to which higher order gauge invariant perturbations
with multi-parameter should be applied, and it is worthwhile to discuss them from general point of view.

In this article, we show our treatments of two-parameter higher order gauge invarant perturbations. In
our treatments, we do not specify the physical meanings of parameters for perturbation nor background
spacetime, though it is necessary to specify both of them when we apply them to some physical situations.

Though the “general covariance” is mathematically formulated in the concept of spacetime manifolds,
it intuitively states that there is no preferred coordinate system in nature. Due to this general covariance,
“gauge freedom” in general relativistic perturbations arises. To explain this “gauge freedom”, we must
remind what we are doing in perturbation theories.

In any perturbation thoery, we always treat two spacetime: one is the physical spacetime (M, gas)
which should be described by perturbations; another is the background (Mo, @ gqp) which is prepared

1 E-mail:kouchan@th.nao.ac.jp
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for our calculations. Keeping these two mainfolds in our mind, we always write the equation

Q(“p") = Qolp) + 6Q(p). (1)

where @ is any physical field on M. In Eq. (1). we are implicitly assuming that there exists a a map
X Mg — M :pe My “p" € M, which is usually called a “gauge choice” in perturbation theories[9].
Namely, Q(“p") in Eq. (1) is a field on M and “p” € M. On the other hand, we should regard that the
background value Qo(p) of Q(“p") and its deviation 6Q(p) from Qo(p) in Eq. (1) are fields on My and
p € My. Since Eq. (1) is for felds, it implicitly states that the point “p” € M is the same as p € M,.
Note that the gauge choice X is not unique when we consider theories in which general covariance
is imposed and this degree of freedom of X is “gauge freedom” of perturbations. If there is a preferred
coordinate system on both Mg and M, we can choose X using this coordinate system. However, there
is no such coordiante system due to general covariance and we have no guiding principle to choose X.
Based on this understanding of “gauge”, the gauge transformation is simply the change of the map &'.
To see this, we only consider the one-parameter perturbation case, because the essence of discussion for
multi-parameter perturbations is same[6, 10]. We denote the perturbation parameter by ¢ and we consider
the m + 1-dim manifold N = M x IR, where m = dimM and ¢ € R. The backgournd Mo = N|,_,
and the physical spacetime M = N|g_, =: M, are submanifolds embedded in /. On this extended
manifold A, we consider an exponential map X, which is a point identification map from Mg to M,.
The map A, is a gauge choice discussed above. We also consider another gauge choice Y.. The pull-back
of each gauge choice maps any field Q. on M, to ¥Q, := X;Q, and YQ, := V; Q. on My, respectively.
The gauge transformation is induced by the map & = X, "' o ), :

YQe = Vi Qlp, = (VXZXQ) 4y, = B2 (XQ)pye = 22 Qire: (2)

The substitution of expansions ¥ Q, = Q¢ +eLuQc+(€%/2) L2Q +0(e®), YQ = Qc +€L,Qc +(€2/2) £2Q +
O(€3), and Q = Qo + €@, + (€2/2)Q2 + O(e®) into Eq. (2) leads each order gauge transforamtion rules :

YO -*Q1=£5%Qo, YQ2-%Q2=2Le,¥ Qi + (Le, + £) ¥ Q. (3)

where £§ = u® - v?, £2 = [u,v]%, and u® (v®) is the generators of X, ().).

The gauge transformation ®. = X,;"! o ), induces the coordinate transformation on M,. A chart
(U. X) on Mg with a gauge choice X, becomes a chart (XU, X o X!) on M, ({z#}). Another gauge
choice Y, induces another chart (YU, X o Y~!) on M, ({y#}). In the passive point of view, we obtain

y*(q) :=z"(p) = (( o1y z“) (9) -w"(Q)—ef“(qH—{ —&5(q) + & (). ()} + O(&).  (4)

This includes the additional degree of freedom &5 and this does show that the gauge freedom in pertur-
bations is more than the usual assignment of coordiante labels.
Similarly, the gauge transformation rules in two-parameter perturbations are given by

2, Akek

"Quri=XaQua = e 5e 62%Q=qu, (5)
k,k'=0
570Q-689Q = £, Q0 (r.q) = (0,1),(1,0), (6)
$IQ-65Q = ase, 3’6(5 o+ {fe(m, + L5 g } Qo, (p.q) =(0,2),(2,0), (7)
0 —slng = £€(10)6(°])Q+£€(0116(10)Q
+ {‘cfu.n + E‘Efu.o) Leg + %‘Efto.n[fum } Qo (8)

Now, we define gauge invariant variables. Our starting point to construct gauge invariant variables is
the assumption, which states that we have already known the procedure to find gauge invariant variables
for the linear metric perturbations. Then, linear metric perturbations (9 kg, ((0-Vh,,) decomposed as

(P"')hab = (p‘Q)'Hab + 2V(a(p"nxb)a (P q) = (1,0),(0,1), (9)



where (P93, (P9 X,) is gauge invariant (variant). (We omitted the index for the gauge choice X.)

This assumption is non-trivial. However, once we accept this assumption, we can always find gauge
invariant variables for higher order perturbations[6]. In the second order, the metric perturbations are
decomposed as

Chay = Py +2L5.3) F ks + (Lomy = L5 ) Vg0, (10) = (2:01,0.2) (10)
Whay =i EDHe + Low Doy + Loory @ Vhay
1 1
+ {.Cu.l)_\' - Ef(x.o)xf(o.nx - §£(o.1)x£(x.0)x} (o)gab, (11)

where (P9}, ((P9)X,) is gauge invariant (variant).
Using gauge variant parts ("9 X, of metric perturbations, gauge invariant variables for an arbitrary
field @ other than metric[6] are given by

§PAQ = §PVQ ~ £i,axQo (pg) =(1,0),(0,1), (12)
§P0Q = §P0Q 2L 4, SEVQ—{Liax - L34 } Qo (p.9)=(20.02), (13)
sINQ = JINQ — £4.0x8OVQ - LowxdIQ

1 1
- {L‘u.nx - §£(x.0)x£(o.l)x - Ef(o,x)_\ucu.o)x} Qo. (14)

Next, we show the expression of the perturbative Einstein equations of each order using these gauge
invariant variables defined above. We consider the pull-back X,G,® on My of the Einstein tensor
éob on M and expand X, .\Gab as Eq. (5). In terms of gauge invariant and variant variables of metric
perturbations defined above, the perturbative Einstein tensors are given by

bagp = (Mg [eand] 4 £y, G for (p,q)=(0,1).(1.0).  (13)
ahgb = (Hge [(l.l)Hcd] +@g» [(I.O)Hcd' (O.I)Hcd]

+£(1'0)X (O.I)Gab_*_.c(o.l)x (l.O)Gab

+ {f(u)x - %-C(I.O)X’E(O.l)x - %f(o.nxf(x.mx} G’ (16)
oGt = g?b [‘P-"’Hc"] + g b ["’-“’Hc",‘P""Hc"] +2£5.9) 5 S8 el

+{Lpay - L5 5) G’ for (p.q)=1(0,2).(2.0),  (17)

(DG [A4] = =2V Ay™ — APRoc + _21_5nb (2Vchd|ed + Red(Pﬂ)'Hed)’ (18)
@G *{A4 B4 = 2RaaB. AV +24,%By’, +2B,%A,°,

+24,9V(aBy" + 2B, V(o Ay + 24,V (. By ™ + 2B.'Vi, Ay~
~ 35, (2RaeBy AN 2415 B, + 2By Ay + 24,49 By

+2B,4V( A, + 241V By ¢ +2B/°V 1 44,7). (19)

where Ause 1= V(aA4p)c — (1/2)VeAqs and Bope and (P9H, . follows the same definitions, for example
PO,y = V(o POH,) — (1/2)V P D H,y,. We note that (UG, b [+] and P'G,® [+, +] are gauge invariant
parts of the perturbative Einstien tensors and each expression (15)-(17) has the same form as Egs. (12)-
(14), respectively.

Similarily, to consider the Einstein equation, we expand the energy momentum tensor as Eq. (3) and
we impose the perturbed Einstein equation of each order P0G, = 82G (P9T,®. We defining the each



order gauge invariant variable *9)T_ * for the perturbative energy momentum tensor by Egs. (12)-(14).
Then. perturbative Einstein equation of each order is given by

8aG (PAT b = (g b [(P-Q)Hcd] . for (p.q) =(0,1),(1,0), (20)
8rG NTb = (g b [(I.I)Hcd] +2g b [(I.O)Hcd’(o.l)Hcd] ‘ (21)
8nG POT,0 = (Wge oy d) L g [pay d kayd]  for (pg)=(0,2),(2,0). (22)

Thus, order by order Einstein equations are necessarily given in terms of gauge invariant variables only.

In summary, we showed the general framework of higher order gauge invariant perturbations of Ein-
stein tensor. We have confirm two facts : First, if the linear order gauge invariant perturbation theory
is well established, its extensions to higher order and multi-parameter perturbation is straight forward.
Second, Perturbative Einstein equations of each order are necessarily given in gauge invariant form. The
second result is trivial because any equation can be written in the form that the left hand side is equal to
“zero” in any gauge, which is gauge invariant. Then the left hand side of this equation should be given
in terms of gauge invariant variables. In this sence, the above second result is trivial. However, we have
to note that this trivial result implies that our framework is mathematically correct at this level.

Further, we also note that in our framework, we do not specify anything about the background
spacetime and physical meaning of the parameters for the perturbations. Our framework is based only
on general covariance. Hence this framwork is applicable to any theory in which general covariance is
imposed and it has very many applications. Though this framework is not complete, yet, we are planning
to apply this to some physical problems. We leave these applications as our future works.

The author would like to thank to Prof. M. Omote (Keio Univ.) and Prof. S. Miyama (NAQOJ) for
their continuous encouragement.
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Deci hertz Laser Interferometer can determine the position of
the Coalescing Binary Neutron Stars within an arc minute a
week before the final merging event to Black Hole
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Abstract

It may be possible to construct a laser interferometer gravitational wave antenna in
space with Arms ~ 10723 at f ~ 0.1Hz in ~ 2020. This deci hertz antenna may
be called DECIGO/BBO, which stand for DECi hertz Interferometer Gravitational
wave Observatory and Big Bang Observer, respectively. The analysis of 1-10 years
observational data of the coalescing binary neutron stars or black holes at the distance
of ~ 300Mpc will give us the spatial position within ~ an arc minute and the time
of the coalescence within ~ 0.1 sec beforehand. With the knowledge of the accurate
position and the time of final merging event, the follow up simultaneous observation
using high frequency (f ~ 100Hz) gravitational wave antennae as well as electro-
magnetic wave antennae from the radio frequency to the ultra high energy gamma
ray will reveal the physics in the enigmatic event of the coalescence and the formation
of the black hole.

1 Introduction

There are at least four frequency bands where active or planned gravitational wave antennae exist. The
resonant bars as well as ground laser interferometers such as TAMA300, LIGO I, VIRGO, and GEO600
are covering the frequency band of 10Hz-kHz while the timing analysis of pulsars is covering ~ 10~8Hz
band. Laser Interferometer Space Antenna (LISA) will cover 10~% — 10~2Hz from ~ 2010 [1]. Very
recently the space antenna in the deci Hertz band (10-2 — 10 Hz) comes into the group. According
to Seto, Kawamura and Nakamura (2001) [7] it might be possible to construct a laser interferometer
gravitational wave antenna in space with Ayms ~ 10727 at f ~ 0.1Hz in this century. Using this antenna
they show that 1) ~ 10° chirp signals of coalescing binary neutron stars per year may be detected with
S/N ~ 10%. 2) The time variation of the Hubble parameter of our universe may be determined for ten
years observation of binary neutron stars at z ~ 1 so that we can directly measure the acceleration of the
universe. 3) the stochastic gravitational wave which is predicted by the inflationary universe paradigm.
may be detected.

Seto et al. (2001) [7] call the deci Hertz antenna DECIGO(DECi hertz Interferometer Gravitational
wave Observatory) while recently in the NASA SEU 2003 Roadmap “Beyond Einstein” the deci Hertz
antenna is called as BBO (Big Bang Observer) 3 to stress the detection of the stochastic gravitational
waves from inflation. Since DECIGO and BBO are similar antennae, in this Letter we call the deci hertz
antenna as DECIGO/BBO. In DECIGO, hrms ~ 10727 around 0.1 Hz is the ultimate goal in the far
future, assuming the quantum limit sensitivity for a 100 kg mass.

Let us consider more realistic parameters which might be achieved in ~ 2020 such as 300W laser power,
3.5m mirrors, 5% 10%km arm length and 0.01 LISA acceleration noise, which will give hrms ~ 10~ around
0.1 Hz [5]. In this sensitivity, S/N of the chirp signal from the coalescing binary neutron stars at z ~ 1
will be ~ 1 while that of 10M¢ black hole binary will be ~ 10 so that we may directly measure the
acceleration of the universe similar to the ultimate DECIGO.

One of the main targets of the ground laser interferometer gravitational wave antennae is the chirp
signal from the coalescing binary neutron stars or black holes at the distance of 200 — 400Mpc with the

! E-mail:takashi@tap.scphys.kyoto-u.ac.jp
3E.mail:takahasi®tap.scphys.kyoto-u.ac.jp
3See http://universe.gsfc.nasa.gov/be/roadmap.html



expected event rate of ~1 per year [6]. Since the event rate is ~1 per year, the same binary is in the
band of DECIGO/BBO, 1 ~ 10 years before the ground laser interferometers and bar detectors detect
the gravitational waves from the final merging event. This means that in practice we may observe the
evolution of the coalescing binary from 10~2 Hz band to ~kHz band. The duration in the band of the
ground laser interferometer is three minutes or so while the duration in DECIGO/BBO band is 1 — 10
years so that we may extract the information of the binary from the DECIGO/BBOQO band observation
first. The point here is that we may know the accurate position and the distance to the binary beforehand
so that we can prepare various detectors for the observation of the final merging phase, that is, we can
point electro-magnetic antennae from radio to ultra high energy gamma rays and cosmic rays to the
direction of the coalescing binary at the expected final merging time. We may also tune the gravitational
wave antennae to various sensitivity bands to detect the characteristics of the merging event such as the
frequency at the inner most stable circular orbit and the quasi-normal mode of the final black hole.

In this paper using the practical DECIGO/BBO in ~ 2020 we show how accurately we can determine
the spatial position and the distance to the coalescing binary neutron stars or black holes [8]. Since the
angular resolution of LISA was calculated (2, 4, 9], we apply these methods to the case of DECIGO/BBO.
We adopt the Hubble parameter h = Ho/100km/s/ Mpc=0.7 and the units of c = G = 1.

2 Gravitational Waveform and Parameter Estimation

2.1 Sensitivity of DECIGO/BBO

DECIGO/BBO would consist of three spacecrafts separated by 5 x 10 km which is 1/100 times smaller
than the size of LISA [1). They would be spaced in an equilateral triangle and be orbiting around the
Sun. The change of the detector’s orientation and the position enables us to obtain the source position in
the following two ways; (i) DECIGO/BBO’s orientation rotates with a period of one-year, which imposes
the modulation on the measured signal. (ii) DECIGO/BBO’s orbital motion around the Sun imposes
the periodic Doppler shift on the signal frequency. For the monochromatic signal of the frequency f, (i)
the rotational modulation changes the frequency f to f+2/T, where T = 1 yr (2/T ~ 107 Hz), (ii) the
Doppler modulation changes f to f(1 & v), where v ~ 104, Then for the frequency higher than ~ 10~3
Hz like in DECIGO/BBO, the effect of the Doppler modulation is more important for the determination
of the source position than the rotational modulation so that we only consider the former effect in the
measured signal. The observed waveform & in the frequency domain kp(f) is given by,

ho(f) = h(f) oD (1)

where h(f) is the waveform at the solar system barycenter. ¢p(f) is the Doppler phase, which is the
difference of the phase between the detector and the Sun; ¢p = 2w fRsinfs cos(2xt/T — ¢s), where
R=1AU,T =1yrand (fs,¢s) is the direction to the source. These angular coordinates are defined in
a fixed barycenter frame of the solar system [2].

The strain sensitivity of DECIGO/BBO is about 1000 times better than that of LISA (i.e. 1023 Hz !/
at f = 0.1-1 Hz), and the acceleration noise is 100 times lower than that of LISA (i.e. 3x10~"m/s?/Hz!/?).
Adopting these parameters, we show the sensitivity of DECIGO/BBO as compared with LISA and LIGO
Il in Fig.1 [5]. Note that we are using a smooth curve and neglecting the wavy behavior of the transfer
function for simplicity.

2.2 Gravitational Waveform

We consider the equal mass neutron star and black hole binaries as sources of DECIGO/BBO. We only
consider a circular orbit since the expected eccentricity is ~ 10~ for the neutron star binary. We use the
restricted 1.5 post-Newtonian approximation as the in-spiral waveform [3] for simplicity. The waveform
in the frequency domain is given by,

h(f) = Af~T/0MD), (2)

where A is the amplitude and W(f) is the phase. They depend on six parameters; the red-shifted chirp
mass M, = (My Mz)%/3(M; + Ma)~V/%(1 + z5), the reduced mass p; = MyMa(1 + z5) /(M) + My), the
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Figure 1: The strain sensitivity of DECIGO/BBO.

spin-orbit coupling constant 3, the coalescence time ¢; and the phase ¢. and the luminosity distance
to the source Dg. The amplitude is given by A = K,/5/96 M?3/8/(x2/3Dg), where K is the constant
determined by the inclination of the source, the relative orientation of the source and the detector. Since
the average value of K is about unity (3], we assume K = 1 for the following calculation. The phase ¥(f)
in Eq.(2) is a rather complicated function of M., u., 8, ¢. and t. which is given in Eq.(3.24) of Cutler
& Flanagan (1994).

2.3 Parameter Estimation

The signal observed by DECIGO/BBO, ho(f), can be obtained inserting Eq.(2) to Eq.(1). The signal
hp(f) is characterized by eight parameters (M;, u:, 3, dc, tc, Ds, 0s, ¢s). In the matched filter analysis
with the template, these parameters can be determined. We compute the errors in the estimation of
these parameters using the Fisher matrix formalism (3]. The variance-covariance matrix of the parameter
estimation error A+; is given by the inverse of the Fisher information matrix I';; as (AviAy;) = (F“]‘.j.
The Fisher matrix becomes - .

df  8hp(f) dho(f)

Fij=4Re/5n(f) & Oy

where Sn(f) is the noise spectrum. We regard Sn(f) as the instrumental noise in Fig.1, neglecting the
binary confusion noise since there are no or little confusion noise for f 2 0.1 Hz [?]. The signal to noise
ratio (S/N) is given by
d |:
N)?= / _— 4
(S/N) sy o) (4)

We integrate the gravitational waveform in Eq.(3) and Eq.(4) from 1 or 10 yr before the final merging to
the cut-off frequency f.,, when the binary separation becomes r = 6(M) + M>).

The initial frequency is given by finit = 0.23(M./Mg)~5/%(Tobs/ 1yr)~3/8Hz where Top, = 1 or 10 yr,
and the cut-off frequency i8 feu: = 4.4 % 10%(( My ; + Ma.) /Mg)~'Hz. The result does not depend on the
value of f¢y so much, since Sn(f) is large at feyt-

(3)

2

3 Results

We consider the neutron star binaries (1.4Mg + 1.4M) and the stellar mass BH binaries (10Mg + 10Mp)
at Dsg = 200h~! Mpc and the intermediate mass BH binaries of mass (102Mg + 10°Mp) as well as
(103Mg + 103Mg) at Dg = 3000h~! Mpc (Hubble distance) as the sources. Note here that we adopt
h = 0.7. For each mass case we randomly distribute 10 binaries on the celestial sphere at Ds, and we
show the probability distribution of the angular resolution for these sources.
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Figure 2: The relative probability distribution of the angular resolution of DECIGO/BBO in the case of
1 yr observation. For each mass case we randomly distribute 10* binaries on the celestial sphere at Ds
(the Hubble parameter 2 = 0.7), and we show the probability distribution of the angular resolution for
these sources. The solid lines and the dashed lines show Afs and Ags, respectively. The signal to noise
ratio S5/N and the estimation error in the coalescence time At, are also shown.

In Fig.2, we show the relative probability distribution of the angular resolution for the various binary
masses M. = 1.4Mg,10' "3 M in the case of 1 yr observation. The solid lines and the dashed lines
show Afs and Adg, respectively. We also show the signal to noise ratio S/N and the estimation error in
the coalescence time At. assuming the template is accurate enough. S/N is independent of 65 and ¢g
since the phase factor ¢**2(/) becomes unity in Eq.(4) while At, is found to depend on 65 and ¢g very
weakly. In general, the errors (Afs, Ads, At.) simply scale as (S/N)~!. As shown in Fig.2, the angular
resolutions are typically ~ 0.1 — 10 arc minutes for the neutron star binaries and the black hole binaries.
This is about 10 — 1000 times better than that of LISA (~ 1 deg). The Doppler modulation (¢p o f in
Eq.(1)) effect is larger than the rotational modulation for the high frequency band like DECIGO/BBO.
It is shown that the angular resolution scales as « f~!($/N)~! for the monochromatic sources. Thus
the angular resolution of DECIGO/BBO should be about 100 times better than that of LISA if the $/N
is equal. This explains the accuracy of ~ 0.1 = 10 arc minute.

We comment the results for 10 yr observation. In this case, the angular resolution is 2—4 times better
than the case for 1 yr observation in Fig.2.

In conclusion DECIGO/BBO in ~ 2020 can determine the angular position of the neutron star binary
and the black hole binary at ~ 300 Mpc within an arc minute before the final merging to the black hole.
In a sense DECIGO/BBO will truly open gravitational wave astronomy since the positional accuracy is
comparable to X-ray telescope on Beppo-SAX.
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Abstract

We develop a search method for gravitational ringing of black holes. The detection
of it will be a direct confirmation of the existence of a black hole. In this paper, we
consider matched filtering and develop an optimal method to search for the ringdown
waves that have damped sinusoidal waveforms. When we use the matched filtering
method, the data analysis with a lot of templates required. It is necessary to keep the
detection efficiency as high as possible under limited computational costs. First, we
consider the white noise case for which the matched filtering can be studied analyti-
cally. We construct an efficient method for tiling the template space. Then, using a
fitting curve of the TAMA300 DT7 noise spectrum, we numerically consider the case
of colored noise. We find our tiling method developed for the white noise case is still
valid even if the noise is colored.

1 Introduction

The gravitational wave detectors in the world; LIGO [1}, GEO-600 [2] and TAMA300 (3], and bar detectors
are currently in the early stage of their operations. Detection of gravitational waves provides us with
not only a direct experimental test of general relativity but also a new window to observe our Universe.
To use them as a new tool of observation, it is necessary to know theoretical waveforms. Once we know
them, we may appeal to the matched filtering technique to extract source's information from gravitational
wave signals. However, because the signals are expected to be very weak and the amount of data will
be enormous for long-term continuous observations, it is essentially important to develop efficient data
analysis methods.

For the ground-based and future space-based interferometers, the coalescences of compact object
binaries are the most important sources of gravitational waves. The process of coalescence can be divided
into three distinct phases. During an inspiral phase, the gravitational radiation reaction timescale is
much longer than the orbital period. The gravitational waves from the inspiral carry the information of
the masses and spins of the systems and so on. After the inspiral, compact object binaries encounter the
dynamical instability and then would merge. This phase is called as a merger phase. The gravitational
waves from the merger give us the information about the highly nonlinear dynamics of relativistic gravity.
Finally, if a black hole is formed by merger, this system can be describe as oscillations of this final black
hole’s quasinormal modes and then settles down to & stationary Kerr state. The emitted gravitational
waves in this ringdown phase carry the information about the mass and spin of the final black hole.

In this paper, we consider gravitational ringing of distorted spinning (Kerr) black holes. The ringdown
waves are due to quasi-normal modes of black holes characterized by the central frequency fc, usually
called the (quasi-)normal-mode frequency, and the quality factor Q which is inversely proportional to the
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imaginary part of the complex frequency. Here we consider a black hole characterized by its mass M and
spin angular momentum J, and use the dimensionless spin parameter a = J/A? that takes a value in
the range [0, 1). Black hole perturbation calculations as well as numerical relativity simulations strongly
suggest that the ¢ = m = 2 least-damped (fundamental) mode is dominated. Hence, we focus on this
mode. For this mode, analytical fitting formulas for (f., Q) and (M, a) were found by Echeverria [4] as

-1
fe ~ 32kHz (1 - 0.63(1 — a)"¥] (%) , Qx~20(1-a)"0, (1)
o]
The ringdown waveform is expressed as
e~/ (t=20)/Q cos(2m f. (t—tg) —dg) fort>tg
. - = L] 2
h’(fc’ Q’ tO’ ¢01 t) {0 for t < tO , ( )

where ¢y and ¢y are the initial time and phase of the ringdown wave, respectively. Methods to search for
the ringdown waves were discussed previously by several authors. Creighton [3] reported the results of
analyzing data of the Caltech 40m by matched filtering, and emphasized the importance of coincidence
event searches to discriminate spurious events from real events. But the search was limited to a single
ringdown wave template. In order to treat ringdown waves with unknown parameters, we need to prepare
a lot of theoretical templates. It is necessary to keep the loss of the signal to noise ratic (SNR) as small
as possible under limited computational costs. So, we should consider an effective template spacing.

2 Template space

When we search ringdown waves in the detector’s output, we have to prepare the theoretical template
with the parameters (tg, ¢o, f., @). But we have already known the method to maximize the SNR over
¢o [6] and ¢, [7]. So, we may consider the 2-dimensional parameter space, and space the theoretical
templates effectively. By using the normalized signal having slightly different sets of the parameters, we
can obtain the distance dsfz) between the two signals in terms of the metric in the template space,

2Q 20%(4Q% +5)
“o = pE+nrYtaErree sy
2Q3
T La@ e 49 @

where we assume the detector noise is white. It is noted that the cross term df. dQ arises here. In the
following, we discuss a coordinate transformation in the template space that removes the cross term, in
order to make our analysis of the template spacing and the error estimation easier. It is also noted that
the smaller the volume element of the metric is the fewer the number of required filters is to cover the
template space.

Next, let us perform the coordinate transformation by which the two dimensional metric (3) is trans-
formed to a diagonal, conformally flat metric. Although the coordinate transformation involves compli-
cated functions that may not be expressed in terms of elementary functions, we find it is sufficient to use

their large Q expansion forms for Q@ > 2. Up to O(1/Q®) inclusive, we have
11 11 11 1 1
X = lnfc+ln2+§b7—aaz+m@——20485,
11 11 3 1 1 1 17 1
Y = 30760 105 T By 560805 )

To the same accuracy, the inverse transformation becomes

1769

1 7 67
= X=In2-2Y24 —_yd__yb6, "ys
N2V RV wY et

JLl 1 E e o s,
QR =37yt "wY Y Tt (5)
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And then, we obtain

ds® = Q(Y) (dX® +dY?), (6)
where the conformal factor Q(Y') is given by
111, 87, 85, 18069
W) = v 3ted Tm twmool ™

When Q = 2, the errors induced by the above expansion are found to be ~ 0.1 %. This is accurate enough
for our purpose as long as we allow the SNR loss, ds2,,, of a few percent.

IM]
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Fi 1: The (X,Y) templat .
igure e ( ) template space Figure 2: The (f., Q) template space.

We have derived the simple, conformally flat metric (6) for the template space. Here, using this
metric, we formulate a tiling algorithm which is not only efficient but also quite simple. To develop such
a method, we note the following. Because of the conformal Aatness, the contour of the fixed maximum
distance ds® = ds2,_, centered at a point on the (X,Y)-plane is a circle for sufficiently small ds,.
Furthermore, along a line of Y =constant, Q(Y') is constant. So, we can construct the efficient tiling
method by the following procedure.

(A) Put the template points along the first Y =constant line by placing circles of the same radius which
show the contour of the fixed maximum distance.

(B) Once the covering of the first line is done, cover the second line.
(C) Repeat until tiling the whole template space.

The detail tiling procedure have been shown in [8]. In Fig. 1, we show the tiling of the template space
in the (X, Y) coordinates. Templates are taken at the centers of the circles. The tiling of the template
space in the original coordinates (f., @) with f. measured in units of 100Hz is shown in Fig. 2. Note that
the contour of ds2,., = 0.02 for each template is warped. When we consider the case of the parameter
space (f., Q) which has the range, 10°Hz < f. < 10*Hz, 2 < Q < 20, and the fixed maximum distance
ds? .. = 0.02, the total number of templates is calculated to be A" = 1148 (N = 1780 for Quax = 34.3).

3 Discussion

First, we discussed a tiling method assuming the detector noise is white. We found that the 1/Q-
expansion was useful in performing the coordinate transformation of the metric of the template space
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because of @ > 2. We also find an efficient tiling method of the template space which can been formulated
analytically®. The efficiency of the tiling method is found by the ratio between the sum of the areas of
the equal match circles around the templates and the area to be covered. It is 1.57 which is much smaller
than the value obtained before [10]. Next, we have discuss the validity of this tiling method in the case
of colored noise spectrum. As a model of realistic noise power spectrum, we used the DT7 fitting curve
of the noise power spectrum of TAMA300 during 2001 [11]. We prepare a template bank assuming the
minimum match 98%. We then examined the loss of SNR of the signals detected in the template bank.
We found that. in most case, we do not lose the signal-to-noise ratio no more than 2% which is expected
from the pre-assigned minimum match. This shows that the tiling method can be used even in the case
of colored noise spectrum.

The tiling method should be tested using the real data of laser interferometers. A study in this
direction using the data of TAMA300 is now progressing [12]. In the analysis using real interferometers’
data, we have to treat the non-stationary, non-Gaussian noise. It is found (13] that we observe even
more fake events than in the case of inspiraling wave, since the ringing wave is usually much shorter
than the inspiral waves and can easily be affected by short bursts. In this situation, we would need
to introduce some methods to remove such fake events without losing real ringing gravitational wave
signals. Coincidence analysis between several detectors would also be needed to reduce the fake event
rate. Further, since the ringing waves may be excited by the detector itself, we may need to perform
coincidence analysis to reject such spurious events anyway. We will also work on this problem in the
future.
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Abstract

The cluster abundance and its redshift evolution are known to be a powerful tool
to constrain the amplitude of mass fluctuations o3 and the mass density parameter
2mo. Recent extensive observations of clusters reveal that the cluster abundance at
local and high-redshift universe cannot be explained simultaneously if we assume the
mass density parameter Sdmo ~ 0.27 which is obtained from the anisotropy of cosmic
microwave background and Type [a supernovae. We propose that this conflict can be
resolved if cold dark matter particles decay into relativistic particles. On the basis of
spherical model in decaying cold dark matter universe, we calculate the mass function
of clusters and compare it with observed cluster abundance. We find that the lifetime
of dark matter particles comparable to the age of the universe lowers the ratio of the
local cluster abundance to the high-redshift cluster abundance and can account for
the observed evolution of the cluster abundance quite well. The strong dependence of
the cluster abundance on the decay rate of dark matter suggests that distant cluster
surveys may offer clues to the nature of dark matter. We also investigate how well
we can determine the decay rate from Sunyaev-Zel'dovich power spectrum. We find
the finite lifetime of dark matter decreases the power at large scale ({ < 4000) and
increases at small scale (! > 4000). This is in marked contrast with the dependence
of other cosmological parameters such as the amplitude of mass fluctuations ¢ and
the cosmological constant {mo which mainly change the normalization of the angu-
lar power spectrum. This difference allows one to determine the lifetime and other
cosmological parameters rather separately.

1 Introduction

The abundance of cluster of galaxies places a strong constraint on fundamental cosmological parameters
such as the amplitude of mass fluctuations on a scale of 8h~!Mpc, o3, and the present mass density
parameter, Qo [1]. Although the abundance of clusters is strong function of both Qmo and og, the
evolution of the cluster abundance with redshift breaks the degeneracy between Qo and os. For instance,
(2] pointed out that the relatively high abundance of massive cluster at z > 0.5 prefers large mass
fluctuations og = 0.9 — 1. On the other hand, the local cluster abundance in both optical (3] and X-ray
{4] wavebands suggests low mass fluctuations gg = 0.7 — 0.8 for mo ~ 0.3. The combination of local
and high-z cluster abundances yields relatively low matter density in the universe, e.g., Qmo ~ 0.17
[2]. However, such a low-matter universe conflicts with the results of other observations, Qmo ~ 0.27,
obtained from the anisotropy of cosmic microwave background and Type Ia supernovae. This conflict
may be interpreted that underlying models are wrong.
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As a possible solution of this discrepancy, we propose decaying cold dark matter scenario in which
cold dark matter particles decay into relativistic particles with a decay rate I' [3]. The decaying cold
dark matter model has been studied so far in different contexts, c.g., to reconcile Einstein-de Sitter
universe with current low matter universe or to reduce possible over-concentration of dark matter and
over-abundance of substructures in cold dark matter model. The cold dark matter with similar property,
disappearing dark matter, has been also proposed in the context of the brane world scenario.

We also investigate how well we can determine the decay rate from Sunyaev-Zel'dovich power spectrum
(6). Our finding is that decay of dark matter particles changes the shape of angular power specttum;
thus we will be able to determine decay rate rather separately from other cosmological parameters such
as Q0 and g which mainly change normalization of angular power spectrum.

2 Mass Function of Dark Halos in Decaying Cold Dark Matter
Model

2.1 Cosmology

We assume that dark matter particles decay into relativistic particles and that the radiation component
consists only of the decay product of the dark matter. Then rate equations of matter and radiation
components are,

pm +3Hpm
pr+4Hp,

Ppm ’ (2)
where p,, and p, are energy density of matter and radiation, respectively, dot denotes time derivative,

and T is the decay width of the dark matter. From these equations, we obtain the evolution of the matter
and radiation energy density as,

"

pm = pmoa~3e” T, (3)

t
pr = Fpm00~4/ ae-ndl, (4)

0

from which Friedmann equation is obtained as,
2
HH(;) Qoa-de-T(t-ta)
0

t
+I‘Q,,.oa'4/ ae"r("“)dt + Qa. (5)
0

Here Qmo and Q, are the current density parameters of the dark matter and dark energy, respectively.
Combining this equation and the definition of the cosmological time,

% da
- [ (6)
we obtain the following equation:
" 1 Qmoe-r(‘-to) U
t =—§ <a—2+4aQ,\) t’3+ ;‘ (7)

where prime denotes derivative with respect to the scale factor a. It should be noted that the Friedmann
equation at z = 0 reduces to,

to
1=Qmo+ m,,.o/ ae~TU=tlg1 4 Q. (8)
0

Thus, the current density parameter Qo is uniquely determined by I’ and Q,.
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2.2 Mass function

We calculated mass function on the basis of the Press-Schechter theory [7]. We first consider motion of
a spherical overdensity with radius R and initial mass M. The equation of motion of the spherical shell
is given by, R

R_ GM _ 4 _re-

A= Pt H2rQmea~? /0 ae~TU=t)ds 4 H2Q,. (9)
From equations (7) and (9), we can calculate the nonlinear overdensity A. and the extrapolation of the
linear fluctuation & at virialization, although we used d. = 1.58 for simplicity. [t can be interpreted that
a region has already been virialized at z if the linearly extrapolated density contrast djinear(Mi, z), which
is smoothed over the region containing mass M;, exceeds the critical value é.. The evolution of the linear
density contrast is determined by,

~2
a%s" + (& + 2%) 8 — AnGpmé = 0. (10)

If the initial density field is random Gaussian, probability distribution function of the density contrast is
given by,

1 exp [_52(M,',Z.')
(21r)1/2 oum,(z) 2”}1.(‘:‘) '

where oas,(2;) is the mass variance. We assume the mass variance for the cold dark matter fluctuation
spectrum with the primordial spectral index n = 1. Consequently, the probability that the region with
mass M has already been virialized is obtained as,

f(M, 1) = %erfc (\j%(a;)g ) , (12)

where erfc(z) is the complementary error function, op, = ou,(z = 0), and 6.(z) = 8. D(z = 0)/D(z).
Here D(z) is linear growth rate, which can be calculated from equation (10). From this equation, we
finally obtain the comoving number density of halos of mass M at redshift z,

Ps(M;, 2)] = (11)

dnps _ 2t [2 po &c(2) |dom,
am M) = N o |
2
X exp [—% , (13)
Iu I pg =pere

where pg = perie(z = O)Qmoe'r("“),

3 Evolution of Cluster Abundance

We calculate the redshift evolution of massive clusters, which is shown in Figure 1. As clearly seen,
Decay of dark matter particles lowers the ratio of the local cluster abundance to the high-redshift cluster
abundance. Since the observed cluster evolution seems to be slow, decaying cold dark matter does explain
the observation better.

4 Sunyaev-Zel’dovich Power Spectrum

We also compute the angular power spectrum of Sunyaev-Zel'dovich effect, following [9]. They derived
a analytic prediction for the angular power spectrum using the universal gas-density and temperature
profile which were developed in [8]. We have found that the finite lifetime of dark matter decreases the
power at large scale (I < 4000) and increases at small scale (I > 4000). This unique feature will allow
us to probe the lifetime of dark matter, rather independently with g and Q,, which mainly change the
normalization of the angular power spectrum.
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Abstract
We study deformed Schwarzschild-anti-de Sitter black hole. We consider static, ax-
isymmetric perturbation from the black hole to second order. The perturbative solu-
tions don't diverge at spatial infinity even if imposing regularity at the event-horizon.
The metric is asymptotically weakly AdS spacetimes. We construct the first law of
the deformed black hole and discuss the black hole mechanics.

1 Introduction

In the 1990s, new static black-hole solutions with black-hole event horizons of nonspherical spatial topol-
ogy in spacetimes with a negative cosmological constant were discovered (1, 2, 3, 4] in addition to the well
known spherically symmetric black hole {Schwarzschild-anti-de Sitter black hole). In four dimensions,
there are the planar [1), the cylindrical [2], so-called toruslike black hole (with the topology R? x §! x §!
) [3] and the black holes which have horizon with genus g > 1 topology (4].

The existence of the cylindrical and the planar black hole with the horizon of nonspherical spatial
topology suggests that there are unknown black holes (deformed black holes) with the horizon of non-
spherical geometry. In this paper, as a first step, we consider static, axisymmetric perturbation from a
Schwarzschild anti-de Sitter black hole to study the deformed black hole. In asymptotically flat space-
times, the perturbative solutions diverge at infinity when imposing regularity at the horizon (5]. In
spacetimes with a negative cosmological constant, however, we can construct the regular static solutions
which converge at infinity even if imposing regularity at the horizon. The metric is not asymptotically
AdS spacetimes but asymptotically weakly AdS spacetimes which is defined by Ashtekar and Magnon [6].

Recently, it is proved that the Schwarzschild-anti-de Sitter black hole is a unique solution in asymp-
totically anti- de Sitter (AdS) vacuum spacetimes (7). Assuming certain asymptotic conditions, there is
a general theorem on the non-existence of static regular black holes [8]. But the deformed black hole
solution isn't contradictory to these theorems, because spacelike infinity is also deformed.

We construct the first law of the deformed black hole and discuss the black hole mechanics. The first
law of the Schwarzschild-anti-de Sitter black hole can be written as (9]

K

dm= 81r6A’ (1)
where x is the surface gravity, m is the mass, and A is the horizon area of a Schwarzschild-anti-de
Sitter black hole. We evaluate the variation of the mass and the horizon area by the deformation of
a Schwarzschild-anti-de Sitter black hole to derive the first law of the deformed black hole. We must
consider second-order perturbation (I = 0) to evaluate the mass and the horizon area because first-order
perturbation doesn’t change the mass and the horizon area. We use Ashtekar and Magnon's definition (6]
for the calculation of the mass.

We find that the first law of the deformed black hole has the following negative work term ¥y as

K
dmy = 8—11'5Ad + 0Wy, (2)

where mgq is the mass and Ay is the horizon area of the deformed black hole.
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2 Static, axisymmetric perturbation

We consider static, axisymmetric perturbation from a Schwarzschild anti-de Sitter black hole to second
order. In the first order perturbation, each function can be written as a product of the radial part and
the angular part which is spherical harmonics ¥, since the backglound is the spherically symmetric.
We take m = 0 because the perturbation is axisymmetric. The first order perturbation (I > 2) deforms
a Schwarzschild-anti-de Sitter black hole without changing the mass and the horizon area.

The second order of the Einstein equations has two kinds of terms. There are linear terms of second
order quantities and quadratic terms of first order quantities. It is clear that the former terms occur in
precisely the same form as the first order equations. Therefore, the second order perturbation (I = 0) has
the source term that is quadratic in terms of the first order perturbations (! > 2). It causes the change
of the mass and the horizon area by the deformation of the Schwarzschild-anti-de Sitter black hole.

In terms of the usual Schwartzschild-like coordinates ¢, r, 8, ¢, and Regge-Wheeler gauge (3] in first
order perturbation, we write the perturbation of the black hole metric in the form,

2m
_ a2 —eq (2)
g = (1_ . 3Ar>exp( eHV P (0) - "Z%H P,.(e)), )
grr = (1 - 2Tm - —Ar ) exp (EH(”P( (6) + ¢ Z (2)P" (0)). (4)
=0

2

gos = sin~20g,, = rlexp (eK“)P( 8) + ¢ Z K?p (0)). (3
n=0

where the functions H(", H®, H{Y | K, K depend only on r and e is the deformation parameter.
Because there is the freedom to choose coordinates in second order perturbation (! = 0), we can impose

HY =HY =D (1=0). (6)
We derive the following differential equation of H(") from the Einstein equations,

M - ?1«1’ + % [2Ar% + (1 +2) (1 - 1)) M =0, (7

where M = fH"), f =1 (Ar® - 3r +6m). K*) is written in terms of H(!),

2 o A% 4+ 3ArY — 24mAr® + 18mr — 18m?
KWV=____ £ ArS = HW H (1)
S, (Ar° = 3m) + 7 +H (8)
We impose regularity of H{!) at the horizon,
HO = Ay (r—1h) + Ae (r = 14)* + -+, (9)
where ), is the radius of the horizon. From Eq. (7), H(") behaves like
m_& g
H b = ANEE (10)

at spatial infinity. Therefore, we can construct H(!) which goes to zero at spatial infinity when imposing
regularity at the horizon. From Eq. (8) and Eq. (9), K(!) behaves like

2ry (1 — Ar}) 3rp (1 - Ar})
KO = Tena-p™ |4+ Trga-one|F-m+ an

near the horizon. From Eq. (8) and Eq. (10), we find that the behavior of K{! becomes
21\(12 _ a_l
30+0=-1) 1

for large r. Hence, K'(!) is finite from the horizon and spatial infinity. Because K(!) isn't zero at infinity,
this spacetime is asymptotically weakly AdS in the sense of Ashtekar and Magnon's definition.

KM = R (12)



3 Approximate calculation

In this section, we obtain the perturbative solution and evaluate the mass and the horizon area to find
the first law of the deformed black hole in the cases of my/~A=a» land a < 1.

Abbott-Deser mass [10] isn't well-defined in second order perturbation because its value diverges by
a coordinate transformation r = R + ae. But Ashtekar-Magnon mass [6] is well-defined because its value
doesn’t change by coordinate transformations. Hence, we evaluate the mass using Ashtekar-Magnon
mass.

In the case of a >> 1, the solution of Eq. (7) and Eq. (8) is

_(6a)'2/3 + 3(6a) Yz
z 24+zr+1’

2 -
K“) = —m_—l) + () (O’ 2/3) . (14)

where x = r/r,. We find the change in the mass and the horizon area by the deformation of the
Schwarzschild-anti-de Sitter black hole as

HWL

(13)

dmy 12¢2 -
—_— = 2 21 (10)
m @+DE+2)°(1-1)
§A4 8¢?
—_— ~ . 16
A @+1)(1+2)°1-1)° (16)
Therefore, the first law of the deformed black hole becomes
dmq = 8%6.4.,. (17)

where x = (60)4/ 3 /12m. The first law of the deformed black hole is approximately equal to that of a

Schwarzschild-anti-de Sitter black hole.
Now we consider the case of a < 1. The (¢, t) component of the background metric is

i == (1-5 + flan?). (18)

where y = r/2m. We find that the spacetime is almost Schwarzschild (A =0) for | < y < ™!, flat for

a3 « y < a~!, and AdS (m = 0) for y > a~%/3. In flat spacetime, we can match the solutions which
are constructed in Schwarzschild spacetime and AdS spacetime. We consider only ! = 2 for simplicity.
The solution of Eq. (7) becomes

HY (A =0) o?y(y-1), (19)
HM (m =0) ;—; [\/5 (% + -3—3) arctan (%) - ':)—2 + 22(%’_7) . (20)

where z = vV=Ar. We find the change in the mass and the horizon area by the deformation of the
Schwarzschild anti-de Sitter black hole as

‘5_::5 ~ 271‘;;" (3log2 — 4)a~1€?, (21)
5% ~ 27‘/-"(121 g2 11)a~'e. (22)

Hence, the first law of the deformed black hole becomes
Smq = %JA., +6Wa, (23)

where k = 1/4m and §W; is the correction term which is given by
1
Wy = -z <0. (24)

Here ¢g is the value of K1) at spatial infinity. The first law of the deformed black hole has the negative
SWy.



4 Summary and Discussion

In this paper, we found the existence of deformed black hole solution whose mass and horizon area is
finite and constructed the first Jaw of the black hole in the case of a » 1 and o <« 1. The deformed
black hole is asymptotically weakly AdS spacetimes and is consistent with [7] [8]. We can consider larger
deformation parameter € in the case of a 3> 1 than a <« 1 because the perturbative analysis is reliable
for € that satisfy € < 1 in the case of @ > 1 and ¢ <« a in the case of a <« 1 as we understand from the
value of second-order perturbations. Hence the deformation parameter goes to zero in a — 0. In other
words, the Schwarzschild black hole can’t deform and this is consistent with [3).

We found that the first law of the deformed black hole has the negative work term in a « 1. This
term can be interpreted as the work that is necessary for the deformation of infinity. Hence, it is expected
that there is a negative work term for general a. By the existence of the work term, the horizon area of
the deformed black hole is larger than that of the Schwarzschild-anti-de Sitter black hole in equal mass.
If we assume the area law §A4 > 0, the deformed black hole may be preferred static configuration after
formation of a black hole.
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Abstract

We study brane cosmology as 4-dimensional domain wall dynamics in 5-dimensional
bulk space-time. In general metric as the 5-dimensional bulk, we find that equation
of motion of a domain wall depends on mass function of the bulk and conservation
law of energy-momentum of the domain wall depends on lapse function of the bulk.
Especially in the bulk with non-trivial lapse function, energy of matter field on the
domain wall flows out and in from the bulk. We apply the result to the case that
SU{2) gauge field is in the bulk and find that domain wall dynamics is corrected to
be that singularity-free universe can be realized in brane world scenario.

1 Introduction

Brane world scenario, in which we are living in a hypersurface in a higher dimensional spacetime, attracts
our attention as the topic in both unified theory of particle physics and cosmology. In Randall-Sundrum’s
brane model our universe is regarded as (3+1)-dimensional domain wall in (4+1)-dimensional bulk,
whereas only gravitons propagate in the negative curvature spacetime. For brane world cosmological
scenario, much research have been extensively studied and found new physics. Among them, the brane
cosmology in Randall-Sundrum’s model are studied by dynamics of domain wall which have constant
curvature in 5-dimensional Schwarzschild-anti de Sitter spacetime [1]. In the result it has been found
that the mass of Schwarzschild black hole give a contribution to dark radiation through its tidal force to
domain wall.

On the other hand, effective theory of M theory predicts that higher dimensional bulk spacetime has
many other fields, such as dilaton scalar field, gauge field, and so on. In its viewpoint bulk spacetime may
have various geometries by the effects of bulk other fields. They are studied the dynamics of domain wall
in the bulk fields, for example with U(1) gauge field [2}, or with higher order term of graviton [3]. Adding
their fields, equation of motion of the domain wall changes further. We investigate how the geometries
of bulk spacetime contributes to dynamics of domain wall, using general bulk geometry which is not
specified. As application of our result we also study dynamics of domain wall in the case that SU(2)
gauge field is in the bulk.

2 Dynamics of Brane in 5-Dimensional Bulk

Brane cosmology can be written as dynamics of 4-dimensional domain wall (corresponding to our universe)
moving in the 5-dimensional bulk spacetime holding negative cosmological constant. We investigate the
dynamics of domain wall in the bulk which have general static metric. Assuming homogeneity and
isotropy for spatial component of 4-dimensional domain wall, bulk geometry has to have spherical, plane,
or hyperbolic symmetry. So the metric of bulk can be described as

2
ds? = — fi(r)e~¥Mde? + 7“:27) +r2dQj ., (1)
where
2
i = k-H0L T 2
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where > = —6A;! and k takes 0,1, -1, corresponding to flat, closed, or open geometries of the spatial
part of domain wall. The bulk geometry is represented with lapse function §(r) and mass function u(r).
In this coordinate domain wall is located at r = a(7).

We assume the Z;-symmetry between the two side of the domain wall, and brane tension ¢ and perfect
fluid p on the domain wall. Then dynamics of domain wall turns out to be

TR | 447Gy :
2 _—— —— —_ - 2 ==
H® + ol + 7 [ 3 (a+p)] 0 (3
and
p+6+3H(p+p)=8(p+0)a (4)

by Israel’s junction equations at domain wall. The former equation describes modified Friedmann equation
which is same form to [1] replacing the mass of Schwarzschild black hole by u(r). Quadratic term of p and
dark radiation term are added to standard Friedmann equation. The latter is the equation corresponding
to modified energy conservation law of matter in the standard cosmological model. The equation is
same to conservation law in standard cosmological model when §(r) = const., so if U(1) gauge field and
negative cosmological constant is in the bulk at the most [1, 2], then lapse function should be trivial by
Birkhoff’s theorem, thus energy on the domain wall always conserves. In the case when lapse function
4(r) is non-trivial, energy of matter on the domain wall flows out and in from the bulk, so energy doesn’t
conserve on the domain wall. Sufficient condition that it is asymptotically recovered at late time (a — co)
is that bulk geometry is asymptotically anti-de Sitter. In next section we investigate the dynamics of
domain wall in the bulk with non-trivial lapse function.

3 Non-Singular Brane Cosmology

As an exercise of non-trivial lapse function, we apply the solutions of 5-dimensional Einstein-Yang-Mills
system as bulk. This system has SU(2) gauge field other than gravitational field and negative cosmological
constant, whose action is described as

1 1 1
5= 155 [ #5VE g (R- 200 - )| (%)
In same system in 4-dimension, the black hole solutions that is colored black hole [4] and globally regular
solutions that is particle-like solutions [5} are found in spherically symmetric ansatz (that is the case
k =1). They are numerical solutions and have non-trivial lapse function. In 5-dimension, it is found
that there are similar solutions and they are stable against spherical linear perturbations when As < 0
(6]- In the case k = 0, -1, there are no particle-like solutions but are colored black hole solutions.

The Friedmann equation (3) is rewritten in the form of a particle motion with zero energy in a given
potential as

%a’ +U(a) =0, (6)
where the potential U(a) is given by
1 a) A 8nG 1
Ua) = 3 [k - -‘%2—) - T“az - %p(a)az (l + Ep(a))] . &)

G4 and A4 are chosen to adjust to standard cosmological model. If ¢ is constant and the equation of
state of matter on the domain wall is given as p = (y — 1)p, the integration of (4) gives

a
pla) = poa~37e%®) 4 gg=31¢8a) / &'(a)a¥7e~5) g, (8)

In the figure 1 and 2 we show the bulk geometries which are the solutions of (5), and the potential U(a)
of domain wall in them. In the figure physical values with scale length are normalized by A = (Gs/g*)'/2.
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Figure 1 depicts the bulk geometry for k£ = 0 and the potential U(a). In this case it forms colored black
hole, which has an event horizon at a ~ 1 and an inner horizon at a ~ 10~7. At inner horizon, potential
U(a) works as repulsive force. In this case domain wall bounces at there and thus initial singularities can
be avoided. However in most of black hole with inner horizon there is Cauchy horizon instabilities such
that the effects of domain wall may put out inner horizon, so there is still room of arguments. Figure 2
depicts the bulk geometry for k = 1 and the potential U(a). In this case it forms particle-like solution.
Potential U(a) also works as repulsive force at finite a = ag, so domain wall bounces at ¢ = ag. In
this case it is stable against linear perturbation, so initial singularities can be stably avoided. Moreover
there are no singularities in the 5-dimensional bulk, so in this case singularity-free universe in brane
world scenario can be realized in the meaning of that both big bang singularities and bulk singularities
are avoided [7]. In this case, domain wall solution becomes oscillating universe. In both case energy

conservation law recover at large scale factor.
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Figure 1: The mass function x(a), the lapse function §(a) of the 5-dimensional bulk with k£ = 0, and the
potential U(a) of the domain wall. We set { = 1, A; = 0 and p < 1, and all physical values with scale
length are normalized by A = (G5/g?)'/2. The 5-dimensional bulk forms colored black hole spacetime
which has inner horizon. Inner horizon is located at a ~ 10~7 and in there U(a) works as repulsive force.
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Figure 2: The mass function u(a), the lapse function d(a) of the 5-dimensional bulk with k =0, and the
potential U(a) of the domain wall. We set { = 1, A; = 0 and p < 1, and all physical values with scale
length are normalized by A = (Gs/g?)!/2. The 5-dimensional bulk forms particle-like spacetime.



4 Summary

We investigate the dynamics of domain wall in the bulk which have general static metric. Assuming
homogeneity and isotropy for spatial component of (3+1)-dimensional domain wall, bulk geometry has
to have spherical, plane, or hyperbolic symmetry. So the metric of bulk can be described with lapse
function 6(r) and mass function u(r). By Israel’s junction equation at domain wall, we can derive two
equations describing dynamics of domain wall, one is Friedmann equation which is same form to [1]
replacing mass of Schwarzschild black hole by u(r). Another is the equation corresponding to modified
energy conservation law of matter in the standard cosmological model. It is worthy of notice that when
lapse function §(r) is non-trivial, energy of matter on the domain wall flows out and in from the bulk, so
energy doesn’t conserve on the domain wall.

As an exercise of non-trivial lapse function, we apply 5-dimensional non-trivial black hole spacetime
called colored black hole and globally regular spacetime (6], which are solutions with non-Abelian gauge
field, as the bulk. In this case energy of the matter on the domain wall escape to the bulk as universe
grows by the effect of non-triviality of lapse function, but conservation law asymptotically recovered
as @ — oo. On the other hand the mass function works as effects of repulsive forces near @ = 0, so
domain wall solution becomes oscillating universe or bouncing universe with appropriate parameter of
bulk spacetime. It is worthy of notice that with globally regular bulk spacetime singularity-free universe
in brane world scenario can be realized in the meaning of that both big bang singularities and bulk
singularities are avoided (7).
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Abstract
We construct a chiral theory of gravity in 7 and 8 dimensions, which are equivalent
to Einstein-Cartan theory using less variables [1]. In these dimensions, we can con-
struct such higher dimensional chiral gravity because of the existence of gravitational
instanton. The octonionic-valued variables in the theory represent the deviation from
the gravitational instanton, and from their non-associativity, prevents the theory to
be SO(n) gauge invariant.

1 Introduction

Recently, several researches were made for G2 and Spin(7) holonomy manifold in 7 and 8 dimensions (2,
3, 4, 5]. Such manifolds have reduced holonomy, i.e., in 7 dimension SO(7) holonomy reduced to Ga,
in 8 dimension SO(8) to Spin(7). manifolds, and therefore they have been a plausible candidate for
compactification of extra dimensions which shows up in M-theory and superstring theory [6, 7, 8. For
the meanwhile, 4-dimensional quantum loop gravity revealed some non-perturbative effects of gravity,
making use of Ashtekar formalism [9, 10, 11]. The Ashtekar formalism used in this case is a 4-dimensional
chiral theory [12], which is a theory presented in partial variables (giving the naming of chiral) of Einstein-
Cartan theory. For Riemannian manifold, a SO(4)-valued spin connection could be decomposed to two
SO(3)-valued components, and in chiral gravity, the half of SO(3) is used to construct the theory. In the
case of Lorentzian, the same decomposition could be achieved by complexification of SO(1, 3) to SO(4)c.
One specific point of 4-dimensional chiral gravity, is that by setting the connection to zero for the chiral
equation of motion, the 4-dimensional special holonomy manifold, Sp(1) holonomy manifold (in other
words, HyperKéahler manifold; or gravitational instanton) could be derived [13, 14]. It might be said that
4-dimensional chiral gravity states the difference from the gravitational instanton. This is in contrast
with Einstein-Cartan theory, whose non-zero connection describes the deviation from flat space-time. In
the following discussion, we show in certain higher dimensions, there exists a chiral formalism of gravity.
That is, when special holonomy manifold exists, instead of Einstein-Cartan’s SO(n) connection, we could
use partial (”chiral”) variables and construct a theory which is equivalent to Einstein-Cartan theory. We
have chosen Euclidean case for presentation, but as in 4 dimension, Lorentzian case could be achieved
similarly by complexification of Lie group. However, in higher dimensions, chiral variables could not be
understood as connections as in 4 dimension. Still it has local gauge symmetry of G2 (7-D) and Spin(7)
(8-D), which is related to non-associative algebra, octonions.

2 Einstein Cartan theory
We start from the Euclid Einstein-Cartan Lagrangian, which form is valid in any n dimensions,

Lg.c.(A,0) = (FA=x (1)), (1)
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where A is the se(n) connection, 8 the n-bein 1-form, and F a so(n) curvature. Their explicit definition
are given by,

A=%A°b®l“[ab- F=dA+%[A/\Al 0=6"® P,

6N = %0“/\0" © M, *0A0)= -

Sttt O M ()

Above, 61 "¢~-2 is the abbreviation of 6°* A - - - AG°*-2. Generators M,y and P; form the Poincaré algebra.
There also is a property of killing forms, which we will use frequently in the calculations,

(Pa, Po) = baby  (Mab, Mca) = 8acbba — Gaddbc. 3)
The equation of motion derived from this Lagrangian is,
Dx(0A0) =0, €apeyc,. o FOONG"Cn=3 = 0, (4)

The chiral theory we will construct is equivalent to this Einstein-Cartan (E.C.) theory in a certain aspect.

3 Octonions

Before going into the construction of the theory, let us briefly give some outlines of octonions(0) (15, 16).
This peculiar algebra appears when one decomposes so(8) and so(7) considering the particular solutions
of Einstein equations, the gravitational instantons [17). Octonions are the biggest alternative division
algebra. which are non-commutative and also non-associative. Their basis satisfies the following relations,

ea€Q a=apep+ae1+-+arer ay--rar €R
e:=1, eej:= —6.‘j + pijkex, (L,j=1---7)

. 123), (516), (624), (435),
wabe =1 if (abc) = { 2471;,E673;'5572; (435) v Pabe =0 else
1
eaesec) — (€aev)ec = Yabcdld, Vabed = ~ 3y €abede g Pefg- (5)

The structure constant gq;. represents non-commutativity, and ¥apeq represents non-associativity. The
chiral construction in 8 and 7 dimensions are deeply related to these octonion properties.
4 8-dimensional chiral gravity
The decomposition of so(8) we chose for constructing chiral gravity is
50(8) = o & spin(7). (6)

This decomposition [17] is Spin(7) invariant, and o is isomorphic to the imaginary part of octonions. The
constructed theory should only involve o component of the connection. The algebra for this decomposition
are,

[spin(7), spin(7)] C spin(7), [spin(7),0] C 0, [0,0] C spin(7), (7

and the projection operators,

1 1
Pn;;vpa = § {6yp6Ua - Jpo"sup + fuupa}' Rspin(?)“upo = §{3(6“p6ua - ‘Sua‘sup) - fuupa}v (8)

where Greek subscript runs from 0 to 7. The structure constant Sfuvpo satisfies the self-duality con-
dition, fuvps = Fi€uvporancfrane and could be written in terms of the octonion structure constant,



Jabed = Yabcds  foabe = —pabe. The Latin subscripts run from 1 to 7. We start from the Einstein-Cartan
Lagrangian (1). Applying the projection to connection A and 8 A 6,

A=Ao+ Apinr). 0N =(0A0)0 + (8 A0)pinen). 9)

we will construct the 8-dimensional chiral theory with 4, only. Performing some calculations, one could
find the relations,

1
»(0AN0), = 5(0 AB)oAY,  *(OA0)spin(zy = —(0 A 8)spin(n AP, (10)

and ¥ is a Cayley 4-form, which is given as ¥ = 3‘, Suvpc8#¥?°. Then the Lagrangian could be written,

1
CSE.C. = § (FoA(a A 9)0) AY - (Fspin(n/\(o A 0)5pin(7)) AW, (11)

Fypin(7) could be removed by adding an exact term,
Lsg.c. + d({(TN6) AY) = % (FaN(O A8),) AT + (TAT) AU — (TAG) AQY, (12)

where T = D@ is the torsion. However, since the decomposition (7) is not a decomposition as a Lie
algebra, the curvature component contains both A, and A,,in(7)- We could remove the A7) part by
using the killing form relation and the torsion-less condition, D(8 A 8) = 2TA8 = 0. We define

Lachirat(A,6) := {d (AA(O A 0)o) — ([AAAJA(O A 0)spin(y) } AT, (13)

where A, is replaced by A. This is the chiral Lagrangian, in a sense that is equal to Einstein-Cartan
Lagrangian under the torsionless condition.

To check the validity of this Lagrangian, we derive the equation of motion from this Lagrangian and
verify that it gives the particular solutions of Einstein equation, gravitational instanton. The equation
of motion is,

(6 A G)oAdY = 2[AA(B A B) spin(n)]A¥ = 0. (14)

Instanton solution is obtained with the condition A =0, and it can be shown that the above equation is
equivalent to d¥ = 0, the condition describing the Spin(7) holonomy manifeld.

Finally, we show this Lagrangian has Spin(7) gauge symmetry. The Spin(7) gauge transformation is
given as,

SA=[x,A], 6(0A8)0=[x.(0A8)), 8(8AO)spiniry =[X: (0 A spin(n) (15)

where x is spin(7)-valued gauge function. It is easy to check that the 4-form ¥, and therefore the
Lagrangian, becomes Spin(7) gauge invariant.

5 7-dimensional chiral gravity

The appropriate decomposition for so(7) and the algebra for them are

so(7T) =06 g,
[92:92] C 92, [0,2] C o, [o0,0] C s0(7). (16)

Similar calculation as in the 8 dimensional case applies, and the projection operators also includes the
octonion structure constants, ¥ascq 80d @ase. Applying the projection to connection A and 8 A 8,

A=A, + A, OAO=(0A0),+(0A0),, (17)



we construct the 7-dimensional chiral theory with A, only. The difference between 7 and 8 dimension is
that now, by simple calculation, we have the following identity.

2
(0 A8)oAp = 267G, (18)
where  and ¥ is a Cayley 3-form and 4-form respectively, given by ¢ = F0asc0°%, ¥ = dvancad®?.
Using this non-trivial relation, the Einstein-Cartan Lagrangian becomes,

1
Lip.c. = 3 {FohB) A = (F A0 A B) ;) A, (19)

where the decomposed curvature contains both A4, and A, components. By the same method used
in 8 dimension, we delete Ay, from this Lagrangian. Namely, first add an exact term and modify the
Lagrangian in a convenient form, then next delete the remaining A,, in F, by the condition D(# A 8) = 0,
and the property of killing forms. The chiral Lagrangian obtained is:

Lrcnirai(A,0) = % {d (ANG) - -21- ([AAA]AB)} AU
+ {d (AN(6 A B)) — % (LAAAJA(G A 6),) ([AAAJA A a)g,)} Ap, (20)

which becomes equivalent to Einstein-Cartan Lagrangian under the torsionless condition. The equation
of motion becomes,

—%0/\1/: + {0 A Q) Ndp — %[AAG],,/WJ + [AA O A 0)o]ono — 2[AA(G A ) g, ]Ap = 0, (21)

here A, replaced by A. Instanton solution is obtained with the condition A = 0, and it can be shown
that the above equation is equivalent to dy = 0, dy = 0, which is the G, manifold, the gravitational
instanton of 7 dimension. It could be verified that Lagrangian has G2 gauge symmetry, defined by,

6A =[x, 4], &6A8),= b, (0A8),), d(8A 0)g, = [x. (8 A 8)g.): (22)

where x is go-valued gauge function.

6 Discussion

We presented the chiral theory of gravity in 7 and 8 dimensions, which are described by less variables
than original Einstein-Cartan theory. These chiral variables A also indicates the deviation from the
gravitational instantons. However, in these higher dimensions, the chiral variables could not be thought as
a connection in comparison to 4-dimensional case. Namely, it does not transform as the usual connection
by gauge transformation. It is verified that these chiral theory has G and Spin(7) gauge invariance while
they lose SO(7) and SO(8) gauge symmetry. This corresponds to the fact that the chiral variable A must
be regarded as the non-associative algebra, octonionic-valued variable. Furthermore, again in contrast
to 4 dimension, the chiral Lagrangian is not in the form of BF type, especially the term corresponding
to curvature F deviates, and this also comes from the octonionic properties of the chiral variables. It is
under question that whether like the BF theory this Lagrangian would be quantizable in this form, but
the prospects are that it could be utilized for the higher dimensional quantum gravity as the Ashtekar
theory. As the 7 and 8-dimensional chiral gravity reflects the geometric relation of G and Spin(7)
manifold, it is hopeful that similar relation as in the case of 3 and 4 dimensions exist and enables one to
construct higher dimensional Ashtekar gravity. It is also hoped for the discussion of compactification of
7 or 8 dimensions, as in the Kaluza-Klein scenario of M-theory or 11-dimensional supergravity. In the
course of these discussions, we also think it is significant to generalize the theory with supersymmetry.
The construction of self-dual supergravity with reduced Spin(7) and G> holonomy in 8 and 7 dimensions
respectively, are already embodied [5], so one can verify the formulated theory when it is achieved.
Finally, in higher dimensions where the special holonomy manifold exists such as dn{n = 1,2,---) or
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2n(n = 2,3, - ) dimension; namely, Sp(n) holonomy manifold or HyperKahler manifold in 4n dimension,
and SU(n) holonomy manifold or special K&hler manifold in 2n dimension; such chiral gravity should
be constructed, and it is now under preparation. As in the dimensions 4, 7 and 8, their chiral variables
should represent the deviation from these gravitational instantons. That is, there must be careful tuning
to make the chiral variable A represent the projected part of connection of the original E.C. theory. For
instance, in 7 dimension, construction of the chiral action was performed that its chiral variable 4 would
be the octonionic part of the original SO(7) connection.
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Abstract
We show that the Casimir effect may stabilize the Planck vs. electroweak hierarchy
naturally in brane models with warped extra dimensions.

1 Introduction

In the Brane world scenario [l]. the hierarchy between the electroweak and the Planck scales is a function
of the size of the extra dimensions. As in Kaluza Klein theories, this size is dynamical. The corresponding
degree of freedom is usually called the radion, which is often massless at tree level [2). Thus, a complete
solution to the hierarchy problem in the brane world scenario requires a stabilization mechanism, which
explains two things [3]. On one hand, it has to give the radion a large enough mass in order that the
scalar interactions that it would propagate are not observed. On the other hand, it must explain in a
natural way how the radion takes an expactation value that gives rise to the 16 orders of magnitude that
separate the Planck and the electroweak scales.

In the context of Kaluza Klein theories, Weinberg and Candelas [4] showed that the quantum effecs
from matter fields can stabilize the radion. Here, we investigate whether they can naturally stabilize the
hierarchy in brane models.

2 Hierarchy Stabilization

In models of ADD type (1], it seems difficult to generate and stabilize a large hierarchy with quantum
effects only [3]. The reason is that in these models, the hierarchy appears as a large volume effect and
that the Casimir energy density is a power of the radius. If this energy has to be balanced by, eg,
curvature terms, generically one does not expect a large radius unless some large number intreduced
[3]. However, if one introduces a warp factor, the dimensional analysis is not so simple, and the picture
changes substantially. Here, we report on some of the examples where the (natural) stabilization by
quantum effects is possible.

The Randall Sundrum model

In the RS model (2], the effective potential induced by bulk scalar fields and by the graviton was computed
in [5]. This potential cannot generate naturally a large hierarchy. However, the potential induced by
bulk gauge fields can generate a large hierarchy and give the radion a sizable mass [6). This remarkably
different behaviour of bulk gauge fields can be understood from the AdS/CFT correspondence 6].

Scalar-tensor model in 5D

In Ref. (7], a family of five dimensional scalar-tensor models are considered, which allow for solutions
with a warp factor of the form a(y) = y9, instead of the exponential behaviour in the RS model. These
models have two moduli corresponding to the brane locations, y+. The effective potential induced by bulk
fields contains a logarithmic term (absent in the RS case), which produces a large hierarchy naturally.
However, the masses for the moduli y+ are too small unless the power in the warp factor is large enough,
g2 10.
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Higher dimensional warped models

The class of models considered in (8] consist of a higher dimensional extension of the RS model with
metric
ds® = e~ 2*M[dy? + n,, dz¥dz” + dsd, (1)

where ¥ is a compact n—dimensional space. Two codimension-one branes (with topology My x I) are
located at the orbifold fixed pionts.

The hierarchy arises in these models as a combination of the redshift [2] and large volume [1] effects.
The effective potential from bulk fields can be computed without specifying the internal space £. This
potential can stabilize the two moduli and the hierarchy without fine tuning if £ is flat but not if it is
curved. This can be understood from [7] since these models correspond to a quite small power, ¢ < 4. It
remains to be studied whether models with different warp factors in Eq. (1) can stabilize naturally the
hierarchy when I is curved.

Factorizable AdSs; x £ geometry

The model considered in [9] is the direct product of the RS geometry and some compact manifold T of
radius R. In contrast with the model of [8}, the hierarchy is due to the redshift effect only. Intuitively, this
model should reduce to the RS model when R is small. This is explicitly shown in [9], and in particular
the potential induced by bulk gauge fields can stabilize a large hierarchy without fine tuning.

We conclude that the Casimir effect may stabilize a large hierarchy naturally in warped brane models.
Therefore, the hierarchy problem may be solved without the need to introduce other ingredients in these
scenarios.
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Abstract

We discuss the regularization of the gravitational self-force on a point particle in
a Schwarzschild space-time. The metric perturbation induced by a particle can be
divided into two parts, the S-part and the-R-part, in the harmonic gauge, and the
regularized self-force is derived from the R-part which is regular and satisfies the
source-free regularized Einstein equations. In this paper, we consider a gauge trans-
formation from the harmonic gauge to the Regge-Wheeler gauge in which the metric
perturbation can be calculated, and present a method of deriving the regularized self-
force in the Regge-Wheeler gauge. In addition, as a first application of this method,
we calculate the self-force on a particle in circular orbit up to the first post-Newtonian
order. We find the correction to the total mass of the system due to the presence of
the particle is correctly reproduced in the force at the Newtonian order.

1 Introduction

An inspiral of a compact object into a supermassive black hole, which is expected to exist in the center
of many galaxies, is one of the promising targets of the space-based interferometer, LISA. To extract out
physical information of such a system from observed gravitational wave signals, it is essential to predict the
theoretical waveforms accurately. The black hole perturbation approach is most suited for this purpose.
In this approach, one considers gravitational waves emitted by a point particle that represents a compact
object orbiting a black hole, assuming the mass of the particle (x) is much less than that of the black hole
(M); p < M. In the lowest order in the mass ratio, u#/M, we can regard the particle as a test particle.
Therefore, the particle moves along a geodesic on the background geometry of a black hole. In the next
order, however, the orbit deviates from the geodesic on the black hole background because the spacetime
is perturbed by the particle. We can interpret this deviation as the effect of the self-force on the particle
itself. In order to evaluate this deviation accurately, we have to derive the equation of motion that takes
account of the self-force on the particle.

It is known that the gravitational self-force can be derived from the “tail part’ of the metric pertur-
bation, which has support inside the past null cone of the evaluation point and is regular at the particle’s
location [1]. However it is difficult to calculate this part directly because it depends on the history of the
particle’s motion. Therefore, one usually identifies the singular part of the metric perturbation which
can be evaluated locally (called the “direct parf’) up to a necessary order and subtract it from the metric
perturbation. This identification of the direct part is sometimes called the “subtraction problem”. In
addition, there is another problem, called the “gauge problem”, which is caused by the gauge dependence
of the gravitational self-force.

In this paper, as a first step toward a complete derivation of the gravitational self-force, we consider
a particle orbiting a Schwarzschild black hole, and propose a method to calculate the regularized self-
force by solving the subtraction and gauge problems simultaneously. Namely, we develop a method to
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regularize the self-force in the Regge-Wheeler (RW) gauge based on the “mode decomposition scheme”
( or “mode-sum scheme”) (2]. In addition, we calculate the regularized self-force on a particle moving
along a circular orbit up to the first post-Newtonian (1PN) order, as an application of our method.

The paper is organized as follows. In Sec. 2, we briefly review the situation of the self-force problem
and give the regularization prescription under the RW gauge condition. In Sec. 3, at the level of 1PN
order, we give the force due to the metric perturbation and its S-part for circular orbit case in the RW
gauge. From the results obtained in Sec. 3, we obtain the regularized gravitational self-force in Sec. 4.
Finally, we summarize our calculation and discuss the future work in Sec. 5.

2 Self-force in the RW gauge

The Schwarzschild metric is given in the standard Schwarzschild coordinates as

Gudzhdz” = — f(r)dt® + f(r)~'dr? + r2(d6? + sin® 6d¢?) f(r)=1- 2—M (1)

We denote the location of the particle at its proper time 7 = 79 as {z§} = {2%(70)}, where z°(7) is an
orbit of the particle parametrized by the background proper time (i.e., g,,.,(dz /d-r)(dz"/d'r) = -1). We
consider the metric perturbation on the background induced by the partlcle h “",, = Guv — Guv, Where g,
is the perturbed metric. According to the works by Mino, Sasaki and Tanaka and Quinn and Wald (1],
the gravitational self-force on a particle is given in the harmonic gauge as follows:

F:l(T) = lll’l(l )Fa[htnil.H(x)] = liﬂ(l ) (Falhmll,ﬂ(z)] _ Fa[hdir.!-l(z)]) . (2)
T=2z(7T r—z(r
where the superscript H stands for the harmonic gauge. Fo|: -] is the differential operator defined by
- 1 1- 1 -
Fe [huVI = —uPb’(hm;a - 2913'7’1 §h76;ﬁ + ngdhtc:ﬁ)u‘yua ' (3)

where P.® = 6,9 + uqu?, hag = hagp - 1gagh,* and u® = dz°/dr.

When we perform this subtraction, the metric perturbation and the direct part must be evaluated in
the harmonic gauge because the tail part and the direct part are meaningful only in this gauge. However,
it is difficult to obtain the metric perturbation in the harmonic gauge. On the other hand, we can obtain
it under the RW gauge condition by using the Regge-Wheeler-Zerilli formalism {3, 4]. Therefore we
attempt to regularize the self-force in the RW gauge. But there remains a problem even in this approach.
Since the transformation between the harmonic gauge and the RW gauge irregular, except for radial orbit
cases, and the tail part of the metric perturbation is not the solution of the linearized Einstein equations,
it is not trivial how to define the regularized self-force in the RW gauge {5}.

Recent work by Detweiler and Whiting [6] gave an important clue to solve the problem. They
introduced a new decomposition of the metric perturbation, improving over the one by Mino, Sasaki
and Tanaka and Quinn and Wald. The new singular part, called the S-part, h,s",,", is constructed to be
an inhomogeneous solution of the linearized Einstein equations in the harmonic gauge. The new regular
part, called the R-part, h“, , is then a homogeneous solution. Since the S- and R-parts are both the
solutions of the Einstein equations, we can define the S- and R-parts in another gauge, which are also
the solutions of the Einstein equations, by performing the gauge transformation of each part. Namely,
the S- and R-parts are unambiguously defined in any gauge. Therefore, we can consider the subtraction
procedure in any gauge we wish to adopt. In the Schwarzschild case, we can formally obtain the self-force
in the RW gauge by transforming the R-part of the metric perturbation in the harmonic gauge to the
RW gauge. Then the problem is how to calculate the R-part in the RW gauge.

To solve this problem, let us consider the transformation from the harmonic gauge to the RW gauge,

g = Gy, — Y = bl - 2 e (@)
where £1=RW is the generator of the gauge transformation. Using this gauge transformation, the self-force
in the RW gauge is formally given by

FM(r) = LJim F, [(ARFY] = lim ( Fo AR (z) - F, [ASH - 2 vgH—RW [hS'H]](x)). (5)

z=z(T)
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where we have omitted the spacetime indices of k,, and V,&,, for notational simplicity. The full metric
perturbation AfRW can be calculated by using the Regge-Wheeler-Zerilli formalism, while the S-part
hf;;," can be obtained with sufficient accuracy by the local analysis near the particle location. In addition,

we can calculate the gauge generator, £H—FW [aS:H] once we obtain h‘w . In the following section, we
shall give the force induced by the metric perturbation (full force) and its S-part, respectively.

3 Full force and its S-part

In this section, we evaluate the full force and its S-part in the RW gauge, respectively.

First, the metric perturbation is calculated by the Regge-Wheeler-Zerilli formalism in which a Fourier-
harmonic expansion is used because of the symmetry of the background spacetime. Next, we derive the
self-force by acting force operators and represent it in terms of ¢ mode coefficients after summing over w
and m for the Fourier-harmonic series. Here we have calculated it up to 1PN order (The detail is shown
in [7]). We shall show only our results:

Fri) _ _lexny® 1 y2(12€3+2582+4€ 21) M
fll.RW{, ra 2 r3(2€+3)(2¢-1) '

Fri) e_pz_l,u (12e3+11e2—10e+12)M (6)
fll. RW |, e 2 (2¢-1)(2¢+3)r3 ’

where the other components of the force vanish. We see that the only non-vanishing component is the
radial one as expected because there is no radiation reaction effect at 1PN order. In the above, the
indices (4) and (—) denote that the coincidence limit is taken from outside (r > ro) of the orbit and
inside (r < rg) of the orbit, respectively.

As for the S-part of the self-force, we first calculate the one in the harmonic gauge by using the
local coordinate expansion [2]. After that, we transform the S-part of the metric perturbation from the
harmonic gauge to the RW gauge. Our results up to 1PN order are given by:

sy | _ 142 (2ro—3M) L1 pi{dro=7TM)  p?M(172L% - 14784 L2 + 299)
SAW|, = F3 3 g 3 128r3(L2 - I)(L2 - 4)(L2-9) '

(7)

where L = £+ 1/2 and the other components vanish. We now see that the O(1/L?)-term of the S-force
in the RW gauge vanishes after summing over £. Note that, the final formula above should be regarded
as valid for all £ from 0 to oo [7).

4 Regularized gravitational self-force

In the previous section, we have calculated the full and S-parts of the self-force in the RW gauge. Now we
are ready to evaluate the regularized self-force, though there is one more issue to be discussed, namely,
the treatment of the £ = 0 and 1 modes.

First, we consider the contributions of £ > 2 to the self-force. As noted before, for the 1PN calculation,
the only r-component of the full and S-part of the self-force is non-zero. By subtracting the S-part from
the full force by each mode and summing over ¢(> 2) modes, we obtain

3u2 M

Fiw(€22) = -~

(8)

We note that the Regge-Wheeler-Zerilli formalism, which we use to calculate the full force, is valid for
¢ > 2. Although the ¢ = 0 and 1 modes do not contribute to the self-force formally, because of our inability
to know the exact form of the S-part, it turns out that we do need to calculate the contributions from
the £ = 0 and 1 modes. By using the Zerilli's analysis [4] for these modes, we obtain their contribution

to the self-force as follows: 242 41u2M
r g — B M
§Ffw(€=0,1 2 el (9)
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It should be noted that a gauge ambiguity remains in £ = 1 even mode. This is because it is a pure gauge
mode which describes a shift of the center of mass coordinates. Nevertheless, we were able to resolve
this ambiguity at Newtonian order, and hence to obtain an unambiguous interpretation of the resulting
self-force.

Finally, adding Eqs. (8) and (9), we obtain the regularized gravitational self-force up to 1PN order as

242 1M

= -3
To o

Frw = (10)
Since there will be no effect of the gravitational radiation at the 1PN order, i.e., the ¢- and ¢-components
are zero, the above force describes the correction to the radius of the orbit that deviates from the geodesic
on the background. It is noted that the first term proportional to u? is just the correction to the total
mass of the system at the Newtonian order, where rg is interpreted as the distance from the center of
mass of the system to the particle.

5 Discussion

In this paper, based on the decomposition of the field proposed by Detweiler and Whiting, we have
proposed a new approach to solve the gauge problem in the regularization of the gravitational self-force
for the Schwarzschild background case. Here we have given the formal expression of the self-force in the
RW gauge by using the finite gauge transformation from the harmonic gauge. In addition, taking account
of the contribution of ¢ = 0,1 modes, we have calculated the self-force on the particle moving along a
circular orbit up to 1PN order. We have found that our result recovers the one in the rest frame of the
center of mass at the Newtonian level. However, the analysis of the low multipole modes has revealed
that there inevitably remains the ambiguity of the gauge due to the £ = 1 even parity mode in the
resulting self-force. This is because this mode is a pure gauge mode that corresponds to a dipolar shift
of the coordinate. To obtain this mode, we need numerical calculation with some appropriate boundary
condition.
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Abstract

For the particle creation along a gravitational collapse (the Hawking radiation), it
has already been known that, if the initial quantum state is an excited state for a
distant inertial observer, the expectation value of the number operator on the initial
state diverges. As far as we know, the effect of a particle detector has not been
considered for the calculation of the expectation value. In this talk, we introduce a
particle detector and evaluate the Hawking radiation with an excited initial state, and
conclude that a particle detector does not resolve the divergence of the expectation
value.

1 Introduction

For the particle creation along a gravitational collapse (the Hawking radiation), it has already been known
that, if the initial quantum state of a matter field is an excited state for a distant inertial observer, the
expectation value of the number operator on the initial excited state diverges. If this is the case, it is
implied that a black hole will explode at the moment of its formation. On the other hand, it has also
been known that the expectation value of the energy-momentum tensor does not diverge, but it converges
to the value of the case with an initial vacuum state [1]. This does not suggest the black hole explosion
mentioned above. The latter suggestion by the energy-momentum tensor is more acceptable than the
former one by the number operator, because it is expected that the deviation from the initially vacuum
case should be smeared out due to the infinite red-shift received by a radiation during propagating from
the event horizon to the distant observer.

By the way, a quantum particle has its real meaning after a detection process. Therefore it is better
to take a particle detector into account in order to judge whether or not the paradox mentioned above
gives rise to some caution in using the particle interpretation. As far as we know, the effect of a particle
detector has not been considered for the calculation of the expectation value of the number operator. So,
we try introducing a particle detector to evaluate the Hawking radiation with an excited initial state,
and extracting some lessons in using the quantum field theory on a curved spacetime.

2 Setting with a detector

Our back ground spacetime is the spherical gravitational collapse to form a Schwarzschild black hole.
The observer rests at a constant spatial distance r = R far from the collapsing region (R is a very large
constant), and possesses a particle detector. When the matter field contained in the detector is excited
through the interaction with the Hawking radiation, the observer recognises the detection of a particle
emitted from the collapsing region [2]. To treat this detection process, we set the followings;
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o ¢ (= #') ; a massless scalar field representative of the Hawking radiation.
e i ; a matter field contained in the particle detector.
e z(r) ; the orbit of the detector, where 7 is its proper time.

o Hint = —cd ¢ ; the interaction Hamiltonian density, where ¢ is the coupling constant.

Hereafter, we set ¢ be small (c <« 1) and consider the detection process up to the first order pertur-
bation about c. Further, in order to avoid the volume divergence, we set the (in-going) mode function f,
of ¢ at the initial time (past null infinity) be a wave packet (3],

him = [ do B ety o)
Wyw) = \/_;_;e"“we(w-paw)e((H1)au-u),

where © is a step function, p is an integer, v is the in-going null coordinate, v is the peak position of
this packet. The frequency of this packet is roughly given by Q = pdw. We omit the quantum numbers
(1, m) due to the spherical symmetry.

[mg; Ej)

Détector
(r=R)
|"P ; Eo)

3 Detection probability

At a remote past (initial time), let the detector’s field ¥ be in its ground state of energy Eo, |Eg), and
the radiation field ¢ be in an excited state |n,) which has n particles at the state of the quantum number
p. We denote this initial state as |np ; Eo). Then at the remote future (future infinity), the detector field
W is excited to a state |E;) due to the interaction H;n; while the radiation field ¢ makes a transition to
another state |m,). We denote this final state as |mg; Ej). As explained in detail in the reference (2],
the amplitude for this detection process is given by

o0
A; = i(Ej; mq| / dr A da-‘ﬁuint("') Inp ; Eo) ,
s

where V is the volume of the detector, and Hin:(r) = —c¢(z(r)) ¥(x(r)). Therefore the detection
probability at the energy level E; becomes

©0
Pilmp) = Y. 147 = AVEIDs? / drdr' e A5 (7=7") (n)] $(7) $(7') |np)
all states of ¢ had

where, D; = (E;| $(z(0)) |Eo) and AE; = E;j— Eq. Purther note that our interest is in the deviation from
the initially vacuum case, so it is enough for us to evaluate the deviation of the detection probabilities,
APj(np) = Pj(np) — P;j(0). Then by expanding ¢ with the mode set {f,}, we obtain

2 2
APi(np) = ny L2 Minl g [ / ) der’e'iAE:("")""n("(')"’("))] : (1)
mR%*p o
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where R[z] is the real part of z. Because the detection of the particles has to be carried out at a remote
future, we approximate the integrand in eq.(1) by its asymptotic form,

v(r) = —es(T-R") ,

where « is the surface gravity of the black hole, R* is the tortoise coordinate at the detector and we used
t =~ 7 at future null infinity (¢ is the Schwarzschild coordinate time). Note that this asymptotic form is
derived by connecting the null coordinates at future null infinity and that at the past null infinity along
the null geodesic propagating near the event horizon to infinity shown in the above figure [3]. Then,
introducing the transformations T = 7 + 7’ and 7 = 7 — 7/ into eq.(1), the integral about dr can be
carried out to give

V2 ID;P |Yim[® 4e™8Ex1%  po
: 2
A — [ arr(K,m)], (@)

where K\, (z(T)) is the modified Bessel function, v; = i2 AE;/x and z(T) = 2Qe~R*~T/2) Here, for a
large T, the integrand in the eq.(2) is approximated as

APj(np) ~ np

TK

]fu,(Z(T)) ~ \/mm cos (AE,’ T+const.) .

Consequently, the deviation of the probabilities for the detection of particle at an arbitrary energy level
E; can be evaluated as

o0 [+ o] ]
| ) arm) ~ [ aasy AR

where it is assumed that the detector has a continuous energy level. This denotes that the divergence of
the particle number can not be resolved with introducing a particle detector.

4 Conclusion

As denoted by the previous section, the particle detector does not resolve the divergence of the number
of particles in the Hawking radiation with an initially excited state. As mentioned in the section 1, the
existence of the event horizon denotes that this divergence should not have physical meaning but should
be renormalised to give the same result as the initially vacuum case gives. In fact, the mathematically
correct treatment for the resolution of this divergence is explained in the reference [4]. But, without
stepping into mathematical complication, we could learn some lessons for the usage of the quantum field
theory in the presence of an event horizon;

¢ The initial state should be taken as the vacuum state with respect to the mode set prepared at the
initial time.

* Avoid the particle interpretation but use the energy-momentum tensor for the initially excited case
with respect to the mode set prepared at the initial time.
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Abstract

We investigate the gravitational collapse of rapidly rotating relativistic supermassive
stars by means of a 3+1 hydrodynamical simulations in conformally flat spacetime of
general relativity. We study the evolution of differentially rotating supermassive stars
of g = J/M? ~ 1 (J is the angular momentum and A/ is the gravitational mass of the
star) from R/M ~ 65 (R is the circumferential radius of the star) to the point where
the conformally flat approximation breaks down. We find that the collapse of the star
of ¢ 2 1, a radially unstable differentially rotating star form a black hole of g < 1.
The main reason to prevent the formation of a black hole of ¢ 2 1 is that quite a large
amount of the angular momentum stays at the surface. We also find that the collapse
is coherent and that it likely leads to the formation of a supermassive black hole
with no appreciable disk nor bar. In the absence of nonaxisymmetric deformation,
the collapse of differentially rotating supermassive stars are the promising sources of
burst and quasinormal ringing waves in the Laser Interferometer Space Antenna.

There is increasing evidence that supermassive black holes (SMBHs) exist at the center of all galaxies,
and that they are the sources which power active galactic nuclei and quasars. For example, VLBI
observations of the Keplerian disk around an object in NGC4258 indicate that the central object has a
mass M ~ 3.6 x 107 M and radius less than ~ 13 pc. Also, large numbers of observations are provided
by the Hubble space telescope suggesting that SMBHs exist in galaxies such as M31 (3 x 107 Mg), M87
(1 ~ 2 x 10°Mg) and our own galaxy (2.5 x 108Mg). Although evidence of the existence of SMBIs is
compelling, the actual formation process of these objects is still uncertain [1]. Several different scenarios
have been proposed, some based on stellar dynamics, others on gas hydredynamics, and still others which
combine the processes. At present, there is no definitive observation as yet which confirms or rules out
any one of these scenarios.

Here we discuss the collapse of a supermassive star (SMS) as one scenario of formation of SMBH. This
subject is also interesting from the viewpoint of general relativity. The complete gravitational collapse of
a body always results in a black hole (BH) rather than naked singularity, and the final state of the BH
should go into the stationary one (the sequence of Kerr BHs) due to the uniqueness theorem. However
there are several exceptions to this cosmic censor. BH uniqueness theorem requires that the stationary
BH always rotates less than the maximum Kerr limit; i.e. J/M? < 1. Therefore, a collapse of a star with
the critical value J/M? ~ 1 (J is the angular momentum, M is the total gravitational energy) may show
us a violent phenomenon in general relativity and in gravitational wave physics.

The gravitational collapse of J/M? ~ 1 has been investigated in several decades. The pioneering
study in this field was made by Nakamura [2]. He set up a differentially rotating star with radial velocity
to induce the collapse. He found that when the initial star of J/M 2 is less than 0.95, apparent horizon
forms, while when J/AM? is bigger than 0.95, no apparent horizon forms. The following study has been
done by Stark and Piran [3]. They set up a uniformly rotating n = 1 polytropic star and deplete pressure
of 99 % to induce the collapse. They found that when J/M? is less than acric £ 0.2, BH formed. On the
other hand, when J/M? is larger than acie 0.2, flattened disk formed (acric = 1.2 for the case of 99 %
pressure deplete). Finally Shibata [4] performed the collapse of differentially rotating n =1 polytropic
star. He also depleted the pressure of the star to induce the collapse. He found that when J/M 2 is less
than 0.5, BH is formed when the rest mass is larger than the maximum mass on the J constant sequence,
which is formed after the pressure is depleted. When J/M? is slightly less than 1, BH formed when
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Figure 1: Profile of j/m? as a function of cylindrical mass for Model I (Table 2 of Ref. (7]). Solid and dashed
line denotes the profile at ¢ = 0 and ¢ = 5.64 tay., respectively. Note that j is the cylindrical angular momentum,
M. is the rest mass, tuy, is the dynamical time defined in Ref. (7).

the rest mass is sufficiently larger than the maximum allowed mass on the pressure depleted J constant
sequence. He also found, by comparing his results from polytropic evolution and from I-law evolution
of the hydrodynamics, that shock heating prevents the prompt collapse to a BH under the condition of
J/M? ~ 1,

The purpose of this paper is the following threefold. The first is to verify the nature of the gravitational
collapse of a differentially rotating equilibrium star from the viewpoint of cosmic censor. If we collapse a
star of J/M? 2 1, the star cannot directly form a BH of J/M? 2 1 because of cosmic censor. Therefore
it is important to find the main cause to prevent a BH formation of J/M? 2 1. From the previous
computational results, shock heating [4] and core bounce (2, 3, 4] are the dominant phenomena to prevent
a star from forming a BH. However, all previous calculations have set up violent initial data sets, adding
radial velocity or depleting pressure, to induce the collapse, it may cause abrupt transport of the energy.
We therefore set up a mild, natural situation, that is the collapse of differentially rotating stars from the
onset of radial instability, to focus on a graduate transport of the energy. Also, we compute the collapsing
star in 3D to allow shock propagation and bar formation, if it occurs.

The second is to determine the final outcome of the collapse of differentially rotating SMSs. For
the collapse of a uniformly rotating SMS from the onset of radially instability, Saijo et al. [5] studied
3D relativistic hydrodynamic simulation and found that the collapse is coherent and that it is likely to
form a SMBH with no significant bar nor disk formation. Followup computation has been performed in
2D hydrodynamics in full general relativity and found that approximately 10 % of the total mass can
form a disk, while approximately 30 % of that should form a BH [6). When we consider the collapse of
differentially rotating equilibrium stars, the final outcome has the possibility of differing from the collapse
of uniform rotation because of the strong centrifugal force at the central core, which may prevent the
prompt collapse. What is the final fate of the collapse? Does the star fragment due to the growth of the
degree of differential rotation? Does the disk form during the collapse? Relativistic simulation can only
answer these questions.

Finally, it is important to probe whether the collapse of differentially rotating SMSs could be promising
sources of gravitational waves. Direct detection of gravitational waves by ground based and space based
interferometers is of great importance in general relativity, in astrophysics, and in cosmology. The
catastrophic collapse is one of the promising sources of gravitational waves. For a gravitational collapse
of the star, there are two main reasons that prevent a prompt collapse of the star, which should produce
gravitational waves at that time. One reason is core bounce and/or shock heating. Suppose gravitational
force is balanced to the centrifugal force (M/R? ~ RQ?) in Newtonian gravity, and the total mass and the
angular momentum (J ~ M R?Q) are conserved during the collapse. Note that £ is the angular velocity,
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Figure 2: Final density contour in the equatorial plane of 4 differentially rotating stars. Model I, I1, 111, IV (Table
2 of Ref. [7]) is plotted at the parameter (t/tayn, Oimax) = (4.38, 1.37x107%), (5.62, 2.16x107?), (5.61, 9.13x10%),
(5.60, 5.33 x 10~°), respectively. The contour lines denote coordinate densities p* = phax X 10702716=9(; =
1,--+,15).

R is the radius. We may estimate the bounce radius of the star in a global sense as Ruounce = M(J/M?)?.
Since the horizon radius is roughly the order of M, core bounce might take place for the case J/M 221,
which prevents the violation of the cosmic censor. The other is bar formation. From the dimensional
analysis, we can describe the rotational kinetic energy T' and the gravitational binding energy W as
T ~ MR*Q? and W ~ M?2/R. We also accept the assumption that total mass and angular momentum are
conserved during the collapse. We could estimate the radius of bar formation in terms of the ratio of the
rotational kinetic energy to the gravitational binding energy as Ruar = (M/R)(T/W)~}(J/M?)?. Since
the dynamical instability for a uniformly rotating, incompressible Newtonian star sets in at T/W ~ 0.27
and for relativistic gravitation as T/W ~ 0.24 — 0.26, bar formation takes place at the radius R ~ 4M
for the collapse of J/M? ~ 1. Therefore, we may expect that the gravitational collapse of JIM?2~1lisa
promising source of quasi-periodic gravitational waves.

We investigate the collapse of differentially rotating SMSs by means of hydrodynamic simulations in
conformally flat approximation in general relativity. We start our collapse from R/M ~ 65. where R is
the circumferential radius of the star, to the point where conformally flat approximation breaks down. A
more detailed discussion is presented in Ref. [7]. ,

We find that the cosmic censor even holds for the gravitational collapse of radially unstable differen-
tially rotating equilibrium SMS of J/M? 2 1. The main reason to prevent formation of a BH of J/M 221
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is that quite a large amount of the angular momentum stays at the surface, not core bounce and/or shock
propagation and bar formation in our medel. (See Fig. 1 for the final distribution of “J/Af3".) Note that
even a thin disk near the surface of the star can hold relatively a large amount of the angular momentum
if the radius is large. Although we should stop our numerical integration at the time when the BH is
likely to form, it is interesting to investigate the accretion phase of the collapsing SMS. In any case, full
general relativistic simulation will enlighten this phase.

The collapse of a differentially rotating, relativistically unstable SMS is coherent and likely leads to
the formation of an SMBH. This situation is quite similar to the collapse of a uniformly rotating SMS
[5, 6). Combining these two results, we conclude that the collapse of an SMS is coherent within the order
of dynamical time. However, this final outcome may depend on the equation of state of the star.

We cannot find any evidence of bar formation nor significant disk formation from the rotating collapse
prior to BH formation. The phenomenon of no bar formation also comes from the fact that mass density
collapses first to form a BH. In such case, T/W cannot scale in R~! due to the growth of the degree
of differential rotation, and as a fact the star of T/W cannot reach the dynamical instability point of
~ 0.27. (See Fig. 2 for the final coordinate density contour in the equatorial plane.)

Finally, rotating SMS collapse is a promising source of burst gravitational waves and of quasi-normal
mode ringing waves. We can estimate the strength and the frequency of the wave burst and the wave
quasinormal ringing emitted from this rotating collapse as

108Mg\ ( M\
fbnml ~ 3x 10-2 ( M O) (E) [Hz]v (1)
- M 1Gpc M
~ 18 — —_
Rburst 1x10 (lO“Mo) ( d ) (R) , (2

where @ is the quadrupole moment of the star and d is the distance from the observer. Weset R/M =1, a
characteristic mean radius during BH formation. The characteristic frequency fqnm and strength hqnw
of this radiation in rotating star collapse are

1080,
fQNM ~ 2X10_2(To) [HZ], (3)
o\ 172 _a 1/2 1/2
b ~ leo_w(azcw/zu) (2x10 [Hz]) ( M ) (lec), @
10-4 Sfanm 1080 d

where AEgw is total radiated energy. Since the main targets of LISA are gravitational radiation sources
between 10~* and 10~! Hz, it is possible that LISA can search for the burst waves and the quasinormal
ringing waves accompanying rotating SMS collapse and formation of a SMBH.
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Abstract

We study the process of the gravitational collapse of rotating relativistic polytropes
(T = 1.5) which have a spin parameter of ¢ = J/M? > 1 in full general relativity.
We predict the process of gravitational collapse the final outcome after the collapse.
investigating an initial spin parameter distribution inside stars. Then we perform
fully general relativistic simulations on assumption of axial and equatorial symmetry.
in order to confirm our predictions. As a result of simulations we find that in contrast
with the previous belief, even for stars with ¢ > 1, the collapse proceeds to form an
seed black hole at central region, and the seed black hole grows as ambient fluids
accrete onto it. Thus we suggest a new criterion for direct black hole formation.
Possible reasons for this discrepancy between our results and the previous results are
also discussed. Furthermore we find that growth of J and M of the seed black hole
proceeds approximately along the initial J-M distribution. Unfortunately, however,
we cannot follow the final state of the collapse; for this, a black hole excision technique
is absolutely necessary.

1 Introduction

One of the fundamental problems in numerical relativity is to explore the final fate after gravitational
collapse of rotating stars. If mass of the stars is sufficiently large, the collapse will proceed completely,
and a spacetime singularity will be formed according to singularity theorems. If the cosmic censorship
conjecture suggested by Penrose is correct, any singularity should be surrounded by event horizon. Then
the black hole uniqueness theorems of Carter and Robinson tell that a collapsed star may consequently
settle down to a Kerr black hole. It is well known that in the Kerr spacetime, the singularity is covered by
event horizon only if non-dimensional rotational parameter or spin parameter ¢ = J/M?, where J and M
are the angular momentum and the gravitational mass of the system, does not exceed unity. Otherwise
the singularity is naked. This means that any black hole cannot have spin parameter of ¢ > 1. The
realistic progenitor of black holes. however, can have ¢ > 1. Now, it is interesting to explore the final fate
after gravitational collapse of rotating stars with ¢ > 1 . Numerical relativity is required to resolve this
problem.

There are some studies concerned with the above problem on the assumption of axial symmetry(l].
These studies seem to suggest that ¢ ~ 1 is a critical value for the black hole formation, and the final
state after gravitational collapse of rotating stars with ¢ < 1 is a rotating Kerr black hole with a negligible
disk. The problem, however, is not sufficiently investigated for wide range of stiffness of the equations
of state and for ¢ > 1. In this article, therefore, we study the rotating stellar collapse with a moderalely
soft equations of state in full general relativity.

2 Initial Conditions and Predictions
Initial conditions are prepared in the following manner. First we give a spherical star in the marginally

stable state using the polytropic equations of state with ' = 1.5. Second an angular momentum distri-
bution is imposed according to the rotation law u®/u’ = Q = Qgexp[—=*/(2R3)]. where @ = /2 + y*.

! E-mail:sekig@provence.c.u-tokyo.ac.jp
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Figure 1: (a) The distribution of ¢.(j) as a function of m.(§)/M.. (b) jisco/M as a function of m.(j)/M..
The Left figures are for Qg = 7.0 x 10~2, and the right for Q¢ = 9.0 x 10~2

Third, we reduce the pressure to a choose fraction fp of its equilibrium pressure. Forth, the Hamiltonian
constraint and the momentum constraint are reimposed and then the time evolution is set out.

Since a viscous effect is negligible during the collapse by assumption, the specific angular momentum
J = hu, of each fluid element is conserved in an axisymmetric system. Then we define a rest mass
distribution m.(j) and a specific angular momentum distribution as :

m.(j) = 27 / p.ridrd(cos), J.(j) = 2r / p.j'r2drd(cos8). (1)
i'<y i'<i
Now, we define a spin parameter
) J.(J)
- = 2
g.(J) ) (2)

which may be approximately regarded as the parameter q of total fluid elements with the specific angular
momentum less than j. Figure 1{a), which denote g.(j) as a function of m.(j)/M., shows that the values
of g.(J) at the center of stars (hereafter denoted as g. .) are smaller than unity although the whole values
of g. () (hereafter denoted as q. ) are larger than unity. The collapse of rotating stars initially proceeds
in a homologous manner. As collapse proceeds, however, inner region of stars collapse faster. Taking
this and the distribution of q.(j) into account, we conjecture that it is possible that a seed black hole is
formed at inner region, in which ¢.(j) < 1, and subsequently grows as ambient fluids accrete onto it .
Now let us consider the innermost stable circular orbit (ISCO) around a black hole formed at the
center. In order to estimate the value of jisco and investigate the growth of the black hole, we assume
that the spacetime metric can be instantaneously approximated by that of Kerr spacetime and regard
m.(j) and ¢.(j) as mass and spin parameter of Kerr spacetime. On these approximation we can compute
Jisco of the seed black holes [2] In figure 1{b) we show jisco[m.(j) ¢.(j)] as a function of m.(j)/M.
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Figure 2: Evolution of apparent horizon mass M,y for models of (a) 2 = 7.0 x 10~2 and (b) Qp =
9.0 x 1072

for our models. This figure shows that jisco have a maximum (hereafter denoted as jisco,max). Thus a
seed black hole will grow until j reaches jisco,max-

It should be addressed that for a fixed value of q. . the corresponding value of ¢.(Jisco max) is almost
independent of the differential rotation parameter Ry, i.e., the value of q. ,,. This immediately indicates
that the spin parameter of the final black hole is determined by the value of ¢. . and independent of q. ., .
Furthermore it may suggest that whether black hole is formed or not is determined by q. . independent
of g or q.

3 Results

To confirm the conjectures suggested the previous section, we performed simulations in full general
relativity for various initial models we prepared, adopting a so-called [-law equation of state of the form

P = (T - 1)pe, (3)

and set the adiabatic constant as T = 1.5. As a result of numerical simulations, we found that if g. . < 0.9,
the collapse proceeds almost monotonically to form an apparent horizon irrespective of the value of q. .
even though ¢., > 1. On the other hand, for q. . 2 0.95, we found that no black hole is formed, and
the stars experience bounce and oscillation instead. For 0.9 £ ¢... < 0.95, we cannot obtain accurate,
well-converged results. From these results we suggest that ¢ = 1 is inappropriate for a criterion for black
hole formation and q. . = 1 will be more appropriate.

In figures 2 we show time evolution of apparent horizon mass May = \/A/167 , where A denotes the
area of the apparent horizon. These figures indicate that process of black hole formation can be divided
into two phases. One is a phase in which a seed black hole is formed (almost vertical part of the graphs).
The other is a phase in which the seed black hole grows as the ambient fluid falls into it (the following
monotonically increasing part). We have tried to reveal the final fate but we can not since computations
crash in a duration ~ 20M after an apparent horizon is first formed, due to the grid stretching around
the black holes. To carry out a simulation beyond this, black hole excision techniques are absolutely
necessary.

We also compute the total baron rest mass and the total angular momentum inside the apparent
horizon (denoted as m. au(j) and J. Au(J) respectively) and compare these with the initial m.(j)-J.(J)
distribution for Q¢ = 5.0 x 10~? in figure 3(a). This figure shows that the initial distribution is an
approximate evolutionary track of black hole and confirms the above conjecture.

Finally let us explain why ¢ == 1 can be regarded as an threshold for black hole formation in previous
works. Stark and Piran used an stiff (T = 2) equations of state. First note that since the configuration of
stars with such a stiff equations of state is less centrally condensed and more homologous, the collapse of
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Figure 3: (a) Evolution of the baryon rest mass m. sy(j) and the angular momentum J. an(j) inside the
apparent horizon (filled diamonds) together with the initial m.(j)-J.(j) distribution for Q5 = 5.0 x 10~2
, rigidly rotating case. (b) Comparison between the distribution of ¢.(j) for I' = 1.5 spherical polytrope
with rigid rotation imposed and for I' = 2.0 spherical polytrope with rigid rotation imposed

rotating stars proceeds in a more homologous manner. Furthermore the distribution of ¢.(j) expressed as
a function of m.(j) inside the star with stiff equations of state is rather flatter as indicated in figure3(b).
indeed the difference between gq. . and q.,, is only & 10% in contrast with I' = 1.5 case. These two lead
them to their result that ¢ 22 1 is an threshold for black hole formation. Nakamura and his collaborators
performed simulation for a highly differentially rotating star. The higher the degree of differential rotation
becomes, the flatter the the distribution of g.(j) becomes, as indicated in figurel(a). This is why the
global parameter ¢ is regarded as the black formation criterion. Abrahams et. al. performed simulations
for toroidal star clusters. Because of their toroidal nature, there is no central region to collapse first to
form a black hole.

4 Summary

In summary, we have conjectured and then confirmed the followings : (I} Inner region of star which has
q.,c < 1 collapses first to form a seed black hole even if the whole value ¢ exceeds unity. (II) The ambient
fluids accrete onto the formed seed black hole. (1I) The mass m.(j) and angular momentum J.(j) inside
the black hole evolve along the initial m.(j)-J.(j) distribution. (IV) Whether black hole is formed or
not is determined by q. . independent of ¢ or ¢. . We have conjectured but cannot confirmed : (V) The
final outcome of dynamical collapse is a black hole surrounded by an appreciable disk.

We also suggest that g. . ~ 1 is a more appropriate threshold for black hole formation.
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Abstract
We investigate cosmic-ray antiprotons emitted from the galactic primordial black
holes (PBHs) in the Randall-Sundrum type-2 (RS2) braneworld. The BESS 1997
ohservation of cosmic-ray antiproton flux favors a large extra-dimension and partic-
ularly in the cases of large PBH abundance, it sets lower bounds on the size of the
extra dimension above ~ 10% times the four-dimensional Planck length.

1 The PBH mass spectrum

The mass spectrum of PBHs formed by the inflationary density perturbation in the RS2 braneworld is
deformed in comparison with that in the 4D case. The points are (i) slowing cosmological expansion
in the so-called five-dimensional p-square era before the ordinary radiation-dominated phase, (ii) mass
increase caused by accretion in the p-square phase, and (iii) slowing evaporation of 3D PBHs [1]. In
short, forms of the mass spectrum are determined as follows.

(a) Initial spectrum is

3 agq N p1/8)-3/8 5 r=17/8 1. < fA
dn _j 24m 3 + 1) M for M e (1)
dM, ~ ) 3 a2,

— (M) VM for M; 2 fM.,
327{ t%‘(lcq-’-tc):;/‘a ( l)f ¢ 1 or 1 Nf c

where M; is the initial mass of PBHs and «; denotes the ratio of the mass density of PBHs with mass
O(ML) at their formation to the radiation energy density, ! is the bulk AdS curvature radius, f is an
O(1) parameter related with gravitational collapse of the density perturbation {1}, and tq and acq are the
time of matter-radiation equality and cosmological scale-factor at that time, respectively. A time t. ~{
characterizes the end of the p-square phase and Al ~ [ is the horizon mass at that time. PBHs with
mass below Al are essentially five-dimensional objects. Note that hereafter all quantities are represented
in the 4D Planck units.
(b) After accretion ends, the spectrum of lighter PBHs is deformed as

3 83 F {1/84+Fj=3/8+F A f—17/8-F
AL ‘ M. <
an | T [ Mi(Mp)] (1 + 8F/9) 47 [1/8+7 M; for M, < fM;
dM, 3 0oy 1/2)1-5/2
—_— (M) f 12pp=5/ for M, 2 fAL.,
327 St + 1)1 " ,, (c2>

where M, = (471)F/™ Mi("_’r)/’r for M, < fl (otherwise M, = M), M;(M) is its inverse, F € [0,1] is the
accretion efficiency, and F = 9F/[8(x — F)].
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(¢) Finally, taking their evaporation into consideration, we obtain the spectrum at present as

( 3
3 acq F (1/8+F ) ~3/8+F
ai[Mi(M)] (1 + 8F/9) 47 f1/8+7]
2'7/4"t3",‘(th+tc)3’"‘ e

x M [M? + geg.sto/l] /17772 for M* 2 M
dn 3 a3q 1/2
— = 0 [M(M))fV?
T, 3o tg{/l4(th + tc)3/“ CY;[ 1( )]f (3)
X M [(9ew s/ 9o 5) L (M? = M2) + M2 + gegrato) ~*/° for fM. 2 AL 2 M*
3 9
S %o MDA M geate] ™ for M 2 fMe,

{ 32 t;’é‘(tm +tc)3/4

where M denotes PBH mass at present, A" is defined as M* = /M2 — geg sto/l, to = 13.7 Gyr is the
present age of the Universe, and g.q.p’s are the degrees of freedom of the massless particles for each
dimensionality.

2 Antiprotons

2.1 Primaries from the galactic PBHs

Let us consider primary antiprotons emitted from PBHs distributed over the Milky-Way halo. We
apply the same form of the PBH density profile as a particular one of dark matter: ppgy(r,z) =
ppeu(Ro, 0)(RZ,. + R%)/(R2,. + 1% + 2%), where Reore = 3 kpe is the so-called core radius, Ry is
the distance from the galactic center to the solar system (2], and pg is the normalization at the Solar
neighborhood. Quantities are expressed in the cylindrical coordinates (r,z,¢). We define the effective
mass spectrum in the Galaxy as

dn N - gppeu(r,z) dn
aa M) =6 Ry ) M )

where G ~ 10° represents the enhancement factor of matter density measured at the solar neighborhood
relative to the extragalactic value (3], which is expected to be also valid for dark matter. As for hadron
emission processes, we make use of PYTHIA/JETSET [4]. We denote the effective differential emission rate
of antiprotons as d2N;/dEdt defined in the following manner:

-~ o0
d?N; o;(M,E') dg;3(E'.E) E?  _,
dEdt_2; / Yexp(EjTy) 1 dE Z2dE ()
E'=F

where subscript j stands for quark or gauge boson species emitted from a black hole and runs j =
0.4,9, 2% W, dgjs/dE is the differential fragmentation ratio into antiproton for a particle j. We
multiplied it by 2 taking antineutrons into account. We are now able to write down the differential
antiproton emission rate from primordial black holes with the effective emission rate and mass spectrum
as
. 2N, 7
™i(r 2, E) = / ?Fd':(“' E):%(r.z.M)dM. (6)
It is almost obvious that 5's are only emitted from PBHs with typical temperature Ty 2 ms ~ 1 GeV
even though we took into consideration the hadronization processes in the quark-gluon jets. From now,
we denote the mass corresponding with Ty ~ 1 GeV as Mgey. We find Mgey ~ 1018 1/ 10'9)_l g for
! 2 10'9, otherwise it retains the 4D value ~ 10!® g. PBHs which have primordial mass M, < Mgy have
all evaporated away by now, so contributions to the antiproton flux are all from “evaporating tail” in the
present mass spectrum. Thus we find that no braneworld signature in the antiproton flux is expected
when ! < 10'9 because then the shape of present mass spectrum around Mgev does not deviate from
that in the 4D case at all. On the other hand, when ! 2 10%°, Alg.v is five dimensional and the effect of



the braneworld will be strongly reflected in the  flux. Under such a condition, the mass spectrum obeys
a simple power-law in the range of our interest. Combining with another fact that the p emission rate
per a PBH is completely determined by its Hawking temperature only, one reaches the conclusion: The
spectral shape such as peak location of the resultant antiproton flux is unchanged even if [ or F varies;
the only possible modification is over-all fluctuation. We can write down the dependence of the p flux,
&3, on the mass spectrum as

Mgev Mgev

@5 dM o= — =~ A )
P ' 3Eai anr / M SEdt Moew M|y, < Mo @i,
o« Gogl1/16¥3F/2 [.‘Jclr.sto]_}-/"’ . -

This is a decreasing function of { because the index p runs —0.81 < p < —0.018 according to 0 £ F < 0.53.
Thus we find that abundant PBHs set a lower boundary on the bulk curvature radius [. Taking a logarithm
of Eq. (7), we obtain: log®; o« log[Gai] — (13/16 — 3F/2)logl — (F/2)loggcr.5to). When the flux
reaches some upper bound, which means that a; also reaches its upper limit LIM;, ! has the minimum
value Imin. Then the above proportionality becomes log [U.L.] = log [GLIM;} — (13/16 — 3F/2) log lmin —
(F/2) log [gem.sto], where U.L. is an undetermined constant which corresponds with upper limit flux. In
principle U.L. cannot be determined unless propagation is solved. However, even without the knowledge
of propagation, we can find more about the above relation. What is important is the fact that the only
difference for each case is the over-all fluctuation of the antiproton flux. Therefore we can understand
that U.L. is a universal value. Keeping it in mind, we modify the relation as

log[gcs 5t 48log[GLIM;/U.L.)/ log(ge 5to) — 13
log lmin = 8[9?;7, o) [1_+_ g[GLID x/13_12/4fg[g #.500] .

Although we cannot determine in general the sign of the numerator in the right hand side, we are
particularly interested in the cases of large PBH abundance, which means that the numerator is positive.
For the same reason as the flux is a decreasing function of !, the denominator is always positive for
0 < F < 0.53. Therefore we finally find that the lower boundaries for { draw a family of hyperbolas
expressed in Eq. (8).

(8)

2.2 Secondaries as the background

Besides exotic primaries, there is a firm background component for the cosmic-ray antiproton flux, i..,
the secondaries. The secondary antiprotons are produced in the galactic disc by reactions between nuclei
in cosmic ray and interstellar gas such as pH — pX or pHe — 5X. The high-energy cosmic-ray proton
flux above a few GeV have been measured by observations [5] and their table-top result is well fitted by
6] ®p(Ro, Ep) = N (Tp/1 GeV)™" m~2sr~!'s~!'GeV~! with parameterizations N = 13249 and v = 2.72,
where T, = E, — m, is kinetic energy of protons. The radial distribution of the proton flux in the Galaxy
may be crucial in the later analysis, but unfortunately we have little knowledge of it. So we assume it
is constant of r and use the value at r = Rg. Finally we obtain the production rate of the secondary
antiprotons in the galactic disc as

x

dopA—p)

Frr=0Ep) = [ dB,ndnE) 3 na B (E, Ey) ©)
Een A=H.He P

where the threshold of these interactions Eyy, is 8m,. We use ny = 1 cm™~2 and ny. = 0.1 cm™3 for the

number densities of the targets (3].

2.3 Propagation of antiprotons in the Galaxy

At the beginning, we write down the full diffusion equation in the steady-state for the differential number
density N(r,z, E) = dn;/dE:

= I = 9. (K(E) - Vulr 2N, 2.B) + AL A [%N(r, z.E)] ~T(E)N(r,2,E)



+Q(r, 2, E) + 6 = {brencc(E) + beon{ E)} +ﬁ21{,,,,(}.’2)a N(r,z,E). (10)

Undetermined quantities are the dxffusmn coefﬁcxem Ky, the Alfvén velocity Vj,, velocity of the convective
wind V;, and the hight of the so-called diffusion halo L. We take into account the following energy
gain/loss processes: Fermi acceleration, Coulomb scattering, ionization, adiabatic expansion, ant the so-
called tertiary source. Throughout the analysis, cylindrically symmetric geometry of the Galaxy allows
us to take a semi-analytical method. For detailed treatment, see (6, 7).

3 Result — allowed regions of braneworld parameters

The final project is to obtain upper limits on the abundance of PBHs for each braneworld parameter set
(I, F). For each situation, we obtain the best-it PBH abundance using BESS '97 data [8]. We show an
example of spectra with brane parameters ! = 103!y and F = 1.0 in the left panel of Fig. 1, and allowed
regions for each Ga; in the right panel. The way of interpretation of the allowed regions are the same as
that presented in our previous paper [9]; they are all lower limits on 1.
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Figure 1: Left panel: Total antiproton flux with a typical braneworld parameter set { = 103!, and
F = 1.0. Right panel: Boundaries of (I, F) in the braneworld-parameter plane for PBH abundance
Ga; = 10~13-10~2 (from top to bottom) using best-fit parameters. They are all lower boundaries of !,
1.e., left-hand-side regions are allowed for each PBH abundance. l; is the 4D Planck length.
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Abstract

We consider the dynamics of a cylindrical shell in the spacetime with cylindrical sym-
metry. We investigate a particular model of a cylindrical shell-collapse with rotational
pressure, accompanying the radiation of gravitational waves and massless particles.
The model has been introduced previously by other authors but has been awaiting
for proper analysis. It is proved that, as far as the weak energy condition is satisfied
outside the shell, the collapsing shell bounces back at some point irrespective of the
initial conditions, and escapes from the singularity formation. This result of bouncing
behavior is, contrary to the claim by the preceding authors, compatible with the be-
havior of other cylindrical shell-collapse models and confirms once again the essential
importance of the rotational effect in the gravitational collapse.

1 Introduction

There are two possibilities for the fate of the gravitational contraction; (i) gravitational collapses (i.e.
singularity formations) and (ii) regular evolutions {e.g. bouncing). The case (i) is further sub-classified
into (i-a) black-hole formations and (i-b) naked-singularity formations.

Due to its highly nonlinear nature, investigations of the process as well as the fate of gravitational evo-
lutions are not easy tasks, both conceptually and technically. Recent development of numerical methods
is contributing to our deeper understanding on gravitational dynamics. It does not mean, however, the
analytical investigations are becoming less important. On the contrary, the more the numerical results
are obtained, the more variety of analytical model investigations is required for interpreting the numerical
results and for attaining the whole understanding of the phenomena.

Just spherical collapses already show unexpectedly rich features, and investigations are still going
on [1]. As the next natural direction of investigations, cylindrical collapses have also been analyzed
considerably (2, 3, 4]. Evolutions of the elongated matter, such as cylindrical cases, are worth studying in
view of the so-called “hoop conjecture” {2] along with the cosmic-censorship conjecture [5]. Indeed, logical
consequence of the combination of both the conjectures implies that cylindrical models with reasonable
matter content and natural initial conditions should evolve regularly without singularity formations.

In this respect, a particular cylindrical shell model recently discussed by Pereira and Wang [6, 7] cannot
be overlooked. The model can be interpreted as indicating a shell filled with massless particles yielding
rotational pressure. They claimed that there is a special class of solutions in which the shell develops
into line-like singularity, which could possibly be naked. However their argument was not sophisticated
enough and has been awaiting for proper analysis. Here we reanalyze their model and prove rigorously
that, contrary to their claim, the shell always bounces back and never forms singularities as far as the
weak energy condition is satisfied outside the shell [8]. This bouncing behavior is similar to the one
found in the case of a cylindrical shell of counter-rotating dust particles (4] and suggests that the two
conjectures (5, 2] mentioned above do not show any flaw as far as the present model is concerned.

2 The cylindrical shell model

Let us first consider a general metric of a cylindrical spacetime,

ds? = =T(t,r)2dt* + R(t.7)2dr® + Z(t,7)?d2? + ®(t.7)°de* . (1)
! E-mail:mseriu@edu00.f-edu. fukui-u.ac.jp
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Suppose we study the dynamics of a shell £ described by r = p(t) in the spacetime defined by Eq.(1).
Then the proper-time for an observer sitting on the shell is given by

2
dr?=T% (1 - % p) dt® = X2d? (2)

where the symbols X := dt/dr and ° := §; frequently appear below. We note that e, := 8,, e, := 1 /Z 0,
and ey := 1/® 9, form a set of orthonormal bases on the shell £. Then the components of the extrinsic
curvature of the shell are given by {8]

R o R o 2o122_ 2 Xszzz_ 2/ p2
K.... X7 P 37 P B + 5(T°X? ~ 1) 8,(in R?) + S5 (X*T? - 1) 8u(In T%/ R?)
—# P (X2T? - 1) (InT?/R%)° ,
Kee, = 0nInZ , K., =9, In® , others=0 . (3)

Let us now consider a particular model previously discussed by Pereira and Wang [6, 7). In this model
an interior flat spacetime (described by ds_) and an exterior cylindrical spacetime (ds,) are matched
together at a timelike shell & (ry. = p4(ts)):

ds? = —dt_2+dr_?+dz_ 2 +7r_%dp_2 (4)
dsi = 227(6)(-dt+2 + dT+2) + dZ+2 + 7‘+2d¢+2 , (5)

where 7 is a function of £ := ¢, —r,. only. It is seen that the C-energy [9] C and the Einstein tensor G,
outside the shell are given by

1 -2 71
C=8_n(1-e ) . Gab=mkakb ,

where k; = (a, —a, 0, 0)(;r+¢) is a null-vector and « := 87G is the Einstein’s gravitational constant. The
formula for G, suggests that the model may be interpreted as describing a contracting shell accompanied
by outward radiation of massless particles and gravitational waves [6). Postulating the positivity of the
C-energy and the weak energy condition, then, the function + is required to satisfy y 2 0 and ¥’ > 0.
We also note that the quantity X (see Eq.(2)) in the present model becomes X := d‘, = ‘l—:; S0
+

that 52 < 1. Looking at Eq.(5), it means that the radial velocity of the shell should be less than the
light-velocity.?

Imposing the standard junction conditions [10], we get g:—: ={(1-e?+)p2 + e+ }
with

2 _.a along

Ke = e~ T+ L (6)

pe\f1- 5%

e+ " . . . 1-43
KP: MI-FPR {((A-1b = 74pe(1=p)(A + 1)ps + 1) - A(A - I)T YoM
e-'7+

wpe = gy (B = Dbe = 7ipe(l=p){(A + Dy + 1)} ®

Here ¢ is identified with the energy density of the shell; p, and p, are the pressures of the shell in the z-
and ¢-direction, respectively. It should be noted that v, >0 = A > 1 == ¢ > 0.
Now, setting in Eq.(7), Pp := p. (constant), we finally get the dynamical equation for the shell,

. . A .
AP: 1(1 - )(A+1)py + 1) + A_—l(l 2% py (9)

. 1-p2
P+=A—t+‘7;

2Herealter, the suffix + implies that the quantity is evaluated on the shell from the viewpoint of the exterior cbserver.
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First of all, to get a rough idea for the behavior described by the above highly nonlinear dynamical
equation, it may be helpful to show a typical numerical result. Figure I indicates the evolutions of the
shell-radius and the rotational pressure p, for the case v.(ry — t4) = T('jg(r.,, —ty +100)3 and Py =0
with the initial conditions p.(0) = 0.1 and 4. (0) = —0.999 (i.e. very close to the light-velocity). We see
that the rotational pressure prevents the shell from collapsing; the shell bounces back and its velocity
approaches to the light-velocity after the bouncing.

P,100r

0.05 0.1 0.15 0.2 0.25 0.3t

Figure 1: Typical evolutions of the shell-radius (thinner curve) and the rotational pressure py (thicker
curve). We have set v.(ry — t+) = jh(r+ — t+ +100)3. Initial conditions are p,(0) = 0.1 and
p+(0) = —0.999. The vertical line indicates 100p,. and py, while the horizontal line indicates ¢..

The above typical numerical result arouses doubts for the claim by Pereira and Wang that a line-like
singularity can form in this model. Indeed we can rigorously prove that the shell always bounces back
and never forms a singularity in this model.

To avoid any confusion, let us set V := —p, which takes the value 0 < V < 1 in the contracting
phase. Then Eq.(9) is rewritten as
1-Vv? , Vv A
py = V(A +1)V - 1]+ ——(1-V2)32emPR, |
P+ A o+ +7+A_1(1+ )[( + ) ]+A—1(1 V) € 0

where A = [V2 + e2+(1 - V?)] 2 Investigating the behaviors of the three terms on the right hand side
(let us call them [[1]], ([2]} and {[3]] for brevity), we observe the following:

(i) The first term [[1]] produces a strong repulsive force, which prevents the shell from collapsing. The
only possible exception may arise when V approaches to 1 faster than p; — 0. Only in this case the
term [[1]] can be negligible. Let us call, then, the phase-point (V' , p) = (1,0) the singularity-prone
point. However, it turns out that the other two terms become dominant near the singularity-prone
point.

(ii) Indeed, the second term ([2]}, which is an attractive force when V is small, turns to a repulsive
force as V — 1. (The function f(V) := [(A + 1)V - 1] is a monotonic, increasing and continuous
function; f(0) = =1, f(1) = 1; then f(V) has only zero in (0,1). It means f(V) turns from negative
to positiveas V — 1.)

(iii) The third term [{3]] always causes a repulsive force; when Py > 0 (pressure in z-direction), it causes
more acceleration in the expanding direction, and while P, < 0 (tension) causes less acceleration.
(The term ({3]] does not change the whole dynamics so much.)

Setting V = 1 — & (6 > 0), it is easy to see that the three terms behave as [[1]] ~ % ,([2)] ~ } and
([3]] ~ 812, Thus even near the singularity-prone point, the shell always feels a very strong repulsive
force and never collapses. We can refine the above argument to prove the following statements (8];



Lemma
Once the shell enters the core-region at t = t., it bounces back without reaching zero-radius. Indeed,

p+(t) is bounded from below as

P+(8) > pa(t )1 = pu(t.)? .
(We define the core-region as a connected region in phase-space which contains a neighborhood of
the singularity-prone point and where [[2]] + [[3]] > 0 is satisfied (8].)

Proof:
The claim follows from the fact that

— A2
5=12F withp(0)=a, p(0)=—b (a>0,1>b>0)

is exactly solved as p(t) = ((¢t — ab)® + +a*(1 - b%))}/2, so that py(t) > p(t) > av1 = b2 > 0.

Theorem
The shell never reaches p. = 0 irrespective of its initial conditions.

Proof:
If the shell could have ever reached p; = 0, it should have been through the core-region. However,
Lemma indicates that this never happens.

3 Summary

We have investigated a particular model of a cylindrical shell-collapse with rotational pressure. Contrary
to the claim by the preceding authors, as far as the weak energy condition is satisfied outside the shell, the
collapsing shell always bounces back at some point irrespective of the initial conditions, and escapes from
the singularity formation. This bouncing behavior is compatible with the results of other cylindrical
shell-collapse models and confirms once again the essential importance of the rotational effect in the

gravitational collapse.
This work has been supported by the Japan Ministry of Education, Culture, Sports, Science and

Technology with the grant #14740162.
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Abstract
Evaluating Kaluza-Klein (KK) corrections is indispensable to test the braneworld
scenario. In this report, we propose a novel symmetry approach to an effective 4-
dimensional action with KK corrections for the Randall-Sundrum two-brane system.

1 Introduction

It is generally believed that the singularity problem of the cosmology can be resolved in the context of
the superstring theory. It seems that the most clear prediction of the superstring theory is the existence
of the extra-dimensions. This apparently contradicts our experience. Fortunately, the superstring theory
itself provides a mechanism to hide extra-dimensions, which is the so-called braneworld scenario where
the standard matter lives on the brane, while only the gravity can feel the bulk space-time. In the seminal
paper by Randall and Sundrum, this scenario has been realized in a two-brane model [1]. Needless to
say, it is important to test this new picture by the cosmological observations in the context of this model.

As the observable quantities are usually represented by the 4-dimensional language, it would be
advantageous if we could find purely 4-dimensional description of the braneworld which includes the
enough information of the bulk geometry, i.e. KK effects. In the case of the single-brane model, it is known
that AdS/Conformal Field Theory (CFT) correspondence is a useful description of the braneworld [2].
There, KK effects are interpreted as the contribution of CFT matter. In the case of two-brane system, no
such argument can be found in the literature. What we need for the two-brane system is a 4-dimensional
description including KK effects like the AdS/CFT correspondence.

The purpose of this paper is to present a novel approach that utilize the conformal symmetry as a
principle to determine the effective action. Our new method not only gives a simple re-derivation of
known results [3], but also leads to a new result, i.e. the effective action with KK corrections.

The organization of this paper is as follows. In sec.Il, we explain our method and re-derive known
result. In sec.Ill, we derive new result, i.e. the KK corrected effective action. In the final section, we
summarize our results and discuss possible applications and extension of our results. Throughout this
paper, we take the unit 87G = 1.

2 Symmetry Approach

For simplicity, we concentrate on the vacuum two-brane system. Let us start with the 5-dimensional
action for this system

S['YAB‘ gmnhuul (1)

where ¥4p, gy, and h,, are the 5-dimensional bulk metric, the induced metric on the positive and
the negative tension branes, respectively. Now, suppose to solve the bulk equations of motion and the
junction condition on the negative tension brane, then formally we get the relation

YAB = '7AB[.9pv] ' huu = h,.u[gpu] . (2)

By substituting relations (2) into the original action, in principle, the 4-dimensional effective action can
be obtained as

Sert = S[vaslguv): guv Buolgurl] - ®)

1 E-mail:jiro@tap.scphys.kyoto-u.ac.jp
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Unfortunately, the above calculation is not feasible in practice. In the following, we propose a novel
method to deduce the effective action.

Let us take the gradient expansion approach at the action level. At low energy, it seems legitimate
to assume that the action can be expanded by the local terms with increasing orders of derivatives if
one includes all of the relevant degrees of freedom [3]. In the two-brane system, the relevant degrees of
freedom are nothing but the metric and the radion which can be seen from the linear analysis [4). Hence,
we assume the general local action constructed from the metric g,, and the radion ¥ as an ansatz.
Therefore, we can write the action as

w(¥)

S = %/d“:c\/—_g [wn-zz\(\p)-Tv"w,,w

+ / d'z/~g [A(q:) (VA¥V,¥) + B(¥) (OF)? + C(¥)V* ¥V, Y0¥ + D(¥)R O
+E(V)RV* ¥V, ¥ + F(¥)R*V, UV, ¥ + G(¥)R? + H(V)R* Ry, + I(¥)R*  Ryp, + - 4)

where we have listed up all of the possible local terms which have derivatives up to fourth-order. This
series will continue infinitely. We have the freedom to redefine the scalar field ¥. In fact, we have used
this freedom to fix the functional form of the coefficient of R. To determine other coefficient functions, we
use the geometric method which yields, instead of the action, directly the effective equations of motion (5}

Guw=Tyw+n,.,—-E,, (5)

where T, is the energy-momentum tensor of the matter and
Ty = —TaT, + =TT + 2gu (T9T,p - 172 (6)
W T Tt v T g e T g @730 )

Note that the projection of Weyl tensor E,,, represents the effect of the bulk geometry. For the vacuum
brane which we are considering, this reduces to

Gpu = —Euu - ’\guv ) (7)

where we have renormalized the cosmological constant A so that it includes the quadratic part of the
energy-momentum tensor. One defect of this approach is that E,,, is not known except for the following
property

E*,=0. 8)

For the isotropic homogeneous universe, Eq. (8) has sufficient information to deduce the cosmological
evolution equation. For general spacetimes, however, this traceless condition is not sufficient to determine
the evolution of the braneworld. However, combination of the geometric approach and the gradient
expansion approach determines the effective action. Now, we explain our method. We have introduced
the radion explicitly in the gradient expansion approach. While the radion never appears in the geometric
approach, instead E,,,, is induced as the effective energy-momentum tensor reflecting the effects of the bulk
geometry. Notice that the property (8) implies the conformal invariance of this effective matter. Clearly,
both approaches should agree to each other. Hence, the radion must play a role of the conformally
invariant matter E,,. This symmetry requirement gives a stringent constraint on the action, more
precisely, the conformal symmetry (8) determines radion dependent coefficients in the action (4).
Let us illustrate our method using the following truncated action

Sup = %/d“z,/—-g [wR ~2A(¥) - #v“\w,‘\p] , 9)
which is nothing but the scalar-tensor theory with coupling function w(¥) and the potential function

A(¥). Note that this is the most general local action which contains up to the second order derivatives
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and has the general coordinate invariance. First, we must find E,,. The above action gives the equations
of motion for the metric as

A 1 : 1
Gpll = ““I';guu + E; (V“V‘,lll - gm,CIlIl) + % (V,,‘I’VM«I‘ - Eg“uV"lIIVQ\II) * (10)

The right hand side of this Eq. (11) should be identified with —E,,,, — Agy... i-{ence. the condition E¥*, =0
becomes

w 4
Oy = - —Y¥# (A - R
v 3\I’V UV, ¥+ 3 (A - 2¥) (11)
This is the equation for the radion ¥. However, we also have the equation for ¥ from the action as
1 W ¥ v
OV={ — - — a — R - =\’
¥ (2\11 2 )V V.¥+ —R wA , (12)

where the prime denotes the derivative with respect to ¥. In order for these two Eqgs. (12) and (13) to
be compatible, A and w must satisfy
1 o w
20 w3V
where we used R = 4\ which comes from the trace part of Eq. (7). Eqs. (14) and (15) can be integrated
as

4 v '
, §(A—AW)=;(2A—A), (13)

v
A) = A+ AB(1-¥) , w(¥)=o—— (14)
21-¥
where the constant of integration 3 represents the ratio of the cosmological constant on the negative
tension brane to that on the positive tension brane [3]. Here, one of constants of integration is absorbed
by rescaling of ¥. In doing so, we have assumed the constant of integration is positive. The case of
negative signature corresponds to the negative tension brane. In other words, we can also describe the
negative tension brane in this method.
Thus, we get the effective action
1 3 2 .
Sef = | d'zy/=g |zVYR - ———=V*UV, ¥ - A - AF(1 - ¥)°} . (15)

2 41 - ¥)
This completely agrees with the previous result [3]. Surprinsingly, our simple symmetry approach has
determined the action completely.

3 KK corrections

Let us extend the result in the previous section to the higher order case. We have already determined
the functions A(¥) and w(¥). From the linear analysis, the action in the previous section is known to
come only from zero modes. Hence, one can expect the other coefficients in the action (4) represent the
effects of KK-modes.

Now we impose the conformal symmetry on the fourth order derivative terms in the action (4) as we
did in the previous section. Starting from the action (4), one can read off the equation for the metric
and hence E,, can be identified. The compatibility condition between E¥, = 0 and the equation for
the radion W leads to a set of equations which seems to be over constrained. Nevertheless, one can find
solutions consistently. Thus, we find the 4-dimensional effective action with KK corrections as [6]

1 3
Ser = /d‘x\/——g [E\I’R - mV“lPV,‘\II -A- /\ﬁ(l - \I’)z]
1 1

1 " 2 2 —H
+€2/d":t\/—_g [W (Vv ‘I’V“\I’) + =) (O9)* + a _W):,V LAVR Il

+—2 ROV + RV*¥V, ¥ +gR® + hR“”R,,.,] . (16)

1
3(1-9) 3(1 - 0)?



Because of the existence of the Gauss-Bonnet topological term, we can omit the square of Riemann tensor
without losing the generality. The constants g and h can be interpreted as the variety of effects of the
bulk gravitational field.

4 Conclusion

We have established a novel symmetry approach to an effective 4-dimensional action with KK corrections.
This is done by combining the low energy expansion of the action and the geometric approach. Qur
result supports the smoothness of the collision process of two branes advocated in the ekpyrotic (cyclic)
model and born-again model. Not only our result can be used to assess the validity of the low energy
approximation, but also has a potential to make concrete predictions to be compared with observations.

As to the cosmological applications, it is important to recognize that our action can describe the
inflation. Cosmological perturbations [7] are now ready to be studied. In fact, our result provides the
basis of the prediction of CMB spectrum with KK corrections.

The black hole solutions with KK corrections are also interesting subjects. If we truncate the system
at the lowest order, the static solution is Schwartzshild black hole with a trivial radion which corresponds
to the black string in the bulk. The Gregorry-Laflamme instability occurs when the wavelength of KK
modes exceeds the gravitational length of the black hole [8]. Clearly, the lightest KK mode is important
and this mode is already included in our action, hence it would be interesting to investigate if the
Gregory-Laflamme instability occurs or not within our theory [9, 10].
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Abstract
We consider possibilities for obtaining information about the equation of state for
quark matter by using future direct observational data on gravitational waves. We
study the nonradial oscillations of both fluid and spacetime modes of pure quark
stars. If we observe the f and the lowest wy; modes from quark stars, by using the
simultaneously obtained radiation radius we can constrain the bag constant B with
reasonable accuracy, independently of the s quark mass.

1 Introduction

Gravitational wave observation projects, such as the Laser Interferometric Gravitational Wave Observa-
tory (LIGO), TAMA300, GEO600 and VIRGO, are making remarkable progress in sensitivity [1]. Among
them, several interferometers are steadily developing today. Thus it will be possible for us to detect grav-
itational waves directly in the near future. It is believed that mergers of binary NS/NS, NS/BH, and
BH/BH, or supernovae, and so on, can become strong sources of gravitational waves. After these violent
events occur, compact objects may be left and may be turbulent. Then gravitational waves are emitted
from them. At this time, these gravitational waves convey information on the source object. If these
gravitational waves are directly detected on the Earth, it is possible to obtain some information about
the sources. This research field is called “gravitational wave astronomy”. In this field, there is an attempt
to obtain information about properties of the equation of state (EOS) of the high density matter. This
is one of the most important purposes of gravitational wave astronomy.

Gravitational waves are emitted by the nonspherical oscillation of compact objects. The oscillations
are damped out as gravitational waves carry away the oscillational energy. Such oscillations are called
quasinormal modes (QNMs). The QNMs have complex frequencies whose real and imaginary parts
correspond to oscillational frequency and damping rate, respectively. For the QNMs of neutron stars, so
far many authors have argued possibilities for determining the EOS in the high density region and/or
for restricting the properties of neutron stars, such as radius R or mass M, by employing the observed
gravitational wave of several nonradial modes [2]. On the other hand, recently, the radiation radius of
the compact star RX J1856.5-3754 was estimated to be very small (Ro = 3.8 - 8.2 km) based on the
deep Chandra LETG+HRC-S observations [3]. That is smaller than typical neutron star radii [4]. Thus
they suggested that the X-ray source may be a quark star. As for gravitational waves emitted from
quark stars, Sotani and Harada showed that the f and the lowest wy modes depend strongly on the
EOS of quark matter and the properties of quark stars, where the lowest wy; mode is the one which has
the largest frequency among all wy modes [5]. Then they pointed out the possibility of determining the
EOS and/or the stellar properties. Furthermore, although w modes are also calculated, it was showed
that w modes have little dependence on the EOS of quark matter. In their work, however, they assumed
that the star is a pure quark star and that the EOS is described by a simple bag model which has only
one parameter, i.e., the bag constant B. In general, there are a variety of parameters even within bag

1E-mail:sotani@gravity.phys.waseda.ac.jp
2E-mail:kohri@vega.ess.sci.osaka-u.ac.jp
3E-mail: T.Harada@qmul.ac.uk



models, e.g., the bag constant B, the strange quark mass m,, the fine structure constant in QCD a.,
and so on. In particular, if the effects of nonvanishing strange quark mass m, are taken into account,
the structure of quark stars can be affected considerably {6]. In this situation, we compute the QNM\Is
in the bag model used in [6] and investigate the possibility of restricting the model parameters by the
observations of QNMs. In this study, we deal with only f and the lowest w;; modes in consideration of
the results of [5)].

2 Numerical Results
The QNMs are determined by solving the perturbation equations with appropriate boundary conditions.

The details of the perturbation equations and the boundary conditions and the method of determination
of QNMs are given in [3].
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Figure 1: Radiation radius as a function of (a) frequency Re(w) and (b) damping rate Im(w) of f mode
for I = 2. In each figure, the filled and open marks denote B'/4 = 145 MeV and 200 MeV, respectively.

2.1 f mode

Compared with the other QNMs, we might relatively easily detect the f mode, because its frequency and
damping rate are approximately within the sensitivity band of gravitational wave interferometers, e.g.,
LIGO and so on. Therefore, first we discuss the possibility of constraining parameters of bag models by
using the f mode data. From Fig. 1 (b) we see that the damping rate is very sensitive to the radiation
radius, unlike the frequency in Fig. 1 (a). If we observe the damping rate of the f mode within 20 percent,
the radiation radius can be determined within 10 percent as a function of B, independently of the value of
m,. On the other hand, from Fig. 1 (a) we see that if we observe the frequency within about 20 percent,
for example, we can determine the value of B with reasonable accuracy by using the simultaneously
obtained radiation radius from Fig. 1 (b). To demonstrate that, we investigate the dependence of the
f mode on both the bag constant and the s quark mass when we fix the radiation radius as R = 6.0
km. In Fig. 2, we plot the contours of (a) frequency Re(w) and (b) damping rate Im(w) of the f mode
for { = 2 in the (B'/4, m,) plane. The numbers on the curves denote the value of frequency Re(w) or
damping rate Im(w) in units of kHz. We should note that each contour line is nearly parallel to the
vertical axis in both Figs. 2(a) and (b). This implies that we can obtain a stringent constraint on the
bag constant. Indeed, Fig. 2(a) shows that if the frequency of the f mode is detected within 20 percent,
then we can determine the value of the bag constant within about 15 percent independently of the value
of the s quark mass.
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Figure 2: (a) Contours of frequency Re(w) and (b) damping rate Im(w) of f mode for ! = 2 in (B4,
m,) plane. Here we adopt the radiation radius as R. = 6.0 km. The numbers with the curve denote the
value of frequency Re(w) or damping rate Im(w) in units of kHz.

2.2 The lowest w; mode

In general, there exist infinite number of w modes and several wy; modes for each I. However, because
the lowest wy; mode is the one that is the most sensitive to parameters in a bag model, as was shown by
numerical analysis in Ref. [5], we deal with only in the lowest wj; mode. Along with the case of the f
mode, we plot the contour of the frequency and the damping rate of the lowest wy; mode in the (B'/4,
m,) plane in Fig. 3. By using the lowest wj; mode, we are able to develop a similar argument as that
discussed in the case of the f mode and get on independent constraint on the bag constant and s quark
mass.

However, we should keep in mind that even if a large amount of energy is released through these
modes, the accurate observation of the w and w;; modes may be difficult. That is because both the
frequency and the damping rate of these modes are larger than the sensitivity ranges of gravitational
wave interferometers (7). Thus we would mainly use the observational data of the f mode to obtain
information about the bag model parameters. Then we could subsidiarily use the data on the lowest
wy; mode. It should be noted that, since Fig. 3 has similar features found in the f mode, even if we
combine it with information from the f mode, we may not have strict constraints on both m, and B,
independently. There exist an essential degeneracy in f and the lowest w;; mode QNMs because the
configuration of the contour of Fig. 2 is very similar to that of Fig. 3.

3 Conclusion

We have discussed how we can obtain information about the EOS of quark matter by using future
observations of gravitational waves emitted from quark stars. In particular we have studied the EOS in
bag models and assumed that the star is a pure quark star. We have computed the QNMIs, i.e., the f and
the lowest wy; modes, in the several quark star models. We have demonstrated that by comparing the
results of theoretical computations with the observational data of the f mode and the lowest w); modes
we can obtain constraints on the bag constant B and s quark mass m,.

If we have the damping rate, i.e., Im{(w), of the f mode within 20 percent, the radiation radius of the
quark star can be determined within about 10 percent including the uncertainty of the s quark mass.
Furthermore if we also obtain the frequency, i.e., Re(w), of the f mode within 20 percent, the value
of bag constant can be determined within about 15 percent, independently of the uncertainty of the s
quark mass by using the simultaneously obtained radiation radius. Concerning the lowest wy; mode,
we can also develop a similar argument as in the case of the f mode and get independent constraints
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Figure 3: (a) Contours of frequency Re(w) and (b) damping rate Im(w) of the lowest wy; mode for { = 2
in (B'/4, m,) plane. Here we adopt the radiation radius as R, = 6.0 km. The numbers with the curve
denote the value of frequency Re(w) or damping rate Im(w) in units of kHz.

on the model parameters. However, note that it is relatively difficult to detect the lowest w;; mode by
the future planned gravitational wave interferometers whose frequency ranges are not very sensitive to
the lowest wy mode. Therefore, such data will be subsidiarily used in statistical analyses. It should be
also noted that there is a degeneracy in the dependence of f and the lowest w;; mode QNM complex
frequencies on the bag model parameters, m, and B. As for high-frequency gravitational waves, a dual
type detector has been proposed, which would reach very good spectral strain sensitivities (~ 2x 10-23Hz)
in a considerable broadband (between 1kHz and 3kHz) [8] and then open a new interesting window to
the QNMs of compact objects.

As long as we have data with tolerable accuracy in future, we will be able to perform statistical
analyses to fit them, and get constraints on both the bag constant and the s quark mass. If we have
further information about the bag constant or the s quark mass by utilizing the EOS models based on
future developments in an effective theory of QCD, such as perturbation theories or finite-temperature
lattice data, we can constrain them more strictly. Including independent observations of radiation radius,
e.g., sorts of X-ray observations, would also support us in infering the bag model parameters. QNMs

from compact stars will be observed in the near future and deepen our understanding of hadron physics
and QCD.
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Abstract

We present a new mechanism of spontaneous baryogenesis. Usually such mechanisms
require a derivative coupling between a scalar field and baryon current. In our model,
the scalar field instead derivatively couples to a current associated with some global
symmetry U(1)q. In this case, baryogenesis is still possible provided that an inter-
action exists, which violates the baryon and U(1)q symmetries simultaneously. As a
concrete example, we discuss baryogenesis in a flat direction with neither baryon nor
lepton charge.

Baryogenesis is one of the most important challenges in cosmology and particle physics. Sakharov
proposed three conditions to realize baryogenesis (1]: (i) an interaction which actually violates baryon
conservation, (ii) violation of C and CP symmetries, (iii) deviation from thermal equilibrium. Thus
far many scenarios, which have been proposed, satisfy the above requirements. However, a spontaneous
baryogenesis mechanism, which was proposed by Cohen and Kaplan, works even in thermal equilibrium
(2] contrary to the above conditions. This is because, while Sakharov's conditions apply for the case where
CPT symmetry is conserved, CPT symmetry is violated in the context of any spontaneous baryogenesis
mechanism.

A spontaneous baryogenesis mechanism requires a derivative coupling between a scalar field ¢ and a
baryon current J%,

Loy =-22 0, (1)
f
where f is a cut-off scale. The baryon current Jj is given by
J5 =Y Bijt, (2)
i

where B; and j! are respectively the baryon number and the usual number current of the i-th field. A
nonzero value of d,a leads to spontaneous CPT violation since d,a is odd under CPT transformations.
This enables spontaneous baryogenesis mechanisms to evade Sakharov’s conditions. Assuming that a is
homogeneous, the derivative interaction becomes

a
Loy = -7718 = Z#mi- (3)

where the dot denotes differentiation with respect to time, ng is the baryon number density, and n; is the
number density of the i-th field. g; = —aB;/f is an effective chemical potential for the i-th field, which
creates a bias between baryons and anti-baryons. Then, according to the effective chemical potential, the
baryon number density is induced while in thermal equilibrium,

ng(t) = ZB;g“:—Ts (% +0 [(%)J]) , (4)

where g; represents the degree of freedom of the corresponding fields, x; is 1 for fermions and 2 for bosons,
and the summation should be taken for light felds in thermal equilibrium. In fact, baryon asymmetry is
generated only when a baryon number violating interaction actually exists and is in thermal equilibrium.
Thus, the final baryon asymmetry is determined at decoupling of the baryon number violating interaction.
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In the above example, a scalar field derivatively couples to the baryon current. However, in this Letter,
we show that baryogenesis is still possible even if a scalar field derivatively couples not to baryon current,
but to other currents such as the lepton current and/or the PQ current. Qur basic idea is very simple.
Assume that a scalar field derivatively couples to some global U(1)g current which is not necessarily
related to baryon current. Then, if an interaction exists and is in thermal equilibrium, which violates
U(1)q and baryon symmetries simultaneously, baryon asymmetry is generated in addition to the U(1)q
asymmetry through the spontaneous mechanism. This is because the ratio of U(1)q charge to baryon
charge must follow the ratio of violations of the interaction. Therefore generation of U(1)q asymmetry
always involves generation of baryon asymmetry.

The above idea has a lot of implications. For example, if a scalar field derivatively couples to lepton
current and an interaction violating both lepton and baryon symmetries is in thermal equilibrium, baryon
asymmetry is generated without resort to sphaleron effects. More amazingly, even if a scalar field has
an interaction with neither baryon nor lepton charge but only derivatively couples to some global U(1)q
current like PQ current, baryon asymmetry is generated provided that an interaction which violates both
U(l)q and baryon symmetries is in thermal equilibrium.

To make our ideas clear and concrete, we consider spontaneous baryogenesis in the context of flat
directions with neither baryon nor lepton charge. The characteristics of flat directions enable spontaneous
baryogenesis to be realized. First of all, due to its flatness, a flat direction can easily acquire a large
vacuum expectation value, which yields a derivative interaction between its phase and the symmetry
current under which the flat direction is charged. Second, by virtue of a charge violating term (a so-called
A-term), the phase starts rotating. thus acquiring a nonzero velocity. Thus, flat directions are suitable
for realizing spontaneous baryogenesis. In this Letter, we show that baryogenesis is still possible for a flat
direction with B = L = 0 by applying the spontaneous mechanism with our new idea stated above, that
is, baryon and/or lepton asymmetries generated thermodynamically instead of through condensation.
Further implications and details of our ideas is discussed in the future publication (3].

Now let us go into some details of our scenario. First off, we show that if a flat direction with neither
baryon nor lepton number is charged under another global symmetry and has a nonzero expectation
value, its phase (more precisely, the Nambu-Goldstone (NG) boson associated with breaking of the
global symmetry) derivatively couples to the corresponding current. One of the.famous examples of such
a global symmetry is the PQ symmetry, which is introduced to solve the strong CP problem of quantum
chromodynamics. For definiteness, we adopt the supersymmetric DFSZ axion model [4], but it is trivial
to extend it to the case with general global U(1) symmetries.

Though a flat direction is specified by a holomorphic gauge-invariant polynomial, it is often described
by a single complex scalar field ® = ¢/v2e". Assuming that a Aat direction has only PQ charge, its
phase is given by )
N
where N is the number of constituent fields, R = ", R; is the sum of the PQ charges, R; is the PQ
charge of each field, and az is the angle conjugate to the generator of the PQ symmetry. If the flat
direction has a nonzero expectation value, the PQ symmetry is spontaneously broken and a NG boson
ap appears, which is given by

6 = —Rag. (5)

ap = vaaR, (6)

where v, ~ () is a decay constant. Then, the NG mode ap transforms as ap — ag + ve€ under the PQ
transformation ag — apg + €. The effective Lagrangian is given as

R .
Lo = =D 2 (DuR) . (™

m

which yields the derivative interactions between the NG mode ag and the other charged fields.

Next, we show that a flat direction has a nonzero expectation value during and after inflation, and
the corresponding NG boson rolls down along the potential, that is, it acquires a nonzero velocity.
Although there are no classical potentials along flat directions in the supersymmetric limit, they are
lifted by both supersymmetry breaking effects and non-renormalizable operators. Adopting gravity-
mediated supersymmetry breaking, a flat direction has a soft mass m, ~ 1TeV. Moreover, assuming a
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non-renormalizable operator in the superpotential of the form

. 1
H’ = E‘—Im(pn ] (8)
the flat direction is further lifted by the potential
Iq) 2n=-2
Vvr = A—[l?.n_-é' . (9)

where Al is a cutoff scale. During the inflationary epoch, there is another contribution to the potential.
A flat direction has a negative mass squared proportional to the Hubble parameter squared, which is
derived from a four-point coupling to the inflaton in the Kihler potential. Then, this negative mass
squared term destabilizes the flat direction at the origin and the flat direction rolls down toward the
minimum of the potential. The minimum of the potential ¢, is determined by the balance between the
negative mass squared term and the non-renormalizable potential Vv g, and is given by

Ormin ~ (HM™=3) 77 (10)
In fact, the above non-renormalizable superpotential not only lifts the potential but also gives the
charge-violating A-terms of the form
Mm3/2
nM;n-3

where mgy/» is the gravitino mass, a,, is a complex constant of order unity, M, is the energy scale of the
A-term, k = n/N, and we have assumed a vanishing cosmological constant. By virtue of this A-term,
the NG boson ag begins rotating and acquires a nonzero velocity given by

Vi =0m ®" + h.c. = M} cos[kRagr/va), (11)

. kR | 4

IaRI ~ H_‘UGA[A’ (12)
where we used the slow-roll approximation because the inverse curvature scale of the potential is roughly
\/m;,/gH < H. We have also assumed that ap sits far from the extremum of the potential by O(v,).

The final ingredient to realize the spontaneous mechanism is an interaction which actually breaks the

relevant symmetry. In this Letter, as stated in the introduction, we consider an interaction which violates
multiple symmetries simultaneously, that is, PQ and lepton symmetries. Such an violating interaction is
characterized by the amounts of violation of the PQ and lepton symmetries, that is, g and é,. Then,
since the produced asymmetries ng and ny, should be proportional to the amount of each violation, the
simple relation ngd. = n dg must be satisfied, or equivalently,

Y Zmnm =0, (13)

where we have defined =, = Rméy — Lmdg and Ly, is the lepton charge of the m-th field. Then, the
resultant lepton number density at decoupling is given by (3]
CT3a
ni(tp) = 3 Lmiim = ~SRbL S o (14)

where we have defined
C=RMU*-(R-L)}, D=8 R*+6}3L%-26.6r(R-L), (15)

with R-L = ¥, kmgmRmLm. From this result, we can easily reconfirm that an interaction which
has 6p # 0 and 6; # 0, that is, which violates both PQ and lepton symmetries simultaneously, is
indispensable for the final generation of a lepton asymmetry.

As a concrete example of such a violating interaction, we consider the following dimension five oper-
ator,

Ly = %HH..Hu + he., (16)
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where v is a scale characterizing the interaction and may be identified with the heavy Majorana mass
for the right-handed neutrino in the context of the see-saw mechanism. Note that the above interaction
breaks both PQ and lepton symmetries by g = 2(R; + Ry, ) # 0 and 8, = 2. The violating rate of this
interaction is given by ' ~ 0.0473/v>. Then, the decoupling temperature is calculated as

~ 1 g vy 17
Tp ~5 x 10%GeV (35) (forigey) (17
where g. counts the effective degrees of freedom for relativistic particles.

A part of the produced lepton asymmetry is converted into baryon asymmetry through sphaleron
effects, which is estimated as

-1
ng 120kR(R. + Ry,) C maj2 —10 { M3/2 Tp )
—_— = LAl ~ \ 18
s 23n%g. D Tp o <10 (3TeV) T012GeV (18)

where we have assumed that ag > 0 and that PQ charges are of order unity.

Finally we discuss the constraint on the reheating temperature due to the gravitino problem. For
mgs2 = 3 ~ 10 TeV, the reheating temperature is constrained as Try < 10'2 GeV, assuming that the
mass of the LSP is O(100 GeV). If we take this bound seriously, the decoupling temperature Tp must be
less than 10'2 GeV so that the violating interaction is in thermal equilibrium. For mg 72 ~ 100 GeV, the
reheating temperature must be smaller than Try < 10° GeV. However, these constraints on the reheating
temperature are evaded by the introduction of a supersymmetric partner with a mass much lighter than
100 GeV. One such particle is the axino, which naturally exists in our scenario. In fact, it was shown
that the reheating temperature is constrained rather loosely as Try < 10'° GeV for mg/, 2 100 GeV, if
the axino is the LSP and the gravitino is the NLSP [3].

In summary, we have discussed a spontaneous baryogenesis mechanism with an interaction violating
another global symmetry in addition to baryon (lepton) symmetry. We have shown that even if a scalar
field derivatively couples not to baryon current but to another current associated with some global
symmetry U(1)q, baryogenesis is still possible by virtue of such a violating interaction. As a concrete
realization of our idea, we have discussed baryogenesis in the context of a flat direction with neither
baryon nor lepton charge. First, we have shown that the phase of such a flat direction, strictly speaking,
the NG boson associated with breaking of the symmetry, derivatively couples to the global current if it
is charged under another global U(1)q symmetry, such as the PQ symmetry. The A-term gives this NG
boson a nonzero velocity, which leads to the CPT violation. By virtue of the interaction violating U(1)q
and baryon (lepton) symmetries simultaneously, CPT violation is transmitted to the baryon (lepton)
sector, which makes it possible to generate baryon (lepton) asymmetry for this flat direction. In the
case of a lepton asymmetry production, a part of the lepton asymmetry is converted into the baryon
asymmetry through sphaleron effects.
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Abstract
We analyze the data from the TAMA300 detector taken in 2001 and 2003. We search
for gravitational waves from inspiraling compact binaries using matched filtering. The
mass region searched is from 1Mp to 2Mg. The preliminary results of analysis are
reported.

1 Introduction

Several laser interferometric gravitational wave detectors are constructed and have started observation
runs. These include LIGO [1] , VIRGO [2], GEO (3] and TAMAS300 (4] .

TAMA300 is an interferometric gravitational wave detector with 300 m baseline length located
at Mitaka campus of the National Astronomical Observatory of Japan in Tokyo (35.68°N,139.54°E).
TAMAS300 began to operate in 1999. It had performed observations for 8 times by July 2003. In particu-
lar, during the period from 1 August to 20 September 2001, TAMA300 performed an observation, which
is called Data Taking 6 (DT6), and about 1039 hours of data were taken. The best sensitivity was about
5 x 10~2!//Hz around 800Hz. More recently, a longest observation was performed by TAMA300 during
14 February to 15 April. 2003, and about 1163 hours of data were taken. This observation is called Data
Taking 8 (DT8). The best sensitivity was about 3 x 10~2! /v/Hz around 1kHz.

We consider gravitational waves from inspiraling compact binaries, consisting of neutron stars or black
holes. Since their wave forms are well known by post-Newtonian approximation of general relativity, we
can use the matched filtering. In this paper, we report preliminary results of the inspiraling compact
binaries event search.

2 Matched filtering

In this section, we briefly describe a method of matched filtering search. We assume that the time
sequential data of the detector output s(t) consists of a signal plus noise n(t). We denote the one-sided
power spectrum density of noise by S, (f).

The gravitational wave strain amplitude h(t) is calculated by combining two independent modes of
the gravitational wave and antenna pattern of interferometer as

h(t) = Alhc(t — tc) cos do + hy(t — tc)sin #o, (1)

where hc(t) and h,(t) are two independent templates whose phase are different to 7/2 from each other
and A is amplitude. The parameters which characterize the templates are the coalescence time ., the
chirp mass M(= M73/%) (M = m, + m2), non-dimensional reduced mass n(= mmz/M?) and the phase
¢o. The details of the wave form can be found in [3). We use the restricted post-Newtonian wave forms
in which the phase evolution is calculated to 2.5 post-Newtonian order, but the amplitude evolution
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contains only the lowest Newtonian quadrupole contribution. The effects of spin angular momentum are
not taken into account here.

The two wave forms, k. and h,, are transformed into the Fourier domain by the stationary phase ap-
proximation. We use templates for matched filtering defined in the Fourier domain as h(f) = h.(f) cos do+
hs(f) sin ¢g, where h(f) denotes the Fourier transform of A(t). Here, k. and h; are normalized as (h.|h.) =
(hslhs) = 1, where

® ANb ()
alp) =2 / df ——==, (2)
o=z Y sam
and * means the operation to take the complex conjugate. The filtered output is then defined by
plte, M, 1, 60) = (slh). (3)

In the matched filtering, we look for the maximum of p over the parameter ¢., M, n, and ¢p. In Eq. (3),
we can take the maximization over ¢p analytically which gives

plte,m1,ma) = V/(slhe)? + (slha)?. )

We see that p? has an expectation value 2 in the presence of only Gaussian noise. Thus, we can define
the normalized signal-to-noise ratio by SNR = p/V/2.

In the TAMA300 analysis, we have found that the noise contained a large amount of non-stationary
and non-Gaussian noise {6]. In order to remove the influence of such noise, we introduce a x? test [8].
First we divide each template into n mutually independent pieces in the frequency domain, chosen so
that the expected contribution to p from each frequency band is approximately equal, as

he.s(f) = RO(S) + REFY + -+ + RI(S). (5)
The x? is defined by
n
x?=n Y (o] - 22)+ (off) - 5077, (6)
i=1
where
i T (i b
Hom = GRED. 20, = ~(lhc.). (7)

This quantity must satisfy the x2-statistics with 2n — 2 degrees of freedom, as long as the data consists
of Gaussian noise plus inspiraling signals. For convenience, we use the reduced x-square defined by
x?/(2n —2). In this paper, we chose n = 16 (hereafter, x? means the reduced x-square).

The value of x? is independent of the amplitude of the signal as long as the template and the signal
have an identical wave form. However, in reality, since the template and the signal have different value
of parameters because of the discrete time step and discrete mass parameters we search, the value of x*
becomes larger when the amplitude of signal becomes larger. In such situation, if we reject events simply
by the value of x2, we may lose real events with large amplitude. In order to avoid this, we have been
introducing a statistic, p/\/x?2, in the TAMA300 data analysis 9].

The mass parameters considered in this paper is 1.0Mg € m;,my < 2.0Mg, which is a typical
mass region of neutron stars. In this region, a discrete mass parameter space is determined so that
the maximum loss of SNR due to discretization becomes less than 3%. The parametrization of mass
parameters are done based on (7).

The mass parameter space depends on the power spectrum of noise. Averaged power spectrum of
noise for each continuously locked segment was used to define the mass parameter space in each segments.
This parameter space is not changed within the continuously locked segment. However, in order to take
into account of the variation of the noise power spectrum with time, we use a different mass parameter
space for different locked segments. The mass parameter space turned out to contain about 200 ~ 1000
templates for the DT6 data, and about 200 ~ 800 templates for the DTS data. The typical value of the
number of template is about 700 for DT6, and 600 for DT8.
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3 Matched filtering algorithm

In this section, we briefly describe the matched filtering algorithm which are used for TAMAJ00 analysis.

The time sequential voltage data from the interferometer data are divided into small length of data
with length of 52 seconds. Each peace of data have overlap portion with 4.0 seconds. The data are
Fourier transformed into frequency domain and are multiplied by transfer function to transfer into strain
equivalent data. We calculate eqn. (8) for a mass parameter on the mesh point. For each interval of
coalescence time with At. = 25m seconds, we search for ¢, which realize the maximum value of p.@If
p > 7, we calculate the value of x> which correspond to the ¢.. The same calculations are perform for
the other parameters. The results are stored in an event list file.

4 Results and Discussion

Our analysis was done with 9 Compaq Alpha machines and also 16 Intel Pentiumd machines in our
laboratory at Osaka University. The matched filtering codes are written in C language and are MPI
paralleled.

We present results of matched filtering analysis including preliminary results of DT6 and DT8 analysis.
We plot the number of events as a function of p/ \/)? The solid line of Fig.1 shows histogram for DT8.
In order to compare the results, we also plot the same figure using DT6 results. In these histograms, only
events with p > 7 are plotted.
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Figure 1: The number of events as a function of p//x?. The dot and solid lines show histograms for
DT6 and DT8 respectively.

We find from the distribution of p/ \/)_F, we have a shorter tail in DT8 than in DT6. If we determine
threshold of p/ \/? for a given false alarm rate, the threshold of DT8 becomes lower than that of DT6.
This fact will help us to improve the detection efficiency of the Galactic events in DT8 further. These
facts suggest that the DTS data have much better quality than the DT6 data in the sense that it is easier
to discriminate the non-Gaussian noise events.

After the observation of DT6, the configuration of TAMA300 has been changed very much. One
of the major changes is the installation of the power recycling system. Thus, it will be important and



interesting to investigate the origin of the different property of data between DT6 and DT8. We will

work on such analysis in the future.
Much more details of the analysis using the data of TAMA300 DT6 and DT8 will be discussed
elsewhere (9].

This work was supported in part by Grant-in-Aid for Scientific Research, Nos. 14047214 and 12640269,
of the Ministry of Education, Culture, Sports, Science, and Technology of Japan.
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Abstract

We study the gravitational lensing in the quasi-geometrical optics approximation
which is the geometrical optics including the corrections arising from the effects of
the finite wavelength. Theses correction terms can be obtained analytically by the
asymptotic expansion of the diffraction integral in powers of the wavelength A. The
first term, arising from the short wavelength limit A — 0, corresponds to the geomet-
rical optics limit. The second term, being of the order of A/M (M is the Schwarzschild
radius of the lens mass), is the first correction term arising from the diffraction effect.
By analyzing this correction term, we find that (i) the lensing magnification g is mod-
ified to u(1 + &), where & is of the order of (A/A1)?, and (ii) if the lens has cuspy (or
singular) density profile at the center p(r) & r™* (0 < a < 2), the diffracted image is
formed at the lens center with the magnification g ~ (A/A/)*~°.

1 Introduction

The gravitational lensing of light is usually treated in the geometrical optics approximation, which is
valid in all the observational situations [1],[2]. Lensing quantities (the deflection angle, the image posi-
tions, its brightness, the number of images, etc.) are calculated in the geometrical optics. However for
the gravitational lensing of gravitational waves, the wavelength is long so that the geometrical optics
approximation is not valid in some cases. For example, the wavelength A of the gravitational waves for
the space interferometer is ~ 1 AU which is extremely larger than that of a visible light (A ~ 1u m).
If the wavelength A is larger than the Schwarzschild radius of the lens mass M, the diffraction effect is
important and the magnification is small [1],(2].

From the above discussion, for A = M the diffraction effect is important, and for A < M the
geometrical optics approximation is valid. In this paper, we consider the case for A £ M, i.e. the
quasi-geometrical optics approximation which is the geometrical optics including corrections arising from
the effects of the finite wavelength. We can obtain these correction terms analytically by an asymptotic
expansion of the diffraction integral in powers of the wavelength A. It is important to derive these
correction terms for the following two reasons: (i) calculations in the wave optics are based on the
diffraction integral, but it is time consuming to numerically calculate this integral especially for high
frequency. Hence, it is a great saving of computing time to use the analytical expressions. (ii) We can
understand clearly the difference between the wave optics and the geometrical optics.

This paper is organized as follows: In §2 we briefly review the wave optics in gravitational lensing of
gravitational waves. In §3 we show that in the short wavelength limit A — 0, the wave optics is reduced
to the geometrical optics limit. In §4 we expand the diffraction integral in powers of the wavelength A,
and derive the leading correction terms arising from the effect of the finite wavelength. We use units of
c=G=1.

2 Wave Optics in Gravitational Lensing

We briefly review the wave optics in gravitational lensing of gravitational waves [1], [2] (4]. We consider
gravitational waves propagating under the gravitational potential of a lens object. The background metric
is given by,

ds® = — (1 + 2U)dt* + (1 - 2U) dr® = g{B)dx*dz”, (1)

1E-mail:takahasi@tap.scphys.kyoto-u.ac.jp
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Figure 1: Gravitational lens geometry for the source, the lens and the observer. Dy, Ds and D g are the
distances between them. 7 is the displacement of the source from the line of sight to the lens, while £ is
the impact parameter. We use the thin lens approximation in which the gravitational waves are scattered
only on the thin lens plane.

where U(r) (<« 1) is the gravitational potential of the lens object. The propagation equation for the
gravitational waves h,, in the curved background is given by [3],
huv;a;‘x + 2R(B) holi =0, (2)

aufv

where the semicolon denotes the covariant derivative with respect to g,(‘?,) and Rﬁ’ay is the background

Riemann tensor. h,,, satisfies the transverse traceless Lorentz gauge condition of K., =0and h*, = 0.
The above equation (2) can be solved by using the Kirchhoff diffraction integral (2.

In Fig.1, we show the gravitational lens geometry of the source, the lens and the observer. Here,
Dp,Ds and Dps are the distances to the lens, the source and from the source to the lens, respectively.
7 is the displacement of the source from the line of sight to the lens, while £ is the impact parameter
in the lens plane. We use the thin lens approximation in which the lens is characterized by the surface
mass density Z(£) and the gravitational waves are scattered only on the thin lens plane. Then, the lensed
wave hf;,,(u) at the observer in the frequency domain is given by the product of the amplification factor

F and the unlensed wave h,,,(w) (U = 0):
hig (@) = F(w,) hyu(). (3)
The amplification factor F is given by [2],

_ Ds w 2 .
Flw,m) = o [ € explivta(e,m), (4
where the time delay ¢4 from the source position 7 through £ is given by,
_DDs (& 7 s :
talesm) = 02 (o= L) =€) + bl (5

The deflection potential $(£) is determined by, ng = 87Z, where V% denotes the two-dimensional

Laplacian with respect to £ and (&) is the surface mass density of the lens. ¢, is the additional phase
in F, and we choose ¢, so that the minimum value of the time delay is zero. The amplification factor F
is normalized such that |F| =1 in no lens limit (U = ¢ = 0).

It is useful to rewrite the amplification factor F in terms of dimensionless quantities. We introduce
§o as the normalization constant of the length in the lens plane. The impact parameter £, the source
position n and the frequency w are rewritten in dimensionless form,

3 D, Ds

= -, = , W= ——m—
& YT &Ds" DrsDy

& w. (6)
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Then, the dimensionless time delay is given by,

T(x,y) = ZE2E2 652 ty(,m) = 3 1x = ¥I° = w(x) + 6m(y). ™

where ¥(x) and ém(y) correspond to ¥(€) and dm(n) in equation (5): - = DyDys/(Ds€3) ¥ and
O6m = Dy Dy s/(Ds€2) ém. respectively. Using the above dimensionless quantities. the amplification
factor is rewritten as,

F(w,y)= %/d"’xexp [fwT(x,y))]- (8)

We use the Einstein radius (~ (M D)Y/2) as the arbitrary scale length & for convenience. The
Einstein radius is the typical scale length of the impact parameter in the gravitational lensing, and hence
the dimensionless quantities x, y become of the order of one. The dimensionless potential ¥(x) and time
delay T(x,y) are also of the order of one. Then, the dimensionless frequency w is roughly ~ M/ from

Eq.(6).
3 Geometrical Optics Approximation
In the geometrical optics limit (w 3> 1), the stationary points of the T(x,y) contribute to the integral of

Eq.(8) so that the image positions x; are determined by the lens equation, V.T(x,y) = 0. This is just
the Fermat's principle. We expand T(x,y) around the j-th image position x; as,

T(x,y) = Tx3,y) + 5 3 eBhT(%3,¥)daFs + O(F) )
a.b

where X = x — x; and the indices a,b,... run from 1 to 2. Inserting Eq.(9) to (8), we obtain the
amplification factor in the geometrical optics limit as (1], [2],
Faeow,y) = Y _ In;|'/? exp [ iwT; — imny], (10)
3j

where the magnification of the j-th image is u; = 1/ det (8y/8%;), T; = T(x;,y) and n; = 0,1/2,1 when
x; is a minimum, saddle, maximum point of T'(x,y).

4 Quasi-geometrical Optics Approximation

4.1 Effect on the Magnification of the Image

We expand the amplification factor F(w,y) in powers of 1/w (<« 1) and discuss the behavior of the order
of 1/w term. We expand T(x,y) in Eq.(7) up to the fourth order of & as,

T(x,y) = Z 0aBT(xj,y)EaZs + = Z 8a0p0:.T(x,¥)EaFsEc
a b.e
Z 0a0p0:84T (X5, ¥)EaFoEcEa + O(°). (11)
a b.e,d

After inserting the above equation (11) into (8), we expand the amplification factor in powers of 1/w.
Then we obtain,

Py = Ll (1+ Zay) wmmiens 4 00w, (12)
where A; is a real number. A; is given for the axially-symmetric lens model as,

1 /(3) aj—B,- 1

o? |-"-'J| a;B; l=;1?

111 3?2
4= [2a"w1 * 12a3w +
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where a; = (1 - ¥)/2, B; = (1 - ¥}/|z;])/2 and w;-") = d"y(|x;|)/dz". The first term of the above
equation (12) is the amplification factor in the geometrical optics limit Fge, in equation (10). The second
term is the leading correction term, being proportional to 1/w, arising from the diffraction effect. Thus
the deviation from the geometrical optics is of the order of 1/w ~ A/M.

We rewrite F in above equation (12) as,

(2]

where dp; = arctan(A;/w). Thus in the quasi-geometrical optics approximation, the magnification g
is modified to p;(1+ (A;/w)?], where (A;/w)? is of the order of (A/M)2. The phase is also changed by
dp;, which is of the order of A/M.

1/2
eiu-T,+i6¢,—inn, + o(w-'l). (14)

Fwy)=Y

J

4.2 Central Cusp of the Lens

We consider the correction terms in the amplification factor F arising at the central cusp of the lens. For
the inner density profile of the lens p & =2 (0 < a < 2), the deflection potential at small radius is given
by,

¥(x) o z7oF3 (15)
For example, if the inner density profile is p o r~2 (e.g. the singular isothermal sphere model), the

deflection potential is given by ¥(x) = ¥z (¥o is a constant) from equation (15). Inserting this potential
¥ into equation (8), we obtain,

eiwly2/2+¢m(y)] R ,
Flw,y) = B rw— /d:z:'2 exp [—z {ya:’l + wo\/:rf +af + O(l/w)}] , (16)

where we changed the integral variable from x to ¥’ = wx. We denote dF.(w,y) as the leading term of
the above integral which is proportional to 1/w. dF, is obtained by integrating the above equation as,

iV’ /24 dm (V)] 1

dF(w,y) = ” W=y for vl > [vel. (17)
eiwly?/2+0m(y)] i

= w (wg — )32 for |yl < %ol (18)

Thus, the contributions to the amplification factor F at the lens center is of the order of 1/w ~ A/M.
This is because of the singularity in the density profile at the lens center. The correction terms dF, in
equations (17) and (18) represent a diffracted image which is formed at the lens center by the diffraction
effect. The magnification of this image is of the order of ~ A/M.

For the general value of o, the diffracted image is formed at the lens center for the inner density
profile p o =2 (0 < a < 2). The magnification of this central image is roughly given by, u ~ (A/M)3~2,
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Radionic Non-uniform Black Strings
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Abstract
Non-uniform black strings in the two-brane system are investigated using the effective
action approach. It is shown that the radion acts as a non-trivial hair of black strings.
The stability of solutions is demonstrated using the catastrophe theory. The black
strings are shown to be non-uniform.

1 Introduction

In the Randall-Sundrum 1 model [1], the black hole can be regarded as a section of the black string
as long as the distance between two branes is less than the radius of the black hole on the brane. As
the radion controls the length of the black string, it can trigger the transition from the black string to
localized black hole through the Gregory-Laflamme instability. The purpose of this work is to reveal the
role of the radion in the black string system with the hope to understand this phenomena. We take the
specific model that the dilaton field coupled to the electromagnetic field on the @-brane. In the case of
stable black string, we can use the low energy approximation that the curvature on the brane is smaller
than the curvature in the bulk. Foutunately, the effective action is known in this case as (2]

S¢ = — / d*zvV=h [\PR(h) 23’((1W ] / d*zvV=h ((V‘W Wﬂ)

where we defined ¥ := 1 — exp(—2d/€). Here, d and ¢ are the proper distance between the branes and
the curvature radius in AdSs, respectively. The point is that the bulk metric is completely determined
by the 4-dimensional theory through the holographic relation as [2]

= (1= O [hul2) + g B, T, TS0 - (1)
Here, we have used the following coordinate system to describe the geometry of the brane model:
ds? = eV dy? + g, (y, ¥ )da da” . (2)

We place the branes at y = 0 (©-brane) and y = ¢ (&-brane) in this coordinate system. Using this fact,
we have investigated the bulk geometry of this system and found stable non-uniform black strings for
which the radion plays an important role [3]. We consider the static and spherically symmetric metric in
the Einstein frame on the &-brane as

= —f(r)e”?de + f(r)~ dr® + r2dQ?, (3)

where f(r) := 1 — k?m(r)/4mr. We assume the existence of a regular event horizon at r = ry and
asymptotically flatness. We consider solutions with a magnetic charge Qm. In the following, we provide
views both from the brane and from the bulk.
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2 View from the Brane

2.1 Radion as a Hair

We obtain the first law of black hole thermodynamics, from which we can find that the radion field
is a hair of black strings. We can prove that ¥ is monotonically decreasing function of r. In Fig. 1
(a), as an example, ¥ for a solution & := v2a/x = V3, ¥, := ¥(oco) = 0.25 and the horizon radius
Ay = Very /kQm = 0.119 is depicted.

2.2 Stability of the Black String

In the single brane limit ¢ — 1, the effect of the radion ceases. Hence, the solution approaches GM-
GHS solution {4]. In the close limit ¥ — 0, we have ¢(r) = 0. Thus, only Reissner-Nordstrém (RN)
solutions are possible in this limit because of the no-hair theorem. Therefore, the non-trivial radion
(¥ # 0,1) interpolates RN and GM-GHS solutions as in Fig. 1 (b) where the relation between the inverse
temperature 1/T and Af are plotted.

We can prove that there is no inner horizon for ¥ # 0. Thus, the causal structure is the same as that
of Schwarzschild black hole. This suggests that our solutions are stable as the GM-GHS solutions. We can
also argue stability of our solutions using the catastrophe theory. According to the catastrophe theory,
the stability changes at d{1/Ty)/dM = oo [5, 6]. Since we cannot find the point d{1/Tx)/dM = oo in
the graph for various parameters, our solutions are stable in the catastrophic sense.

0.38 [ T 80 ‘ T ™
! \ RN
036 ~ 0 - i
| : ;
i 0 | ¥ _=0.15,
034 | }
| [y : ]
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D |E- 40 ';
03 -
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024 ' - — — [ S —
! 10 100 1000 s 05 07

Figure 1: (a) The behavior of ¥ (b) M-1/T4.

3 View from the bulk

Our interest here is the y-dependence of the horizon which had not been investigated so far in the RS1
model. The hologram (1) can be used to see the shape of the black strings. To see the non-uniformity of
the horizon, let us investigate the change of the circumference radius along y direction. The procedure to
obtain a circumference radius of the horizon is summarized as follows: (i) seek for the radius r = r4.(y)

which satisfies hoo + g{}) = 0 (or equivalently hy; + gﬁ) = oo as we denote below.) (ii) evaluate the



circumference radius in the Einstein [rame as

Ry = \/7‘1 + U(ry )y (rs) 4)

Note that we subtracted the effect of the AdS background in the above expression (See, Eq. (1)).

First, let us find r;.(y). Writing g((,(l,) =: hgofo(r.y) and gﬁ) =: k11 fi(r,y), we can verify that fo = f,
and they have finite values at r = ry. Hence, the coordinate value of the horizon does not change
r+(y) = v even at this order. Thus, we can evaluate the circumference radius (4} using the expression

&2 1
g'g},)(r”) = —Tw [Rgg - Eh22R+ (w+ 2)X22] . (5)

Here, we introduced the variable w := (1 — ¥)~%/¢ — 1 which increases toward the ©-brane.
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Figure 2: Deformation of the horizon for ¥, = 0.25, Ay = 1.11 X 10~2, @ = V3 and ¢/ry = 0.5.

As an example, we show the ratio of the horizon Ry/ry as a function of y in Fig. 2. We find that
the circumference radius of the horizon monotonically shrinks toward the ©-brane even if we subtract
the background effect. Although, we showed only one example, we can easily confirm that this is general
by differentiating (5) with respect to w since the fields satisfy the conditions

Ty = 2Q2'" “2¢ 50, T =0, (6)
at r = ry. In fact, by rewriting Eq. (5) as
ho sz 1-¥
= —=g (1) = 22 s Ton - - *
K: 82 29 (TH) [ 3 R+ lIJTz.{l (w+2) 3 }] ) (7)
we obtain
h
i - tmpe 2 T20{1-(w+1)(1—\p)}, ()
&K
m = —“E'(]. had ‘I’)Taz < 0- (9)
From Eq.(9), we see dK/dw takes minimum value at the &-brane. On the &-brane, we have
‘Zj hozn = ——hogT" —0. (10)
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Therefore, dI/dw is always positive in the bulk. This means dgr(_,.l_,) /dw < 0. As the horizon has non-trivial
y-dependence, the black strings are non-uniform.

Finally, we comment on the zeroth law of the non-uniform black string. Using the metric (3). the
Hawking temperature is

— 2w
TH=27r Ky s L+ folra,y) (1)

87%ry L+ filra,y) '

Since fo = fi at r = ry, Ty does not depend on y. Therefore, the zeroth law of black hole thermody-
namics holds.

4 Conclusion

Non-uniform black strings in the two-brane system are investigated using the effective action approach.
We considered the dilaton field coupled to the electromagnetic field on the é-brane. It is shown that
the radion acts as a non-trivial hair of the black strings. From the brane point of view, the black string
appears as the deformed GM-GHS black hole which becomes GM-GHS black hole in the single brane
limit and reduces to the RN black hole in the close limit of two-branes. In view of the catastrophe theory,
our solutions are stable. From the bulk point of view, the black strings are proved to be non-uniform.
Nevertheless, the zeroth law of black hole thermodynamics holds.

We established the picture that the event horizon shrinks toward the &-brane (even if we subtract
the effect of the AdS background) and the distance between branes decreases toward the asymptotically
flat region.

However, we cannot apply our present analysis if the distance between branes exceeds the horizon
radius. This is because the Kaluza-Klein effect becomes significant. It is the point that Gregory-Laflamme
instability commences. The transition to the localized black hole may occurs. The AdS/Conformal field
theory correspondence argument suggests the classical evaporation of the resultant black hole. Moreover,
there is also a possibility that the shape of the horizon becomes complicated. To get a hint, we need to
proceed to the next order calculations corresponding to Kaluza-Klein corrections. We want to investigate
it in the future.
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Abstract
We investigate the gravitational waves propagation in the Einstein static brane uni-
verse. We define the phase velocity and the group velocity on the brane by boundary
values of the waves on the brane. It is shown that both the phase velocity and group
velocity of the gravitational waves are larger than the light velocity.

1 Introduction

The string or M-theory suggests the idea of brane world, i.e., our universe is a 4-dimensional sub-manifold,
brane, embedded in a higher dimensional spacetime where the matter fields live only on the brane while
the gravity can access the bulk spacetime[l]. Randall and Sundrum [2] proposed a flat brane model
realized in the 5-dimensional anti-de Sitter bulk. Remarkably, in this model, usual 4-dimensional gravity
is recovered at first approximation because of the existence of zero-mode gravitons effectively confined on
the brane. Cosmological extension of this model have been investigated by many authors (see references
in [3]).

Towrds verification of the brane world, it might be important to investigate the gravitaional wave
propagation in the brane universe and clarify difference from the usual 4-dimensional universe because
only gravitational waves can travel directly in the bulk. It is pointed out that there exists apparent
causality violation: gravitons which travel along null geodesics in the anti-de Sitter bulk can carry
information faster than the light on the brane|4],[5].

For the apparent causality violation, the existence of non-vanishing null component of the extrinsic
curvature of the brane, which is in proportion to the matter energy on the brane, is essential. Since it is
very complicate to study the propagation of gravitational waves in a realistic expanding brane universe,
where the brane plays a role of the moving boundary for the waves|6], we consider, here, the Einstein
static brane universe for the first step. The Einstein static brane has also desirable extrinsic curvature,
and its static property make the problem very simple.

2 Einstein static brane universe

The metric of the 5-dimensional anti-de Sitter(AdS) spacetime is given by
ds® = —cosh® /1 dt? + dx? + ¥ sinh? x/! d2%.. (1)

where d2Z; is the metric of 5%. The Einstein static brane with a radius x = x» solves the 5-dimensional
Einstein equation,

1 6
Rag ~ §gABR +Agap =0, A:= - (2)
and the junction condition at the brane with Z> symmetry,
1 1
Ko = —552(sab - ES"/ab)v (3)

where g5, Kb, Sas and x? are the induced metric, the extrinsic curvature, the stress tensor of the perfect
fluid on the brane and the five-dimensional gravitational constant, respectively. The energy density of a
perfect fluid is determined by the junction condition when the radius of the brane is given.
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[[ wfor xo =5 | wfor xp = 10
1000.272521 | 1000.000052
1003.351441 | 1003.000522
1005.535308 | 1005.000540

n
1
2
3

Table 1: Eigenvalues are listed for the modes n =0,1,2 and k = 1000 in the cases xp = 5 and x3 = 10.

Since the bulk is negatively curved, the circumference radius of the spherical brane r, = Isinh x,/1 is
larger than 27 times the proper radius x. When { ~ 0.1mm, the present size of the universe r, ~ 3000Mpc
is much larger than the corresponding value x3 ~ lem.

3 Bulk perturbation equation

We consider gravitational wave perturbations on the background spacetime (1). In this report, we consider
a massless scalar field, ®, living in the bulk spacetime which mimics the gravitational wave, for simplicity.
The wave equation for the scalar field in the bulk is
1

—(cosh? x/1)~182® + 20 + +(3coth x/i + tanh x/1)0® + ———r—A® =0, @)
? l 12 sinh?® x /1

where A is the Laplacian on 53, The Z2 symmetry with respect to the brane requires the Neumann
boundary condition for & at the brane. Setting ® = ¢(x)Y (x2)e~**, we obtain

il
dx?

1 L3 ull “
- h x/{ + tanh x/! - -
¢+ l(3t:ot x/! +tan x/)dxd>+( l’sinhzx/l+cosh2x/l)¢ 0 (5)

where Y{z%) are the harmonics on $§? which satisfy the eqation
(A+k)Y =0, K¥=(m-1)(m+1), (m=1,2,---). (6)
The boundary conditions for ¢ are
Ply=x, =0 and dly=0=0, (7

where the second one is regurality condition at the center x = 0 for the modes k # 0.

If k is given, the problem we should solve is the eigenvalue problem for w in the ordinary differential
equation (5) with the boundary conditions (7). The eigenfunction ¢(x) is specified by the number of
nodes n, and the eigenvalue is obtained as a function in the form w = w(k, n).

The background spacetime has three typical scales: {, x; and r,., When we consider the massless
scalar wave of its wave length A is much less than [, n takes a large number and the wave propagates
along a null geodesic[5] since the approximation of the geometrical optics is valid. In this report, we
concentrate on the wave with A 2 x3, so it is natural that n possibly takes zero or a non-large number.

4 Results

We solve the problem by shooting method using Runge-Kutta routine, where we set { = 1. First, we
show typical shape of the eigenfunctions in Fig.1. The boundary value of the eigenfunction, ¢(x = xs),
is large for n = 0 mode and very small for n = 1,2 modes. It means that n = 0 mode is dominant for
the gravitational phenomena on the brane.

In the case x» = 10, the eigenfunctions for n = 0, 1, 2 in the region 0 £ x < 5 resemble the counterparts
in the case xp = 5. While those are almost constant in the region 5 < x < 10. It might suggest that the
expansion of the universe causes small modification for the eigenvalues.
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Figure 1: Eigenfunctions for n = 0, 1,2 and ¥ = 1000 are plotted in the case xp = 5 (left) and xp = 10
(right). The eigenfunctions are normalized by the maximal values.

Next, we consider the difference of the gravitational waves propagation on the brane from the one in the
usual 4-dimensional universe. In the usual Einstein static universe with the metric ds? = —dr? + r2dQ2,
the wave equation for a massless scalar field is

1
- 2 — =
5o+ 508 =0 (8)

The solutions in separation variables in the form ® = Y (£%)e~" lead the dispersion relation &? = k?,
where w and & := k/r are frequency and wavenumber, respectively. Then the phase velocity, vp, and the
group velocity, vy, are

vp:=%=l, and v_,,:-—-i—%:. (9)

If d2¢/dx? vanishes on the brane, equation (5) with the first condition in (7) leads (8) at the brane.
However, this means constancy of ¢(x) and make a contradiction to the second condition in (7) for & # 0,
then the term can not be zero on the brane even for n = 0 mode. Therefore, the propagation of the waves
on the brane is surely different from the one in the 4-dimensional universe.

For the brane case, defining frequency on the brane and wavenumber on the brane as

D= R -
" cosh xs/! " Isinh x/U’

we can naturally introduce the phase velocity on the brane and the group velocity on the brane as

vp(k;n) = w(l;.c, n)’ and wy(k;n):= %
By numerical calcurations the dispersion relation & = ;IJ(IE; n) for n = 0,1,2 are obtained. According
to the numerical results, the phase velocity on the brane for each mode exceeds the light velocity and
approaches to the light velocity as & — co. For each mode, v, — 1 depends on k as a power function with
a negative power (see Fig. 2). Furthermore, the group velocity v, is shown as a function of k in Fig.3.
We can see that the group velocity on the brane for each n = 0, 1, 2 mode is larger than the light velocity
in the range A 2 xs.

How much amount of the excess does the gravitatinal wave velocity have over the light velocity? From
the numerical results, we see

and (10)

(11)

2
vglxb=10 -1 ~ (rblxr.=5 ) (12)
VYglxp=s — 1 Thlxn=10

The right hand side of (12) is in proportion to the ratio of the null component of extrinsic curvature of
the brane in x, = 10 to the one in x, = 5. It means that the non-vanishing of the quantity[5]. Since the
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Figure 2.  The phase velocity for n = 0, 1,2 modes are plotted as functions of k in cases of x; = 5(left)
and x» = 10 (right).

v -1

0.0006

0.0004

0.0002

-0.0002

Figure 3: The group velocity for n =0, 1,2 modes are plotted as functions of k in cases of x = 5(left)
and xs = 10 (right).

radius of the present universe is enormously large then the null component of extrinsic curvature of the
brane takes a tiny value. Then the excess of the gravitational wave velocity over the light velocity might
be too small to observe. However, if the gravitational waves propagate long distance or penetrate high
density regions, where the extrinsic curvature are large, we would be able to detect some phenomena
concerning to the excess.

In the present report, we only treat an over simplified static brane universe model. As noted before,
since the radial dependence of the wave functions does not change so much when the radius of the brane
increases, then the yesults obtaind in the static model would hold in the present stage of the realistic
expanding universe where the expantion rate is moderate.

In the early stage of the universe, gravitational waves consist of a number of different n-modes. In
such a situation, it is expected that the amplitude on the brane changes in its value depending on time
and place. Further, it is intresting to study the velocity on the brane for modes mixed waves.
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The AdS/CFT correspondence in Friedmann braneworld
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Abstract
If the AdS/CFT correspondence conjecture holds, the Randall-Sundrum infinite
braneworld is equivalent to four dimensional Einstein gravity with N = 4 super
Yang-Mills fields at low energies. Here we derive a four dimensional effective equa-
tion of motion for tensor-type perturbations on a Friedmann brane background in
two different pictures, and demonstrate their equivalence.

1 Introduction

Randall and Sundrum proposed very interesting braneworld scenarios(1, 2]. Especially the second model(2]
(RS II) has attracted a lot of attention as a toy model which realizes a new scheme of compactification
of an extra dimension[3, 4]. The model assumes five dimensional spacetime. The five dimensional bulk
dynamics is governed by the vacuum Einstein equations with a negative cosmological constant. Ordinary
matter fields are confined to a four dimensional brane located at a boundary of the bulk. Across the
brane Z,-symmetry is imposed. The simplest solution of the bulk is a five dimensional AdS spacetime

ds?® = —z—ez (—dt2 + Jjjd.‘l.'idtj + dZQ) .

where £ is the AdS curvature length. Latin indices are used for 3-dimensional spatial coordinates and are
raised and lowered by using the Kronecker delta 4;;. A brane which moves in z-direction represents a
flat Friedmann universe. The scale factor on the brane is read as a = £/z(t), and the Hubble parameter
H is related to the brane motion as H = —z/£y/1 — z2, where dot represents diffenciation with respect
to t. From the junction condition on the brane, the motion of the brane is determined, and we obtain a

modified Friedmann equation \
87G
W= (p+ g—a) , (1)
where H = aH and p is the total energy density of matter fields localized on the brane.

According to the AdS/CFT conjecture[5, 6], the RS II model is thought to be equivalent to four
dimensional Einstein gravity with correction due to CFT fields at low energies. Here low energies mean
that typical length scales are longer than the bulk curvature scale £. The conjecture in this form is directly
confirmed in the case of linear perturbations on a Minkowski brane[7]. Also in the case of Friedmann
homogeneous cosmology the correspondence holds(8].

In this talk we give another example for the equivalence between two pictures. One is the RS II model
and the other is four dimensional Einstein gravity with CFT. We consider tensor-type perturbations on a
Friedmann brane. We derive the leading order deviations from the conventional four dimensional gravity
at low energies in both pictures independently, and show the equivalence of two results.

2 Five dimensional RS picture

First we discuss tensor-type perturbations on a Friedmann brane in the five dimensional RS picture. The
bulk metric with tensor type perturbations will be given by

2 . N
ds? = 55 (=dt* + (835 + hig)ds'de? +dz). )
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By using Y,’, a transverse traceless tensor harmonics normalized as [ d32 Yiij(x) Y (x) = 83k ~ K),
we expand perturbations as A;; = Y i;®. In these coordinates the five dimensional perturbation equation
reduces to 3

(—af +=0. + a2 + k‘*) ®=0. (3)

The general solution to this equation is given by

d = /dw ¥ (w)e~“*2(pz)? Kq(pz)
z)? z
= /dw \il(w)e""‘" [l - (PT) + Q)l_s)" (b-In(pz)) +---], (4)

where p* = —(w +i€)2 + &%, b = 1 (3 - 29) +In2, and v is Euler’s constant. The problem is solved, if
we can find ¥ so as for @ to satisfy the perturbed junction condition n?8,® = 0, where n? is the unit
normal to the brane.

In this paper we use an alternative approach to derive the correction from the conventional four

dimensional gravity. In Ref. [9] effective Einstein equations
(GH, — 8¢GT, = (8nGs)*n%, — EX, (5)

were derived, where 7%, is a tensor quadratic in the matter energy momentum tensor 7% and E*, is a
projected Weyl tensor defined by n’n°C*,,,. From Eq. (5) the effective four dimensional equation for
tensor perturbations is deduced as

(82 +2M8, + k%) ¢ = —2E, (6)

where ¢ = ®|,_(), 7 is the conformal time coordinate for the geometry induced on the brane and the
correction due to E,,, is explicitly given as

2 = {(H@)? (02 + 82) - 2He/1 ¥ (HO?0,6, + (af - %a,) }d> : (7)

z=z(t)

At low energies (when H262 « 1 and (pz)? = pé/a < 1), z and ¢ derivatives are rather straight forward
by using the expression (4). However, if we try to write E in terms of ¢, we must rewrite w (or p)
somehow. —iw is very close to but slightly different from 7 derivative. But if we neglect higher order
terms of O(&4), further reduction is possible like

8 d ~ 820,

926 —% / dw ¥e~""p? —% (82 + #%) @,

00:® ~ -%a,, (82 + &%) @. (8)
Only the last term (87 — 18,) ¢ does not allow such a simple reduction because the third term in the
expansion of K»(pz), which is not a polynomial in p?, contributes to this term. This term does not have

explicit €2 suppression at first sight. However, first two terms in the expansion of Ka(pz) vanish for this
combination of differentiation. As a result, a factor of 2% = ¢2/a® arises. We finally obtain

(62 + 2HB, + k%) ¢
2
s ﬁ—z ((3%> — 2mH’) 8, + K*H?] 4

22 7 —iwn, 4 3 pl .
+ g0 [awdenst (5= - [2]). ©)

where we used the lower order equation obtained by setting the left hand side equal to zero to simplify
the right hand side. A similar equation was derived for scalar-type perturbations in Ref. [10]. All the
corrections are suppressed by £2 or £2n¢.
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3 Four dimensional CFT picture

Next we discuss the same problem in the four dimensional CFT picture. The equation for tensor-type
perturbations will be given in the form of

0,0%8,¢ + a®kp = 167Ga’r, (10)

where the perturbation variable ¢ has the same meaning as before, and 7(n) = [ d®z 'I}(f”)(r;, x)Y,:j (x)
is the contribution from the effective energy momentum tensor of CFT. In order to evaluate the energy
momentum tensor due to vacuum polarization of CFT, we can make use of the fact that the metric of
flat perturbed FLRW universe is related via conformal transformation to Minkowski spacetime with the
corresponding perturbations as

ds}y) = guvdz* dz” = a*(n)dsfy), (11)

where dsfo) = g,(g,)dz" dz¥ = (nu + hy,)dz* dz¥. We consider one parameter family of conformally
related metrics gf,o,) = a”g,‘ﬂ) connecting g,, = g,(j,) with g,(g). The action for CFT is invariant under

conformal transformation except for T,(,.‘?). the contribution from the conformal anomaly. Hence, the
energy momentum tensor of CFT excluding the anomaly contribution transforms in a trivial manner
under a conformal transformation. Thus we have

TEFT = a7 + T, (12)
where T,s?,) is the CFT energy momentum tensor evaluated on the metric gfg). Correspondingly, 7 is

given as a sum of two pieces, 7(°) and 7{4),
By using the results in Ref.[7], 7(?) is found to be given by

—167Ga?r® = Z/dwe_i“"HZ(Pz)P4$(“): (13)

with P )
4
M2(p?) = N In el (14)

where we used the properties of tensor-type perturbations, h%* = 0, hjj = 0, and h¥k; = 0. Constant

part in Pia(p®) was absorbed by the renormalization scale u. Here q;(w) is the Fourier transform of ¢(n).
Next we consider the anomaly contribution 7{4). The anomaly contribution to the effective action,
S(4) is given by an integral of the trace anomaly from 6 = 0 to 1 as[11]

1 1
Sl = _ / d(InQ) / d'z/—g® < T,°(¢9) >= -len / ajlnadd. (15)
[} (/]

From Ref. [6] we find af = [d*z2\/“g® (3R, R* ~ R?)[g®), and N? = 7£?/G is the number of
degrees of freedom of CFT. The anomaly contribution to the energy momentum tensor is obtained by
taking variation of S(4) as T,(.f) = —(1/2/=9)(65'4) /5g"*). Expanding the action up to second order
in hy,, we obtain

£ 2
(A — _~ _ 1 2 2
S = 64”0/417(27{ + Ek ¢ [lna (82 + k)" + 0] ¢), (16)

where
O = 2HE+ (H +H?) 82 + (HB) +HK?) 8, + K (W' —H?) + 4H'H* - H*. (17

The first term in the round brackets in Eq.” (16) gives a correction to the background Friedmann
equation. Variation of the action with setting ¢ = 0 leads to
2
aa” = %a"(p -3P)+ %’H"H'. (18)
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Using the continuity equation p’ = —3H(p + P), we can integrate Eq. (18) once to obtain

8=G s C
HP = —palp+ W+ 5 (19)

Here C arises as an integration constant. This term represents the so-called dark radiation. It is easy to
verify the equivalence between Eqgs. (1) and (18) up to O(€2) when C = 0.
The ¢-dependent part of the anomaly contribution is given by

§sta) g2 2
2¢ (A) — 2 2
167Ga35r(4) = 161:0—6 T3 [lna (B2 + k)" + 0] é. (20)

Combining two contributions 7(®) and §r(4), using the background equation and the lower order pertur-
bations equation, we can write down the modified equation of motion for ¢ as

02 + 210, + k) ¢ 5 [(a3 - 2wy 6y 4 k2w 4 28] ¢ = B [ dtpge-iongtin (2 1
(&7 +2HO, +£7) ¢~ = | (3H )On+ K H + 6 — o= [ d*pde™™"p" In o) @

Hence, we find that the above equation for tensor-type perturbations is identical to Eq. (9) obtained in
the five dimensional RS Il picture, as far as the dark radiation term, which we neglected in deriving
Eq. (9), is set to zero. Therefore a proof of equivalence of two pictures in the problem of tensor-type
perturbations in a Friedmann brane is established.

The author would like to thank Roy Maartens, Shinji Mukohyama and Tsutomu Kobayashi for valu-
able discussions. This work was supported in part by the Monbukagakusho Grant-in-Aid Nos. 12740154
and 14047212 and by the Inamori Foundation.
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Abstract

Quasiequilibrium sequences of binary neutron stars are numerically calculated in the
framework of the Isenberg-Wilson-Mathews (IWM) approximation of general rela-
tivity. The results are presented for both rotation states of synchronized spins and
irrotational motion, the latter being considered as the realistic one for binary neutron
stars just prior to the merger. We assume a polytropic equation of state and compute
several evolutionary sequences of binary systems composed of different-mass stars as
well as identical-mass stars with adiabatic indices v = 2.5,2.25,2, and 1.8. From
our results, we propose as a conjecture that if the turning point of binding energy
(and total angular momentum) locating the innermost stable circular orbit (ISCO)
is found in Newtonian gravity for some value of the adiabatic index <o, that of the
ADM mass (and total angular momentum) should exist in the IWM approximation
of general relativity for the same value of the adiabatic index.

1 Introduction

The final stage of coalescing binary neutron stars is one of the most promising sources of gravitational
waves for ground-based laser interferometers, and is also considered as one of the candidates for short-
duration gamma-ray burst sources. With accurate templates of gravitational waves from coalescing binary
neutron stars, it may be possible to extract informations from signals observed by the interferometers
through the matched filtering technique. Therefore, it is essential to theoretically predict the wave form
of gravitational radiation as well as to understand the details of the physics of binary neutron stars. With
such a motivation, many efforts have been invested in this topic (some recent reviews can be found in (1])

In the present article, we focus on the intermediate phase (or hydrodynamical inspiral phase) of the
evolution of binary neutron stars, in which the separation between the two components is as small as a
few times of the radius of one star. This phase is also inspiraling, the time scale of the orbital shrink being
still larger than the orbital period, hence the qualifier of quasiequilibrium given to it. What differs this
phase from the pointlike inspiral is that the tidal deformation of the stars is no longer negligible, making
necessary a hydrodynamical treatment, in addition to general relativity. This phase is interesting because
one might get informations on the equation of state of nuclear matter [2]. Furthermore, the most realistic
initial data for computing the merger are given at the end point of sequences in the hydrodynamical
inspiral (3, 4).

Binary neutron stars gradually decrease their orbital separations as a result of the emission of gravi-
tational radiation. However, it is still impossible to integrate the Einstein’s equations for the thousands
of orbits of the hydrodynamical inspiral. Fortunately the time scale of the orbit shrink being much
longer than the orbital period, the hydrodynamical inspiral phase can be approximated by a sequence
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?E-mail:Eric.Gourgoulhon@obspm.fr



of steady-state (quasiequilibrium) configurations. In order to combine general relativity and quasiequi-
librium, we adopt the conformal-fAatness condition for the spatial part of the metric — the so-called
Isenberg-Wilson-Mathews (IWM) approximation of general relativity [3, 6, 7] (see [8] for a discussion).
This treatment postpones one of the goals of the study of the hydrodynamical inspiral, i.e. the theoretical
prediction of the wave form of gravitational radiation. Accordingly, we focus on the evolution of various
physical parameters during the hydrodynamical inspiral and investigate the nature of the innermost orbit
(mass-shedding or orbital instability).
To get a quasiequilibrium configuration of bi-

nary neutron stars, we have to specify the rota- — 13 W08 corn
tion state of the system. About ten years ago, T T L I toprdi
Kochaneck [9] and Bildsten and Cutler [10] con- o002 T s
cluded that the irrotational flow is much more 0004}

realistic than the synchronized rotation, because zn,m,'.

=]

-e 2.3 MRaD.16 irrot.
— yul3 M/Ra0.20 corot.
== fa2.5 MRa0.20 it

the shear viscosity of nuclear matter is far too 2 008l x 53%5%% ,
low to synchronize the spins of the stars with the 2 1 - 3PN oo resamn. ot (Blaachet 2002)
orbital motion by the dynamical merging. The 3 *°T T e M Ommmas ™
formulation for solving quasiequilibrium config- Z @02

urations of irrotational binary neutron stars in 0014

general relativity has been proposed by several ool T

authors (11, 12, 13, 14]. In the present work, we . . LT

have calculated not only irrotational configura- ¢ @ om °°°QM°°‘°‘ or el ou

tions but also synchronized ones in order to ex-
hibit the differences between these two extreme

. - Figure 1: Relative binding energy along evolution-
states. Beside the type of rotation, some equa-

A ary sequences of equal-mass binary neutron stars,
tion of state for neutron star matter must be compared with (i) analytical results at the 3rd post-
specified to get a binary model. Although some Newtonian order for point-masses by Damour et al.
reali§tic equation of state arising from nuclear 94 [19), Damour et al. 2002 [20] and Blanchet 2002
physics has to be used, we adopt here the poly- (21), and with (ji) numerical results for corotating bi-
tropic one for simplicity. Nevertheless we vary nary black holes by Grandclément et al. 2002 [22].
the adiabatic index in the range v =18t0 3t 0 5 the orbital angular velocity and My is twice
cover the large range of nuclear equations of state ¢ gravitational mass of a single static neutron star
published in the literature. (resp. black hole) of the same baryon number (resp.

Under the above assumptions, we have com-  game horizon area) as that defining the considered
puted quasiequilibrium sequences of binary sys- sequence.

tems composed of neutron stars with different

masses. Until now, all studies on quasiequilib-

rium sequences of binary neutron stars in the framework of general relativity have dealt with only
identical-mass binary systems, except for our previous work [15). In that article we have also presented
quasiequilibrium sequences of binary neutron stars with a polytropic equation of state. However, we
limited ourselves to the adiabatic index 4 = 2, because it was the first step to relativistic different-mass
binary systems. In the present article, we enlarge the range of adiabatic index, investigating softer equa-
tions of state (y = 1.8) and stiffer ones (v = 2.25, 2.5 and 3), and show some selected results based on
the recent paper (16]. '

2 Formulation

The details about our method and basic equations have been already given in previous papers of this
series (Refs. [17] and [18]). We refer the interested reader to those articles.

3 Numerical results

The spirit of the quasiequilibrium approach is to model the (gravitational-radiation driven) evolution of
a neutron star binary by a sequence of steady-state circular-orbit configurations. Along the sequence the
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baryon number is kept constant, since no matter loss occurs during the evolution of each star, until the
end of the inspiral stage. Such constant-baryon-number sequences are called evolutionary sequences.

We have computed numerous evolutionary sequences, for different values of the adiabatic index ¥ and
various compactness. We have used 5 (resp. 4) domains for each star and the space around it in the
case of a large (resp. small) separation. In each domain, the number of collocation points of the spectral
method is chosen to be N, x Ny x N, = 25 x 17 x 16 or 33 x 25 x 24, where N,, Ny, and N,, denote the
number of collocation points in respectively the radial, polar, and azimuthal directions.

In Fig. 1, we present the ADM mass as a function of the orbital angular velocity with a scaling
defined by twice the gravitational mass of the single static neutron star of the same baryon number as
that of the sequence Mp. Note that My can also be viewed as the ADM mass at infinite separation.
This enables us to compare with third order post-Newtonian results for point-mass particles obtained in
the Effective One Body (EOB) approach by Damour et al. [19, 20] or in the standard non-resummed
post-Newtonian framework by Blanchet [21]. This also enables us to compare with corotating binary
black holes, according to the numerical results by Grandclément et al. [22]. We note from these figures
that the irrotational binary neutron star sequences are very close to the 3PN irrotational ones (dashed
and dotted fine curves). Moreover, all curves converges at large separation (small value of QMy), which
can be considered as a check of our numerical computations, especially the way 0 is determined.

Another interesting feature shown in Fig. 1 is

the good agreement between the irrotational bi- Turning points
nary neutron star sequence with high compact-
ness (M/R = 0.20) and the binary black hole 1 . — —
sequence. The latter is made of corotating black Maximum values R A
holes, but for QMo < 0.06, the spin effects are ;’;ﬂi‘:’t’w m‘:"-lm (o..asz.)F;u 0p16)
not very important, so that it is meaningful to 08 | F | (";?‘5) | 0280
compare the corotating black hole sequence up ! | Vol
to QMp < 0.06 with the irrotational neutron star /a/ala/‘z’ X Pt
sequence. 08| . 9,04; oot
S SN
4 Summary 0 Lo
h | '
We have developed a numerical code for comput- 02 g_*g'f«g;-gnchmhfd) : ! ! ’
ing quasiequilibrium sequences of binary neutron | A—-A:z (sm i \ Vo
stars through the series of works (17, 18, 23, 15). @—@ =3 (Urouisnal) ; oo
In the present article, we have presented the re- 0 SrSlmouend) i 4L P
sults of relativistic computations of both synchro- 0 0.1 0.2 03
Compaciness (MR)

nized and irrotational rotation states, for poly-
tropic equations of state with several adiabatic
indices based on the recent paper [16]. We have
considered not only binary systems composed of

Figure 2: Positions of the turning points of the ADM
mass (and total angular momentum) in the sequence

identical-mass stars but also different-mass sys-
tems. We have investigated the behaviors of var-
ious physical quantities along constant baryon
number sequences (evolutionary sequences): the
relative change in central energy density, the
ADM mass, the total angular momentum, the
shape of the figures, as well as the location of the
end point and that of the turning point in the
ADM mass and angular momentum.

As one of interesting results, we propose, as a
conjecture, that if the turning points defining the
ISCO are found for the Newtonian calculations
for some adiabatic index <, they should exist in
the general relativistic computations for the same

as a function of the compactness parameter. Solid
curve with filled circle is for the irrotational binary
system with v = 3. Dotted with open square, dashed
with open diamond, and long-dashed with open tri-
angle denote the results of synchronized binary sys-
tems with v = 2.5, 2.23, and 2, respectively. Vertical
solid, dotted, dashed, and long-dashed lines are max-
imum values of compactness for stable spherical stars
(at x = 1) for v = 3, 2.5, 2.25, 2, and 1.8, respec-
tively. Here, the quantity x denotes the equatorial
to polar ratio of the radial derivative of the enthalpy
(x:= (aH/ar)eq.comp/(aH/af)pole)-

value of 7. Of course, this conjecture is derived from the results of non-realistic cases such as synchronized
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binary systems or irrotational ones with v = 3. Furthermore, since the inclination of lines in Fig.
2 is positive, it is not possible to exactly predict whether or not a turning point appears in the IWM
approximation when there is no turning point in the Newtonian calculation. However, if the computations
of irrotational binary systems for x < 0.2 could be obtained in the future with sufficient accuracy in
Newtonian gravity, which is easier to be calculated than in the relativistic framework, it would be possible
to speculate about the turning points in the IWM approximation without computations.
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Abstract

We discuss the the quasi-equilibrium and the quasi-attractive properties of self-
gravitating N-body systems found in the previous numerical study. In particu-
lar, a systematic N-body simulations starting from the various initial conditions
are presented, which reveals that for moderate range of the dimensionless energy,
0.3 < M= -Er./GM*) £ 0.8, the quasi-attractive behavior generally appears for
systems with shallow slope of the central density profile. Based on this numerical
results, physical reason for quasi-attractive feature is discussed.

1 Introduction

Self-gravitating N-body system as prototypical long-range system has several distinctive features from the
short-range systems. Among these, the negative specific heat is an essential ingredient to understand the
late-time phase of the self-gravitating systems. In presence of this, the thermal equilibrium of the stellar
system cannot be always stable and most of the system finally undergoes core-collapse. This phenomenon
is the so-called gravothermal catastrophe, originally named by Lynden-Bell & Wood[1], which has been
first investigated by Antonov[2] in a very idealistic situation, i.e., stellar self-gravitating system confined
in an adiabatic wall of the radius r.

Previously, we have numerically studied the long-term evolution of N-body system confined in an
adiabatic wall(3). In this study, we were especially interested in the quasi-equilibrium behavior away from
the thermal equilibrium, which might have to do with the thermostatistics beyond standard Boltzmann-
Gibbs theory. The major findings of our previous study is summarized as follow:

Quasi-equilibrium behavior : In stellar system confined in a spherical container, no stable equilibrium
configuration exists except for the Boltzmann-Gibbs state(isothermal distribution). Thus, any
systems starting from the non-isothermal distribution gradually change in time, on the timescale of
two-body relaxation time. However, focusing on the transient states, we found that the evolutionary
sequence can be remarkably fitted by a sequence of stellar polytropic distribution satisfying the
polytropic equation of state P o p'*'/", with varying polytrope index n.

Quasi-attractive feature : The above quasi-equilibrium feature can be seen even when the initial
state is not the stellar polytropic distribution. In the case starting from the Hernquist model[4],
which has a cuspy density profile p(r) o 1/r/(r + a)?, the central cusp is smeared and flat core is
eventually formed. Then the transient state can be approximately characterized by a sequence of
stellar polytrope for a long time.

These results are remarkable and amazing in a sense that the stellar polytropic distribution as a possible
dynamical equilibrium state might have a special meaning in characterizing the transient state of the
stellar system, which is completely different from the standard view of stellar dynamics. Further, the
results even suggest a possible connection with non-extensive thermostatistics [5, 6, 7).

To understand these numerical findings, we should further study the quasi-equilibrium and the quasi-
attractive properties in details, from the physical point of view. In this article, especially focusing on the
transient state from the various initial distributions, we numerically investigate the physical reason for
quasi-attractive property.

! E-mail:ataruya@utap.phys.s.u-tokyo.ac.jp
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2 N-body Simulations and Results

In order to investigate the quasi-attractive feature numerically, we perform a series of N-body simulations
starting from the various initial conditions. Without loss of generality, we set the units G = Al =r. = 1.
Here, we briefly mention the initial distribution. The setup of the N-body simulation together with some
important parameters is given in [3].

The initial distribution we adopt here is so-called Tremaine’s family of stellar models(TFSM)(8], which
are the two-parameter family of spherical stellar distribution whose density profile is given by:

plr) — ! .
(r/a)3=7(1 + r/a)t+n

(1)

Note that the above family of models includes some popular models: the Hernquist model (n = 2)
and the Jaffe model (5 = 1). In Fig.1, the equilibrium properties of the TFSM are summarized in
the (a, A)-plane, where a is the scale-radius of the system and ) is the dimensionless energy given by
A= -r.E/GM?. For a system with isotropic velocity distribution, the one-particle distribution function
f(€) can be reconstructed from the density profile p(r) through the Eddington formula. Then, using
f{€), one can easily generate the random initial data set. To perform the simulation, we have made use
of different realization of the initial data in each model parameter.

R B GRS 3
\ Figure 1: Equilibrium sequence of Tremaine’s fam-

ily of stellar models in (a, A)-plane. The filled-stars
represent the initial distribution of the simulation
whose transient state can be well-fitted by a se-
quence of stellar polytropes, while no such quasi-
attractive transients have appeared in the open-
stars. The shaded-stars indicate the initial state
of the simulations which finally approaches stable
isothermal distribution.
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Figure 2: Evolution of one-particle distribution function from Tremaine's family of stellar models in cases
with scale-radius a/r. = 0.5. For illustrative purposes, each output result is artificiality shifted to the
two digits below. In each panel, solid lines represent the theoretical curve for initial distribution, while
the dotted and the dashed lines are the fitting result of the N-body data to the stellar polytropic and
the isothermal distributions. Left: n = 3; Middle: n = 1.5 ; Right: n = 1(Jaffe model)
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Let us now mention the main results of our N-body runs. In Fig.1, the survey results of the N-bady
simulation are marked by the open-, filled- and shaded-stars, which reveal the fact that the appearance
of the quasi-attractive behavior is forbidden for some model parameters, a and 5. Fig.2 shows the
snapshots of the one-particle distribution f(¢) as typical examples in absence/presence of the quasi-
attractive behavior. Roughly speaking, the quasi-attractive feature appears in a moderate range of the
energy (0.3 £ A £ 0.8) when the slope of the central density profile is shallow, > 1. In the energy
range with A < 0.3, there exists the stable isothermal distribution(Boltzmann-Gibbs state) and any of the
initial distribution finally approaches the isothermal state. Hence, the isothermal distribution acts as a
role of the attractor and the quasi-attractor characterized by the stellar polytropic distribution does not
appear (left-panel of Fig.2). On the other hand, for the energy with A 2 0.3, the isothermal distribution
ceases to exist and there appears a possibility to have the quasi-attractive features. The middle-panel
in Fig.2 represents a typical example of quasi-attractive behavior, while the right-panel shows the result
that the system undergoes core-collapse without passing through the stellar polytropic state.

3 Physical Reasons for Quasi-attractivity

The presence or the absence of quasi-attractive property seen in the N-body simulations can be qualita-
tively explained as follows. First notice the fact that the velocity dispersion profile o3(r) of the TFSM
shows non-monotonic behavior when 7 > 1. That is, as decreasing the radius from r = r,, the quantity
o2(r) first increases, but it eventually turns to decrease. From a thermodynamical point of view, this
fact implies that the inward heat flow (i.e., exchange of the kinetic energy in each particle via two-body
encounter) occurs. In presence of the negative specific heat, the inward heat flow makes the central part
cool and conversely the outer part hot. Thus, the depth of the central potential becomes shallower. As
a consequence, the cusped density profile is smeared out and the flatter core is formed. This is known
as gravothermal expansion. The important point is that the gravothermal expansion occurs when 7 > 1.
Recalling the fact that the stellar polytropic distribution has also flat core, one can deduce that n > 1
is the necessary condition for the quasi-attractive behavior. Note further that the size of the flat core
after the gravothermal expansion depends on the depth of the potential or A. This fact indicates that
quasi-attractive behavior appears only for a moderate range of the energy A, consistent with the results
in Fig.1. Fig.3 shows the snapshots of one-dimensional velocity dispersion profile for n = 1.5(left-panel)
and n = 1(right-panel). As anticipated, the inward heat flow occurs in the 1 = 1.5 case, while it does not
occur when n = 1.

Another important condition for quasi-attractivity is the relaxation timescale. For the relaxation
process driven by the two-body encounter, the relaxation timescale is locally estimated as (9]:

oy

t, = 0.065 a—zm

(2
with A being the Coulomb logarithm. That is, the local relaxation time is sensitive to the underlying
local density and is inversely proportional to p. This implies that the relaxation in the central part tends
to become faster than that in the outer part. This is the reason why the gravothermal expansion takes
place in an earlier phase of the evolution. Since a subsequent evolution follows from the local relaxation
given by (2), it seems natural that once the flat core is formed, the one-particle distribution function
maintains the power-law form long before entering the core-collapse phase.

4 Discussion & Summary

In this article, we focused on the quasi-attractive behavior in self-gravitating N-body system. Adopting
Tremaine’s family of stellar models as initial distribution, a systematic survey of N-body simulation with
various model parameters is presented. The resultant simulation data implies that the quasi-attractive
feature appears in a moderate range of the energy, 0.3 < A < 0.8 when the slope of the central density
profile is shallow, > 1. Based on this result, the physical reason for quasi-attractive behavior is
discussed. The key ingredients for quasi-attractivity are (i) gravothermal expansion arising from the
long-range nature of attractive gravity and (ii) local relaxation time inversely proportional to the density.
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Figure 3: Evolution of one-dimensional velocity dispersion profile in models with (n,a/r.) = (1.5,0.5)
Left and (n,a/r.) = (1,0.5) Right. Similar to Fig.2, each output result is shifted to the two digits below.
In each panel, solid lines represent the theoretical curve for initial distribution and the dotted lines are
the fitting results of N-body data to the stellar polytropes.

Therefore, the quasi-equilibrium and the quasi-attractive features seen in the N-body system might be
considered as unique feature in a variety of the long-range system.

Of course, the physical reason and the condition for quasi-attractivity described here is only qualitative
and still far from complete. For further quantitative statement, a more detailed N-body study is required.
Simultaneously, analytic approach to clarify the quasi-equilibrium state should be developed. In this
respect, the Fokker-Planck model of stellar dynamics provides various useful information. This issue will
be tackled near future.
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Abstract

In one-dimensional sheet model with cosmic expansion, scale-free or fractal structure
forms spontaneously during evolution. Furthermore, they seem stable. On the other
hand, in one-dimensional sheet model without cosmic expansion, Scale-free correla-
tion function appears during evolution. Is the cosmic expansion important for the
formation of scale-free structure? Here we analyzed one-dimensional sheet model
which expansion rate is given by power-law of time. We derived self-similar solution
for arbitrary expansion rate, and calculated long-time evolution. From numerical
analysis, we show that the fractal dimension of structure converges and it can be
described with simple equation of expansion rate.

1 Introduction

In self-gravitating systems, scale-free or fractal structure is observed. For example, two-point correlation
function of galaxy distribution obeys power-law with respect to separation distance. How such a structure
is formed in the evolution of the Universe? One of the most plausible explanations is that the nonlinear
dynamics of the perturbations will provide such a scale-free structure during the evolution of the Universe.

Davis and Peebles [1. 2] explained the power-law behavior in nonlinear stage. They assume a self-
similar evolution of density Auctuation and some additional condition. Then they showed a relation
between the power index « of two-point correlation function and that of initial power spectrum n as
v = 3(n + 3)/(n + 5). Since their additional condition is not trivial and might not be appropriate,
Padmanabhan [4] and Yano and Gouda {5, 6] extended their model. Since we do not know the stability
of their solution, we should study dynamical evolution.

For dynamical evolution, one-dimensional sheet model with cosmic expansion has been analyzed.
Although the interaction in one-dimensional sheet model is differ from that in three-dimensional model,
there is advantage to describe the motion of matter exactly. Gouda and Nakamura (3] and Yano and
Gouda [6] analyzed the time evolution of density fluctuation with scale-free spectrum. They showed
scale-free spectrum which index is independent of initial condition appears during evolution. We (7] also
analyzed the time evolution of fractal density perturbations in Einstein-de Sitter universe. We assume a
one-dimensional collisionless sheet model with initial Cantor-type fractal perturbations. The nonlinear
structure seems to approach some attractor with a unique fractal dimension, which is independent of the
fractal dimensions of initial perturbations.

On the other hand, one-dimensional model without cosmic expansion has been analyzed. Recently
Koyama and Konishi [8] analyzed two-point correlation function of sheets. If special initial condition,
such as cold collapse (initial virial ratio is given by 0), is given, the two-point correlation function obeys
power-law of distance temporary. Although the situation appears only from special initial condition, the
results seem remarkable.

2 Self-similar solution of two-point correlation function

According to recent galaxy survey, two-point correlation function of galaxy distribution obeys power-law
with respect to separation distance. How such a structure is formed in the evolution of the Universe?

! E-mail:tatekawa@gravity.phys.waseda.ac.jp
2E-mail:maeda®gravity.phys.waseda.ac.jp
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How do we explain the formation of this scale-free structure? Davis and Peebles (1, 2] derived self-similar
solution from BBGKY equations. They assumed self-similarity for two-point correlation function.

In d-dimensional space, when we give scale-free spectrum P(k) x k" as initial condition, the two-point
correlation in linear region is written as

£(z) ox x| (1)

Here we give scale factor and linear growth rate of density fluctuation as a(t) « t* and D¥(t) o 17
respectively. In linear region, the correlation function is written as

£(z,t) x T4+ 20 (2)

If we suppose self-similarity in the correlation function;

-/
the exponent a; becomes 0
=9
W= Trn “)

On the other hand, in strongly nonlinear region, we obtain evolution equation of the two-point corre-
lation function from BBGKY equations.

o 1 9
8t axd-19z
where v means peculiar velocity. Here we assume following relation:

= -hazt. (6)

(z4'vg) = 0, (5)

If h = 1, the structure does not change the size. Davis and Peebles (1] introduced 'stable condition’
h = 1. After that, Padmanabhan (4] and Yano and Gouda (5] considered the case of general k. Using
this relation, we obtain the solution of two-point correlation function:

£(z,t) ald="/hg=v o pld=1)/h - (7

v means integration constant. Here we suppose self-similarity in the correlation function.

€@ =8 () - ®)

Finally, we think that the exponent of self-similarity in linear region and strongly nonlinear region is the
same:

aL =ang. (9)
From this relation, we obtain the two-point correlation function in strongly nonlinear region.
dp{d+n
{ o 1‘(34»");:0-55') . (10)

3 Fractal dimension of structure
We investigated long-time evolution in one-dimensional case. The equation of motion is given as follows:
L i 2[4\
S+255+§(5) S = 0, (11)
T +S(10!t)v (12)

where z¢ and S mean initial position in comoving coordinates and displacement respectively. From eq. 11,
we obtain exact solutions:

T

(I—Zpi \/m). (13)

DO =

Sxt?, ¢g=
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Figure 1: The relation between expansion rate p and the fractal dimension D. The relation between p
and D can be fitted by simple equation. (a) The case of P(k) « k'. (b) The case of P(k) x k2.

When two sheets cross, we exchange the velocities of just crossed two sheets. From eq.(10), we can discuss
correspondence between self-similar solution and numerical calculation.

Through these analyses, we use 2'3 sheets for numerical calculation. Then the periodic boundary
condition is given. The scale free initial power spectrum is given by

P(k) x k* (n=1,2). (14)

We used the box-counting method to calculate the fractal dimension of the structure. When we
choose p > 1/3, the fractal structure appears and its dimension converges. Furthermore, we found simple
relation between the expansion rate p and the fractal dimension D:

A
D:—-{-B, 15
p (15)

where A and B means constant (Fig. 1). In our analysis, A is independent of initial condition.
A~027. (16)

We also compare self-similar solution and numerical calculation. Here we adjust k and check the
correspondence between both calculation (Fig. 2). Unfortunately, in our calculation, parameter h which
conformed to all the models could not be found. We will reconsider assumption to derive the self-similar
solution, or analyze the relation between peculiar motion and Hubble flow.

4 Summary

We analyzed one-dimensional sheet model which expansion rate is given by power-law of time. When
the expansion rate is larger than 1/3, the fractal structure forms spontaneously. The fractal dimension
converges during evolution. Furthermore we can write the relation between the expansion rate and the
fractal dimension with simple equation.

We also derived self-similar solution of two-point correlation function for generic expansion case.
Because there is relationship between the exponent of two-point correlation function and the fractal di-
mension, we can ascertain correspondence between the self-similar solution and numerical calculation. We
found that it was difficult to explain the correspondence from this result. We need reconsider assumption
to derive the self-similar solution, or analyze the relation between peculiar motion and Hubble flow.
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Abstract
We investigate description of the Poincare symmetry by a quantum group. It does
not have unique mathematical definition. We define the Poincare quantum group by
demanding some physical requirements with respect to its coproduct. The quantum
group is applied to ultra high energy cosmic rays.

1 Introduction

In cosmic ray physics, the following problem is not solved yet; anomalous detection of extremely high
energy cosmic rays [1] above the GZK cutoff (5 x 10'° eV) [2]. It was suggested that the absence of
the GZK cutoff is closely related to violation of the Lorentz invariance [3]. If the Lorentz invariance is
violated or deformed, there is the possibility to explain that there is not the GZK cutoff at £ =5 x 10!°
eV. Therefore we have to consider a violation or a deformation of the symmetry.

The doubly special relativity [4] was introduced as a deformed special relativity which has two observer
independent scales; the velocity ¢ and a mass x. This is explicitly realized by the x-Poincare algebra
[5, 6). It is defined by replacing the Poincare algebra with a quantum group (Hopf algebra) with the
parameter « [7]. In the limit x — oo, the Hopf algebra is reduced to the ordinary Lie algebra.

It is known that the x-deformation of the Poincare algebra is not unique. The purpose of this article
is to define the x-Poincare algebra by imposing some physical requirements. In the final section, the
resulting Hopf algebra is applied to ultra high energy cosmic rays.

2 Review of Hopf algebra

In this section, we briefly review the general definition of Hopf algebra. A Hopf algebra (H,+,m,n,4,¢,5; k)
over k is a vector space (H, +; k) over k with coproduct A : H - H® H, counit ¢ : H = k, and antipode
S : H = H which satisfy

(A®id)oA=(id®A)o A
(e®@id)o A(h) =h = (id® ¢) o A(h)
m(S@id)joA=m(id®S)oA=noc

with & € H. Here m means product m : H @ H — H. The coproduct satisfies also the relations
A(hg)=A(h)A(g), A(l)=1@1.

Let us define a term relating to coproduct. We permutate two elements in the vector space V@ W
by the map

T Qu—~wuv,

which is called transposition map. If a coproduct is invariant under the map, it is called cocommutative
coproduct.

! E-mail:tezuka@graduate.chiba-u.jp



3 «k-Poincare algebra

It is known that we cannot uniquely determine x-Poincare group, since the Poincare algebra is not a
semi-simple Lie algebra. One way to obtain a x-Poincare algebra is to use contraction of the AdS algebra
0(3,2). Since it is a semi-simple Lie algebra, we can define Uq(0(3,2)) uniquely. A x-Poincare algebra
is obtained through the contraction of Uy(o(3,2)). Some «-Poincare algebras are obtained by redefining
translation’s generators P,,.

What they have in common is that coproduct A(P;) is non-cocommutative. For instance, in the
bicrossproduct basis, the coproduct is given by

A(E)=E®1+1QE

A(P)=Pi®1+exp (—g) ® P,

The second one means that the composition law of two three-momenta P,-(l) and P,-(z) is given by
(1)
PO+ = p) 4 o (_EK )R_(z)_

The total momenta is not invariant under the exchange P,Sl) “ P,E”, even if they are momenta of
particles of a kind. We would like, however, a composition law of momenta that is symmetric under
the exchange. It is physically more realistic. It is possible to get such the composition law, if A(P,) is
cocommutative. If a quantum group, however, does not have non-cocommutative coproduct, it may be
a trivial one as a quantum group. So we should have our sights on acquiring a composition law ﬂ(]+2)
which is not symmetric under the exchange only in a case that P,Sl) and P,S” are momenta of two different
particles. So A(P,) should be dependent not only on the parameter «, but also physical quantities which
characterize particles. When we calculate the threshold energy of ultra high energy cosmic rays, we
use basically only partilcles’ masses in order to distinguish between two particles. So let us construct a
composition law P,-(H'” which is invariant under P,p) o P,fz), only if m; = m3, where mq (@ = 1,2) are
masses of particles. It is equivalent to the fact that A(P,) is dependent on m,, and is cocommutative,
only if m; = my. It means that the x-Poincare group is influenced by particles that exist in spacetime.

Since the above requirement to A(P,) is not enough to determine a basis of k-Poincare algebra, we
need to impose additional conditions. The Poincare algebra has o(3) subalgebra. We assume that it is
not deformed by x. Deformation of rotational symmetry means that there is a preferred direction in the
universe. By the assumption, for the generators of rotation M;, we have

AM)=M@1+10M;,  [M;, M;] = ie;jeM*.

We also suppose that the x-Poincare algebra is a non-semi-simple algebra. It makes us possible to
construct a dispersion relation through a Casimir operator of the x-Poincare algebra. Then translation
generators have to be commutative with each other

(Pu,P)=0.
Let us actually adopt one coproduct of P,. We use the ansatz
AE)=E®1+1QE (1)
A(P)=P;® f(k,mqa, E) + f(x,ma, E)® P;, (2)

where f(x,mq, E) and f (#,mq, E) are undetermined functions. The coassociativity of A{P;) requires
that

A(f(x,ma, E)) = f(x,ma, E) ® f(x,ma, E),  A(f(k,ma, E)) = f(x,ma, E)® f(x,ma, B).  (3)
We must determine A(N;). We introduce the ansatz

A(N,) = N ®g(n,ma, E) + §(rc,m,,, E) ®N;
+wl€ijij§(~t Mg, E) ® Pk - wzfijkpj ® ng(nl Ma, E)0 (4)



where g(x, mq, E), §(k, mq, E), and wq are unknowns. The coproduct (4) is coassociative, if
A(g(r, mq, E)) = g(k, mq, E) ® g(x, mq, E), A(§(x, mq, E)) = §(x, ma, E) ® §(k, mq, E).
The commutator between A(N;) and A(E) is
[A(N:), A(E)] = [Ni, E] ® g(x, ma, E) + §(k, ma, E) @ [N;, E].

Since coproduct is an algebra map, the right hand side have to be equivalent to A(h(P,)), where h(P,)
is an unknown function. From the o(3) invariance, [N;, E] have to be proportional to P;. In general we
have the algebra [N;, E] = iP,L(P,), where L(P,) is o(3) invariant unknown factor. L(P,), however, can
be eliminated by redefinition of P;. Then we adopt

[N,‘, E] = iP.'.
This is implemented in the choice
g(k,ma, E) = f(r,mqa, E), §(k,ma, E) = f(x,mqa, E).

The most simplest choice of f(x,mq, E) and flr, mq, E) that makes A(F;) be cocommutative only for
m; =myis

f(x,mq, E) = exp (—T':TE) . f(n,ma,E)zexp (—":::!E).

They satisfy (3). In the following, we construct a basis of x-Poincare algebra for the selection.

We have assumed that P, are elements of the ideal of the x-Poincare algebra. Furthermore, we also
assume that P, is invariant under a boost transformation along a direction which is orthogonal to P;. In
other words,

[Ni, Pj] = idij R(Py), (5)

where R(P,) is a function depending only on P,. Under the postulations we construct a quantum
Poincare algebra. From the condition (5) we have w; = 22 and w2 = T4. So we have the commutator

. K? 2m, 2m, m; + mg
P =it gy oo () - (2) | - e

that is consistent with the coproduct (2) and (4). The dispersion relation is defined by a Casimir operator
of the Hopf algebra. It is given by

IC2 IC2 2m1 K2 2m2 )]
M(m) = _—2(m1 — ) [m—l (exp (_E’—E) - 1) ~ (exp ('K_zE) -1
_Pij exp (——————2(’"1&-: m3) E) .

We have defined the x-Poincare algebra by demanding that the coproduct A(P,) gives a composition law

P,-(Hz) that is not symmetric under the exchange only in a case that P,sl) and P,Sz) are momenta of two
different particles.

4 Application to UHECRSs

In the previous section, we have constructed the quantum Poincare algebra. We would like to apply it
to cosmic rays above the GZK cutoff. The highest energy observed by AGASA is 2 x 10%%V. By using
our formalism, we would like to make the threshold energy of cosmic rays be larger than 2 x 10%%V.
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Let us consider head-on collision of a proton and a CMB photon that produces #° and a proton. Then
we set m; = m, that is the mass of a proton. m; is zero, since a photon is massless. The process will
occur, if the proton’s energy E, satisfies the inequality

() [ () (oo (= E20) 1) - 54 52)
— (P,,exp (_Ln-i,zﬁ) - P.,)zexp (W) > Mpx(mp +mg),

where E, ~ 10~3eV. The left hand side is a quantum Poincare invariant value in the system with a
proton and a photon. If the collision does not occur, ultra high energy cosmic rays can reach the earth.
The proton’s threshold energy is larger than 2 x 102%eV which is the highest energy observed by AGASA,
if £ < 10'%V.
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Abstract

The Cosmic Microwave Background (CMB) anisotropies on the largest angular scales
observed by WMAP and COBE appear to be lower than the ones predicted by the
standard cosmological model with scale free primordial perturbations arising from
the inflationary period. Various possible mechanisms to suppress such low { multi-
poles have been proposed, including the change in the initial power spectrum induced
by the inflation, the cut-off of long-wavelength perturbations in special topologies,
and special structures arising from the late-time evolution of the universe. Main
mechanisms of these three types are shown and discussed.

1 Introduction

The Cosmic Microwave Background (CMB) anisotropies on the largest angular scales observed by the
Wilkinson Microwave Anisotropy Probe (WMAP) are very lower than the ones predicted by the standard
cosmological model with scale free primordial perturbations, though those on the moderate scales are
consistent with the predicted ones. This discrepancy on the largest scales is the same as that found
by COBE observation and was confirmed by the WMAP observation. It is important that the cross
correlation of the temperature anisotropy and the polarization on the largest scales is comparable with
the one which is theoretically predicted in the above model. This situation is very curious, because the
probability for it to be realized is very small according to simulation analyses. Recently many mechanisms
have been proposed for suppressing the low multipoles of the CMB anisotropies. In this short review [
show first the result of WMAP, and then classify the mechanisms and discss their significance.

2 Observational results on low multipoles with ! =2 and 3

The WMAP observational data of the temperature anisotropies was obtained for the multipole moment
{ <900 and compared with theoretical values in the homogeneous cosmological models (Bennet et al.
2003 and Spergel et al. 2003). The best-fit cosmological parameters are shown in Table 1.

The temperature fluctuations for ! is defined by

(6T1)? = I(1 + 1)Cy /27, (1)
where we have Cy=1/(21+1)-3 laim|* and

T(0) = 3 atmYim(1) @)
im

with the unit directional vector n.

The predicted values of (§7;)? in units of uK? in the concordant model are shown in the first line of
Table 2, where the concordant model has the parameters consistent with the above best-fit ones. The
observed values of multipoles determined from the original map with the cut sky (corresponding to the
Galactic plane) are shown in the second line (Hinshow et al. 2003) of Table 2. From these lines we find
that for { = 2 the observed value is by a factor of about 10 smaller than the predicted value. The corrected
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‘able 1: The bets-fit parameters in homogeneous cosmological models.

ot = 1.021£0.02
Qh, = 0.047 + 0.006

7 = 0.166+0.076/ — 0.071

n =0.20 £0.07

h=0.72+£0.05 Hubble constant
z=17%5 Reionization epoch
n, =0.99+£0.04 Spectral index

Optical depth

Table 2: WMAP measurements of the CMB quadrupole and octopole.

(0T2)* pK* [ (6T3)* pK* [ P
Concordant model (theory) 1140 1060
Hinshow et al. (cut sky) 1234 611.8 0.0035
Bennett et al.’s ILC map (all sky) 195.1 1053.4
Tegmark et al.’s map (all sky) 201.6 866.1 0.017
Efstathiou (b)(c), Max. Likelihood | 176 — 250 | 794 — 1183

maps for all sky were derived by Bennet et al.(2003) and Tegmark et al.(2003). The values determined
by them are shown in Table 2 for comparison and it is found that the latter values of (67;) are a little
larger than the original ones. Moreover, Efstathiou (a)(2003) derived the values in another method of
the maximum likelihood using Tegmark et al's all-sky map. His values are shown in the last line of Table
2, which are consistent with the corrected ones of Bennet et al.(2003) and Tegmark et al.(2003) In this
Table, P denotes the frequentist estimate of the probability in which the observed values of (67})? arise
in the concordant model.

Together with the temperature anisotropies, the temperature-polarization correlation (TE) was ob-
served and shown by WMAP. It is interesting and important that this observed cross correlation is com-
parable with the predicted one in the concordant model, contrary to the case of temperature anisotropies.
By Doré, Holder and Loeb (2003), it was shown using the numerical simulation that, if current cosmo-
logical models for the generation of large angle anisotropy are correct and the WMAP data are not
significantly contaminated by non-CMB signals, then the C'E amplitude on the largest scales is dis-
crepant at the ~ 99.8(98.5)% level with the observed C['T for the concordant LCDM model with optical
depth 7 = 0.11(0.17), respectively.

3 Various mechanisms for suppressing low multipole moments

Various mechanisms which have been proposed for suppressing low multipoles are classified into following
three types. Here let us discuss each of them.

(1) Cut-off of the primordial power spectrum P(k) at low wavenumbers

First by taking simply the cut-off of the power spectrum at low wavenumbers k = k,, the dependence
of C; on k. was considered in the concordant (flat) model (Cline et al. 2003 and Bridle et al. 2003). The
concordant model is usually regarded as spatially flat. However the best-fit spaces are degenerate and
tend to be closed (o > 1.0), as in Table 1. So the similar dependence in closed models also was analyzed
(Efstathiou 2003(a)). In all of them we find that the temperature anisotropies can be suppressed, but
at the same time the cross correlation of temperature and polarization also is suppressed, in the inverse
ways to the observational result. So it is concluded that the standard LCDM model and the low-k cut-off
models are rather poor fits to the observed quadrupole, and to do better one should find a way to more
effectively suppress the theoretical value of the quadrupole moment.

The mechanisms for causing the cut-off of the power spectrum were studied by Contaldi et al. (2003)
by reforming inflationary scenarios in the form of fine-tuning the functional form of the inflaton potential
V(¢) and considering the departure from the slow roll approximation. Hybrid new inflation was pro-



posed by Kawasaki and F. Takahashi (2003), and the role of the correlated isocurvature fluctuations in
quintessence to cancel the adiabatic fluctuations was considered by Moroi and T. Takahashi (2003).

The possibility of inflation in closed universes was examined by Uzan, Kirchner and Ellis (2003) and
Linde (2003). It was, moreover, found by Kesden et al.(2003) that the cut-off increases significantly
the cross correlation between the large-scale CMB and cosmic-shear patterns. What the origin of the
suppression is will be made clearer through the observational study of this correlation.

(2) Compact topology

If we are in a compact space and the size of the fundamental domain (L) is smaller than the present
horizon size, the density fluctuations longer than this size do not appear, so that the primordial power
spectrum is effectively cut-off at the largest scales. The spaces with compact topology are classified into
Euclidean, spherical and hyperbolic spaces.

Recently the observational evidences such as ghost images and matching circles of the last scattering
surfaces have been examined. At present, however, no observational evidences for the compact topology
have not been detected. If L is large enough to make the evidences invisible, this compact topology
cannot suppress the low multipoles. Accordingly the suppression due to compact topology seems to be
rather pesimistic, though its various spaces of compact topology (especially closed topology) have been
analyzed and studied observationally (Cornish et al. 2003, Uzan et al. 2003, Luminet et al. 2003).

(3) Special structures in the late-time evolution of the universe

In the third type, the suppression due to special structures in the late-time or in the neighborhood of
us is considered. First of the various mechanisms is the possible cancellation of the integral Sachs-Wolfe
effect in the process of integration for (677)%, proposed by Contaldi et al. (2993).

Second is the Sunyaev-Zeldovich Effect (SZE) of the Local Supercluster (LSC). It was found by
Abramo and Sodré (2003) that the temperature distortion due to SZE can be as high as 6T = 30uK, so
that the result at v < 218 GHz is a suppression of the multipoles in the direction of LSC, and for small
scales the effect decays, and for v > 218 GHz the effect is inverse.

Moreover the suppression in inhomogeneous cosmological models can be taken into consideration in
principle. Linde et al. (1995, 1996) proposed a model with spherical structure in the neighborhood. This
comes from that under certain assumptions concerning the choice of measure in the theory of eternal
inflation, we should live in a center of a spherically symmetric distribution of matter. This may lead to
suppression of the large-scale anisotropy without affecting the small-angle effects.

In the inhomogeneous model with a local void (Tomita 2000, 2003), low multipole moments consist of
two components: One is the multipole moments caused by the density fluctuatioas mainly through the
inverse Sachs-Wolfe effect. The other is the component observed by an observer whose position in the
void region is off-center. By the relative motion to the last scattering surface, additional low multipoles
with I > 1 are caused geometrically together with the dipole moment (I = 1), but with the increase of
I, their moments decrease rapidly. The total moments are the sums of these two components. If both
components can cancel each other for I = 2,3, their sufficient suppression may appear.

Finally the following two points are remarked. First is that there is a possibility of Galactic contami-
nation from unknown radio emissions within the Galactic plane which give moments in non-cosmological
origin, as was indicated by Doré et al.(2003). If its existence will be found, the corrected moments of low
multipoles may be larger and so their discrepancy with the theoretical values in the concordant model
may decrease.

Second it should be noted that at present there is the discrepancy (= about 28%) between the observed
dipole moment of CMB anisotropies and the corresponding dipole moment which is theoretically estimated
from the galactic distribution (Rowan-Robinson 2000, Tomita 2003). This latter puzzle also will have to
be studied in the form of the late-time evolution.
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Abstract

We present the covariant gravitational equations to describe a 4-D brane world in the
case with the Gauss-Bonnet term in a bulk spacetime, assuming that gravity is con-
fined on the Z2 symmetric brane. It contains some components of 5-D Weyl curvature
which describes all effects from the bulk spacetime as in the Randall-Sundrum second
model. Applying this formalism to cosmology, we derive the generalized Friedmann
equation and calculate the Weyl curvature term, which is directly obtained from a
black hole solution.

1 Introduction

Among many brane models, ones proposed by Randall and Sundrum(1. 2] are very important. They are
motivated by superstring/M-theory. i.e.. the orbifold compactification of higher-dimensional string theory
by the dimensional reduction of 11-D supergravity in R'® x §1/Z,[3]. RSII type model[1] provides us an
alternative compactification of extra dimensions. However, this model may inevitably expect a singular
spacetime just as in general relativity, although they are based on a string theory[d]. One of the ways
to evade this argument is adding the higher curvature corrections to the bulk Lagrangian. The higher
curvature terms naturally arise as a next leading order of the a’-expansion of a superstring theory|3].
One may expect that they are described by the so-called Gauss-Bonnet combination. which is shown to
be a ghost-free combination. It was shown that the graviton zero mode is localized at law energies in
the Gauss-Bonnet brane system as in the RS Il model[6] and that the correction of the Newton’s law
becomes milder by including the Gauss-Bonnet term[7].

In order to understand the higher curvature model, it may be convenient for us to extend the covariant
gravitational equations on a brane(8] to the case with the Gauss-Bonnet term. When we have a system
with quadratic curvature terms in a bulk spacetime, we expect terms such as (Ln K 48)? in the field
equations which could be described by the square of the §-function. This is the breakdown is our thin-
wall ansatz. In the case with the Gauss-Bonnet term, however, the basic equations show a quasi-linear
property[9], which guarantees a thin-wall ansatz because it contains only linear terms of £L,K48. With
this fact, here we derive the covariant gravitational equations on a brane in the case with the Gauss-
Bonnet term. We see more detailed analysis in Ref. [10].

2 Effective equation on brane

We consider a 5-D bulk spacetime with a single 4-D brane world. on which gravity is confined.

1
Soulk = / d*X =g {W [R+a(R? 4R, pRAE + RascpRABEP)) + ﬁm} ; (1)
M 5

L E-mail:torii@gravity.phys.waseda.ac.jp
2E-mail:maeda@gravity.phys.waseda.ac.jp



where a is a coupling constant. The brane action is assumed to be given by the most generic action:
Shrane = / drv=h [Lsurfz\ce + Lurane(fas: d))] . 2)
B

Lirane(has. ¢) is the effective 4-D Lagrangian, which is given by a generic functional of the brane metric
hag and matter fields ¢». The surface term[11] is

1
Lsurtace = :E [K + 20‘(‘] - 2GpoKﬂa)] . (3)
3

where K,,,(= h“ K8 wVang). K. .J and G*° in the surface term are the extrinsic curvature of B, its trace,
its cubic combma.uon defined later. and the Einstein tensor of the induced metric Ay, , respectively.

Using the similar method as the Shiromizu-Maeda-Sasaki formalism[8], we can obtain the 4D effective
gravitational equations on the brane. After rather long calculations we obtain

M+a (ém YAy YL Lag,gmw) = =22 Ty nnMnV, 4)

; (l‘lpl’ + Euu) +a [H(l) + H(o) + H(s)]

=&} ['Tu,vhuhN - Z"uuTAmh“N ¥ M Tanh™¥ | (5)

3+ oM

Here we have divided the Einstein equation into two parts; its trace and the trace free equation by
introducing trace Iree variables as

- 1
My = My = 3Mhys. Lyvp 7= Myupo + hoto Mg, + hyfpMy, — Mh,,[p ol s (6)
where
Magqs := Ragys = KayKos + KasKay.  Mag = h*° Mapps, M := h®P Mg, (7
Nuvp = DyKup = DuKypr  Nyi=h" Ny = DK, - D K, (8)
- - S 3-aM - 2a
— 3
ALY =2 (Lyasy Ly * = K12 Lynu - B2 ) = 7 ain e+ 71 ad S Ma M2 M,

~ 5huw (Lasns L9 — Lo b1°6)
6o
3+add

AD) := —AN,N, + 8N Nygy + 2NpouN®°, + 4Npo NP7 + 3Ry, (N‘,,N"‘ - ENag.,N""")

f{‘(fu) = -3 (1\7,‘,,5"" + 1\-1upEpu + gLupvaEpa) + gh,,.,]flp,E"” + %A’[Euv te 7 AIP"E 1”#"“

4o

1 .
My (NO,N"‘ - ENQ,,.,N“””') Ay, . (9)

Tag and 7, are the energy-momentum tensor of bulk matter field and the “effective” energy-momentum
tensor localized on the brane.
The junction condition[12]

By, = —%gr‘,,, . (10)
where
B, = Ky — Khyy + 20 (3Jp = Jhpw — 2P, pue K#7), (11)
Jyo = -:li (2K KupK?, + Kpe K7 K,y — 2K, K7 Ko — K*K,,)) (12)
Puvpo 1= Ruvpo + 2hyje Ryly + 2Ry (o Roy + Rhyppho), (13)
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is also decomposed into two parts:

. . - - _ _ 2
B:=B* =-3K +a (4M,,,,KW -KM- %1{3 +2K R, K — gl P,K‘;K;) =-5r (14

1
B,y =By, — ZBh”"

. - . L. .. . 1. -
=K, —12ad,, - a [4L,,,,,,,KP° +4K 281, — b Kope K177 — K, — EA”"‘"]

2 1
= —K—; (1‘,,,, - Zrh“.,) , (15)

where
- 1 = 1
Kp = Ky — ZKh‘“" Juv 1= o — ZJh‘“" (16)

In this decomposition, our basic equations are (4) and (5) with the junction conditions (14) and (15).
This form may be better to describe some symmetric spacetime such as the Friedmann-Robertson-Walker
(FRW) universe, which we shall study next.

The remaining component of the Einstein equation is

D,[K, - K8 +2a(31, - J8, ~ 2P, Ky)| = siTunhiin®, (17)
which gives the constraint on the brane matter fields through the junction condition (10), i.e.
Dy7,” = —2TynhiinV. (18)

If there is no energy-momentum transfer from the bulk, we find the energy-momentum conservation of
brane matter fields as

D7} =0. (19)

Although the obtained equations are very complicated, any effects from a bulk spacetime to a brane
world are described only by the Weyl curvature (E,..). The basic equations are not given in a closed form
because of this term. Giving the energy-momentum tensor of the brane, which is shown to be conserved,
the extrinsic curvature (K., ) of a brane satisfies a cubic matrix equation. Since it is not explicitly given
by the energy-momentum tensor, we have to solve a couple of equations for the induced metric and the
extrinsic curvature. If the brane action includes the induced gravity term, which may be expected from
quantum effects of matter fields on the brane, we have to replace the energy-momentum tensor with its
generalization just as in Ref. [13].

3 Friedmann equation
We apply the present reduction to the FRW cosmology. We assume spacetime as

ds? = —dt? + a®(t) v; dx'da?, (20)
where ~;; denotes the metric of maximally symmetric 3-dimensional space. We also assume that only a

cosmological constant exists in the bulk. By the Eq. (4) and the junction condition (14), we obtain the
generalized Friedmann equation

2 4 "
[X - X(a)) [l + gax + %a)-(t(a)] = % (%), (21)

where

em+ X zoi@=L]- ALC
X:=H +a2’ Xt(a).—4a 1+ ,/1+8a 6+a4 . (22)



and C is the integration constant. which corresponds to the mass of the black hole solution in bulk
spacetime. The Eq. (3) and the junction condition (15) gives the value of E9,. i.e.

8aY(a)

—_— \/ v s -1
Mt daxa@y| 1@ =-20(1+4aXs(a) o™ (23)

3
E% = -3 Ye(a) [1 +

The “dark radiation” E¢ is not a radiation but depends complicatedly on the scale factor. But our
cosmological model has only one unknown parameter C and the system is described in a closed form.
The advantage of our description of the basic equations (4) and (3) is that the former gives the generalized
Friedmann equation. while the latter is an algebraic equation for E9,.

4 Concluding Remarks

We have derived the covariant gravitutional equations of a brane world model with the Gauss-Bonnet
curvature-squared term in a bulk spacetime. Although the obtained equations are very complicated, any
effects from a bulk spacetime to a brane world are described only by the Weyl curvature (E,,). The
basic equations are not given in a closed form because of this term.

Giving the energy-momentum tensor of the brane, which is shown to be conserved, the extrinsic
curvature (K,,) of a brane satisfies a cubic matrix equation. Since it is not explicitly given by the
energy-momnentum tensor. we have to solve a couple of equations for the induced metric and the ex-
trinsic curvature. If the brane action includes the induced gravity term, which may be expected from
quantum effects of matter fields on the brane, we have to replace the energy-momentum tensor with its
generalization just as in Ref. [13].

References

{1} L. Randall and R. Sundrum. Phys. Rev. Lett. 83, 3370 (1999).
[2] L. Randall and R. Sundrum. Phys. Rev. Lett. 83, 4690 (1999).
[3] P. Hofava and E. Witten, Nucl. Phys. B475, 94 (1996).

(4] G. W. Gibbons, Supersymmetry, Supergravity and Related Topics eds. F. del Aguila, et al., World
Scientific, Singapore (1985);
J. Maldacena and C. Nunez. Int. J. Mod. Phys. A16, 822 (2001).

[5] See. for example. D. J. Gross and J. H. Sloan, Nucl. Phys. B291, 41 (1987).

[6] Y. M. Cho and . P. Neupane, Int. J. Mod. Phys. A18, 2703 (2003);
Y. M. Cho, 1. P. Neupane and P. S. Wesson, Nucl. Phys. B621, 388 (2002).

[7] N. Deruelle and M. Sasaki. Prog. Theor. Phys. 110, 441 (2003).

[8] T. Shiromizu. K. Maeda and M. Sasaki. Phys. Rev. D62, 024012 (2000);
M. Sasaki. T. Shiromizu and K. Maeda, Phys. Rev. D62, 024008 (2000).

[9] Y. Choquet-Bruhat. C. R. Acad. Sci.. I 306, 445 (1988);
Y. Choquet-Bruhat, J. Math. Phys., 29, 1891 (1988).

{10} K. Maeda and T. Torii. hep-th/0309152, to appear in Phys. Rev. D.
[11] R. C. Myers. Phys. Rev. D36, 392 (1987).

[12] S. C. Davis, Phys. Rev. D67. 024030 (2003);

[13] K. Maeda. S. Mizuno and T. Torii. Phys. Rev. D88, 024033 (2003).

—291 —



Dilaton Dynamics in Type IIB Supergravity

Kunihito Uzawa!

Graduate School of Human and Environmental Studies,
Kyoto University, Kyoto 606-8501, Japan

Abstract

We investigate the dynamics of extra dimension in ten-dimensional type IIB su-
pergravity model. The background geometry is assumed to be a product of five-
dimensional anti-de Sitter spacetime (AdSs) and five sphere (S°). We calculate
quantum effects of Neveu-Schwartz scalar field in order to stabilize the extra di-
mension and find an effective potential for the radius of internal space. The effective
potential has a minimum and the internal space S5 stays to be small and its radius
becomes constant even if AdSs spacetime evolves. In our model, we assume the gauge
fields with classically vacuum expectation value. The 4-form gauge field is role of ten-
dimensional cosmological constant. The local minimum of the effective potential is
generated by the contribution of gauge field, curvature of internal space, and Casimir
effect.

1 Introduction

The idea that our universes may consist of more than four-dimensional spacetime, with extra spatial
dimension compactified on some small scale, is motivated by supergravity and superstring theory. In
general strategy, it is considered that obvious difference between the usual four dimensions and the extra
dimension could result from a process of spontaneous breakdown of the vacuum symmetry, which is often
called “spontaneous compactification” of the extra dimensions.

Recently, the Randall & Sundrum (RS) brane world model[1] has been investigated by many authors
in the cosmological and gravitational points of view. This model shows that the hierarchy problem may
be solved by the warp factor or the gravity can be confined in non-compact spacetime. However, a
higher-dimensional realistic model including RS setup is not so far known. The most plausible candidate
is the AdSs x S® compactification of the ten-dimensional type IIB supergravity theory. The scale of S° is
determined by the dilaton arising from a spontaneous compactification and is generally dynamical variable
in the cosmological point of view. Moreover, the scale of internal space is expected to be much smaller
than that of AdSs. The dilaton in type IIB supergravity model has not ever been discussed as a dynamical
variable but assumed to be a constant parameter. In order to discuss whether such a background is realized
in the universe, we have to derive a potential for the dilaton, and analyze its stability. Unfortunately,
in a pure gravitational system without quantum effects, there is no solution to stabilize a dilaton. We
thus see that the stabilization of the dilaton is a crucial issue. The purpose of this paper is to investigate
a stabilization mechanism of the internal space via quantum effects in the ten-dimensional type IIB
supergravity model. We assume that the vacuum ten-dimensional spacetime is compactified into the direct
product of five-dimensional anti-de Sitter spacetime and compact five-dimensional sphere, i.e AdS; x
S%. We consider the quantum fluctuations associated with Neveu-Schwartz(NS) scalar fields in order to
stabilize the scale of internal space S°. Many works suggest that quantum correction of higher-dimensional
matter field might provide a physical mechanism which is capable of accounting for extreme smallness of
the extra dimensions. In our previous work[2}, we have discussed the stabilization mechanism of dilaton
in terms of the quantum correction in the ten-dimensional type IIB supergravity. The background
contains only gravity, NS scalar and 4-form fields. We have showed that the dilaton potential has a local
minimum resulting from contributions of the gauge field, the curvature of the internal spacetime and
quantum effects of the background scalar, vector, spinor, and tensor fields. The dilaton settles down
to the local minimum, and the scale of the extra dimensions eventually become time independent. The
five-dimensional universe evolves from dS; into AdSs after stabilization of the extra dimension. The
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background solution contains a 3-brane because the background geometry has the 5-form gauge field
strength. Hence, the ten-dimensional (A)dS; x S® compactification may provide a realistic model of the
RS brane world.

Here we consider more general set up including not only 5-form gauge field strength but also taking
into account the contribution of 1-form and 3-form gauge field strength. In this model, there is a new
contribution to the dynamics of extra dimension because the dilaton exponentially couples to the gauge
fields. The low energy effective action in our model is obtained by the integration of internal space, which
is often called dimensional reduction. In the sphere compactification of higher-dimensional theory, in
order to obtain the lower-dimensional effective action, the field is expanded by the spherical harmonics.
The field depending only on the lower-dimensional coordinate is obtained by integrated out the spherical
harmonics on the internal space. However, there is the exponential function of NS scalar field ® in the ten-
dimensional type IIB action. The spherical harmonics in the NS scalar field can not be naively integrated
on the internal space. Therefore, above mentioned procedure can not be simply used in our model. Then,
we use the following method in order to avoid the problem. First, we consider the perturbation of NS
scalar field around ¢ = &, and substitute this perturbation into the ten-dimensional action. Second,
the action is expanded with respect to the perturbation of NS scalar field around ® = &, up to second
order. We assume that the value of ®. is constant and the perturbation of NS scalar field around ® = &,
depends on the ten-dimensional coordinate. By above procedure, the exponential functions of NS scalar
field does not appear in the ten-dimensional type [IB supergravity action, and lower-dimensional action
is obtained by using the spherical harmonics of NS scalar field.

After the dimensional reduction, the dilaton couples the matter fields in external spacetime. The
quantum fluctuations around a classical solution are computed in the form of quantum effective potential
as a function of dilaton. Then the quantum correction of the matter field naturally contributes to the
dilaton potential. Since the quantum correction is dominant effect at the small scale of internal space, this
correction at nearly Planck scale is expected to be very important. We also consider the quantum effect
of dilaton around the stable point. The dilaton potential contains the exponential function. Then it is
ordinary difficult to calculate the effective potential including the quantum effect of dilaton. Fortunately,
using the our method that we have mentioned above, we can treat the quantum correction of dilaton.

2 Dilaton dynamics in Type IIB supergravity

Let us consider ten-dimensional type [IB supergravity action. If we assume the B; = 0 and consider the
conformal transformation §asn = €®/2gan , the type IIB supergravity action is given by

1 = 1 1
Ins(g, ®) = 23 /d“’x\/—g {R - §MN oy donD - 3 (e""”ll"nl2 +e?|F)° + §|F5|2)} , (1)

where R is a Ricci scalar of the ten-dimensional metric tensor dmn , R is positive constant, and Fy , F3, Fj
etc denote the rank of tensor fields. We consider the constant solution as gauge field strength. These
field strengths are wrapped around the S°. We then set |Fs|? = 8A, |F3|? = 44, |F1|® = 4B and redefine
the NS scalar ¢ = /% . The ten-dimensional action (1) is now rewritten by

_ -1 ,= - 1_ 1 = x
Inglg, ] = /de\/—g [ﬁi (R-2A) - 59“'N3M<03~¢ = (Ae®? + Bez"“’)] . (2)
Now we take a dimensional reduction. Our ansatz for the metric is the following;
_ Mgpn _ (b0) Bt o 120y o ga
gaundX¥dX" = n Guvdzdz’ + b°(x )Qij dy'dy’ , (3)

where g,,, is metric of five-dimensional anti-de Sitter spacetime, b is the scale of a five-dimensional sphere

(i.e. a radius of S°), a constant by is an initial value of b, and st.)dy‘dyj is the line element of a unit
five-dimensional sphere. The five-dimensional metric g,, and & depend only on the five-dimensional
coordinate {z#}(u =0,1,2,---). To write down the five-dimensional effective action, it is convenient to
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expand the field in terms of harmonics on the five-dimensional sphere:
0=b""Y om(z)D (), @)
t,m

where Y,ﬁs) are real harmonics on the 5-sphere, and ¢, (2*) is a real function depending only on the

five-dimensional coordinate {z#}. Unfortunately, the spherical harmonics for exponential potential of
the NS scalar field in the action (2) cannot be integrated on the internal space. Then we consider the
perturbation ¢ = . + §p, where the value of ¢, is assumed to be constant. In the following, we
investigate the dilaton dynamics around ¢ = g, . Substituting the perturbation ¢ = ¢, + ¢, the metric
(3) and the scalar harmonics (4) into the action (2), we get the five-dimensional effective action

1 1
Inslg. oim] = /d5:r\/—g [WR - 59" 8u00,0 - U(0)
1 uv 72,.2 3
-3 5 (@ 0upimBpim + MigEn) +0 ((0m)?) | | (5)
Lm

where R is Ricci scalar of five-dimensional metric tensor g, , & is a positive constant defined by K2 =
%2/(25b§), the field o is defined by x,0 = In(b/bo), ko = x1/2/(35), the mass M? of five-dimensional
NS scalar field ¢ is given by

- _ !
A/I: = (A + 43) e-lOn,a/.’! + (l:é 4) e-lGn,a/I! , (6)
and the dilaton potential U(c) is given by
| e 10 _
U(o) = = (A+ A+ B) e710%00/3 _ T 16r00/3 @)
]

The parameters A, B are defined by 4 = Ae*¥¢, B = Be?*¥c , respectively. Since this potential does not
have any local minimum, there is no stable compactification by S5. The five-dimensional NS scalar field
potential contains the term which is proportional to <p;-’m . This term is derived from the kinetic term of
NS scalar field after the dimensional reduction. Note that the local minimum of V(gim) is located at
Pim = 0.

Now we compute the quantum correction of the NS scalar field in 1-loop level. The quantum correction
arising from matter field is very important to stabilize the scale of extra dimension. If this correction does
not exist in our model, it is impossible of dilaton to stabilize. Then the extra dimension finally collapses to
singularity or expands forever. Here we adopt the path integral to compute the dilaton effective potential.
Any divergence appeared in calculation must be removed by regularization technique. We use the zeta
function regularization, which was developed for performing the path integral in curved spacetime(3]. To
calculate the quantum correction, we consider the 1-loop quantum correction for NS scalar field. The
calculation of the effective potential is carried out using path integral method. The field pim is split
into a classical part ¢y, ¢ and quantum part ¢;m q. The action is then expanded in the quantum fields
around arbitrary classical background field. We expand the fields to second order to calculate all 1-loop
diagrams with any number of lines of external fields. We go over to Euclidiean space in the action and
calculate the Gaussian functional integrals, which can be expressed as functional determinants. In order
to evaluate the functional integrals,” we introduce the generalized zeta function (,(s) which is the sum
of the operator eigenvalues. We adopt this method to determine the 1-loop effective potential in anti-de
Sitter spacetime. If the condition of a(the curvature scale of AdSs) 3> b and b*(A+4B) < 1 are satisfied,
we easily calculate the value of ¢,(0) and (,(0). Then the effective potential is given by

1 ,- - = _ 10 _ 1 _
ch(a) = N—‘i (A+A+B) e 108,0/3 _ ,czbg e 16x,0/3 + %e 40k,0/3
2 - 2
_ 2 2 n O 12 A 8\ _-16k,0/3
X ln(pa)+2211840{2+b(A+4B)}ln{(bo) e }] . (8)



Setting A = 1.6 x 1073M2, by = 10?L,, A = B = 107'°M2, and u = (10%6)~", we find the stable
minimum point o, = —4.29337A/,73 where V,q(0,) = —0.142633M3 for a = 10°L.. L. and M, denote
the five-dimensional Planck length and mass, respectively. Note that the contribution of gauge field
b%(A + 4B) in the effective potential (8) can be negligible as b — 0 because the gravity is most dominant
contribution near the Planck scale.

3 Summary

We have calculated quantum effects in the AdSs x S® background of the ten-dimensional type IIB super-
gravity and discussed its stability using the effective potential. In their pure gravity systems, a curvature
term of the internal space gives a dominant contribution to the dilaton potential at small b, while gauge
field terms become dominant for large b. Hence the dilaton potential is unbounded from below as b — 0
and drops as b — oo. Then the extra dimension either shrinks to zero volume or is decompactified.
However, if we include quantum effects, we find a stable minimum for the dilaton potential.

The energy-momentum tensor in our model consists of the matter and quantum effects of dilaton
and NS scalar field. This quantum correction is often called the Casimir effect. The quantum effective
potential associated with the NS scalar field is similar power to the part of dilaton potential arising
from the curvature and the cosmological constant (or gauge field). A local minimum is created by their
combination due to their signs being opposite. In ten-dimensional type IIB supergravity model, the
scale of extra dimension is stabilized by balancing the gauge field strength wrapped around the S®, the
curvature term of S% and quantum correction term induced by the NS scalar. The NS scalar is originally
characterized by the direction of eleventh dimension in the eleven-dimensional supergravity. Thus the
quantum effect of NS scalar becomes important if the eleventh dimension is compactified near the Planck
scale. In the large b, gauge fields mainly contribute to the dynamics of dilaton. In our model, the gauge
fields are wrapped around the direction of extra dimension while these look like scalar field in the AdSs
spacetime. The scale of extra dimension decreases as the flux density of gauge fields increase. Then the
gauge field strength acts the repulsive force to the dynamics of b because the magnitude of the force is
proportional to the flux density. On the other hand, the gravitational contribution becomes dominant
near the Planck scale. First, the classical effect of the gravity is dominant, which is the curvature of the
internal space. Since S® is compact space, the curvature effect make the scale of extra dimension collapse
as the dilaton approaches to the Planck scale. Next, in the more small b, the quantum gravitational
effect such as radiative correction of moduli field becomes important in the dilaton effective potential. It
can be considered that the quantum effect of NS scalar is the kind of quantum correction of gravity. It
is expected that the higher loop correction of NS scalar field becomes dominant as b — 0.

Finally, we have discussed the quantum correction of NS scalar and dilaton field in the ten-dimensional
type IIB supergravity. If the model that we have considered keeps the maximal supersymmetry, the
cancellation between the bosonic and the fermionic contribution with respect to the quantum correction
occurs. However, the maximal supersymmetry is broken by the dynamics of dilaton in our model.
Therefore, we can discuss the stabilization mechanism of internal space via the quantum correction.
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Abstract

We investigate the power spectrum analysis as a probe of the nature of the dark
energy with large redshift surveys. By developing an optimal weighting scheme for
the power spectrum analysis in redshift-space, we demonstrate that the luminous
red galaxy (LRG) sample in the Sloan Digital Sky Survey (SDSS) is useful as a
probe of the equation of state of the dark energy w. As a practice of the power
spectrum analysis, we revisit the complete sample of the two degree field (2dF) QSO
redshift (2QZ) survey. A power spectrum consistent with that of the 2QZ group is
obtained. Fitting of the power spectrum is investigated incorporating the nonlinear
effects, the geometric distortion and the light-cone effect. It is shown that the QSO
power spectrum is consistent with the A cold dark matter (CDM) model with the
matter density parameter 2m = 0.2 ~ 0.4. The constraint on w from the QSO power
spectrum is demonstrated, though it is not very tight due to shotnoise contribution.
We also mention future prospect of such power the spectrum method. With future
redshift survey, the method might become competitive with the supernovae method
in order to constrain w.

1 Introduction

The origin of the today’s cosmic acceleration is an open question. It can be explained by introducing
the dark energy. Recently, it is argued that modifying gravity also explains the acceleration. In order to
explore the origin, it will be important to test theoretical predictions of these models with cosmological
observations. Here, we investigate the power spectrum method as a probe of the nature of the cosmic
acceleration, based on the framework of the model introducing a time-variable cosmological constant with
the equation of state w(z).

This paper is organized as follows: In section 2, by developing a useful formulation of the optimal
weighting scheme for redshift-space power spectrum analysis, we assess the feasibility of the power spec-
trum analysis with the luminous red galaxy sample in the SDSS as a probe of the equation of state of the
dark energy. In section 3, we revisit the power spectrum analysis of the 2dF QSO redshift (2QZ) survey.
Cosmological constraint from the 2QZ sample is investigated. Section 4 is devoted to conclusions.

2 Optimal weighting scheme in redshift-space power spectrum
analysis and a prospect for measuring w

In usual power spectrum analysis, many authors base their methods on the optimal weighting scheme
developed by Feldman, Kaiser & Peacock [1]. In this section, we present the formulation of the optimal
weighting scheme incorporating the light-cone effect and the redshift-space distortions. See (2] for details.
The method introduces the weight factor that minimizes the error of the power spectrum estimator
w(s, k), where s and k are the coordinate of a map and the wave number, respectively. The Fourier
coefficient of the density fluctuation n(s) is obtained by

[ dsw(s,k)[n(s) — an,(s))e™*>
[ dsii(s)?w(s, K)E1 /2 °

F(k) =
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where #i(s) is the mean number density and n,(s) is a random density field that has a mean number

density 1/a times that of n(s). The estimator of the power spectrum Po(k) is given as follows: First
define

(1 + a) [ dsit(s)w(s, k)?
J dsii(s)?w(s, k)2’

P(k) = |F(k)|? -

and average it over a thin shell in k-space with radius k,

1

Po(k) = N
&

dkP(k},

where AV, denotes the volume of the shell. Next we evaluate the ensemble average (Po(k)) and the
variance (APy(k)?) = ([Po(k) — {Po(k)))?). The optimal weighting scheme is determined so that it
minimizes (APy(k)?). After some calculations, we have w(s, k) = 1/#(s)Q(k,s) with

Qke) = g5z [ a[P(iele) + 5] M)

Once the minimal variance of the power spectrum is evaluated, one can construct the probability
distribution function of the power spectrum, assuming the Gaussian distribution. By employing the
Fisher matrix approach, it is possible to estimate the accuracy to which one can constrain cosmological
parameters with a measurement of the power spectrum. The Fisher matrix is approximately expressed
as

Fij=— / - n(k)a(g‘;(ik» 8(7;‘;§k))k’dk 2

with

| dsi(s) (s, K1 :
(k) f dsii(s)*w(s, k)4[Po(k,s), +1/A(s)]?" )

Next we investigate the prospect of the power spectrum analysis using the luminous red galaxy (LRG)
sample in the SDSS. The LRG is intrinsically luminous early-type galaxy and the SDSS spectroscopic
survey will provide a sample of 10° LRGs of the redshift to z ~ 0.5. In the analysis of the clustering
statistics of such sample, the light-cone effect and the geometric distortion can be substantial. Here we
assume the final sample of the LRG in the SDSS of the survey area 10*deg®. In this analysis we assume

that w(z) can be parameterized by
w) = ({2), @

1+2,

where 2, is a constant. The Fisher matrix analysis demonstrates that the LRG sample has a potential
for constraining the equation of state @ around z, = 0.13 with 1o errors at the 10% level, if other
fundamental parameters are determined in an independent fashion.

3 Power spectrum analysis of the 2dF QSO sample revisited

In this section we report on our analysis of the power spectrum of the 2dF QSO sample. (See also [3])
Recently, Outram et al. have reported the power spectrum analysis of the complete 2QZ sample [4]. They
have shown that the QSO power spectrum is consistent with the ACDM model and obtained a constraint
on the cosmological density parameters. However, in the modeling of the QSO power spectrum, they
have not taken the light-cone effect, the geometric distortions and the non-linear effect into account. As
a complementary test of the work by Outram et al., we independently determine the power spectrum in
the clustering of the 2dF QSO sample. Then we fit the QSO power spectrum with theoretical models
incorporating these effects properly.

—297—



> -05 |

Figure 1: Contours of the likelihood function on the 1, and w plane. Contours are confidence of 65%,
95% and 99%. Here we assume 2, = 0.045, h = 0.7, n = 1 and g3 = 0.9. The dashed line is Q2,, = 0.28.
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Figure 2: Theoretical power spectra with w = —1 (solid curve), w = —2/3 (long dashed curve) and
w = —1/3 (dashed curve). The other cosmological parameter is fixed as Q,, = 0.28, 2, = 0.1, A = 0.7,
os = 0.9 and n = 1. The amplitude is normalized as P(k) = 10*(h~'Mpc)? at k = 0.1hAMpc™". Note that
the model of large baryon fraction is adopted to emphasize the scaling effect of the geometric distortion.
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In our power spectrum analysis we use the complete sample of the full 2QZ survey publicly available.
The 2QZ survey covers two area of 5 x 75 deg®, one in the South Galactic Cap (SGC) and the other
in the North Galactic Cap (NGC), respectively. The redshift is distributed up to 3. The survey area is
defined by the equatorial coordinates from a = 21740 to a = 3"15 and —32.5° < § < —27.5° in the SGC,
and 9"50 < & < 14%50 and —2.5° < é < 2.5° in the NGC, respectively. We use 10713 and 8443 QSOs in
the SGC and the NGC, respectively, in the range of redshift 0.2 < z < 2.2

We have obtained a power spectrum consistent with the result by the 2QZ group. The error bar
of our power spectrum is larger than that of the 2QZ group. We have fitted the power spectrum with
theoretical model introduced the time-variable cosmological constant with the constant equation of state
w. Figure 1 shows the contour of the likelihood function when different values of 2,,, and w are used in
the modeling the power spectrum, where we fixed 1, = 0.045, motivated from the WMAP result. It is
shown that the density parameters in the range 0.2 < 1, < 0.4 is preferable, which is not very sensitive
to the value of w. Therefore the constraint on w is not very tight, and w 2 —0.2 (—0.1) is only excluded
at the one (two) sigma level.

It is useful to show how the theoretical power spectrum depends on the equation of state w of the dark
energy. Curves in Figure 2 are theoretical power spectra with the various equation of state w = —1(solid
curve), w = —2/3(long dashed curve) and w = —1/3(dashed curve). The theoretical curves scale from
right to left as w becomes larger, which traces back to the geometric distortion effect. The oscillating
feature comes from the baryonic contribution. Thus, because of the fine structure in the matter power
spectrum, a precise measurement of the power spectrum has a potential to constrain the equation of
state.

4 Conclusions

We have presented a generalized formula of the optimal weighting scheme for the power spectrum analysis
as an extension of the work by Feldman et al. [1], incorporating the redshift distortions and the light-
cone effect. Using the Fisher matrix approach, we have shown that the LRG sample in SDSS will provide
a useful constraint on w, 1 sigma errors at the 10% level, if other cosmological parameters are well
determined independently. I have re-analyzed the power spectrum of the 2dF QSO sample. It is shown
that the QSO spatial power spectrum is consistent with the ACDM model with 2,, = 0.2 ~ 0.4. The
result of our analysis is effectively consistent with that of the 2QZ group. The constraint on w from
the QSO power spectrum is demonstrated. No tight constraint on w is obtained, w 2 — 0.2 (-0.1)
is only excluded at the one (two) sigma level. However, the redshift-space power spectrum analysis of
high-redshift objects can be a useful probe of the dark energy. The geometric distortion effect and the
baryonic contribution in the matter power spectrum play a key role. The power spectrum method will
provide useful constraints on w(z) when applied to the SDSS LRG sample and future redshift survey such
as the KAOS project [5) (see also http://www.noao.edu/kaos). It will be complementary to the method
with the supernovae to constrain the nature of the dark energy and the cosmic acceleration.

Acknowledgment: The author thanks B. A. Bassett for the useful conversations on the KAOS project.

References

(1} H. A. Feldman, N. Kaiser, & J. A. Peacock, ApJ, 426, 23 (1994)
{2) K. Yamamoto, ApJ, 595, 577 (2003)

(3] K. Yamamoto, ApJ (2004) in press, (astro-ph/0401039)

[4] P. J. Outram, et al., MNRAS, 342, 483 (2003)

[5] H-J. Seo & D. J. Eisenstein, ApJ, 598, 720 (2003)



Chaotic preheating

Yoshida Jin!

Department of Physics, Waseda University,
Okubo 39-4-1, Shinjuku, Tokyo 169-8555, Japan

Shinji Tsujikawa?

Institute of Cosmology and Gravitation, University of Portsmouth,
Portsmouth PO! 2EG, United Kingdom

Abstract
We study the chaotic dynamics of reheating after inflation in which the self-coupling

inflaton field, ¢, couples to another scalar field, x, through an interaction, 1g%¢*x*.
When the background field x is not dynamically suppressed during inflation, reheating
proceeds in a chaotic way due to a non-negligible mixing term between two fields. This
also provides us an interesting possibility to lead to a tachyonic-type instability in
addition to the standard parametric resonance.

1 Introduction

The preheating scenario has been proposed to consider a reheating stage more realistically, that is con-
sidering the decay of the classical inflaton field ¢ into ¢ particle or into other bosons by a parametric
resonance [1], [2]. The parametric resonance was calculated to solve Mathieu equation. Another model
was studied in which the action is

1. ., 1 1 150,00
s = [atvTg (R Jorene- Dot - 3ien). 1)

where ¢ and x are an inflaton and another scalar field respectively {3]. A stability-instability chart was
derived to solve the Lamé equation (see figure 1). This figure shows that the darker the shade is, the
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Figure 1: A stability-instability chart for the fluctuation dxk in the parameter g°/) and K?, where K
is a normalized wave number [3].

stronger the fluctuation 8¢, and dx grow. To derive the Lamé equation, the condition that x dumps
during the inflation era is needed. Without this condition a new kind of instability, named “tachyonic
instability”, has been found by D.I.Podolsky and A.A.Starobinsky (4]. However, their analysis has been
done only around a special solution. In this article we study numerically whether the tachyonic instability
occurs around general solutions.

Units are used in whichc=h =1, M} = G/8n.
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2 “Chaotic reheating” scenario

In this section, we review the “chaotic reheating” scenario [4). The action was presented in equation (1).

In order to inflate the universe, the assumption is necessary that x is never dynamically important.

The following condition makes sure of the assumption, m2 = g?¢? > H? = ;2% 24%. That means & > 1.
P

Unless & >> 1, it also makes sure of the above assumption that g%x* < A¢?. In this case x is not suppressed
during inflation as we mention below. The new time variable is defined T = In (a(t)/a 1), where ay is the
value of the scale factor at the end of inflation. ¢ can be solved with slow-roll approximation,

2 __T
The Gaussian approximation is imposed to x, and z is defined as following, z = 872 MZ2(x?). Using
Fokker-Planck equation and slow-roll approximation, the equation for z is derived,

dz 2miz 1, ., ., g%z Ar?
&= "3RT T E =T e )
With the initial condition that z = 0, this equation is solved,
A —K|.|5 3
—_— - > 1.
2= gy I = 1P 12l 2 1 @

The second term shows that z is growing in inflationary stage. That means x is not dynamically sup-
pressed during inflation.
dt

Conformal time and conformal variables are defined as dn = - é = ao, X = ax. Because a x n at

the radiation dominant era, %’, “T — 0 at the end of inflation. As a result the field equations become
integrable,

8" +28° + %76 =0, (5)
X' +°#% =0, ()

e B (L ey 25 L L) = 87
@ =5 (5 (¥) +307+ 38+ 58 ) = gE. ™

The behavior of ¢, % is interpreted as the particle motion in the potential which is V = %J&‘ + 921452)22.
It is known that a particle motion with the Hamiltonian that H = 13? + 132 + $z* + L2%y? is chaotic 3.
Introducing the Fourier mode decomposition, we get

0%k + (K + g%6%)6xx + 29°%0¢ =0, ®)

865 + (K + 306" + 97 %%)66x + 29°%40%x = 0. )

The 8% term of equation (9) and the 8¢y term of equation (8) are the mixing terms. These mixing

terms do not exist in (3], because x is neglected in (3]. The special background solution * is considered

that ¢ = ay, where a® = #77=x = ==1- The new decoupled perturbations are introduced: £, =

Ad%x + Bédr, Ay = Coxr + D6y, where A, B, C, D are some constants. The fluctuation equations
are

L+ +3PFT =0, AL+ + 2K, =0, (10)

The field £, can be interpreted as the inflaton, because the structure of equation (10) is the same as that
23
of (9) if x = 0. The equation (10) results in the tachyonic instability of A in case of K2 + (2 — rc)%g <0

] ‘2 . . o . -
» where K* = /5 and ¢y is the initial value of ¢ at inflationary phase.
0

3e.g. Yang-Mills field behavior in the axi-symmetric Bianchi [ spacetime .
4This special solution is unstable. Thus the following results may not make sense well.
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3 Chaotic preheating scenario

We study the “chaotic reheating” scenario precisely and we call our study “chaotic preheating” scenario
[7] to distinguish our study from theirs. The following three topics are mainly studied; the first is the
estimation of z at the end of inflation, the second is the chaotic behavior of background field ¢ and x
and the third is the verification of tachyonic instability in general cases.

We estimate numerically z = 872 MZ2(x?) at the end of inflation, using Fokker-Planck equation (3)
and field equation with x = x = 0. After that we estimate \/(x?), where x; is the value of x at the end
of inflation. It is found that the smaller  is, the larger / (x?) becomes, and the larger ¢y is, the larger
v (X3} becomes. One may say V{x3) is at most O(10™2) with the assumption that x is not dynamically
important. The following numerical studies in a reheating stage are based on this estimation.

We show the behavior of ¢ and % in figure 2. This figure shows that only if 1 < x < 3, ¢, x behave

4x10°? t 2 7 T H T 4x107
. 1.5 - P ;.-.. ddeaneet
2x10* L1 S S Vs oSS S 2x107
05 |- i
x o x o i 0
0.6 }oreee- .
2x10°° = S [ - 4 cax107 | XR9SS
C o —— ST SO~ N 322 2
axrofl o L - i S S 4x107 S S S
06 04 02 0 02 04 06 06 04 02 0 02 04 06 06 04 02 0 02 04 08
(] ]
(a)0<k<1 b)1<k<3 (c)3<k<65

Figure 2: Typical behavior of ¢ and ¥ : (a) 0< x < 1, (b) 1 <k <3, (c) 3 < k £6.5. The initial value
of x is 1075M,

chaotically. There are non-chaotic cases in spite of the results of [5], [6]. It is, however, consistent with
the results of 5], (6], because the results are same as in case of k = 2. This figure also shows that a
necessary and sufficient condition for chaotic behavior of ¢ and x is almost same as that for instability
of x at K = 0 mode, see figure 1.

Figure 3 shows the difference between two cases, one is with the mixing term and the other is without
the mixing term. With the mixing term, growth of §% enhances 6@ by the mixing term and growth of

10‘: ] 10
100}

1 10?
10t [ 10°0....
10 10% |
10

‘7
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100l 10® —— i

0 0 20 40 €0 80 100

Figure 3: Typical behavior of 5¢ and 6% when x = 2 and K? = 0.2 : (a) with the mixing term, (b)
without the mixing term, where z is the new time variable which is defined as z = \/X¢on

8¢ also enhances dx. In short, growth of 5é and 4% enhance each other by the mixing term. Without
the mixing term growth of §x has no effect on d¢. The above enhancements may explain the tachyonic
instability. Figure 4 shows that any enhancements, however, do not occur when £ = 3.1 and K 2 = 0.1



Figure 4: Typical behavior of §¢x and 83k when x = 3.1 and K2 = 0.1 with the mixing term

Numerical studies make it clear when the enhancements occur. If and only if x and K are the values in
which ¢k and 8%« grow, the enhancements occur. It follows from what has been said that the tachyonic
instability does not extend the parametric region where fluctuations will grow.

4 Conclusion

We study the model precisely in which the action is equation (1). Three topics are studied. First we
estimate z at the end of inflation. It is confirmed that z is not negligible at the end of inflation and
V03 is at most O(10~2)M,. Second it is studied whether behavior of ¢ and ¥ is chaotic in a reheating
stage. It is found that if 1 < x < 3, 6.5 < k < 10, ---, then ¢ and % behave chaotically and if not
chaotically their behavior is quasi-periodic in bounded region. The parameter region where ¢ and x
behave chaotically is almost same with that where the fluctuations of X2 = 0 mode grow (see figure 1).
We should study further to explain what this difference mean. Third it is studied whether the tachyonic
instability occur generally. We interpret the enhancement of the d¢x and §xx growth by the mixing
term as the tachyonic instability. In this respect the tachyonic instability does not occur generally in
spite of expectation in [4]. It occurs, however, in the parameter region where fluctuations §¢x and 85k
are unstable in figure 1. Finally we mention the relation between the chaotic behavior of ¢ and x and
the tachyonic instability. There is the parameter region where the chaotic behavior of ¢ and x and the
tachyonic instability do not coexist. This means that the chaotic behavior is not the necessary condition
for the tachyonic instability.

We conclude that the effect of mixing term results in the stronger instability of 8%k only if dxx is
unstable and does not expand the parameter region where 8% is unstable. It follows from what has said
that the mixing term does not make drastic change to the reheating model.

This work was partially supported by a Grant for The 21st Century COE Program (Holistic Research
and Education Center for Physics Self-organization Systems) at Waseda University.
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Abstract

We calculate the lightlike boost of the higher-dimensional Kerr black holes. According
to recent discussions in the string theory, these solutions have possibilities to describe
the gravitational fields around the high-energy fundamental strings. We consider two
cases: the boost in the direction parallel to the spin and in the direction transverse to
the spin. The resulting spacetime contains a singularity propagating at the speed of
light, which is ring or disk-like in the former case and is segment-like in the latter case.
We discuss the implication of our results for the black hole formation in accelerators
in the brane world scenario.

1 Introduction

The brane world scenario [1] is recently paid much attentions. In this scenario, our 3-dimensional space
is the 3-brane in large extra-dimensions and the fundamental Planck energy Mp could be as low as
O(TeV). In this TeV-scale gravity, a small black hole becomes higher-dimensional and its gravitational
radius is far larger than the four-dimensional gravitational radius with the same mass. This indicates
that we might be able to produce black holes in future-planned accelerators [2]. In our previous paper,
we investigated the high-energy two-point-particle system and calculated the cross section for the black
hole production [3]. We derived that the maximal impact parameter for the black hole production is
given by buax =~ 1.5r4(p), where ri{p) denotes the gravitational radius of each incoming particle’s energy
p. We used the lightlike limit of the boosted D-dimensional Schwarzschild black hole for the model of a
high-energy particle, where we fixed the energy p in the boosting. The resulting spacetime is flat except
for a lightlike point singularity accompanied by a gravitational shock wave which is distributed in the
transverse direction of motion. This system was originally developed by Aichelburg and Sexl [4}.

In this paper, we would like to consider the lightlike limit of the boosted D-dimensional Kerr black
holes. This analysis have two meanings. First, this system might provide the gravitational field around
a high-energy particle with spin. Although the spin angular momentum is not the same as the orbital
angular momentum, the particle spin would affect the spacetime structure because the sum of the spin
and the orbital angular momentum is the conserved quantity. Although the gravitational field around
a spinning particle is an unsolved problem, some authors discussed that the Kerr-Newman black hole
might provide the classical model for a spinning particle [5], especially motivated by the fact that the
gyromagnetic ratio of a Kerr-Newman black hole is exactly the same as that of the Dirac electron.
The second meaning, which we consider to be a more natural motivation, is that the Kerr black hole
might provide the gravitational field of a fundamental string. In the recent string theory, there are some
discussions that some black holes should be regarded as elementary particles [6], or the Kerr black holes
are the classical model for the gravitational field of a closed string [7]. If this is the case, the boosted
Kerr black holes provide a model for the high-energy string. Hence, we might be able to understand the
stringy feature of the black hole formation in the high-energy collisions by analyzing the boosted Kerr
black hole systems.

In the boosting of Kerr black hole, we usually fix the mass m and the Kerr parameter a. If we fix
the energy p, we should impose m = p/y — 0 and a = ag/y — 0 in the boost, where ap is a constant.
However if we assume that the Kerr black hole is the elementary string, a has the same order as the
fundamental string scale, which in turn is expected to be the order of the Planck length. Because the
gravitational radius of energy p ~ (few) TeV is similar to the Planck length in the TeV scale gravity,
a has the same order as the length that is characteristic to the particle energy. Hence in this case, we
should fix both energy p and the Kerr parameter a when we calculate the boost.

! E-mail:hyoshino@allegro.phys.nagoya-u.ac.jp



2 Boosting Kerr black holes

The lightlike limit of the Kerr black hole with fixing p and a has been investigated by several authors
in four-dimensional case (8}, and they found consistent results using different techniques. The resulting
metrics of the beost in the direction parallel to the spin and transverse to the spin are represented as
follows;

ds® = —dt? + dz? + dy? + dz* + ®(p)6(z — t)(dz — dt)?, (1)
®(p) = —8plogp + pf(a - p) (SIOg [p/(a +va? - pz)] +4va? - p’/a) ) ()
where p = (22 + y?)/2 for the parallel case, and
ds? = —dt® + dz? + dy® + d2® + ®(y, 2)é(x — t)(dx — dt)?, (3)
B(y, z) = —dplog [(y — a)* + 2] ()

for the transverse case. The term with 6-function indicates the existence of a gravitational shock wave,
and the function ®, which we call the potential, characterizes the shock wave structure. In the parallel
case, the gradient of & is discontinuous at p = a although & is finite everywhere. Hence the shock wave
contain a mild ring singularity. In the transverse case,  diverges at (y,z) = (a,0). This is almost the
same as the boosted Schwarzschild case except for the location of the singularity. We generalize these
results for higher-dimensional cases.

First we consider the boost in the parallel direction to the spin. The metric of the higher-dimensional
Kerr black hole [9] is given by

ur?-0 dt+ r(z1dz) + x2dz2)  a(x)dz2 — Todz)) + zdz+ Y, y;dyg)z
rM4a?(22+),y?) r2 + a? r? + g2 T '
(8)

where dsf is the flat metric ds3 = —dt? + dz? + dz3 + d2? + T, dy?, u and a are related to the mass m
and the angular momentum J as are shown in [9], and r is defined by
X2 22+Y?
2 +a? =1L (6)

ds® = dsd +

with Y2 = 37,47 and X? = 22 + 23. The ring singularity is rotating in (z1, z)-plane, and the other
spatial directions are specified by z and y. By boosting in the z-direction and taking the limit v — 1
with fixing a and P = 4yu (or equivalently p = ym), we find the metric

ds® = ds} + (X, Y)d(t - 2)(dt — dz)?. (7)

The function ®(X,Y) is expressed by the elliptic integrals, although we don’t show explicitly here.

Figure 1 shows the behavior of ®(X,Y) for D = 5,...,8 in the parallel case. In the case of D = 5,
the function & logarithmically diverges at X = a. Hence the shock wave contains a one-dimensional
ring-like singularity. For D > 6, the function & diverges at Y = 0, —~a < X < a. Hence the singularity is
a two-dimensional disk in these cases. This is interpreted as follows: For D = 5, the black hole horizon
doesn’t exist in the resulting spacetime because we fixed a in the boosting. The singularity becomes naked
and the potential ¢ diverges on the singularity. However for D > 6, the horizon exists for arbitrarily
m and a. Hence the resulting gravitational shock wave contains an extremely oblate horizon and the
potential ¢ diverges on it. The function ® behaves like logY for D = 6, and 1/Y2~% for D > 7. One
can understand these behaviors of the potential using a Newtonian analogue. The Newtonian potential
of n-dimensional distribution of matter in N-dimensional space is given by ~ 1 /r¥-"=2_ Because the
shock wave is (D — 2)-dimensional, the power of the potential ® and the dimensionality of the singularity
have the same relation as the Newtonian gravity.

Next we consider the boost in the transverse direction to the spin. In this case, we span the coordinate
as follows:

7-D — \ 2
m (dt + r(zdx + ydy) + a{zdy — ydz) + z,dz,) ‘

r
ds® = ds3 +
0T it a?y, 22 2 + g2 2 + a2 r

(8)



Figure 1: The behavior of the function ® for D = 5,...,8 in the parallel case. The unit of X and Y is a,
and the unit of & is Pa®~4. In the case of D = 5, ® diverges at Y = 0, X = =*a, which indicates that
the singularity is a one-dimensional ring. In other cases, ¢ diverges at Y = 0, —a < X < a. This implies
that the singularity is a two-dimensional disk.

Figure 2: The behavior of the function & for D = 5, ...,8 in the transverse case. The unit of y and Z is
a, and the unit of ® is PaP~4. For all D, & diverges at Z = 0,—a < y < a, which indicates that the
singularity is a one-dimensional segment.

where ds3 = —dt?>+dz?+dy? +Y, d22. In this coordinate, the ring singularity rotates in (z, y)-plane, and
the other spatial directions are specified with z. We boost this metric in the z-direction. The resulting
metric becomes

ds® = dsj + ®(y, Z)é(t — z)(dt - dz)?, (9)

where we have set 2% = 3~ 22. The function ® can be expressed in terms of the elementary functions
for even D and the elliptic integrals for odd D.

Figure 2 shows the potential ® of the shock wave in the transverse case. For all D, the potential
diverges at Z = 0,~a < y < a. Hence in the transverse case, the singularity is a one-dimensional
segment for all D > 5. This is interpreted as follows: in the boosting, the ring singularity becomes
naked for D = 5 and the horizon becomes extremely oblate for D > 6. This singularity or the horizon
is infinitely Lorentz-contracted in the direction of the motion. This leads to the segment shape of the
singularity in the gravitational shock wave. The behavior of the potential ¢ around the singularity is
~logZ for D = 5, and ~ 1/ZP-5 for D > 6. Similarly to the parallel case, we see that the relation
between the potential behavior near the singularity and the dimensionality of the singularity is the same
as the Newtonian gravity.

3 Summary and discussion

In this paper, we have investigated the lightlike limit of the boosted Kerr black holes. If we boost the
Kerr black hole in the parallel direction to the spin, the resulting spacetime contains a gravitational shock
wave which has a ring-like singularity for D = 5, and a disk-like singularity for D > 6. In the case of the
boost in the transverse direction to the spin, the resulting gravitational shock wave has a segment-like
singularity. The behavior of the potential ¢ of the shock wave can be interpreted using the Newtonian
analogue. Because there are some discussions that the Kerr black hole might provide the gravitational
field of the fundamental string, these solutions have possibilities to be a good model for the high-energy
elementary strings in the brane world scenario.

Now we would like to discuss the properties of the black hole formation in the collisions of two lightlike
Kerr black holes. Although we have not yet completed the calculation of the apparent horizon for this
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Figure 3: The expected relation between a and the maximal impact parameter dmax for the black hole
production in the collision of two lightlike Kerr black holes boosted in the parrallel direction to the spin.
The unit of axis is r»(2p). We see that bpnax = 0 in the case of a 2 r,(2p) for all D.

system, we can discuss the condition for the black hole formation as follows, using the fact that the
incoming shock wave has a singularity with characteristic scale a. For some impact parameter b, we write
the horizon shape in the case of the two particle collision which is calculated in [3). Then we draw on
it the shape of the singularity of the boosted Kerr black holes with Kerr parameter a. If the singularity
crosses the horizon, the apparent horizon would not form for such b and a. Under this assumption, we
can calculate the maximal impact parameter of the black hole production as a function of a.

Figure 3 shows the maximal impact parameter by, in the collision of two Kerr black holes which
are boosted in the direction of the spin. If the Kerr parameter is small, it doesn’t affect the black hole
formation. But by,.x decreases with the increase in a, and becomes zero at a ~ m(2p). We can write a
similar figure for the case of two lightlike Kerr black holes which are boosted in the transverse direction
to the spin. Hence, the condition for bpax # 0 is written as a < ra(2p). If the Planck energy is O(TeV)
and the string length is !, ~ @ ~ 1/Mp, the gravitational radius for the two particle system becomes
rn(2p) ~ , if the incoming energy is (few) TeV. Hence the string length might have an effect on the black
hole formation. If this is the case, we would be able to determine the string length from the experiment,
or whether the gravitational field of the elementary particle is described by the Kerr black hole or not.
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